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THE BOUNDARY PROBLEM ASSOCIATED WITH A 
DIFFERENTIAL EQUATION IN WHICH THE 
COEFFICIENT OF THE PARAMETER 
CHANGES SIGN* 


BY 
RUDOLPH E. LANGER 


1. Introduction. The boundary value and expansion problem associated 
with the ordinary linear differential system 


+ p(x)u’(x) + [q(x) + rk(x) Ju(x) = 0, 
=0, j =1,2, 


with coefficients real and continuous, and \ a complex parameter, has been 
extensively studied. The results of these investigations (and of those dealing 
with the generalized system of order m) comprise an extensive theory for 
the case in which the coefficient of the parameter maintains its sign in the 
interval determined by the boundary conditions. Not merely the existence, 
but the asymptotic forms of the characteristic values and functions are 
known, and the expansibility of a function, arbitrary within wide restric- 
tions, in a series of characteristic functions has been established. 

Far less has been done with the cases in which k(x) either changes sign or 
otherwise vanishes in the given interval. The existence of infinitely many 
characteristic values has been variously established,} but their distribution 
and the form of the corresponding solutions has not been determined. If 
k(x) changes sign a finite number of times Hilbert’s theory of the polar inte- 
gral equation is applicable and yields the theorem that a function which is 
continuous together with its first four derivatives and which satisfies the 
boundary and certain auxiliary conditions is expansible in a uniformly con- 
vergent series of characteristic functions. The method of infinitely many 
variables has been applied with considerable success to the more general 
case in which k(x) is less restricted.{ Still the expansion theorems obtained 
are hardly comparable with those which have been obtained under the hy- 
pothesis that the sign of k(x) does not change. 


* Presented to the Society, September 8, 1927; received by the editors January 17, 1928. 

t For references see the introduction to the paper by L. Lichtenstein, Zur Analysis der unendlich- 
vielen Variabeln, Rendiconti del Circolo Matematico di Palermo, vol. 38 (1914), p. 113. 

t Lichtenstein, loc. cit., also Anna Pell Wheeler, Linear ordinary self-adjoint differential equations 
of the second order, American Journal of Mathematics, vol. 46 (1927), p. 309. 
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The present paper is devoted to a discussion of the case in which the coeffi- 
cient k(x) is the function x’, where v is any real positive constant and the 
interval includes the point « =0. If v is integral this is a specialization of the 
equation discussed above since the coefficient remains real. If the integer is 
even or x=0 is an end point of the interval the coefficient merely vanishes, 
while if vy is an odd integer a change of sign takes place. If» is not integral the 
coefficient clearly changes from real to complex. 

The method used is that of asymptotic forms. The equation is solved 
in terms of Bessel’s functions and the asymptotic forms of the characteristic 
values and of the characteristic functions are deduced. It is shown that if 
f(x) is any integrable function then the expansion in terms of the char- 
acteristic functions converges except at the end points to the average 
3[f(x+)+f(x—)] in any interval in which f(x) is of bounded variation and 
x0. If f(x) is of bounded variation throughout the whole interval the 
expansion converges also at x=0, to the average of the functional values if 
v is an integer and otherwise to a weighted average. 

2. The solution of the equation. We consider the equation 


(1) + rx’u(x) = 0, 
in which » is any real positive constant and \ is a complex parameter. When 
x <0 we specify the symbol x” to designate |x |’e’**. Similarly p'/? shall desig- 


nate |p 
It is convenient to set 


(2) v=2k—2, X= 


and to consider p as a new parameter. If the variables are then changed by 


the substitutions 
y(x) = 2u(x), = px, 


the equation takes the form of the Bessel’s equation with solutions 


(7) 
y(t) = (t),* j=1,2. 


1/(2k) 


Hence we may choose as a set of independent solutions of the equation (1) 


(3) 
(3) uj(x,p) = (=) et (RH) (4k) 1/277 (px*), j =1,2.+ 


1/(2k) 


* The choice of the Bessel’s functions of the third kind is made because of their suitability for the 
subsequent developments. Cf. Watson, Theory of Bessel’s Functions, Cambridge University Press, 
1922, p. 73. This reference will be indicated in the text by W. 

t In combining two formulas by the use of double signs we shall agree to associate the upper 
signs with j = 1 and the lower signs with j =2. 
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With the use of the formula [W, p. 74] 


d (i) (i) 
Ol = _, 
we obtain from (3) 


(i) 
(30) (2,0) = (ext), 1,2. 
3. The asymptotic forms of the solutions. If we adopt as generic 
symbols B(#) to designate a bounded function, and J,(é, r) to designate a 
function of the form 
(r,m) B(t) 


2it)™ 
where 
I(r + m + 3) 
(r,m) = 


—m +3). 
the asymptotic expressions 


2\12 
HS) (t) = (=) (+ 


are available [W, p. 198] and are valid for any integer p>0, and uniformly 
so for —r+e arg ¢<a—e, where €¢ is an arbitrarily small positive constant. 
We find from this that with the use of the abbreviations 


1 
Ij) =I1,(t,— 
(4) 
0;(x,p) = (+ px*), j = 1,2, 


we may write 


(5) uj(x,p) = 0,(x,p)» 


for 
—w+eSargpSr-e. 


Similarly we deduce as the formula for the derivative 
1 
(5a) uj(x,p)=+ (1 1). 
To obtain the asymptotic forms when x<0 we employ the formulas 


[W, p. 75] 
in (1 
(6) AY) (te™**) = (2) + 
sin rr i 


sin rr 
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we obtain from (3) 


(i) 
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I,(t,r) = > 


ano(— 2i)™ 


where 


T(r + m + 3) 
— m 
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are available [W, p. 198] and are valid for any integer p>0, and uniformly 
so for eX arg ¢<a—e, where is an arbitrarily small positive constant. 
We find from this that with the use of the abbreviations 
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I(t) = I,(¢,—}, 

(4) =) 
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we may write 
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for 
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Similarly we deduce as the formula for the derivative 
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(1) + rx’u(x) = 0, 
in which » is any real positive constant and \ is a complex parameter. When 
x <0 we specify the symbol 2” to designate |x |’e’"*. Similarly p'/ shall desig- 
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It is convenient to set 
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and to consider p as a new parameter. If the variables are then changed by 


the substitutions 
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With the use of the formula [W, p. 74] 


d 

(t)} =H t), 

_ 
we obtain from (3) 


(3a) uj (x,p) = e( =) (px*), j = 1,2. 
3. The asymptotic forms of the solutions. If we adopt as generic 
symbols B(#) to designate a bounded function, and J,(#, r) to designate a 
function of the form 
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I,(t,r) 2it)™ ’ 
where 
T(r + m + 3) 
(r,m) = 


— m +3). 
the asymptotic expressions 


HY = (=) + t,r) 
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are available [W, p. 198] and are valid for any integer p>0, and uniformly 
so for —7+ eX arg where eis an arbitrarily small positive constant. 
We find from this that with the use of the abbreviations 


1 
1) = 
O(x,p) = px*), j = 1,2, 
we may write 
(5) = » 
for 


x>0, 


Similarly we deduce as the formula for the derivative 


1 
(5a) uj(x,p) = + (1 = 1). 


To obtain the asymptotic forms when x<0 we ‘employ the formulas 


[W, p. 75] 
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which are valid when m is an integer. Setting |x | =, i.e. x=£e**, and de- 
fining the integer K and the fractions 7, n’ by the relations 


7) K-1<ks kK, 
k=K—9 =(K—1)+7’, 
we find from (3) and (6) that if 
(8) p’ = pew? 
and arg p’ is restricted to the interval (—7r+«, r—€), then 
(9) uj(x,p) = 0") + 


where 


_ 
(10) = — cos CSC C12 = = — csc 


2k 
(1 +.n)x 7 


“2k 2k 


In terms of x formula (9) is 
(11) uj(x,p) + px*)], = 1,2, 


for 
(—-1+n)*+eS argpS (1+n)r-e, 
where /=1 if K is even, and /=2 if K is odd. 

In (11) as in (5), (Sa) the asymptotic form of uj may be obtained from 
that of u; by differentiating only the exponential factors and replacing 
I(t) by I,(¢, 1/(2k) —1). 

When » is an integer it follows from the work of Birkhoff* that for p 
confined to any quadrant formed by the axes of reals and imaginaries every 
solution of equation (1) is asymptotically of the form 

u(x) = + 
for x265>0, while for x«< —6 such a solution is of similar structure with 
a; and a» replaced by different constants d, and d2 respectively. From formu- 
las (5) and (11) the relation between these sets of constants for the quadrants 
in which (5) and (11) are both valid is found to be 


= + C2,102), 


Gz = iX(c; 3-101 + C2,3-102). 


* Birkhoff, Asymptotic solutions of differential equations, these Transactions, vol. 9 (1908), pp. 


219-231. 
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The asymptotic expressions obtained display the functional form of the 
solutions when |px*| is sufficiently large. For small values of |px*| we 
observe that since 


j=1,2, 
tu 
is bounded when ¢ is bounded, it follows from (3) and (3a) that 
| << Mi, 
(12) | uf (x,p) | < M,| p| 1/2+1/ (2k) | for | px*| <M. 
Combining these inequalities with formulas (5) and (5a) we find that 
uj(x,p) = B(x, p), 
13 
on uj(x,p) = + ikpet***B(x,p), for 0 S x: 


Lastly we obtain from the formulas [W, pp. 74, 40] 
lim H(t) = A;, lim = 
0 


where 
+ 2 


— yw) sin ur 
and 


(14) T(z)T(1 2) 


In 


and the relations (3) and (3a) 


= (— — 
(0,0) =~ 


+ 2ki 1 p \ (2k) 
uj(0,p) = = 2) j =1,2. 


(15) 


4. The boundary problem. The characteristic values. We consider now 
the boundary problem obtained by adjoining to equation (1) the boundary 
conditions 


(16) u(B) = 0, u(—a)=0,* a>QO, B> 0. 
Since every solution of (1) may be written in the form 


(17) u(x) = ayu;(x) + aoue(x) 


* For brevity we shall use the notation u(x) in place of u(x, p) when no confusion is apt to result. 
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4. The boundary problem. The characteristic values. We consider now 
the boundary problem obtained by adjoining to equation (1) the boundary 
conditions 


(16) = 0, u(—a)=0,* a>dQOd, B> 0. 
Since every solution of (1) may be written in the form 


(17) u(x) = aytt;(x) + aote(x) 


* For brevity we shall use the notation (x) in place of u(x, p) when no confusion is apt to result. 
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it is clear that there exists a solution satisfying conditions (16) if and only 
if the value of p is such that 
(18) 2(8, — a) = 0, 
where 
= uy(s) ua(s) 
u(t) u2(t) 
Since by (2) any half p-plane maps into the entire \-plane we may restrict 
ourselves, in seeking the roots of equation (18), to any half-plane 


(19) — 6S argp < x — 5, where 0 <6 < nx. 


For such values the asymptotic forms of u,(x, p) and of u;(x, p’) are given 
by formulas (5) when x>0. We must distinguish between the cases in which 
v is or is not an even integer. 

Case 1. v not an even integer. In this case the rays 


(20) argp = 0, 

(21) argp’=0, i.e. argp = nr, 

are distinct. Suppose now that p is confined to a sector S; of the half-plane 
(19) which includes the ray (20) but excludes the ray (21). In such a sector 
R(ip’)>0, and from (4) 62(x, p’) is asymptotically negligible in comparison 
with 6,(x, p’) for x>0. Hence we find in this sector 


9(8, — a) ~ 62(8 , p) 
(a, p’) 
and the equation (18) takes the form 
(22) (pB*) — pB*) = 0. 
If we set 


and observe that 


(51) 
—,1 
2k B(p) 
log p8*) — log 1(8*) = ————— + 
ipB* p* 

* We use the symbol ~ to indicate that the functions are of the same asymptotic form. Thus if 
in this formula the sign ~ were to be replaced by = it would be necessary to replace in the right 
hand member the quantity i!+"02(ap’)[co20:(8)+-c1202(8)], which has been dropped. By (4) it is 
evident, however, that this quantity is of lower order of magnitude when \p | is large than the error 
due to stopping at any definite term of the asymptotic expansion of the expression retained. 


| 
} 
| 
| 


1929] A BOUNDARY PROBLEM 


we may write (22) in the form 


1 
(= B(p) 


2pB2* p3 


Let the points 7:,m in the p-plane be surrounded now by small circles with 
centers at 7:,, and radius e. Then for m sufficiently large the parenthesis in 
(22a) will have a value lying within this small circle for every value of p 
on the circumference, and as p traces the circumference the argument of the 
left hand member of (22a) increases by 27. Hence (22a) has just one root 
i,m Within the small circle. From (22a) we may write then 


Pi,m = Ti,m + B(m)/m : 
Computing the term in 1/p from this and observing that 7, is of the order 


of m we obtain the formula 
1 
(= 1) B(m) 
™m™ 
+ + . 


(24) 


In similar manner if p is restricted to a sector S: of the half-plane (19) 
which includes the ray (21) but excludes the ray (20) we have R(ip) <0 and 


X86, a) 62(8 , a@,p). 


The characteristic equation (18) now takes the form 
(25) (par®) + p’a*) = 0. 


If we set 


1 1 fi 
(26) = [ (m — — log (cos =), 
~ 2i 2k 2k 


we find precisely as in the preceding discussion, if we recall (8), that 


1 
(5° B(m) 
(27) P2.m = + a 


mo?* 


We may state then the following theorem: 


THEOREM 1. If in equation (1) v is not an even integer the infinitely many 
characteristic values of p are asymptotically spaced at regular intervals along’ 
two distinct straight lines in the complex p-plane, the formulas for these values 
being given by (24) and (27) above. 
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We observe in particular that when v is an odd integer then n =n’ =3, and 
the logarithmic terms in (23) and (26) vanish, so that p,m is asymptotically 
real and p2,m asymptotically pure imaginary.* In this case we find from (2) 
the theorem 


THEOREM la. If in equation (1) v is an odd integer the infinitely many 
“characteristic values are given asymptotically by the formulas 


Case 2. v an even integer. In this case we find from (2), (7), and (9) that 


kis an integer and hence that K =k, 7=0, n’=1, and p’=p. From the form 


(28) Q(B, — a) = + 
the equation (18) becomes 


(29), T(98*)I(pa*) + i( cos =) ete T(pB*)I(— pac*) 


+ i( cos =) (— p8*)1(— par*)=0. 


The equation of this type has been studied,f and it is known (i) that its 
roots are asymptotic to those of the equation 


7 
29a erie (Bk+ak) 4 i(cos =) i( cos =) 
2k 2k 


and (ii) that the roots of this latter equation lie in a strip bounded by 
parallels to the axis of reals,t and that for |p|>WN at most three roots lie 
between any two lines perpendicular to this axis and less than the distance 


2ra* 
= 

B* + a* 


apart. 


* It is known, of course, that pi,m and p2,m are actually real and pure imaginary respectively. 
Cf. Ince, Ordinary Differential Equations, London, 1927, p. 238. ; 

t Tamarkin, Some General Problems uf the Theory of Linear Differential Equations etc. (in Russian), 
Petrograd, 1917, also C. E. Wilder, these Transactions, vol. 18 (1917), p. 420. 

¢ They are actually real. See note * above. 
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We observe that in the particular cases in which 6* and a* are commen- 
surable, say 


B* = (p/g)a*, 


where p and q are integers, the solution of equation (29a) is an algebraic 
problem, the equation being algebraic. of the degree in  De- 
noting the roots of this equation by 7;,7=1, 2,--- , +g, we have then 


eripak/q = 


from which the characteristic values are found to be 


1 
Pin = ms log r; + cin) | 


where 
lim €;(m) = 0. 
We consider more explicitly the particular case in which 
(30) a=B8. 


The determination of the characteristic values is in this case easily possible 
for the equation (28) reduces to the quadratic 


. 
02(8) + 2i( cos =) 6,(8)02(8) — 02(8) = 0, 


which we write in the form 


(31) {0:(8) + ie**/2*)9,(8) } {0,(8) + = 0. 


From this the characteristic values are found directly to be 


1 1 
32) pi.m = 
(32) pj, (m 4 =) 
and we have the following theorem: 


THEOREM 2, If in equation (1) v is an even integer and a=8, the infinitely 
many characteristic values are given asymptotically by the formula 


(33) Min = |(m-— 1)|+=2, jot,2. 
4k 2k m? 


It appears from this that the case v an even integer is irregular in the 


2(m 
4 4k | 
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sense that the characteristic values (32) are not the limiting values which 
would be obtained from (24) and (27) by allowing 7 to approach zero,i.e. 
by allowing v to approach the even integer. 

5. The characteristic functions. When p is a characteristic value the 
constants a, ad: in (17) may be chosen to make the solution satisfy the 
boundary conditions. The solution (17) becomes then a characteristic func- 
tion. We proceed to derive its asymptotic form: For convenience we shall 
omit the subscripts on p, understanding that in the discussion of this section 
p is always taken to be a characteristic value. 

Case 1. v not an even integer. Consider first the function corresponding to 
pP=pi,m. Choosing the constants in (17) thus: 


aq = —u2(B,p), a = u(8,p), 
we find 


(34) u(x) = 2(6,%,p). 
The characteristic equation (22) is in this case 

€1102(8 ,p) — ~ 0, 
and substituting from this in (34) we find 


With the use of the formulas (4) the form of u(x) when x>0 is thus obtained. 
If x <0 we observe that because of (18) we may write 
,p) 
a,p) 
Substituting from (9) for u;(x) and u;(—«a), and observing that 
(36) C1022 — = 1, 


we derive the result 
p) 
(37) u(x,p) = Q(a,£,p’). 
+ €1292(a,p’) 
Now when p=1,m, 92(a, p’) is asymptotically negligible in comparison with 
6:(a, p’) and hence we may replace the denominator of (37) by ¢u9,(a, p’). 
Lastly if we remove from (35) and (37) the factor 


C11 


which is independent of x, we have the following theorem: 
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THEOREM 3. If in equation (1) v is not an even integer the characteristic 
function u;,m(x) corresponding to the characteristic value pi,m is of the asymptotic 
form 


C 1/2 1/2 
41 ,m(X) (ox*) om (“) — | 
27 C11 C21 


when x > 0, 


41 m(%) [ewer (— — erie’ 
— 


I(— p’a*) 
I(p'a*) 


we] 


when x <0, 
To derive the form of “2, m(x) we consider the solution 
(38) u(x) = — a@,p). 
When x <0 we obtain from this by means of the equations (9) and (36) 
u(x) = Q(E,a, 9’). 
The characteristic equation in this case is (25), i.e. 
61101(a,p’) + C1292(a,p’) ~ 0. 


Observing that (38) and (25) may be obtained from (34) and (22) by inter- 
changing the following letters: 

(39) with 2, 6, with 62, cn with witha, p with p’, x with 
it is clear that the result, namely the form of u(x) when x <0, may be simi- 


larly obtained from (35). 
When x>0 we have because of (18) the relations 


uo(— a,p) p’) 
Q(x, — a,p) = ———— (x,B,p) = Q(x ,B,p), 
ap) u2(B,p) (#,B,0) €1192(B ,p) — ¢210:(B,p) 


and hence from (38) 


’ p’) 
40 u(x) = — Q(x,B8,p). 
(40) €1102(8 ,p) — ¢2191(8 , p) 
Observing that the interchanges of letters (39) lead from (37) to (40) except 
for a factor —7-** it is clear that the result is again derivable from that of the 


preceding discussion. Removing the factor 


2i(—= 62(a,p’) 


Cu 
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from the solution considered we may state the following theorem: 


THEOREM 32. If in equation (1) v is not an even integer the asymptotic forms 
of the characteristic functions u2,m(x) corresponding to p=pe2,m are given by the 
formulas 
T(pB*) 


I(— pB*) 


U2 ,m(%) ~ - — eip(2Bk—zk) 
— 24% — 


| 


when x>0, 
—v/4 1/2 1/2 
21 —C12 Cu 
when x <0, p=po,m.- 
In particular if v is an odd integer these forms may be somewhat reduced 


and we have the following theorem: 


THEOREM 3a. If im equation (1) v is an odd integer the characteristic func- 
tions t,m(x) corresponding to the characteristic values p=pi,m are given by the 
formulas 


B(mx*) 
1 ,m( x) ~ +— \ sin +=) 


(mx*)? 


B(m, x*) 
mx* 4 
when x>0, 


B k 
11 ,m( x) (sin {i+ (még 


mé* 


— (2ak—Eh) {1 4 B(mé*) I, 


mé* 
when x <0. 
The form of the characteristic function uz,m(x) for x>0 (or x <0) is obtain- 
able from that of 1, m(x) for x <0 (or x >0) by interchanging x with é and a with B. 


From this we see that for large values of m any solution has the character 
of |x|-** sin (p:,|x|*+7/4) in any interval of the x-axis lying entirely 
on one side of the origin, while in any interval of the x-axis on the other side 
of the origin the graphs of the solutions lie arbitrarily close to the axis for m 
sufficiently large. 

It is desirable also to note the values taken on by the characteristic 
functions at x=0. Removing the constant factors specified in the dis- 
cussion above and substituting from (15) we find 


| 
| 
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1/2+1/ (2k) 


| 1/2—-1/ (2k) ‘ 

(41) #j,m(0) = ,m(0) j = 1,2, 
ij 

| where C; and Cj’ are constants independent of m. Since lPi.m | is of the order 
m it is seen that |;,m(0)|, and |/m(0)|, become infinite with m. 


; Case 2. v an even integer. Inasmuch as we have derived the asymptotic 
forms of the characteristic values when v is even only for the case a=, 
we shall confine our discussion of the characteristic functions also to this case. 


Setting 
(42) u(x) = (6,2), 
and observing that from (31) we have 


we obtain directly on dropping the factor 


the form 


—vl4 


(4k)) 7 — ( — px*) | 


(43) uj,m(x) ~ 


for x >0, p=p1,m, Or in an alternative form 


(mx*)? 
B(mx*) 
for x>0,7=1, 2. 


For x <0 we have since p’ =p, n =0, 
162(8) 

u(x) = 
€2101(8) + C2262(8) 


Substituting in this the values of ca, cx as given by (10) we find that the 
fraction on the right reduces to (—1)/ for p=p;,m. Hence we have on compar- 
ing with (42) 


2(8,£). 


Uj,m(x) = F for x <0, j = 1,2. 


THEOREM 4. If in equation (1) v is an even integer and a=8, the asymptotic 
forms of the characteristic functions are given for x >0 by (44) above. The func- 
tions U1,m(x) are odd functions and the functions U2, m(x) are even. 
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Proceeding as in the previous case when x=0, we find in this case the 


values ‘ 
U1 ,m(0) = 0, = a 


1/2—1/ (2k) 


tz,m(0) = Cop, m(0) = 0. 


(45) 


6. The formal expansion of a function f(x). We shall suppose now, that 
the characteristic values are arranged and designated by a single subscript 
so that |pm1|<|pm|. Then two characteristic functions corresponding to 
distinct characteristic values are found in the usual way to satisfy the relation 


3 
f (x)ui(x)dx = 0, lAn. 


It is clear that \=0 is not a characteristic value, since by equation (1) 
this would imply u’’(x)=0, and by (16) u(x)=0. Hence we have for any 
characteristic function u and the corresponding A the relation 


1 d 
46 xu? = + xu’? — 
(46) 

which is an identity since u(x) satisfies (1). Integrating it and applying (16) 
we obtain 

= 
(x)dx = tn? (B) + au,?(— 

It is readily found by substituting on the right the asymptotic forms of the 
characteristic functions that this member and hence the integral on the 
left is different from zero for n>WN, i.e. for n>WN the characteristic values 
are all simple. If this is true for all values of m, which is clearly the case when 
the characteristic functions are real, i.e. when v is an integer, we may derive 
in the usual way the expansion associated with an arbitrary function f(x), i.e. 


tim dat, 
where 
(47) 


(t)dt 


Moreover if G(x, t, p) is the Green’s function of the system (1), (16), and y 
is any semi-circle in the p-plane with center at p=0 which with the diameter 


4 
14 
n=1 
-a 
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joining its end points encloses the characteristic values A,, »=1, 2, - - - , m, 
and no others, then by familiar reasoning* 


k2 
(48) = — f oG(x,t,p)dp. 
Tid, 


7. The function G(x, ¢, p). To avoid repetition in the discussion of the 
expansion problem we shall suppose that x, which we consider fixed, lies 
on the interval O0<«<§. Clearly the deductions and results for an x<0 
will be entirely similar to those for x >0. 

If W [u2, u:] denotes the Wronskian of the functions uz and 1, i.e. 


we find from formulas (3) and (3a) 


krp? 


2  (px*)], 


= 
W u1] 1/(2k) 1/(2k) 


and it follows from the known formula for the Wronskian on the right 
[W, p. 76] that 
W [uz,u1] = 2kpi. 


The classical formulas for G(x, ¢, p)t reduce therefore for the case in hand to 


i0(6, x)QX(t, wal a) 


2kpQX(B, a) 


2kpQ(B, — a) 


for t < x, 


for i> x. 


We observe now that because of the distribution of the characteristic 
values as shown in §4 it is possible to choose in the p-plane a sequence of 
circles I'm: |p |=rm having the following properties: 

(i) as m—>© over positive integral values, rn—>© ; 

(ii) if ym denotes the semi-circle of I',, for which —6<0S7—6, then 
Ym With the diameter joining its end points includes just m characteristic 
values; 

(iii) there exists a constant x>0O such that every point of any arc Ym 
is at a distance greater than x from any characteristic value. 

For the subsequent discussion we must derive the asymptotic forms of 


* Birkhoff, these Transactions, vol. 9 (1908) p. 379. If some characteristic values are not simple 
we may consider ¢m(x, ¢) defined by (48) rather than by (47). 
t Birkhoff, loc. cit., p. 378. 
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G(x, ¢, p) on the semi-circles y,. With this in mind we proceed as follows. 
If v is not an even integer let 7» be divided into the arcs 
Ym: 6506050, 
Consider first any portion of Ym2, say Yue! OS[0<0'<nx. On this arc 
R(ip’) >0 and hence we have 
€1102(8 ,p) 


Substituting from (4) in the bracket on the right we obtain for it the ex- 
pression 


(50) E _ 


C11 p 


a) , p)0:(a@, p’) E 


and this is clearly asymptotic to 1 except in the neighborhood of @=0. But 
it is known* that if |p—pm |>x, where p» is any root of the equation ob- 
tained by equating the expression (50) to zero, then the expression (50) 
itself is uniformly bounded from zero. Similarly if we consider ¥n210<0" 
<6<nz, then on this arc R(ip) <0 and we have 


€1202(@ , p’) | 
p’) 


2(8, — a) ~ E + 


The bracket in this expression is clearly asymptotic to 1 except in the 
neighborhood of =z where it is uniformly bounded from zero since 
lp—pm|>x.- In the same way we find that 2(8, —a) is uniformly bounded 
from zero on the arcs Ym1 and Ym3, While 
) { for S05 0" <0, 

— ,p)0e(a,p’) for nr <0 SOS 
If vy is an even integer, we have from (28) 


and the preceding argument may be applied to show that the bracket on 


— a) = — + 


* Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912). Cf. also Wilder, loc. 
cit., p. 422. 


| 
7 
4 
| 
‘ 


1929} A BOUNDARY PROBLEM 17 


the right is asymptotic to 1 for 0<@’<@<7—6. An analogous formula is 
found for 2(8, —a) when —5<0<06’’ <0, while the quantity is uniformly 
bounded from zero on the semi-circles ym. It is clear from this that the 
subsequent discussion of the case vy an even integer may be included in the 
preceding general case by permitting 7 to take the value zero. 

Substituting the asymptotic forms in the numerators of formulas (49) 
we find that when 0<x <8, G(x, #, p) is bounded uniformly for p on the arcs 
‘Ym, and that the asymptotic forms of G(x, ¢, p) may be obtained when 
0<x<Band —a<i<Q, from the following expressions: 


when —5<50<50’ <0, 
( — f 
2kpcar 


102(t) [co10(x) C1102(x) | for i> «x: 


ori<2, 
(51) G(x,t,p) ~ 


\ 2kpcar 
when 0<0’<0<0" <nz, 


2kpcu 


— 


(51a) G(x,t,p) 


and when nr <0’<6<7—6, 


( — f 


ort< 2, 


2kpciz 
10,(t) [c2201( x) = | 
for 
2kpciz 


(51b) G(x,t,p)~ 4 


2. 


8. Alemma. For the discussion of integrals involving G(x, t, p) we shall 
find the following lemma of use. We designate by y“:” the portion of the 
semicircle ym for which and set p=re*. 


Lemma. If y(t) and ®(t,p) are any integrable functions such that for 
asisb, 


(i) y(t) is real and Y(t)=y>0; (ii) p) |<M for 0'<0<0",r>N, 
then the integral 


I(t) = f OB(t, p)dp, 
(1,2) 


the ambiguous sign being chosen + when p is in the upper half plane, and — 
when p is in the lower half plane, satisfies the relation |I(t)| <M, 1'. 


| 
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Suppose for the moment that y‘"” is an arc of the quadrant 0<0<7/2. 
Then we have sin 9206/2 and hence 
and 


2M 
(52) |7@| Mr f < 


If y‘"” is an arc of the quadrant 7/2<@<7 we have sin 0=(x—6)/2 and 

the result follows in the same way, as it obviously does also if —7/2<@<0. 
9. The function ¢,,(x,t) when x~0. With the use of the formulas above 

we shall show first that when ~x is considered as a parameter, x >0, 

(53) 


for —a<t<x—f, or x+{<t<8, where ¢ is an arbitrary constant subject 
to 

Since G(x, t, p) as a function of x or as a function of ¢ satisfies the boundary 
conditions (16) we see from (48) that 


04,1) = 
= om(x, a) $m(x, 8) =0. 


We may restrict the further discussion therefore to the case x <8, —a<t<f. 
Furthermore we may choose as the contours y in (48) precisely the semi- 
circles ym of §7. Consider first the case in which —a<#<x—f. Then since 
by (4) and (9) 


pis [c2101(t) €1102(#) | = Bi (x,t, p) when p is on Ymi, 
and 
via ;~101(2) C1, ;-102(#) | = (x,t, p) when p is on Ymi» j = 2,3; 


we obtain by substituting (51), (51a) and (51b) in (48) 


kT il 
(x,t) f Bi (x,t, p)dp 
21 


2x Ym1 


3 1 


j=2 €1,j-1 


‘mi 


From this it follows by the lemma of §8 that (53) holds for -a<#<x—f. 
A similar procedure establishes (53) when x +¢<t<B. 


te 
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Consider now the integral 


ts 
(54) f Pén(x,t)dt, forO<2<B. 


ty 

We shall show that 

M niformly for 
eimai. 

Tm or 
(56) I n(x, a, x) 3 + e(x,m) 
(S7) Im(x,x,8) = + €(x,m) ; 
(58) | | < M uniformly for -a Sh 54358, 
where ¢(x, m) is used as a generic symbol for a function which approaches 
zero aS M—>0, 

The function G(x, t, p) as a function of ¢ satisfies the equation (1). Hence, 

on substituting from (48) in (54) we may write the result 


1 ts dp 
I m(%,t1,t2) = — —f f Gi(x,t,p) — dt. 
ty Ym p 


Interchanging the order of integration and integrating we obtain from this 


1 d 
Ym Pp 


provided -aShShSx, 


Now from formulas (8) and (13) we find that for -a<tsSx—¢ 


1 
— [corms (t) ()] = (x,t, p) for p On 
p 


and 
1 
(2) — = for p on Ymj, j = 2,3, 
p 

and hence from (51) and the lemma of §8 


d d, 
p p 


Ym Ymi 


(60) 3 dp  B(x,t,p) 
j=2 p Tm 
Similar considerations lead to the same result when x+{<it<8. This es- 
tablishes the relation (55). If we set {=0 in (60) the exponential factor 


19 
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reduces to unity. Obviously, however, the integrals are still bounded as 
m—«. It follows that (58) is valid for ¢<x, and a similar discussion estab- 
lishes it for =“. To deduce (56) we observe that on substituting =x in 
the first of formulas (51), (51a), and (51b) and using the asymptotic forms 


(4) we obtain 


dp 1 Bix,p))dp 


m p 


Substituting this and the relation (60) for ¢= —a@ into (59) we obtain the 


result (56) 
Since the Green’s function has the property that 
(62) Gi(x,x +,p) — Gz, 2— »P) 1, 


we obtain directly from (61) 


dp mi 
f Gi(x,x +,p)—- = — + e(x,m). 
Ym p 2 


This together with (60) for ¢=8 yields (57). 
10. Convergence of the expansion at x~0. We prove the following 


theorem: 

TueEorEM 5. If f(x) is any function which is integrable in the sense of 
Lebesgue over the interval —a<x <8, and if xis any inner point of this interval 
other than x =0, and if further the function f(t) is of bounded variation in any 
neighborhood of the point t=x, then the expansion associated with f(x) converges 


to 


[f(x +) + f(x —)]. 
At the end points x = —a or x =8 the expansion converges to zero.* 
From (56) and (57) the expression 3[f(x+)+f/(x—)] may be written in 
the form 
(63) lim +)Im(x,«,8) + f(x —)Im(x,— a, 2)]. 


On the other hand the sum of the first m terms of the expansion associated 
with f(x) is by (47) : 


It remains to be shown that under the existing hypotheses the difference 
of these expressions converges tv zero. This will follow if 


* The convergence at x=0 is covered by a later theorem. 
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(64) lim Dj(x,m) = 0, i= 1,2, 


m— 


where 


Disa) = f “PLO — fla 
(65) 
f — fla +) 


Consider the first of these expressions (65). By hypothesis there exists 
an interval (x—{, x) in which f(é) is of bounded variation. Hence we may 
write in this interval 

— f(x -—) = — x24), 
where x;(#), 7=1, 2, are bounded, positive and decreasing functions and 
x;(x—)=0. Hence if ¢ is arbitrary, «>0, there exists a positive constant 
such that 


(66) 0S for StS x, j = 1,2. 
We have now 

zhi 
(67) Di(2,m) = f — fla 


j=1 
By virtue of (53), (55) and Lebesgue’s* lemma the first of these integrals 
converges to zero as m—>. By the second law of the mean, however, the 
remaining integrals in (67) can be written in the form 
t; 


xi(x — £1) Udbm(x,t)dt, where x — {1 <t; < x, j = 1,2, 


z—$1 
and by (58) and (66) this is less than Me. Hence for m sufficiently large 
| Di(x,m) | < 3Me 


and the first of relations (64) is established. The discussion of the expression 
D.(x, m) is precisely similar and hence we may consider the theorem es- 
tablished. 

11. The function ¢,,(x, t) when x =0. The discussion above was based 
on the assumption x~0. We consider now the excepted case. The function 
¢om(x, 4) is readily found to be unbounded as a function of m when x=0. 
However, we shall show that when x =0 the integral (54) satisfies the rela- 
tions 


* Lebesgue, Annales de la Faculté des Sciences de Toulouse, (3), vol. 1 (1909), p. 52. 
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M uniformly for 


2k) 


(68) | Im(O,t1,¢2) | < 
or 


1 1 
69) In(0,—a,0) =—+i m), where o = —{7 tan — 7’ tan 
(69) Im(0,— = — + + where = —(n tan — of tan ™ 


(70) —‘Tm(0,0,8) = 


(71) | Im(O,t1,¢2) | <M _ uniformly 


We observe that when » is an integer, ¢ =0. 
The formula (59) is valid for x=0. Hence we consider the integral (60) 
for x=0. We have from (51), (51a) and (51b) for -a<t<0 


(0 d 
1)? 


j=2 p p 


(72) 


where r=“e-**. If 4S—{ we may substitute the asymptotic forms of 
uj} (r, p’). This gives to the right hand member the form 


to which we may apply the lemma of §8. From this together with the discus- 
sion for {<i<, formula (68) follows. On the other hand if —¢<#<0, 
we may turn to formula (12) for the form of u/ (r, p’). The right hand member 
of (72) is in this case of the form 


3 dp 
> B i(r p)— 

j=1 p 
and relation (71) follows. 


For the determination of (69) we consider the integral (72) for #=0-—. 
Substituting the values given by (15) in (69) and (70) and employing (14) 
we obtain 


d, —1 d 
f G.(0,0 = {|= + | f = 
Ym Pp 2 si us C21 m1 P 


2k 


d 
[= | f dp + [= | f 
Cu Ym: P C21 ms P 
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d d d, 


mi P im: P P 
while from (10) 


nT 
i( cos = + tan — sin =), 
2k 2k 2k 


i( + tan — sin =), 
2k 2k 2k 


( 
cos— — tan —— sin — }. 
2k 2k 2k 

With these values we obtain 


dp 1 nT 
G0,0 —,p)— = — tan — ‘tan 


and this leads directly to (69). The formula (70) follows from (69) because 
of,(62) as in §9. 

12. The expansion at x=0. We prove the following theorem: 

THEOREM 6. If f(x) is any function which is of bounded variation on the 
interval —a<x<B then the expansion associated with f(x) converges when 
x=0 to 


(73) [3 — io] +) + [3 + ic] fO-), 


where o depends on v as given in (69), and vanishes when v is an integer. 


Proceeding as in §9, we write (73) ‘in the form (63) with x=0, and 
construct the quantities D;(0, m) given by (65). We must show that (64) 
follows when x =0. Consider D,(0, m). Since f(#) —f(0—) is of bounded varia- 
tion we may write it in the form 


xi(t) — 
where x;,(#) are positive and decreasing, and 
(74) | xi)| <M. 


Moreover since x;(0—)=0, we may choose ¢ arbitrarily and determine ¢ 
so that 


(75) <e, when —¢ 
Then 
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2 + 2 0 

j=l j=l 
Applying the second law of the mean to each of these integrals, we obtain 
the relation 


2 T; 
D(0,m) = — @) f 


j=1 
2 tj 
j=1 -f 
where —a<7;<—{, —{<it;<0. By (74), (68), (75), and (71), however, 
this yields 
| D,(0,m) | < ———— + 2Me < 3Me for m= m. 


(2k) 


This establishes the fact that 
lim D,(0,m) = 0, 


for 7=1, and a similar argument establishes it for 7=2. Hence Theorem 


6 is proved. 
13. The case a=0. We consider now briefly the case in which x=0 
is an end point of the interval. The boundary conditions are then 


u(6)=0, u(0) =0, 


and the characteristic equation is 


(76) 2(6,0) = 0. 
From (4) and (15) the equation (76) is of the form 
(77) pl/2+1/(2k) [9,(8) + = 0. 


The observation of §6 that p=0 is not a characteristic value is valid for the 
case in hand, and since the remaining factor in (77) is precisely the first 
factor of (31) the characteristic values p» (or Am) are given, regardless of the 
character of »v by precisely the formula (32) (or (33)) with j7=1. It follows 
that the characteristic functions also are given for any value of v by the 
formulas for u:,m(x) in (43), (44), and (45). 

Since x =0 is now an end point of the interval the expansion converges 
at this point to zero. For 0<x<f the discussion is precisely that of §§6, 7, 9 
and 10 with a replaced by 0, and the expansion theorem is accordingly the 
theorem as stated in §10. 
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TRIPLE AND MULTIPLE SYSTEMS, THEIR GEOMETRIC 
CONFIGURATIONS AND GROUPS* 


BY 
ARNOLD EMCH 


I. INTRODUCTION 


The fact that every finite group may be represented as a substitution 
group of a certain degree m makes it possible to construct in every case 
certain configurations in a projective space of m—1 or lower dimensions 
whose points correspond uniquely to the substitutions of the group. Such 
configurations are representatives of the groups and are characterised by 
geometric properties which reflect the properties of the group. Such repre- 
sentations in certain particular cases are numerous and have been known for 
a long time. From this standpoint I have considered the symmetric group of 
degree m on a hyperquadric in S,1.f It is thus obvious that any finite 
group may be represented by a certain configuration (with characteristic 
geometric properties) on a hyperquadric. Whether such a representation 
would in every case be mathematically profitable is an open question. 
While there is thus indicated a general method of approach to the geometrical 
problem of finite group theory, there may be developed special methods of 
representation of finite groups in connection with particular problems con- 
nected with group theory, which seem to be of sufficient interest and impor- 
tance to deserve attention. This is the case with the theory of triple and mul- 
tiple systems, where geometric considerations are found in the literature 
only inafewinstances.{ It was Kirkman§ in 1844, and Steiner in 1853 who 
first stated the problem of triple systems and certain multiple systems in its 
most elementary aspect as it was revealed by the study of the configuration of 


* Presented to the Society, September 8, 1926, and April 6, 1928; received by the editors March 
31, 1928. 

t Some geometric applications of symmetric substitution groups, American Journal of Mathe- 
matics, vol. 45 (1923), pp. 192-207. 

} L. Heffter, Ueber das Problem der Nachbargebiete, Mathematische Annalen, vol. 38 (1891), pp. 
477-508. 

De Vries, Zur Theorie der Tripel Systeme, Rendiconti del Circolo Matematico di Palermo, vol. 
8 (1894), pp. 222-226. Ueber polyedrale Configurationen, Mathematische Annalen, vol. 34 (1889) 
pp. 237-246. 

§ On a problem in combinations, The Cambridge and Dublin Mathematical Journal, vol. 2 
(1847), pp. 191-204. 
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the 28 double tangents of the quartic.* A detailed account of this connection 
is given by Noether in an important paperft which appeared in 1879. Netto 
pays attention to the algebraic properties of triple systems and the closely 
associated triple equations and their groups. Since that time triple systems 
have been studied by a number of investigators mostly with reference to 
existence proofs, formation and group properties of such systems.{ 

That a vast number of similar systems, for example triple systems with 
double couples, quadruple systems containing every triple once, in general 
n-tuple systems of various types, may be formed becomes evident without 
much effort. There seems to be little that has been done along this line 
of generalization. Inasmuch as with every well defined system of this sort 
there is associated a finite group which dominates it and as the number of 
such systems is unlimited, there exists a large class of finite groups which bear 
conversely the characteristics of these systems. Each triple or multiple 
system and couples of such may be represented by a certain spatial configura- 
tion to which is attached a related finite group. It is the purpose of this 
paper to show by a few simple examples how such configurations and their 
groups may be constructed. 


II. TRIPLE SYSTEMS 


1. Simple triple systems. As systems of this sort, their description and 


some of their properties, at least for lower orders, are fairly well known I shall 
not enter into a detailed discussion of them, and shall present merely a few 
additional circumstances which seem to be worthy of notice. 

It is well known that triple systems A,? on m elements exist only, and 
in every case, for numbers of the form m=6m+1, and m=6m+3. Instead 


* Combinatorische Aufgabe, Journal fiir reine und angewandte Mathematik, vol. 45 (1853), pp. 
181-182. 

t Ueber die Gleichungen achten Grades und thr Auftreten in der Theorie der Curven vierter Ordnung, 
Mathematische Annalen, vol. 15 (1879), pp. 89-110. 

} E. Netto, Zur Theorie der Tripelsysteme, Mathematische Annalen, vol. 42 (1893), pp. 141-152. 

E. H. Moore, Concerning triple systems, Mathematische Annalen, vol. 43 (1893), pp. 271-285. 

F. N. Cole, The triad systems of thirteen letters, these Transactions, vol. 14 (1913), pp. 1-5. 

H. S. White, Triple systems as transformations, and their paths among triads, these Transactions, 
vol. 14 (1913), pp. 6-13. 

Louise D. Cummings, On a method of comparison for triple systems, these Transactions, vol. 
15 (1914), pp. 311-327. 

H. S. White, The multitude of triad systems on 31 letters, these Transactions, vol. 16 (1915), pp. 
13-19. 

S. Bays, Sur les systémes cycliques de Steiner, Annales Scientifiques de Ecole Normale Su- 
périeure, (3), vol. 4 (1923), pp. 55-96. 

In these papers may also be found additional references. 
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of using the medium of hyperquadric or other forms of possible graphic 
representation we may make use of the simple device of representing the m 
elements by m generic points in ordinary space S;. Then to every triple system 
corresponds a certain open polyhedral configuration of triangles on these m 
points. To two triple systems A,,° without a common triple corresponds a closed 
polyhedral configuration, whose mapping upon simple closed surfaces will be 
explained subsequently in case of m=7 and m=9. 

A;*. For certain purposes (determination of the order of the group, etc.) 
it is desirable, although not necessary, to have some sort of a generalized 
matrix from which we may write down a triple system in a very simple and 
effective manner. The terms for m=7, for seven elements 1, 2,---, 7, 
may be written in any order a, b, - - - , gin the form 


abe 


d 
ef g 


from which the 7 triples are immediately obtained as (1) the first line, (2) the 
second column, (3) and (4), the two diagonals, (5) and (6), the first and third 
column each together with f, (7) the triangle b e g;ie.,abc,bdf,ad g, 
cde,aef,cgf,beg. Each such form or “matrix” may be identified by a 


substitution 
( i323 45 67 ) 
abedesef g 


It is easy to write down the 24 “matrices” with the central letter d unchanged 
which produce the same triple system. The 24 corresponding substitutions 
form a subgroup of order 24, and as the central d may be replaced by any of 
the remaining letters we get a group of 24-7 =168 substitutions, the simple 
Giss of this order. As the structure of this group is well known, details of its 
construction by the foregoing scheme are not necessary. 

There are altogether 7!:168 =30 distinct A;’s and any of the 35 triples 
is always common to 6 distinct A?’s. But it is not possible to form 5 distinct 
A?’s which together contain all of the 35 triples, as has already been estab- 
lished by Cayley.* 

A. For the generating “matrix” we may use the square arrangement 

def 


ghi 


* Papers, vol. 1, pp. 481-484. 
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The 12 triples obtained from the three rows, the three columns and 
the 6 terms of the ordinary determinant expansion form a triple system 
beh, cfi,aei,afh,bdi,cdh, bfg,ceg,on9 
letters or numbers, in which a, b, - - - , i denote the 9 numbers 1, 2,-- - , 9 
in any order. Thus the particular arrangement of the “matrix” is equivalent 
to the substitution 


To determine the group which leaves the triple system invariant we notice 
first that the A, as a whole does not change when any two rows, or any two 
columns are interchanged. This gives a subgroup of 36 substitutions which 
leave invariant. 

But there are 11 other distinct matrices and distinct from any attached 
to the Gz, which also leave A; invariant, namely (including the first) 
abe ad g ae i 
def beh bf g 
g i c i cdadh 
a a a 
e 
i h 


a 
e h g bf i b 
hig f dhe gic 


With each of these are connected as above 36 substitutions which leave 
A? invariant. These together form all the substitutions which leave the given 
A? invariant, and they consequently form a Giz of order 36-12 =432, which 
is known as the group of the triple equation of degree 9. There are, of course, 
several ways of generating this group. For instance if we set 


S; = 123-456-789, 
= 147-258-369, 
S3 = 159-267-348, 
= 168-249-357, 


then G,(S;, S2, S3, Ss) is a non-cyclic abelian group of order 9 and the Giz: is 
the holomorph of Gy. 


1929] TRIPLE AND MULTIPLE SYSTEMS 


Each triple is common to 120 distinct triple systems. 

If we consider for example the triple 123 fixed, then the remaining num- 
bers form 6! permutations a bc d e f, each giving the second and third row 
in the “matrix,” namely a bc anddef. But as these may be interchanged and 
a cycle of order 3 applied to each without changing A,’, there are evidently 
only 6!:6=120 permutations which with 123 give distinct A¢’s. Now it is 
clear that two triples with a common couple, for example 123 and 124, 
cannot belong to the same A’. Moreover every couple must occur in every 
A¢ just once. Hence all A,’’s can be classified in various ways into 7 classes of 
120 triple systems, each class being characterised by a common triple. Thus 
123, 124, 125, 126, 127, 128, 129 are each common to 120 A¥’s. Thus there 
are altogether 7-120=840 distinct triple systems on 9 elements. This checks 
up with the fact that 9!:432 =840. 

Now in case of 9 the remarkable circumstance presents itself that all 
84 triples may be distributed completely and each only once in 7 triple systems. 
This may be called a complete set of triple systems. 

That this is not always possible is clear from the case of m=7. Such a 
complete set is for example obtained from the 7 matrices 


123 124 125 126 127 128 129 
456 359 378 347 368 439 736). 
789 768 946 859 495 $76! 1845 


As there are 840 distinct A,*’s, and from the fact that there exists at least one 
complete set, it is easily seen that a great number of such complete sets 
may be formed, and that each A# may belong to more than one complete set. 
So far I have not been able to establish necessary and sufficient conditions on 
the number m for which complete sets of triple systems are possible. The 
original complete set of A,*’s were found by trial. 

2. Triple systems with double couples. elements form $n(n—1)(n—2) 
triples and 3n(m—1) couples. Let A be a triple system containing every 
couple twice and let x be the number of triples of the system. As every triple 
contains 3 couples, 


and x=4n(m—1). Hence m must have either the form »=3m, or n=3m+1, 
and 
x =m(3m—1), or x = (3m+1)m. 
For m=1 we get in the first case m=3, x=2, a triangle 123 counted 
twice; in the second case m=4, x =4, or the tetrahedron 123, 124, 134, 234. 
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The groups which leave this dihedron and tetrahedron invariant are of course 
the dihedral group on three letters, or the symmetric group, and the tetra- 
hedral group. 

For m=2, we have for two cases n=6, x =10 and m=7, x=14. 

In general, for m=2y, 


n = Op, x = 2u(6u — 1), 
or 
n=6u+1, = 2u(6u¢+1). 
For m=2yu+1, 
1), 
or 


nm=O6(u+1), = 2(2u + 1)(3u + 2). 

In case of an even 2”, i.e., m=6u, or m=6(u+1) we have triple systems with 
double couples which form closed surfaces. In case of odd numbers, » =6u+1, 
n =6u+3, we have the same number as in triple systems with single couples, 
but twice the number of triples. Hence if we take two such triple systems 
with no common triple we have a triple system with double couples. 

Thus when p = 1, x=14. When in the other case, =6+3 =9, 
x =24, 


3. Triple system of order 7 with double couples. Such a system may be © 


constructed by taking two ordinary triple systems of order 7 with single 
couples without a common triple. For example 


1 2 3 1112233 
4 =2454546 
6 7 3766757, 
1 6 1112234 
4 =2353456 
73 °5 6477567. 


Each system is invariant in a simple Gies. There are 7 substitutions which 
permute the.two systems, namely 


S; = (27)(35)(46) leaves (1), 
S2 = (15)(34)(67), “ (2), 
Ss = (16)(25)(47) “ (3), 
S = (12)(36)(57) “ (4), 
Ss = (14)(26)(37) “ (5), 
Se = (17)(45)(23) “ (6), 
S7 = (13)(24)(56) (7) 


— 


| 
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in each system invariant. Then the product of each of these is a cyclic substi- 
tution of order 7 and all these products are the powers of one of these. For 
example 


S3S5= (1256437) 


T and its powers transform the two triple systems into themselves. 
Hence this is a subgroup 


Gu = 1,51, » Se, ’ 


which leaves the triple system A? with double couples invariant. 

If we let 1, 2, - - - , 7 represent generic points in a space of three dimen- 
sions, so that each triple is represented by a triangle, then the two systems 
form a closed surface such that at each of the 21 couples there are em 
jacent triangles. This surface can be developed in the manner indicatedjby 
the Fig. 1. and then, by uniting the edges 17, Fig. 1», formed into a cyclinder. 
By deformation the upper rim can be shifted in a clockwise direction, so that 
corresponding equal numbers are in generatrices of the deformed cylinder. 


Fie. la 


Fic. 1p 


Then the cylinder can be deformed into a torus, by uniting equal numbers. 
By joining the centers of the triangles as indicated in the figure we obtain 
7 hexagons on the torus with the seven points as centers. For example, the 
centers of the triangles 134, 147, 175, 156, 162, 123 form a hexagon with 


SS:=(1547263)=T7, | 
~ 4 5 4 3 6 2 7 ‘ 
1 3 6 2 5 7 4 Ss 4 ' 
| 
by 
| 
4 
if 
7 
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center 1. The substitution S, leaves 1 invariant and permutes the sides of 
the hexagon cyclically: 156, 162, 123, 134, 147, 175.. The substitution T 
changes the hexagon into the hexagon with center (5): 517, 572, 524, 543, 
536, 561. The mapping process of the polyhedron of 14 triangles upon a 
torus is also verified by the formula 


Moreover 2—k =2=2), p=1. 


The hexagon with 1 as a center has the cycle U =(3 47 5 6 2) of order 6, 
which interchanges the sets of triple systems as follows: 


‘ 1113344 1113347 
3767672 3464762 
4522565 273562 S&S. 


Now the powers of U are 
U = (347562), U? = (376)(452), U* = (35)(46)(72), 
U* = (367)(425), = (326574), Ut =1. 


Thus the entire group leaving the polyhedron, and in particular the 
polyhedron of 7 hexagons, on the torus invariant is 


(S1,S2, S7)(1,7)(1,U, U*) =G6y, 


as is well known.* 
4. Triple systems of order 9 with ‘double couples. The triple system 
obtained from 


22 
45 61/=245646554658 
78 9 379897878969 
has a group which is doubly transitive, since 1, 2 may be replaced by any two 


other letters, say 5 and 8: 
5 8 2] 


9 3 6 


Or we have the substitution (154)(283)(796) which leaves the triple 


* Brahana, Regular maps on an anchor ring, American Journal of Mathematics, vol. 48 (1926), 
pp. 225-240. 
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system invariant. Moreover the substitutions which leave 1, 2 invariant 
also leave 3 invariant and form a group of order 6: 


1, (47)(58)(69), (456)(798), (465)(789), (59)(67)(48), (68)(49)(57). 


Hence the group which leaves the triple system invariant is a Gis: of order 
9-8-6=432, since a group on m elements which is k-fold transitive has the 
order equal to the product of m(m—1) - - - (n—k+1) and the order of the 
group which leaves k of the elements fixed. The Gis: is also the holomorph 
of the non-cyclic abelian group I, of order 9: 
52,53 
in which 
= 123-456-789, 
Se = 147-258-369, 
S3 = 159-267-348, 
= 168-249-357. 
Two triple systems A? without a common triple form a closed surface 
with three double vertices: 


1 2 111122233347 


=245645645658 


111122233447 
=235635745586 
6 8 478986969798. 


The surface can be disected and mapped on a rectangle, Fig. 2, then, as in 
Fig. 1, on a cylinder, and finally on a torus. 
4 S 8 4 


3 
5 6 
8 9 379898787969 
2 4 
5 9 
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There is to be noticed this peculiarity in the polyhedral configuration 
for n=9, that the three vertices 1, 7, 9 are double vertices, each with two 
distinct cycles of triangles. By Euler’s formula 


36+ 24=0, 


so that 2— =2 is the order of connectivity. 

From the rectangular figure it is apparent that the cylindrical configura- 
tion, with the edges 534 joined, is left invariant by the cyclic substitutions 
(rotations around axis of cylinder) 


(458)(236)(197) = T, 


b 
moreover by S, = (28)(35)(46)(79), 


S2 = (17)(25)(34)(68), 


Ss = (19)(38)(56)(24). 
Now 
S,:S3 = T = (236)(458)(719), 
= (263)(485)(917) = 7?, 
= (791)(263)(485) = T?. 


Hence there is a non-cyclic group Gs of order 6 (1, T, T?, S:, S2, Ss) which 
leaves the closed surface invariant. 

5. Triple systems of even order with double couples. The simplest case 
of this sort is for u=1, orm =6, with x = 2u(6u—1) = 10. 

Such a system is for example 


123 235 
134 346 
145 452 
156 5 6 3 
162 624 


which form a closed surface as shown when mapped on a plane, Fig. 3. 
It is unilateral and can be mapped on a projective plane. The formula 
gives 


or 2—k=1 for the order of connectivity. The substitutions which leave the 
surface in its composition of triples invariant are the cycles of order 3 which 
rotate Fig. 3 about its center. Such a cycle is 123-465, 132-456. But every 
triple may be chosen at the center, thus we have 10-2 such substitutions. 


34 
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Then there are cycles of order 5 which leave one point invariant, for example 
1, ie., (23456), (24635), (25364), (26543), or 6-4=24 such substitutions. 
Finally there are 15 substitutions of order 2, each forming a spear head like 
(13) (24), or (16) (34), (16) (25). Hence there are altogether 1+15+20+24 
=60 substitutions which leave the triple system invariant. If we join the 
centers of the five triangles around each vertex we obtain the unilateral surface 
mapped into 6 pentagons, i.e., a unilateral polyhedron of 6 pentagons on the 
projective plane and 10 vertices is left invariant by the icosahedral group. 


Considering the remaining 10 triples, they form also a triple system 
with double couples 
124 243 
146 465 
16 3 6 3 2, 
354 
152 5 2 6 


which is left invariant by the same icosahedral group. As can easily be 
verified, each triple is common to six distinct triple systems. With every 
triple system is associated the complementary triple system formed by the 
other 10 of the total of 20 triples. In a triple system and its complement all 
20 triples are contained. Hence there are altogether 12 distinct triple systems 
and in this complex cach triple is contained just 6 times. 


6 
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III. MULTIPLE SYSTEMS 
1. Systems A‘. n elements 1, 2, 3, ---, form k-tuples and (,";) 
(k—1)-tuples. Jt is proposed to form a system Ak of k-tuples with the property 
that it contains each (k—1)-tuple just once. 
Let x be this number; then since every k-tuple contains k (k —1)-tuples 


n n(n — 1)(n — 2)--- (n— k +2) 
ke = ( or 
k— Go 


which must be an integer. The condition that this be an integer is however 
not sufficient. Let y be the number of &-tuples of A* containing the letter 1. 
Then all (k—1)-tuples of A‘ containing the letter 1 are in these k-tuples. 
A (k—2)-tuple formed from the remaining »—1 letters cannot appear 
in more than one of the y k-tuples. On the other hand each of these (k —2)- 
tuples is contained in the y k-tuples. Thusin each of the y k-tuples, there 
are (j-}) (k—2)-tuples. Hence 


k-1 n—1 
(n= 1)(n — 2) +2) 
B... 


or 


is the number of k-tuples of A‘ with a given letter just once in each of the 
y k-tuples. For a A‘ system y must be an integer, which is another necessary 
condition. Next we might find the number of k-tuples that each contain a 
given couple zk and so forth. 

2. As. To illustrate this, take k =4; then 


n(n — 1)(m — 2) “ (n — 1)(m — 2) 
3-2 


In this case m —2 elements which form quadruples with zk must form 3(”—2) 
couples which with zk form all possible distinct triples each containing ik. 
From this follows that must be even. Thus n=2m, and y=3(m—1) 
-(2m—1), and either m =3u+1, or m=3(3u+1). In the latter case =2y+1 
and m=3y+2. 

For quadruple systems of order n we have therefore either n=6u+2, or 
n=6y+4, and the number of quadruples in Ak is accordingly 


of « = + 2)(2Qu + 1)(3n 4 1). 


In such a system each element occurs u(6u4+1) or (2u+1)(3u+1) times. 
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3. Quadruple systems of lowest order A;‘. Next to the quadruple system 
on four elements which consists of one quadruple 1234, containing four triples 
123, 124, 134, 234, and which is left invariant by the symmetric group on 
four elements, the quadruple systems of lowest order can be formed with 8 
elements, such that each system contains 14 quadruples and each possible 
triple once, and every couple three times, and each letter 7 times. 

It is not difficult to devise a graphical scheme to establish such quadruple 
systems. One is to number the vertices of a cube from 1 to 8 in any order. 
Then the quadruples of the system consist first of 6 faces, second of the 6 
rectangles each determined by two opposite edges, third by the two tetra- 
hedrons inscribed in the cube: 


14121313211221 
2653242534354 3 
37646546654757 
58788778786868. 


The problem now is to determine the order of the group of degree 8 
which will permute the quadruples of the system, in which a quadruple is 
defined as a set of four numbers irrespective of the order in which they are 
written. In the first place it is evident that the octahedral group written on 
8 letters leaves the system invariant and hence is a subgroup of the group in 
question. Moreover, as any three letters on the cube can be replaced by any 
three other letters and the remaining one so distributed over the remaining 
vertices as to give rise to the same quadruple systems, the group will be 
triply transitive. The substitutions of the group which leave 3 letters un- 
changed, for instance 123, also must leave 5 unchanged. These are 1, (46)(78), 
(47) (68), (48) (67), which form a subgroup of order 4. Hence according to 
a well known theorem that the order of a group of degree m which is k-fold 
transitive is equal to the product of m(m—1) - - - (n—k+1) and the order 
of the group which leaves k elements unchanged, the order of the group of 


the quadruple system is 
8-7-6-4 = 1344. 


This order may also be obtained by establishing the number of distinct 
quadruple systems. As every triple must be in a system, 


1234, 1235, 1236, 1237, 1238 


must belong to different quadruple systems. The problem then is to find 
how many quadruple systems can be formed with each of those quadruples 
fixed. Considering 1235, for example, we can form 24 permutations with 
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4678, each of which with 1235 defines a quadruple system. But any two suc- 
cessive transpositions of different letters, like (47)(68), leaves the quadruple 
system invariant. As there are 4 such double transpositions, there are 6 
distinct substitutions, (48), (67), (47), (68), (78), (46), which will give three 
distinct quadruple systems. Thus either (46), (47), (48), or (78), (68), (67), 
give three distinct systems; likewise the product of any two, i.e., (46)(47), 
(47)(48), (48)(46), three more, i.e. altogether 6 quadruple systems associated 
with 1235. Thus 4876 is obtained by the substitution (78) (67) or (47) 
(68) -(46) (47) from 4768; likewise 4687 from 4768 by (67) (87) or (678). 
As there are altogether 8! substitutions and 30 distinct quadruple systems, 
each quadruple must be invariant in 8!:30 =1344 substitutions, which form 
the above Gisas. 
As to the structure of this group it contains a Gs: 


(1) 
(12)(35)(47)(68) 
(13)(25)(46)(78) 
(15)(23)(48)(67) 
(18)(26)(37)(45) 
(16)(28)(34)(57) 
(17)(24)(38) (56) 
(14)(27)(36)(S8)_; 


(1253)(48) 


(15)(23) 
(1352)(48) 
(12)(35) 
(23)(48) 
(13)(25) 
(15)(48) ; 


G;: 
(1234587) cyc. ; 


G;: 
_— (235)(478) cyc. ; 


moreover the subgroups 
Ges = =Gse, Gs-G; = Gu, 
G,:G; = Gu Gs-G7-G3 = Gies (not simple) 


H 
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4. Configuration of two quadruple systems without a common quadruple. 
If we interpret the eight elements as eight points in space of four dimensions, 
every quadruple will be represented by a tetrahedron. Two quadruple sys- 
tems without a common quadruple can be joined so that each face (triple) 
of the fourteen tetrahedrons in one system will coincide with the same 
triple-face of the tetrahedron in the second system in which it occurs. In 
this manner we obtain a closed hypersurface P2s in S, bounded by 28 tetra- 
hedral cells. 


If in an S, there are, for a polyhedron, ro vertices, r, edges, rz faces, rs 
cells, r, four-spaces bounding, etc., then for an Eulerian polyhedron 

Here r,-1, the number of (7—1)-spaces bounding the polyhedron, is 1. 
Now for our 28-cell in S, we have 

1— 8+ 28 — 56+ 28-—-1= —8. 

Hence the 28-cell in S, does not belong to the ordinary polytope. 

The cells of a P23 may be represented for example by 
2223345334545 6 
34647564657567 
(5786887876878 8 


(11111113422223 
23534224535346 
45646375756467 

(5788768688778 8 


P23 = Qu + Qu, 


in which Q,, and Q,{ are two quadruple systems without a common quad- 
ruple. The problem is to find the group of degree 8 which will leave Pos 
invariant. There are substitutions which leave any two elements in Qu 
and the same two elements in Q,/ fixed and permute Q,, and Q,/ ; for example, 
S =(25) (34) (18) which leaves (1) and (7), T =(37) (46) (58) which leaves 
(1) and (2), U=(13) (68) (27) which leaves (4) and (5) invariant and 
also permutes Qy, and Q,{. The product of any such two substitutions is a 
substitution which leaves each Qx, and Q,/ invariant, for example 


ST = (2847365), SU = (134)(257). 


so that 


Qu 

¢ 

H 
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Thus for each element there is a cyle of order 7 which leaves this element 
and each Q,, and Q,/ invariant. It is seen that the substitutions of the group 
which leave P2s invariant, are of two kinds: those that permute Qy and Qi’ 
and those that leave both Q,, and Q,{ invariant. Another substitution which 
leaves (1) and (2) fixed and permutes and is W = (368745), for which 
W? = (384) (675), W® =(37) (46) (58) =7. SUT =(17285364) is a substitution 
of order 8 which permutes Q,, and Q:{. (SUT)?=(1256) (3478) and (SUT)* 
=(15) (26) (37) (48) are substitutions which transform Quy and Qj -into 
themselves. Hence there are operators of order 2, 3, 4, 7 which transform 
Qu, and Q,{ into themselves, and operators of order 2, 6, 8 which permute 
Or and Ou 

The group is again triply transitive and the substitutions which leave 
three elements, say (1), (2), (3), invariant cannot also leave (5) and (6) 
invariant (outside of identity) hence 5 and 6 must be permuted, likewise 7 
and 8, but these assumptions lead to contradictions, so that the only substi- 
tution which leaves 1, 2, 3, in Qu+Q., invariant is identity. Hence the 
group leaving P2s invariant is of order 8-7-6-1=336. The odd substitutions 
of this group permute Q,,and Q,{ while the even substitutions form the simple 
Gis which leaves both Qi, and Q,{ invariant. There is 


= (1,C,C*, )(1,A )(1,B, B?, = ), 


where 
A = (285743), 


B = (1234567), 
C = (17285364). 


The orders of A and C are 6 and 8 respectively. The product C*A® leaves 
and Q,{ invariant, when a+6=2m. As A*=1, C*=1, we may solve this 
equation for a+6<12, a<8, 86, and find easily 24 solutions, including 
identity. 

Hence there are 24 substitutions of the form C*A® which leave Ay? and Aj® 
invariant, consequently leave the configuration A,°-A,°, or the polyhedron P2s in 
invariant. 

That configurations admitting finite groups are not limited to the types 
A‘ will appear from the following example. 

5. A certain quadruple system on 16 elements. It is proposed to con- 
struct a quadruple system on i6 elements 1, 2, ---, 16 such that every 
element occurs, just 6 times, i.e., in six quadruples of the system. 


| 
| 
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Let x be the number of quadruples; then there are 4x elements in the 
system. But as every element occurs in six quadruples, it follows that 


— = 16, 
6 


and x=24. Thus such a system must have 24 quadruples. Such a system is 
for example 


1- 2. 3- 4 1- 5. 4. 8 5: 9-12- 8 1- 4-16-13 

5- 6: 7: 8 2- 7- 3 9-13-16-12 1- 2-14-13 

9-10-11-12 8-12-11- 7 10-14-15-11 1- 5- 9-13 
13-14-15-16 12-16-15-11 6-10-11- 7 2: 3-15-14 

1- 5: 6: 2 5: 9-10- 6 7-11-15- 3 6-10-14- 2 

8- 7- 3. 4 9-13-14-10 3-16-15- 4 8- 4-16-12. 


There are exactly 32 couples each of which occurs exactly 3 times in the 
system. The 24 quadruples may be grouped into 8 octuples: 


1- 2. 3- 4 5: 6- 7: 8 9-10-11-12 13-14-15-16 
5: 6- 7: 8 9-10-11-12 13-14-15-16 1- 2: 3. 4 


8- 4-1-5 5- 6- 2-1 6-10-14- 2 8- 7: 3-4 
12-16-13- 9 10-14-13- 9 7-11-15- 3 12-11-15-16, 


so that every octuple contains exactly 6 of the quadruples of the system. 
But the 48 quadruples thus obtained are two by two equal, so that there are 
only the 24 original distinct quadruples. Now between the number of elements, 
couples, quadruples and octuples exists the identity 


1— 16+ 32 —-24+8-1=0 


which is Euler’s formula for the 8-cell, or cube in four dimensions. Geometric- 
ally this follows from the following consideration. The 16 elements may be 
represented by 16 generic points in euclidean four-space. By a continuous 
deformation of space, more precisely by a transformation of at least the 


second order 
4 


k 

™ (i 1,2,3,4), 
DX + + 
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depending on 74 effective constants, 16 generic points, determined by 
4-16=64 constants, may always be transformed into the 16 vertices of an 
8-cell. Thus when they are transformed in the order as indicated by the above 
quadruple system, the elements, couples, quadruples, and octuples of the 
system form the vertices, edges, faces and cubes of an 8-cell in four dimen- 
sions. The octahedral group attached to each cube of the 8-cell leaves this 
cube invariant and induces a definite transformation of the remaining cubes 
among themselves, thus transforming the whole 8-cell into itself. With 
each cube there is associated such an octahedral group. Hence there are 
8-24=192 movements of the 8-cell into itself. Or the group associated with 
the quadruple system is a Gis2, which is well known as the polyhedral group 
which leaves the 8-cell invariant. 
Every permutation of the 16 elements marked off in quadruples as in 


1234-567 8-9 10 11 12-13 14 15 16 


and formed into a quadruple system as induced by this grouping gives 
rise to a quadruple system which is invariant in a Gige. 

6. Quintuple and higher systems. By a similar procedure, as in A,‘ 
it is found that the lowest possible non-trivial quintuple system is a An 
with 66 quintuples. In such a system every letter occurs 30 times, every 
couple 12 times, every triple 4 times, every quadruple once. 

Professor Carmichael shows that the group which leaves this system 
invariant is a four-fold transitive Mathieu group of degree 11 and order 
11-10:9-8. 

The existence proofs for quintuple systems for m>11, and in general 
of k-tuple systems, seem to be difficult, likewise the solution of the problem 
of complete sets of k-tuple systems for possible values of ~. In any case these 
problems are closely connected with group theory. 

As in the case of the 8-cell in S;, other conditions than the existence of 
each (k—1)-tuple in a set of k-tuples may be imposed on m elements. We 
get accordingly different configurations and groups in which they are in- 
variant. 
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ON THE EXPANSION OF ANALYTIC FUNCTIONS OF 
THE COMPLEX VARIABLE IN GENERALIZED 
TAYLOR’S SERIES* 


BY 
D. V. WIDDER{ 


1. Introduction. In a previous papert in these Transactions the repre- 
sentation of real functions by generalized Taylor’s series was discussed. The 
methods there employed are not applicable to the corresponding representa- 
tion of functions of the complex variable. In the present paper new methods 
are developed, and the representation of an arbitrary function of the com- 
plex variable is obtained. 

Let us denote the function to be represented by f(z) and the functions 
in terms of which the representation is to be made by 


(1) uo(z), w(z),---. 


As in the previous paper we begin by a sort of “normalization” § of this se- 
quence, replacing it by a sequence 


(2) g0(2), gi(2), 


where the function g,(z) is a linear combination of uo(z), u(z), - -- , un(2), 
and has a zero of order m exactly at the origin. The possibility of such a 
normalization imposes, of course, a restriction on the sequence (1) which we 
shall specify in §2. Indeed, a number of other conditions must be imposed, 
as one would expect, in order to insure the representation of an arbitrary 
analytic function f(z) by means of linear combinations of the functions 
(1). These conditions are most conveniently expressed in terms of the set 
(2), and amount briefly to demanding that they be analytic and that 
| 1—m!g,(z)/z"| should decrease at least as rapidly as 1/n when m becomes 
infinite. It is then found that the region of convergence of a series 


(3) 


* Presented to the Society, September 6, 1927; received by the editors in March, 1928. 

t National Research Fellow in Mathematics. 

t D. V. Widder, A generalization of Taylor’s series, these Transactions, vol. 30 (1928), p. 126. 

§ This process corresponds to orthogonalizing and normalizing the sequence of prescribed func- 
tions by the Schmidt method, when the method of approximation employed is that of least squares. 
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is circular, and that an analytic function f(z) can be represented in a series 
of this type inside a circle with center at the origin and reaching out to the 
nearest singularity of f(z), just as in the case of Taylor’s series. These facts 
we shall prove in §§2 and 3. 

In §4 we compare the result just stated with one of G. D. Birkhoff* on 
generalized Taylor’s series. We show that the latter result demands im- 
plicitly that the functions v,(z) of Birkhofi* should have exactly n zeros 
inside the circle |z|<1. In that respect the function is like the function 
gn(z) of the present paper, which has » zeros coincident at the origin and no 
others in the unit circle if m is sufficiently large. But it is found that the 
conditions imposed on the mode of decrease of |/,(z)| in the present paper 
are of such a nature that a class of expansions arise which can not be treated 
by Birkhofi’s theorem. When the expansion can be treated by both methods 
a comparison of the two methods of determining the coefficients (for a com- 
mon function f(z)) yields an interesting identity. 

Finally, we cite several other papers concerned with problems related to 
our own, but which do not treat the case considered by us: 

S. Kakeya, On the expansion of analytic function, Proceedings of the Phy- 
sico-Mathematical Society of Japan, (3), vol. 2 (1920), p. 96. 

Y. Okada, On a certain expansion of analytic function, Tohoku Mathemati- 
cal Journal, vol. 22 (1923), p. 325. 

J. L. Walsh, On the expansion of analytic functions in series of polynomials, 
these Transactions, vol. 26 (1924), p. 155. 

S. Izumi, On the expansion of analytic function, Téhoku Mathematical 
Journal, vol. 28 (1927), p. 97. 

R. F. Graesser, A certain general type of Neumann expansion and expan- 
sions in hypergeometric functions, American Journal of Mathematics, vol. 
49 (1927), p. 577. 

J. L. Walsh, On the expansion of analytic functions in series of polynomials 
and in series of other analytic functions, these Transactions, vol. 30 (1928), 
p. 307. 

We wish to emphasize the fact that the series of the present paper con- 
verge throughout the circular region of analyticity of the function f(z) and 
represent f(z) there, a property not shared by the series of Izumi and Graes- 
ser, for example. This property is retained from Taylor’s series in the gen- 
eralization, and is also shared by the series of Birkhoff and Walsh. 

2. The region of convergence. Let the functions (1) and f(z) be analytic 


_ *G.D. Birkhoff, Sur une généralisation de la série de Taylor, Comptes Rendus, vol. 164, p. 942. 
For a statement of the theorem see §4 of the present paper. 
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in the circle |z|<R. Denote by s,(z) a linear combination of the first n+1 
functions (1): 
Sn(Z) = Coto(z) + + +--+ + 

and determine the constants of combination Co, ¢:, - - - , ¢, in such a way that 
f(z)—s,(z) shall have a zero of order n+1 at z=0. This is possible if the 
Wronskian 

uo(z) uy(z) + 
ug(z) wui(z) un 


W,(2) W [uo(z), ui(z), un(z) | 


ug™(z) ui" (z) - - - (2) 


is different from zero at z=0. We assume that W,,(z) <0 for |z|<R and for 
all* n. The computations of the previous paper are evidently applicable 
here, so that s,(z) takes the form 

Sn(2) = Lof(O)go(z) + Lif(O)gi(z) + - - + Laf(O)gn(z), 
where 
uo(0) u,(0) + 


uo(z) u(z) ++ + 


W [uo(z), ur(z), --- , uns(z), f(z)] 


n=0,1,2,---). 
W,-1(z) 


L,f(z) = 
Since the functions g,(z) are linear combinations of the functions (1), it is 
clear that L,f(z) may equally well be expressed in terms of g,(z): 


W [go(z), gi(z), Bn-1(2), f(z) 
W [go(z), gi(z), £n—1(2) | 


L,f(z) = 


* J. L. Walsh has called the author’s attention to the fact that if we admit the rearrangement of 
the order of the functions in the sequence (1), then it is only necessary to assume here that W,(0) #0 
for n sufficiently large. The proof of this fact becomes evident by use of a lemma of Walsh to be found 
in the American Journal of Mathematics, vol. 42 (1920), p. 93. 


g.(8) = —— 

W,(0) 

j 
| 
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It is seen that the functions g,(z) have the properties enunciated in the in- 
troduction: 
gi (0) = 0 (k =0,1,2,---,n—1), gi™ (0) = 1. 
Since g,(z) is analytic for |z|<R, it must have the form 
gn(z) = 2"[1 + h,(z)]/n!, 
where /,(z) is analytic in the same circle and vanishes at the center. We 
further restrict the sequence (2) by the 


Conpitions A: (a) The functions g,(z) are analytic for |\z|<R; (b) 
where ha(z) is analytic for |z|<R and vanishes at 
z=0; (c) a constant M independent of n exists such that |h,(z)|<M/(n+1) 
for |\z|SR. 

We can now state 


TueorEM I. Let the functions g,(z) satisfy Conditions Ain |z|<R. Then 
if the series 


(3) 


n=0 
converges for one value z=£, |t|<R, it converges uniformly for |z|<r for any 
r<|&| to an analytic function. 


To prove this, note first that the convergence of (3) for z=£ implies the 
existence of a constant V independent of m such that 


| engn() | SN, 
so that a dominant series for (3) can be obtained at once: 


| 
n=0 n=0 8n 
By Conditions A, 


and 


n! n! n+1 


n n M 
| en(é) | = 1+ 2 (:-—_). 


Hence 


M 
ons 


n+1 


(+44) 
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n+i1 
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Here m is chosen so large that m+1>M. If r< |é|, (3) clearly converges 
uniformly for |z|<7, and the theorem is established. 

One may show, just as for power series, that if (3) diverges for a value 
with |f|<R, it diverges for |§|<|z|<R. It follows then that (3) 
converges nowhere except at z=0, or converges for |z|<r<R and di- 
verges for r<|z|<R, or converges for |z|<R. It is easy to construct 
examples to show that all three possibilities actually arise. It should be 
pointed out that in the third case we have not proved that the true region of 
convergence is circular, for (3) may converge outside of the circle | |<Rin 
which Conditions A hold. In case the region of convergence is a circle we 
define the circle as the circle of convergence and its radius as the radius of 
convergence. 


THEOREM II. The radius of convergence p of (3), if it is less than R, is given 
by the equation 


(4) — =lim(| 
p n=o 
For, if (4) holds then to every positive ¢ there corresponds an integer m 
such that 
| cn | < (1 + €)"m!/p", n=m, 


and by virtue of Conditions A we have 


1+e M 


Hence (3) converges for |z|<p. It sete for |z|>p, for by (4) it follows 


that a 
n 
> n!, 
p” 


for an infinite number of integers m. For these integers 


| M 


and if |z|>p and (1—«)/ |z|>p the general term of (3) can not approach 
zero as m becomes infinite. Hence p must be the radius of convergence. A 
similar proof shows that if lim (|c,|/m!)!/"= 00 then p=0, and we have the 
first case mentioned above. 

3. The representation of an arbitrary analytic function. Let us suppose 
that f(z) is analytic in the circle |z|<p<R. We shall show that the series 
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(5) DL nf (0) gn(z) 


converges and represents f(z) in that circle provided that the functions g,(z) 
satisfy Conditions A in |z|<R. To prove this we first prove that (5) con- 
verges for |z|<p. This is done by use of the following formula: 


(6) (0) = Lof(O)gs™ (0) + Lif(O) gi” (0) + - + + Laf(0), 


taken from the previous paper.* A moment’s consideration will show that 
the proof there given for the real variable applies equally well here. By its 
use we can determine the mode of increase of |L,f(0)|. We first transform 
the formula so as to involve the functions /,(z) instead of g,(z). By the de- 
finition of /,(z) it is clear that 


p=0 


(*) 
— p)! 


For formula (6) we shall want k>n. Then 
k 
n 


(0) = ( )a + 


Hence (6) reduces to 


n—1 


(7) Lnf(0) = f(0) 


p=0 


Let r be an arbitrary positive constant less than p. The analyticity of f(z) 
in |z|<p implies the existence of a constant L independent of such that 


(8) s |z| <r. 
r” 


Since /,(z) is analytic in |z| <r and satisfies the inequality 
| M/(m +1), |2| SR, 
it follows that 
Mik! 


9 (0)| —— — - 
(9) | 4 (0) | 


Now 


* Loc. cit., p. 131. 
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n=0 

where 
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Lof(0) = Lof(0) | SL, 
Lif(0) = f'(0) — Lof(0)he (0), 
| Lif(0)| S L/r + LM/r = L(1 + M)/r. 
Proceeding in this way one is led to induce the inequality 
| Laf(O) | L(M + 1)(M + 2)---(M+n)/r. 


To establish this result we may assume it true for m=0, 1, 2,---,m—1, 
and show as a consequence that it is also true for m=m. By (7), (8), (9), 
and (10) 


| Lmf(0) | < | #°™(0) | + = | Lpf(O) | - | | 


m—1 


! m\ L M (m-— >)! 
("ue + + (M+ 


It is easily verified that the expression on the right of this inequality is pre- 
cisely 


(10) L(M + 1)(M + 2)---(M+m)/r™, 


so that the induction is complete. 
We can now establish the convergence of (5) for |z|<p. For, we have 


KLD 


n=0 n=0 r” n! 


(M+1)(M+2)---(M+n) |2|" (1+ x) 


Simple tests show that the dominant series converges for |z|<r. Since r 
was arbitrary it follows that (5) converges absolutely for |z|<p. It is equally 
evident that (5) converges uniformly for |z|<r if r<p. Consequently the 
sum of the series, which we denote by ¢(z), must be an analytic function in 
the circle |z|<p. Moreover, the series may be differentiated term by term 
as often as desired by a familiar theorem of Weierstrass. 

It will now be established that $(z) =f(z) for |z|<p. Setting z=0 it is 
seen immediately that ¢(0) =/(0). Differentiating (5) term by term & times, 
it is clear that 


k 
= (0) = 
n=0 


But by formula (6) 
k 
f(0) =D (0). 
n=0 
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Hence 

f®(0) = o(0) (k= 0,1,2,---). 
Since f(z) and ¢(z) are both analytic in the neighborhood of the origin, thev 
must coincide throughout their region of analyticity, so that 


fle) = 


n=0 


We have thus proved not only that the expansion is possible but also that 
it is unique (the functions g,(z) supposed given). We sum up the results in 


THEOREM III. Let the functions g,(z) satisfy Conditions A in the circle 
|z|<R. Then any function f(z) analytic in |z|<p<R can be expanded in 
one and only one way by a series of the form 


fis) = 


convergent in |z|<p. Moreover, the coefficients c, are determined by the formula 


W [go(z), &n-1(2), f(z) ] 
or by the recursion formula 
Cn = f\™(0) — (0) — cigi™ (0) — --- — 


It is scarcely necessary to point out that (3) reduces to a Taylor’s series 
if h,(z)=0, when Conditions A are surely satisfied. The existence of other 
functions g,(z) satisfying these conditions can not be held in question, so 
that (3) is a bona fide generalization of Taylor’s series. 

4. Relation of the series to Birkhoff’s series. In order to make the pro- 
posed comparison we begin by stating 


BrrkHoFF’s THEOREM.* Let 2 (2), 0:(2),-- + be sequence of functions 
each of which is analytic in a circle |z|<1. If the series 
(11) | vo(z) — 1| +] — +] — 22] +--- 


converges uniformly for |z|=1 to a value less than unity, every function f(z) 
analytic in |z|<1 can be represented by an absolutely and uniformly con- 
vergent series of the form 


(12) Covo(z) + 


* We have altered the notation in order to avoid confusion. Also we state the result for the unit 
circle rather than for a circle of arbitrary radius in order to facilitate the comparison. 
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Here c, is given by 
1 t 
2ridc tnt 
where the integration is taken over the circle C, |t|=1, in the positive sense, and 
where g(z) is the solution of the integral equation 


1 — =") 
2) = } g(#) dt. 
fe) = += 

We wish to point out the resemblance of series (12) to series (3) by show- 
ing that under the conditions imposed on (11) v,(z) must have exactly n 
zeros in the circle |z|<1. For, since the sum of the series (11) is less than 
unity on the unit circle, the general term must surely be less than unity 
there, 


(13) |on(z) —2"| <1, |z| =1. 


Let z trace the unit circle once in the counter-clockwise sense. The change 
in the argument of »,(z) thus produced multiplied by 1/(27) gives the num- 
ber of zeros of v,(z) inside the circle. Clearly 


arc = arcz"[1 + ¥(z)/2"] = marcz + arc [1 + ¥(z)/2*], 


where 
¥(z) = — 2”. 


By (13 
[y(z)/e"| <1, [2] =1, 


and hence the change in the argument of [1+y(z)/z"] must be zero as z 
traces the unit circle. The change in arc 2" is 27, so that v,(z) must have 
just m zeros inside the unit circle. These zeros need not be coincident at the 
origin,* however, as is the case with g,(z). We shall show that for the case 
in which all the zeros of v,(z) are concentrated at the origin, Conditions A 
include cases not included in Birkhoff’s Conditions. This may be done by 
the simple example /,(z) =z/(m+1). Then 


| m!gn(z) — 2"| = 1/(n + 1), = 1. 


Hence series (11) diverges if v,(z) =m!g,(z). But Conditions A are satisfied. 
The expansion of f(z) in a series (3) is assured by Theorem III, whereas 
Birkhofi’s theorem is not applicable. 


BOSTOW UNIVERSITY 
* The example »,(z) =z*— shows this. EERAL 
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If we restrict the functions /,(z) further by the inequality 
| ha(z)| << 1/21, |z|=1, &,(0) =0, 


both theorems are applicable. Since the expansion of a function f(z) in a 
series (3) was shown to be unique, one may obtain an interesting identity 
by comparing the two determinations of the coefficients. That is, if 


en(2) = —[1 + | a(z)| < 1/21, |z|=1, &,(0) =0, 


then 


W [go(z), gi(z), -- - » f(z)] g(t) 

where g(z) satisfies the integral equation 
m'g,(z) — 2” 


1 
| 


n=0 


| g(é)dt. 


C is the circle z=1, and the integration is in the positive sense. 


UNIVERSITY OF MINNESOTA, 
MINNEAPOLIS, Minn. 
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NOTE ON THE EXPANSION OF ANALYTIC FUNCTIONS 
IN SERIES OF POLYNOMIALS AND IN SERIES 
OF OTHER ANALYTIC FUNCTIONS* 


BY 
J. L. WALSH 


On several occasions} the present writer has studied the expansion of 
functions of a complex variable in series of more or less arbitrary functions. 
The results obtained are connected with Birkhoff’s generalization of Taylor’s 
series,t but yield additional results when interpreted, after conformal 
transformation of the plane, as the expansion of arbitrary functions in series 
of polynomials. The object of the present note is to prove the following 
theorem, which is easily established by the methods already used, but seems 
to go in some directions beyond results proved by other writers§ concerning 
polynomials associated with a region bounded by an arbitrary Jordan curve: 


In the plane of the complex variable z lei C be an arbitrary Jordan curve in 
whose interior the origin lies. Then there exists a set { px(z)} of polynomials in 
z having respectively k-fold roots at the origin and no other roots in or on C, 


and a set of functions {s,(z)}, each a polynomial in 1/z of degree k+1, and such 


that 


si(z) pi(z)dz = ; 


where the integral is taken in the positive sense over an arbitrary rectifiable 
Jordan curve C’ interior to C but which contains the origin in its interior. 


* Presented to the Society, September 7, 1928; received by the editors in July, 1928. 

+ These Transactions, vol. 22 (1921), pp. 230-239; vol. 26 (1924), pp. 155-170; vol. 30 (1928), 
pp. 307-332. We shall refer to these papers as I, II, III respectively. 

t Paris Comptes Rendus, vol. 164 (1917), pp. 942-945. A number of later writers have studied 
the same subject, under somewhat different hypotheses from those of Birkhoff. Detailed references 
are given by Widder, in the present number of these Transactions, pp. 43-52. 

§ References to Faber and Szegé are given in II; see also Fejér, Interpolation und konforme Ab- 
bildung, Géttinger Nachrichten, 1918, pp. 319-331, and Carleman, Uber die Approximation analy- 
tischer Funktionen, Arkiv for Matematik, Astronomi och Fysik, vol. 17 (1922-23). Fejér considers 
the development of functions analytic in the closed regions, Carleman of functions analytic interior 
to the given regions, integrable and with an integrable square (in the sense of surface integral) over 
the closed regions. 

For developments in functions more general than polynomials, see Bergmann, Mathematische 
Annalen, vol. 86 (1922), pp. 238-271; Bochner, Mathematische Zeitschrift, vol. 14 (1922), pp. 
180-207. 
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If F(z) is an arbitrary function analytic interior to C, then the series 


(1) ae = f F(z)sx(z)dz, 
k=O 
converges to the sum F(z) throughout the interior of C; the convergence is uniform 
in any closed region interior to C. The coefficients a, in (1) can also be written 
in the form 


a, = F(0) + A,F'(0) + - + A,®F(0), 


where A'® is a constant independent of F(z), and where F(0) indicates the 
ith derivative of F(z) at the origin. 

The interior of C can be mapped one-to-one and conformally on the interior of 
the unit circle y in the x-plane by some transformation x=$(z), 2=y(zx), 
where $(0)=0, and the transformation is continuous in the closed regions 
involved. In general we denote by C, the transform of the circle |x |=p, where 
0<p<il. 

If F(z) is an arbitrary function analytic interior to C,, continuous in the 
corresponding closed region, and satisfies a Lipschitz condision on C,, then the 
series (1), where C’ is interior to C,, converges uniformly in this closed region to 
the value F(z). If F(z) is required merely to be analytic interior to C,, and is 
continuous in the corresponding closed region, then (1) converges uniformly, 
when summed by the method of Cesdro, to the value F(z) in the closed region 
bounded %y C,. If F(z) is subjected to no other condition than that of being 
analytic interior to C,, series (1) converges interior to C, to the sum F(z); the 
convergence is uniform in any closed region interior to C,. 

If F(z) is an arbitrary function defined on C,, integrable in the sense of 
Lebesgue, and if the condition* 


F(z)z*dz = 0 (k =0,1,2,---), 


Cp 
is satisfied, then the two series 


(2) J _ Flea) 


1 
Lai x*, ag F[¥(x) 
k=0 


| 


* As in III, Theorem IX, no condition is here necessary if we set 
= J |Pu(x)dx 
Izl=p 
instead of (2). 


a 
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have essentially the same convergence properties on and within the circle |x| =p, 
in the sense that in this closed region their term-by-term difference converges 
absolutely and uniformly to the sum zero. 

An arbitrary series of the form 


(3) 

k=0 
which converges for a single point z on C,, converges uniformly interior to 
C,:, if p’<p. If (3) diverges for a point z on C,, that series diverges for all points 
z exterior to C, and on or interior to C. If in general we set 


1 
lim sup| = —; 


then if p <1, series (3) converges for z interior to C, and diverges for z exterior 
to C, bus on or interior to C; if p>1, series (3) converges for z on or interior to C. 
If 0<p<1, some singular point of the function represented by the series lies 
on the curve C,. 

If (3) converges for the value z =2, on C,, then that series converges uniformly 
in the closed region bounded by two arbitrary line segments whose interiors are 
interior to C, and which terminate in 2, and by an arc of a curve C,+, where 
p’ <p. If (3) converges uniformly on an arc 2,22 of the curve C,, then that series 
converges uniformly in the closed region bounded by that arc, by two arbitrary 
line segments whose interiors are interior to C, and which terminate respectively 
in 2, and 2, and by an arc of the curve C,, where p’ <p. 

If (3) ts such that limy.o kgip*=0, and if for approach along the 
normal* to C, to the point z, on C, we have 

lim f(z) = g, 

where f(z) denotes the value of the series (3), which is convergent, under the hy- 
pothesis, for z interior to C,, then we have also 


= g. 
k=0 
An arbitrary series (3), convergent for a single value of z interior to C but 
not the origin, is the unique expansion of form (1) of some function F(z) analytic 
on and within some curve C,. 


* A more general theorem might easily be stated; see III, p. 313, third footnote. In III, Theorem 
VI, for gz/k read and in III, Theorem IX, for ge(kp*) read kgxp*. 
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Almost this entire theorem results from the two facts that the functions 
#(z) and (x) are continuous in the closed interiors of C and y respectively, 
and that in the former closed region ¢(z) or any power of it can therefore be 
uniformly approximated as closely as desired by means of a polynomial in z; 
this approximating polynomial can even be chosen so that it has a zero at the 
origin whose multiplicity is the power of ¢(z). For the function [¢(z)/z]* 
is analytic interior to C, continuous in the corresponding closed region, 
hence in that region can be approximated as closely as desired by a poly- 
nomial in z. This gives directly the polynomial p;(z) (as in II, p. 163, and 
III, p. 316) which has a k-fold root at the origin and is such that 


(4) | — [¢(z)]*| S 


is satisfied for all z on or interior to C. Inequality (4) implies, by virtue of 
III, §6, that the polynomials #;(z) just considered satisfy the requirements 
of III, Theorem IX, where an arbitrary curve C, of the present theorem plays 
the réle of the curve C of III. The theorem as stated follows, then, with the 
exception of a minor point about to be mentioned, because the same set 
of polynomials »;(z) can be considered independent of p for any curve C,. 

In II and III there were considered as given functions for expansion not 
arbitrary functions integrable in the sense of Lebesgue, but merely functions 
integrable and with an integrable square. The more general functions might 
easily have been treated there, however, as we shall now see by reference to I. 

We assume the series }\¢, to be dominated by a convergent geometric 
series, ¢, <Rr", 7 <1, so we have by III, p. 309, inequality (8), 


Rr” 
(1+ 6)* 
In the notation of I,* we have also (I, p. 234, (13) and (11)) 


| cnx | 


| + S where = p? = D| |’. 
i=0 


i=0 


Then the two double series | ¢ne|, |@ix| are absolutely con- 
vergent. The formal work of I, pp. 235-236, can now be justified immediately. 
If (in the notation of I) the function f(x) is integrable in the sense of Le- 
besgue, the coefficients a, are bounded in their totality; in fact a well known 
theorem due to Lebesgue asserts that lim;..a@,=0. The convergence of the 


* Slightly altered, for in I we consider only real functions, but in II and III complex functions as 


well. Compare II, p. 160. 
The present inequalities replace those of III, p. 309, (10), (11), in which dy; should be replaced 


by das, and px by vz. 


= 
= 
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series in the right-hand member of (16) (I, p. 236) follows now at once, 
for a dominant convergent series of positive terms exists. 

- This proves, then, that im III, Theorem I, the two series (3) and (4) have 
for |x|<1 essentially the same convergence properties, provided merely that 
F(x) is integrable on y in the sense of Lebesgue. The theorem of the present 
paper contains an application of this result. 

The present theorem suggests, and in fact is easily proved by means of a 
simple modification of III, Theorems I-VIII. This modification, which we 
do not present in detail, replaces the requirement of III, Theorem I, that the 
functions p,(x) should be analytic for |x|<1+.¢, by the requirement that 
these functions should be continuous for |x| <1, analytic for |x|<1. Ex- 
pansions in terms of the functions p;(x) are then studied only for |x| <1, 
and the equivalence of expansions of arbitrary functions is considered, so 
far as the present methods apply without modification, only on circles 
|x|=p<1. 

In the theorem of the present note, the convergence of series (1) and (3) 
on the boundary of C deserves special study, with particular reference to the 
nature of the curve C (rectifiability, existence of tangents, etc.), although if 
C itself is analytic, a fairly complete study is of course contained in III. 
We make one further elementary remark in this connection. If C possesses 
forward and backward tangents at a point 2, the transformation x =¢(z) 
is quasi-conformal at that point.* It follows, then, from the proof given in III, 
pp. 311, 312, that if (3) (notation of the present paper) converges for a point 
z, of C, and if C possesses forward and backward tangents at 2, then (3) con- 
verges uniformly in the closed region bounded by two arbitrary line segments 
interior to C but not tangent to C terminating in 2, and by an arc of an arbi- 
trary curve C,, p<1. 

Similarly, if (3) converges uniformly on an arc of C bounded by 2 and 2, 
and if C possesses forward and backward tangents at 2; and z, then (3) con- 
verges uniformly in the closed region bounded by two arbitrary line segments 
interior to C but not tangent to C, terminating in z, and z respectively, and 
by an arc of an arbitrary curve C,. 


* Carathéodory, Schwarz Festschrift, 1914, pp. 19-41, §20. 
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A GENERAL PROBLEM OF MINIMIZING AN INTEGRAL 
WITH DISCONTINUOUS INTEGRAND* 


BY 
C. F. ROOST 


1. Introduction. There are several well known minimum problems which 
do not readily yield to the classical analysis of the calculus of variations. 
In some of these, such as the brachistochrone problem of determining the 
curve of quickest descent from a fixed curve to a fixed point, the integrand 
of the integral to be minimized is a function of an end value which is variable.f 
In others, such as that of finding a point 7 and a curve through this point and 
two fixed points such that the area of the surface of revolution formed by 
rotating this curve and the ordinate of 7 about the OX axis shall have as 
small a value as possible, the expression to be minimized is the sum of a point 
function and a definite integral.§ A more general theory which includes this 
latter problem as a special case has been given by E. H. Clarke.|| In order 
to develop a general dynamical theory of depreciation it is desirable to con- 
sider a very general problem which somewhat resembles each of the above 
types, but which does not yield to the analysis of either. 


The depreciation problem as well as the others referred to above can all 
be considered as special cases of a very general problem with discontinuous 
integrand, which also includes the most general problems of both the La- 
grange and Mayer type with general boundary conditions.** In this paper 
it is proposed to develop a theory for minimizing an integral whose integrand 
is a discontinuous function sufficiently general in nature to include all of the 
the above mentioned types of problems and many others. tf 


* Presented to the Society, April 16, 1927; received by the editors in December, 1927. 

t National Research Fellow. 

} Bliss, Calculus of Variations, pp. 78-79. 

§ Mary E. Sinclair, Concerning a compound discontinuous solution in the problem of the surface 
of revolution of minimum area, Annals of Mathematics, (2), vol. 10, p. 55. 

|| E. H. Clarke, On the minimum of the sum of a definite integral and a function of a point, Doctoral 
Dissertation, University of Chicago. 

4 C. F. Roos, A mathematical theory of depreciation and replacement, American Journal of 
Mathematics, January, 1928. See also Roos, The problem of depreciation in the calculus of variations, 
Bulletin of the American Mathematical Society, March-April, 1928. 

** 0. Bolza, Uber den “Anormalen Fall” beim Lagrangeschen und Mayerschen Problem mu 
gemischten Bedingungen und variablen Endpunkten, Mathematische Annalen, vol. 74 (1913), pp. 430- 
446. 

tt For the first discussion of a problem with discontinuous integrand see Mason and Bliss, 
A problem of the calculus of variations in which the integrand is discontinuous, these Transactions, vol. 


7 (1906), pp. 325-336. 
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The expression to be minimized is the sum of two integrals taken from x; 
to a variable limit w, and from w to x2, respectively. It may also be regarded 
as a single integral with an integrand which is discontinuous at the point 
w, y(w) of the minimizing curve. The integrand in addition to containing 
the usual arguments x, y and dy/dx contains also the end values x, y(x1), x2, 
y(x2) and the corner values w, y(w). 

In the work which follows we will find it convenient to use the notation 
of the tensor calculus to indicate summations. It will be understood, there- 
fore, that when a subscript occurs twice in a term that term is to be summed 
for all values of the subscript. 

2. Statement of the problem. It is desired to find among the values w 
and arcs y;=y,(x) (i=1,---, m; satisfying m differential 
equations, 


(1) ba(x, y’) =0 
in x and y, and having end points satisfying end equations 
(2) = 0 (u=1,---,pS 2n+ 2), 


one which minimizes an expression of the form 


(3) I -f g(x, ¥(w))dx 


+f h(x, ,p1,71,P2, 72,0, y(w))dx, 


where for convenience in notation the set - - - , Yn, °° ,¥n) has been 

represented by (y, y’); y: and y2 are #-partite numbers which for a particular 

curve y,(x) stand respectively for the sets y:(x:), ---, yn(%1), and 
- + +, ¥n(%2), and, finally, primes denote derivatives with respect to x. 

3. Admissible arcs and variations. In the analysis which follows we 
will need the following further hypotheses:* 

(a) the functions y,(x) defining the minimizing arc Ey: are continuous on 
the interval x, x2, and this interval can be subdivided into a finite number 
of parts on each of which the functions have continuous derivatives; 

(b) in a neighborhood R of the values x, y, y’, w, y(w), 1, y(x1), x2, y(x2) 
on the minimizing arc the functions g, # and ¢. have continuous derivatives 
up to and including those of the second order; 


* Bliss, Lectures on the Calculus of Variations, University of Chicago, summer quarter, 1925, 
mimeographed by O. E. Brown, Northwestern University, Evanston, IIl.; this will be cited as Bliss, 
Lectures. 
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(c) at every element (x, y, y’) on Ey» the (mXn)-dimensional matrix 
0¢./dy/ has rank m, and 

(d) the functions 0, have continuous derivatives up to and including those 
of the second order near the end values (x1, y (x1), x2, y(xe)) of the minimizing 
arc, and at these end values the pX (2u+2)-dimensional matrix 


|| 80,/Ay(x1) 80,/Ax2 90,/dy(-2) || 


has rank p. 

An arc y;=y.(x),i=1, - , will be called an admissible arc 
if it is given by functions y,(x), defined on an interval (x:, x2), and by a num- 
ber wo such that x1<w9<22 and such that the y/(x) are continuous on 
the intervals (x1, wo) and (wo, x2). 

Let us suppose that we have a one-parameter family of admissible arcs 
given by functions 


(4) yi(x, b), 21(b), 2x2(b) and w(d) 


defined on an interval such that y,(x, bo) = yi(x), x1(bo) = 21, %2(bo) = x2 
and w(bo)=wo, and such that the functions y;(x, 6) have continuous first- 
order derivatives with respect to x on the intervals [x1(b), w(b)] and [w(b), 
ao(b)]. We define the functions ;(x) =0y;(x, bo)/b, (bo), = 2d (bo), 
£;=w'(bo) as the variations of the family along Ex. 

Let us denote by 0;(x) the variation 7,(x) of y,;(x, 6) for the interval 
41% Sw and by 7;(x) the corresponding variation of y,(x, 6) for the interval 
wSx<%, and by (u, u’) the set (y, y’) for x:<”<w and by (2, v’) the 
corresponding set (y, y’) for w<x We do not assume that 2;(w) = 7;(w). 

The equations of variation for the functions . are defined by 


(S) Wa = + )ni = 0 


where it is understood that 7;=Q; for and 9;=7; for 
and the coefficients 0¢./0y:, 962/dy/ have as arguments the functions y,(x) 
defining the minimizing arc Ey. 

The equations of variation for the functions 0, are 


+ [00,/dx2 + (00,/dyi(x2)) yf (x2) + ]ni(x2) = 0. 


A set of functions 7,(x) with the continuity properties described in (a) 
except at « = wo, and satisfying the above equations of variation, (5) and (6), 
we define as an admissible set of variations. 


(a=1,-+--, m) 
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THEOREM 1. For every set of admissible variations n;(x) along the arc Ey 
there exists a one-parameter family, (4), of admissible arcs containing Ey. for 
the value b=0 and having the functions n(x) as its variations along Ey. For 
this family the functions y,(x, b) are continuous and have continuous derivatives 
with respect to b for all values, (x, b), near those defining Ey, and the deriva- 
tives y;2(x, b) have the same property except at the values of x on the curve de- 
fined by x=w(b), y:=yi(w(b), 6) and, possibly, at the values of x defining 
other corners of E12. 


This theorem can be proved by slightly modifying a proof given by Bliss.* 
Following his example we enlarge the system ¢.=0 to have the form 


(7) = 0, dm =O, = * » On = 


where 2m41, , Zn are new variables, and @m41, - - , are new functions 
of (x, y, y’) such that the functional determinant |d¢,/dy | is different 
from zero along Ey.f By means of the last »—m of these equations the 
functions y,(x) belonging to Ey. define a set of functions z,(x) (r=m-+1, 
We have a corresponding system of equations of variation, 


(8) ¥i=0,---,¥n =0, = Smit, °° Un = Sn, 


along Ew. The last n—m of these define a set {,(x) corresponding to every 
set of admissible variations 7;(x). 

Since |d¢,;/dy/ |~0 along Ew, the existence theorems for differential 
equations tell us that the system{ 


(9) da = 0, dr = 2-(x) + f,(x) 


determines uniquely a one-parameter family of solutions, 


(10) 0 (x(b) < x w(6)), 


with initial conditions 


+ = 5), 


* Bliss, Lectures, pp. 4-6. 

{ For a proof of the possibility of this adjunction see Bliss, The problem of Mayer with variable 
end points, these Transactions, vol. 19 (1918), p. 312. 

t Bolza, Vorlesungen tiber Variationsrechnung, pp. 168 ff. 

Bliss, Annals of Mathematics, (2), vol. 6 (1904), p. 49. 

Bliss, Bulletin of the American Mathematical Society, vol. 25 (1918), p. 15. 
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where x=w(b) is the value of x along a curve of corners x=w(b), u;=0; 
=,(w(b), 6) with w(b) >21(b) and w(bo) but w(b) otherwise arbitrary. 

For the interval (w(b) <* <%2(b)) there is a unique one-parameter family 
of solutions y;= 6) having initial conditions at 


(1 1) V (w(d) ,b) U(w(b) ,b) 


This family consisting of U;,(x, 6) on (x1SxSw) and V,(x, 6) on (wSx 
<2) contains Ey for b=0 and has variations which satisfy the equations (8) 
with the functions ¢,(x). The variations of the family are, therefore, identical 
with the functions 7,(x) originally prescribed, since when the ¢, are given, 
there is only one set of solutions of equations (8) with given initial values 
ni(%1) atx=%. 


CorROLLARY. For a matrix 


whose columns are sets of admissible variations, there exists a (p+1)-parameter 
containing Ey for 0) and having the sets &, 
& and n(x) as its variations along Ey with respect to the parameter b,. 
The continuity properties are similar to those described in the above theorem. 


This corollary is proved with the equations ¢.=0,---, ¢-=2,+bif,™ 
+ +++ replacing equations (9). 

4. First variation of the integral J. If the one-parameter family of ad- 
missible arcs (4) be substitued in (3), we obtain for the first variation 
of the resulting expression for }=),=0 


(12) = f + (dg/duf) + f 


+ (dh/dv{ |dx + Sis(g, + Soi(g, h)wi( x2) + Lilg, 


dy;(w(0) , 0) 


+ Lo(g,h)& + M(g,h)w'(0) + Ni(g, h) 


where as notation 
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Sug, = dz + f = 1,2); 


M(g,h) = g(wo) — h(wo) + f ; 


= + f lax 


g(x1) and g(wo) are the values of g at the points (1) and (wo) on E12; A(wo) 
and h(x2) are the values of / at the points (wo) and (2) on Ey; 7 is an umbral 
index with range 1, - - - , when it occurs twice as a subscript, and @ is 
not umbral in L,. 

Let us multiply each of the equations (8) by a function A(x); form the 
sum where a and r are umbral indices with ranges 1, ,m 
and m+1,-- - , m, respectively, and then integrate this sum from x; to %2. 
We obtain 


(13) 


+ f Wor (07/00! — freee =0, 


where, by definition, 7=1,---, m, on and 
on wx. It seems desirable to split the integral into two parts in this 
manner because this was done with the original integral J. 

By (6) the equations of variation on Ey: for the functions @, are 


K,(é,n) = [(00,/8x1) + (00,/dys(x1)) yf (a1) + x1) 
(14) + [80,/dx2 + yf (x2) + = 0. 
If a (p+1)-parameter family of admissible arcs y;=;(x, bi, - - - , bps), 
+, w(di,- ++, containing Ey for 
(b1, - - - , bp41)=(0, - - - , 0), be substituted in J and the functions 0,, these 
become functions of };, - - - , bpy1. If Jo is the desired minimum yielded by 
Ex, then the first members of the equations 
I(bi, bp+1) Io +q, 
by+1) = 0, 


| 
| 
| 
| 
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where q is a positive number, must have their functional determinant equal 
to zero for (b:,- ~~, bp41:)=(0,---, 0), since, otherwise, these equations 
would have solutions near this set of values for both positive and negative 
values of g. This functional determinant of rank r<p+1 is 


(15) , 9) i(é 


and from its vanishing we argue that there exists a set of constants d;, - - - , 
d,, Xo, not all zero, such that the equation 


(16) Aoli(E, n) + dK, (E, n) = 0 (u umbral with range 1, --- , p) 


holds for every set of admissible variations £1, £2, w’(0), n(x), since, otherwise, 
one of the columns of this determinant could be replaced by another making 
it of rank r+1.* 
As notation let v be an umbral index with range 1, 2. Let us define two 
new functions G and H by the respective equations 
A(x,y,9',%1, y(x2) + Aidi. 


Since the variations (E, n) satisfy, (13), the value of (16) is not altered if 
we add (13) toit. By the help of (12) we can, therefore, write 


f + (8G/au! — rf,]ax 


+ + (0H/dv{ |dx + [S,i(g, h) 

+ + [Lo(g,h) + 

+ yi (2x1) + yf (x2) + M(g, h)w’(0) 
+ Ni(g,h)dy(w(0) ,0)/db = 0. 


So far the functions A,(x) have been entirely arbitrary. 
5. First necessary conditions. We now proceed to determine the \,(x) 
so that the equations 


* Bliss, Lectures, p. 20. 
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(18) aG/au! = f (@G/au)dx + Ca 


(19) aH /av! = f “(aH /avdx + Cx 


are satisfied for an arbitrarily selected set of constants Cu, Cz. This is pos- 
sible because of the assumption that |0¢,/dy/ | is different from zero along 
Ey». For the details of the proof of the possibility of this choice of the 
\; we refer the reader to the mimeographed lecture notes of G. A. Bliss,* 
since the proof which Bliss gives there requires only slight alteration. For 
this choice of the functions \,(x) equation (17) becomes 


f f + + Ina) + 


+ d,(00,/8x,) + yf (x1) + yf (x2) 
+ M(g,h)w'(0) + [8G/du' (wo) — [8H (coo) 
+ [We(g, 0, 


(20) 


where 
Pi(x,) = (v — 2)(0G/duj (x1) + (v — 1)(0H/d0; (x2)) + S,ilg, 


and L(x,)=L,(g, h); 8G/du{ (x1) and 0G/du{ denote derivatives with 
respect to u{ at the point (1) and (wo), respectively, on E12, and 0H/dv (wo) 
and 0H/dv{ (x2) denote derivatives of H with respect to v/ at the points (wo) 
and (2), respectively, on Ey, and where we have chosen the constants 
Ca and Cz: so that equations (18) and (19) are satisfied, i.e., Ca =0G/du! (x1) 
and C;,=0H/dv{ (x2). 

Since the extremal Ey is continuous at x=w») the equations y;(w(d), 5) 
=1u;(w(b), b) =0,;(w(b), b) must hold, and, hence, by a differentiation 


(21) dy;(wo,0)/db = ui (wo)w’(0) + 2;(wo) = (wo)w’(0) 1i(wo) . 


If we substitute the values of 2,;(wo) and 7;(wo) defined by (21) in (20), 
we obtain as a necessary condition for a minimum of the integral I 


(v 1,2), 


+ d,(90,/dx,) + yf (x1) + x2) yf (x2) 
+ [— u!(w)dG/duf (wo) + vf (wo)AH/dv{ (wo) + M(g,h) ]w’(0) 
+ [8G/duf (wo) — 0H /dvf (wo) + h)]dyi(wo,0)/db = 0. 


(22) 


* Bliss, Lectures, p. 7. 
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Since w’(0) and 2;(wo) are arbitrary, equations (21) show us that dy;(wo, 
0)/db is arbitrary. We can, therefore, say that the expression (22) must van- 
ish for every choice of 7;(x,), &, w’(0), dyi(wo, 0)/db and {[,, r=m+1,---,m. 
It follows then that all of the coefficients of these quantities must vanish and, 
hence, in particular, that Amyi1= --- =A,=0. It follows further with the 
help of (12) that 


— uf (wo)(dG/duf (wo) + vi (wo)(AH/dv! (wo)) + G(wo) — H(wo) 


f (8G /au)dx + f “(aH /au)dx = 0, 


(23) 
0G/du! (wo) 0H /dv! (wo) + f (0G/Au;(wo))dx 


where as already stated wu; refers to the extremal arc y; for the interval x, <x 
Sw, and »; refers to the same arc y; but for the interval wo <x S22; further 
that in the matrix 


| L(x) - Pi(x1) L(x) P (x2) 


where 0,2,+9,»;,vi stands for 00,/dx:+ (06,/dy;:(x,)) yi (x,), every determinant 
of order +1 vanishes, and finally that the equations (18) and (19) are satis- 
fied. The condition (24) must hold since the multipliers 1, d,,---, d, 
satisfy all the linear equations whose coefficients are columns of the matrix. 
The rank of this matrix is unchanged when one column is multiplied by a 
factor and added to another, so that we can state the following theorem. 


(24) 


THEOREM 2. For every minimizing arc for this general problem there 
exist sets of constants Cy, and - - - ,n, and functions 


G(x,y,y' ,%1,y(%1), ,r) dog + Naha (xo x = wo), 
H(x,y,y' ,%1,9(%1), ¥( ,r) + AaPa (wo x %2), 


such that the equations 


0G/duf = + Cu (1 Sx Sw), 


0H /dvf = + Ci2 (w S x S 


are satisfied at every point of Ey, x; SxS4%2. The constant do and the functions 
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a(x), a=1,-.--, m, are not all identically zero on Ew, and are continuous 
except possibly at values of x defining corners of Ey. At the point w, yi(w), 
at which there exists a corner, the equations (23), which are the analogues of 

the Weierstrass-Erdmann corner conditions, must be satisfied. Furthermore, , 
the end values of Ey, must be such that all determinants of order p+-1 of the matrix 


| — Pilar) L(x2) — Pi(xe) | 


(25) 
vanish. 


These last conditions are the éransversality conditions. It is easily seen 
that if the functions g and / are independent of the end and corner variables 
they reduce to the corresponding conditions obtained by Bliss.* 

The corner conditions as obtained in this paper differ from the corner 
conditions usually obtained because of the occurrence of the integrals involv- 
ing derivatives with respect to corner variables, so that if g and / are inde- 
pendent of these variables, the integral terms drop out. For such problems 
as Miss Sinclair’s and E. H. Clarke’s these derivatives reduce to terms simple 
enough to be integrated by inspection.f 

It will be interesting to examine a few special cases of the very general 
problem of this paper. In as much as the paper was suggested by the problem 
of depreciation it will be well to begin with a short examination of this im- 
portant special case. 

6. Some special cases. In order to determine the best time at which to 
replace a machine, which is in operation, by another machine whose operating 
expense is different we must maximize an expression which can be thrown in 
the general form (3). This problem of replacement in dynamical economics 
is that of finding among the-arcs y;=¥y;(x) satisfying a differential equation 
of demand, D(x, 1, yi, y2, y? )=0, where x is the time, y; is the rate of pro- 
duction at the time x, and 42 is the price at the time x, and end conditions 


1, ¥1(%1) , x1) , Yo(x2)) = O. (u=1,---,p 6); 


a set which maximizes an expression of the form 


+ f [vive V1, ¥2, 94) 


* Bliss, The problem of Mayer with variable end points, loc. cit. 
+t See fourth and fifth footnotes on page 58. 
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where x is the time; V is the value at x=, of the composite machine, con- 
sisting of a machine operating for the period x, <w, and a replacement 
machine operating for the period w<x <2; y; is the number of units of out- 
put per unit time; y2 is the price of one unit of output at the time 2; Q; is 
the cost of producing y; units of output for the machine called the operating 
machine; Q2 is the cost of producing y; units of output for the replacement 
machine, and exp. (6(#1—)) etc. are discount factors to allow for interest. 

Since w and x; are constant so far as integration with respect to x is con- 
cerned, we may write this expression in the form 


+C 
dx 


X1 


ve [ow 4 


+ (yiy2 — 
When V is in this form, the replacement problem is easily seen to be a special 
case of the general problem of this paper. In as much as I have presented a 
mathematical theory of depreciation and replacement in another paper, 
there is no need to carry the problem further here.* 

As already mentioned, problems which require that the sum of a point 
function and a definite integral be minimized are special cases of a general 
problem discussed by Clarke.f His problem is that of finding among the 
arcs y;=y,(x) satisfying end conditions x;=a1, %2=a2, yi(x%1) =Ba, yi(xe) =B2 
(i=1, -+-+,m),a set which minimizes the sum of a definite integral and a 
function of a point, 


J = y(w)) + f 


Although Clarke does not discuss the Lagrange problem analogous to the 
case above which he studied, the analysis of my paper is sufficiently general 
to apply to his problem. We may write J in the form 


and again obtain a special case. For Clarke’s problem the corner conditions 
(23) become 


* Roos, A mathematical theory of depreciation and replacement, loc. cit. 
¢ Clarke, On the minimum of the sum etc., loc. cit. 
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+ f(w, yw) ,u’(w)) — f(w, yw) ,0'(w)) —u'(w) fi (@, 
+ v'(w) fe (w, y(w) ,u"(w)) = 0, 
+ fuy(w, yw), — foy(w, ,v'(w)) = 0 


and these are identical with the conditions obtained by Clarke, except for 
notation. 

Let us next consider special cases for which the functions g and / are inde- 
pendent of the corner variables and, furthermore, for which g=4, i.e., for 
which there is no corner at x=w. 

An important example of this type of problem is the following proposed 
by Bolza. 

Minimize the expression 


when the admissible curves are defined by functions y;=y,(x) (x»oS*%<%) 
which satisfy differential equations ¢.(y:, y/)=0 (a=1, - - -, m), while the 
end points, yio, ya, satisfy conditions 0,(yio, ya) =0 (u=1,---, p). Bolza 
admits so-called finite equations ¥:(y1, - - - , yn) =0 (R=1,---, r<n—m), 
in addition to the equations ¢.=0, but, as Bliss has shown, this gives no 
additional generalization.* Bolza’s problem is the special case for which ¢a 


and 6, of the general problem do not depend upon x explicitly and for which 


G(y10, 5 Yn1) 
X%1 — Xo 


The integrand is continuous at x =w and the corner conditions vanish iden- 
tically unless y,;(x) has a corner there, in which case they reduce to the Weier- 
strass-Erdmann corner conditions. ft 

In as much as Bolza has shown that his problem is sufficiently general to 
include as special cases the most general Lagrange problem with general 
boundary conditions for G=0, and the most general Mayer problem with 
general boundary conditions for the case H=0, G=y, it appears that the 
problem treated in this memoir is sufficiently general to include a very large 
class of the problems of the calculus of variations. 

7. Further generalizations. In the replacement problem discussed in 
the last paragraph we supposed that there was only one machine producing 


* Bliss, The problem of Mayer with variable end points, loc. cit. 
+ J. Hadamard, Lecons sur le Calcul des Variations, vol. 1, p. 188. 
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the commodity or service under consideration at any time x. If we suppose 
several machines to be simultaneously in operation producing the same 
article, there are two problems of interest. If all owners agree to cooperate 
in making the sum of their profits a maximum the problem is a special case 
of the one considered in this paper. On the other hand if the machines are 
competing, the problem is one for which it is required to obtain partial max- 
ima of as many integrals as there are competing machines. I have already 
considered the competition case for the special case in which g and # are inde- 
pendent of variable corner and end values.* 

In any actual case we do not have all machines in operation for the 
same period of time, for new competitors are constantly entering and others 
are dropping out. Such a problem becomes difficult even for the cooperation 
case because we must maximize an expression which is the sum of say 
integrals whose limits may or may not be the same and whose integrands 
depend upon different numbers of variables x and y,;. Each time a new- 
comer produces, the demand equation contains an additional variable, e.g., 
this producer’s rate of production. 


* Roos, Generalized Lagrange problems in the calculus of variations, these Transactions, April, 
1928. See also Roos, A mathematical theory of competition, American Journal of Mathematics, vol. 
47 (1925), pp. 163-175, and Roos, A dynamical theory of economics, Journal of Political Economy, 
vol. 35 (1927), pp. 632-656. 
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AN INTRODUCTION TO THE THEORY OF IDEALS IN 
LINEAR ASSOCIATIVE ALGEBRAS* 


BY 
C. C. MACDUFFEE 


1. Introduction. With the development of the number theory of linear 
algebras, it was natural that attempts should be made to extend to these 
domains of integrity the theory of ideal numbers. But it is evident from the 
few domains which have been examined that one cannot expect an extension 
of this theory in its entirety. For instance, Hurwitzt has investigated the 
number theory of quaternions by using right and left ideals, and has found 
that they are powerless to introduce unique factorization into this algebra. 
Moreover, Speiserf has recently investigated the properties of right, left and 
two-sided ideals in semi-simple algebras, remarking in the introduction to 
his paper that some of the most remarkable properties of ideals are “but 
foreign adjuncts which are essentially restricted to algebraic number fields.” 

Although it is historically true that ideals were introduced into algebraic 
number theory to establish unique factorization, it should be observed that 
this is a secondary function of ideals. Primarily they establish the property 
that every two numbers have a greatest common divisor expressible linearly 
in terms of the numbers. In algebraic fields this property implies unique fac- 
torization but in the general linear algebra it does not—hence the success 
of the ideal theory in algebraic fields and its partial failure in the more general 
domain. 

The method which is here used in developing the theory of ideals is dif- 
ferent from the usual one. It depends upon a correspondence§ between ideals 
and matrices whose elements are rational integers, and the only kind of 
multiplication which is employed is ordinary matric multiplication. Ideal 
multiplication, which plays such an important réle in the usual treatment of 
ideals in algebraic fields, but which causes so much difficulty in non-commu- 
tative domains, is not employed in this paper. 


* Presented to the Society, September 9, 1926; received by the editors in September, 1927. 

} A. Hurwitz, Vorlesungen tiber die Zahlentheorie der Quaternionen, Berlin, Springer, 1919. 

t A. Speiser, Vierteljahrsschrift der Naturforschenden Gesellschaft in Ziirich, vol. 71 (1926), 
pp. 8-49. 

§ Applied to quadratic ideals in a recent paper by the author, Annals of Mathematics, (2), vol. 
29 (1927-28), pp. 199-214. 
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The fundamental theorem in the present development (Theorem 4) 
serves as a substitute for the commutative law in the multiplication of these 
-ideal matrices. From this starting point we proceed to establish for general 
algebras many of the properties which ideals in algebraic fields are known 
to possess, including the important concept of class number. Furthermore, 
we obtain some properties of ideals in all semi-simple algebras which have 
not previously been found even in the special case of algebraic fields. 

The writer is indebted to his colleague Professor Blumberg for helpful 
suggestions. 

2. Definition of ideal. We suppose that % is a rational semi-simple 
algebra of order ” with a principal unit, and that © is a set of integral elements 
of order min & according to the definition of Dickson.* We suppose that the 
basal numbers ¢1, é2, - - - , én of & form a basis for S, e, being the principal 
unit.t We shall define a left (right) ideal & to be a set of numbers of S which 
is closed under addition and subtraction and under multiplication on the 
left (right) by the numbers of S.f 

We shall develop only the theory of left ideals, as the theory of right 
ideals is obviously parallel. 

In the usual manner§ we can show that every left ideal & has a basis 
composed of r<m linearly independent numbers a, we, ---, w,. That is, 
the numbers of & are represented by the form 


kyw; + + +++ + kw, 


where - - - , k, are rational integral variables. In particular the a; 
may be chosen in the form 


@1 = 


W2 = A21€1 + A22€2, 


= + + ++ Opry 


where each a;;>0. 


*L. E. Dickson, Algebras and their Arithmetics, University of Chicago Press, 1923, p. 141. 
Algebren und ihre Zahlentheorie, Ziirich, 1927, p. 155. These books will be referred to as Dickson I 
and Dickson II, respectively. 

t Dickson I, p. 163, II, p. 212. 

¢ This is more general than the definition of Speiser, which further specifies that the set % be 
of order m, thus excluding what we shall call singular ideals. See Dickson II, p. 270. 

. § Dickson II, p. 270. Landau, Theorie der algebraischen Zahlen und der Ideale, Leipzig, 1918, 
p. 29, Theorem 99. 
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This number r, which is evidently the number of linearly independent 
numbers in every basis of &, is called the rank of the ideal. The ideal is called 
singular or non-singular according as r <n orr=n. 

3. Some properties of ideals. Every number a satisfies its rank equa- 
tion* 

+ cw! +--+ + cw + M(a) = 0. 
From the definition of ideal it follows that if aisin &, then 


N(a) = (— a"! — — --- — Ga 


is also in &. Hence § contains rational integers unless every number of 
is of norm 0. 

Let p be the smallest positive integer in the ideal &. Let c be any rational 
integer in &. Then we may write c=kp+r where OSr<p. Since c and p 
are in R, so isc—kp=r. But p was minimal, sor=0 andc=kp. Hence if 
not every number of R is of norm0, & contains infinitely many rational integers, 
each an integral multiple of a smallest positive integer. If a is a number of &, 
so is N(a). 

Let & be an ideal containing a positive integer p. Since © is of order n, 
it contains # linearly independent numbers sy, s2, - - - , Sn. Then § contains 
the linearly independent numbers 51), 52), ---, Sap. It follows that if & 
contains a positive integer, the numbers wr, w2,--*, Wa of every basis are 
linearly independent and § is of rank n. 

Let w/, constitute a second basis for an ideal of rank n. 
There are rational integers a;; and 0;; such that 


(3.1) w= wf = (i= 1,2, ,m). 
Then 


ik 


and since the basal numbers are linearly independent, 


ix = bx (i,k =1,2,---, m) 
i 


so that (a,,) is an integral matrix of determinant +1. 

Conversely, if (a,,) is an integral matrix of determinant +1, its inverse is 
likewise an integral matrix of determinant +1 and will serve as the matrix 
(b,.) in (3.1). If the w/ constitute a basis for R, so do the w; as determined by 


* Dickson I, p. 113, 
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(3.1). Thus if & is an ideal having a basis w, we, - - - , @, composed of linearly 
independent numbers, every basis of R is given by 


wi Dai 0; (i= 1,2, n) 
i 


where (dr.) is an integral matrix of determinant +1. 
If & has a basis we, - , @,, We May write 


(3.2) a= (i 1,2, n), 
i 


where the g;; are rational integers, in terms of the basal numbers «, é:, 
-,€n Of S. We define the xorm N(8) of the ideal & to be the absolute 
value of the determinant |g,,|. If N(&)=0, the w; are linearly dependent 
and the rank 7 of £ is less than n; i.e., & is singular. 
Suppose that wi, we, : - - , #, constitute a linearly independent basis for 
R. If wi, wi, --+,@n is any basis for R, we have 


wf = = Liginer (¢=1,2,---, m) 
i isk 


where |a,,|=+1. Hence 


(Sra) = (gra), 
which implies that 


absolute value | g/,|= absolute value |g,,| +0, 


so that the value of N(8) is independent of the basis chosen. In other 
words, N() is an invariant under change of basis and is therefore a posi- 
tive integer intrinsically connected with the ideal &. 

Let us now suppose that §& is an ideal for which N(&)#0. From (3.2) 


we have 
N(R dei = dijo; (i 1,2, n) 
i 


where the d;; are rational integers. Since ¢ is a principal unit, we see that 
N(&) is a positive integer in &. The norm of this positive integer is a non- 
zero integer in &, so that & contains elements of norm not zero. 

We may summarize the results of this paragraph in 


THEOREM 3. The following five statements are equivalent: 
(a) Not every element of the ideal & is of norm 0. 
(b) & contains rational integers. 
(c) The numbers wr, we, + - - , Wn of every basis of R are linearly independent. 
(d) The ideal & is non-singular, i.e., of rank n. 
(e) The norm N(R) of R is not zero. 
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We have shown that each statement implies the next following and that 
the last implies the first. Thus each of the five statements implies them all: 

To see that ideals of norm zero actually exist, we need only to consider 
the principal ideal (b]* where N(b)=0, i.e., where b is a divisor of zero 
or zero itself. Then A(b) =0, and for every number) in SG, 


A(Ab) = A(A)-A(d) = 0 


so that N(Ab) =0 for every number Nb in the ideal. Such ideals have none 
of the properties described in Theorem 3. 

4. Acondition that m numbers constitute a basis for an ideal. While it is 
true that every left ideal has a basis w, we, - - - , w, composed of integral 
numbers, it does not follow that every m numbers of © constitute a basis 
for a left ideal. We shall find necessary and sufficient conditions that n 
numbers w, we, - - - , wn Of S shall form a basis for a left ideal. 

Let us assume that wi, we, - - - , Ww, constitute a basis for a left ideal &, 
and that 


(4.1) ws = Dogize; (¢=1,2,---,m). 
i 


Every number k of & is of the form 
k= kiws Dd 
Every number s of © is of the form 
AY ‘= 
Since sk isin §, there exist rational integers d, such that 


r,t 


Since the basal numbers are linearly independent, this implies 


lig 


In particular there must exist rational integers d,, which we shall call doen 
when s;=56,, and k;=6,,. For these values we have 


7 r 


* The notation is due to Speiser. See Dickson II, p. 271. 
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The existence of integers dy, satisfying (4.2) is in fact sufficient that 
the integral numbers a, we, - - - , w, defined by (4.1) constitute a basis for 
a left ideal. For, let dy and g,; be any rational integers satisfying (4.2). 
Define the w; by (4.1). The set of numbers 


k= 


where the k; vary independently over © is evidently closed under addition 
and subtraction. We can show that it is closed under multiplication on the 
left by any number s of S. In fact 


sk = D> = D> 
i 


liv 
Hence by (4.2) we have 


live 
which is obviously of the form }>; k/ w,. 
Let us define the matrices 
C,=(Cprs) = transpose Ry, Dp=(dprs), G = (Gre) (p=1, 2,---, m). 
We may now state 
THEOREM 4.* A mecessary and sufficient condition in order that wy, we, 
- , W, constitute a basis for a left ideal is that there exist integral matrices 
D,, De, - , Da such that 
GC, =D (p =1,2,---+, m) 
where G is the matrix (g,,) of (4.1) 
5. An explicit basis for a principal ideal. In particular every principal 
ideal (d] has a basis a, we, - - , We have 


2 
Let s =) s,e; be any number of S. Then 
sd = Sid jC 


is in (d], and hence must be representable in the form 
sd = Drigize;- 
i i, i 
* Poincaré, using the same correspondence between ideals and matrices, obtained a quite differ- 


ent condition that a matrix in canonical form correspond to an ideal. Bulletin de la Société Mathé- 
matique de France, vol. 13 (1885), p. 167. 


‘ 
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It follows that for all rational integers s; there must exist rational integers 
r; such that 


(5.1) Dd sid sei jn = (k= 1,2,---,m). 


Conversely, since every linear combination of the «; is in (d], it follows that 
for all integers r; there must exist integers s; such that (5.1) holds. These 
conditions together are necessary and sufficient in order that w:, we, - - - , Wn 


form a basis for the principal left ideal (d]. 
In particular, let us take r;=6,;, and denote the corresponding values of 


s; by s,;. Then (5.1) gives 
(5.2) = = =1,2,--+, m). 


i 
Again, let us choose s;=4,; in (5.1) and denote the corresponding values of 
r; by rx; Then we have 


(5.3) = dod jenn = (4,k =1,2,---,m). 
4,7 i 


From (5.2) we have, taking matrices, 
G= (gra) (Sys) ( Dod ier ie) (Srs)S(d) 
where S(d) is the transposed second matrix* of d. In the same way we 
obtain from (5.3) 
S(d) = 


Every number of the ideal (d] is of the form 
‘ 


where S(d)=(c,,), and conversely every number of the form )-b,o.,e; 
can be written 


i,k 


and is therefore in (d]. Hence the numbers ).0;; e; constitute a basis for (d]. 
It follows from the definition of norm that N((d])=absolute value 
S(d) =absolute value A'(d). We have now proved 


THEOREM 5.1. The principal left ideal (d] has a basis wi, we, +--+, We 
where 


the norm of (d] is the absolute value of A'(d). 


* Dickson I, p. 86, II, p. 35. It is easy to show that d is an integral number if and only if S(d) 
has integral elements. 
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The conditions for associativity may be written 
i i 
Let us multiply by d, and sum for k: 
= 
isk 


which may be written 
S(d)C> C,S(d) (p 1,2, n) 


where d=), de;. This is exactly (4.2) with g,; replaced by o;; and dyg 
replaced by Cpgr. 


THEOREM 5.2. For every number d in ©, S(d) is commutative with every 
matrix C,; and if G=S(d) in Theorem 4, then D,=C, for every p. 


We shall prove later (Theorem 11) that every integral matrix commuta- 
tive with every C, is the transposed second matrix S(d) of some number d 
of S. 
6. Equivalent ideals. Let be a non-singular left ideal with basis 
@1, We,*** , Wn, and let s be a number of GS. If we set 


i q 


we have ; 
i P 
SipSgC parr - 
Hence 


q P 


Taking matrices, we have 


G’ = GS(s). 
But 
GC, = DG, S(s)Cp = C,S(s), 


so that 
G'C, = GS(s)C, = GC,S(s) = D,GS(s) = D,G’. 


Therefore w;S, wes,--~- , #,S form a basis for an ideal which we may call ’. 
Furthermore, we obtain the same ideal §’ irrespective of the basis of & 
with which we start. Using any other basis for , we should have obtained, 


instead of G’, 
G” = AGS(s) 
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where A is an integral matrix of determinant +1 (§3). But G’’=AG’ cor- 
responds to the same ideal &’ as does G’. For a non-singular ideal 8 we may 
call the uniquely existing ideal having the basis (wis, wes,--- , Was) where 
wWe,- - , Wa) is any basis for &, the ideal Rs. 

Two non-singular ideals ®; and Sz are, according to analogy with the 
usual definition in algebraic number theory, called equivalent if there exist 
integral numbers s, and s2 of S, neither of norm 0, such that 


Risi = Kose. 


Let G, and G; be the matrices corresponding to particular bases of &; and &2 
respectively. The condition for equivalence becomes 


G1S(s1) = AG2S(s2) 


where A is an integral matrix of determinant +1. 

The following theorem is important in showing that the concept of ideal 
class applies to all semi-simple domains and in pointing to a more com- 
prehensive definition which is applicable to singular ideals as well. 


THEOREM 6. A necessary and sufficient condition that two non-singular 
ideal matrices G, and G, be equivalent is that the corresponding sets of matrices 
D,y, Dey satisfying the equations 


respectively, be similar—i.e., that D\,=AD2, A~ for p=1, 2,- - - 
is an integral matrix of determinant +1. 


First, let us suppose that G; and G, are equivalent. We have 
G.C, = DiGi, = D2,G2, 
G,S(s1) = AG2S(52) , |A | + 1 


where S(s,) and S(s2) are each, by Theorem 5.2, commutative with every 
C,. Then 
= GC ,S(s1) D,GiS(s1), 


AG2S(s2)C p = AGL = 


= 
Therefore 
Di = AD2,A~GS(51) . 


Since both G, and S(s;) are non-singular, we have 


Dip = 


4 
(p= 1,2,---,m). 
| 
| 
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Secondly, suppose that the sets of matrices D,, and D2, are similar: 
GC, DiGi, GL, D2Go, Dip = AD2,A™, | A | =-+ 1. 


Then 
G.C,Gr = Dy, = AD2,A— = AGC 


We multiply on the left by Gr'A~! and on the right by G;, obtaining 
Gr1A-'G,C, = 


Let T be the scalar matrix each of whose diagonal elements is |G,|. Then 
TGz'A-'G, is an integral matrix and, since it is commutative with each C,, 
it is the second matrix S(s) of some element s of S.* Then 


= S(s), 
and since T is commutative with every matrix, 
G,T = (s) 


Moreover, 7 =5S(|G,|), so that the ideals &, and &2 are in fact equivalent. 

7. Ideal matrices. An essential point in our proof of Theorem 6 was that 
|G, | 0. We were therefore unable to consider equivalence of singular ideals. 
Moreover, the transitive character of equivalence was not apparent from its 
definition. We now proceed along a line suggested by this theorem but some- 
what broader. 

We assume a semi-simple rational algebra %, and a set of integral numbers 
S of order m, the basal numbers being chosen so that the constants c;;, of 
multiplication are rational integers. As before, we define the matrices 
Cy = (Crs) for p=1, 2,-- , m, where is the element in row r and column 
s. Let D,=(d>,.) be any set of m integral matrices. All the integral matrices 
G which satisfy the equations 


(7.1) GC, = DG (p =1,2,---, m) 
will be said to constitute a minor class of ideal matrices, and the set of matrices 
D,, De,--- , Da will be called a set of corresponding class matrices. The 


zero matrix at least will satisfy (7.1) no matter how the class matrices may be 


chosen. 

All the matrices of a minor class constitute a modul. In fact, if G,, 
G:,--- , G, are ideal matrices of the same minor class and if ki, ke,- ++ , Rp 
are rational integers, then 


G = kG, + kG.+---+ kG, 


* Theorem 11, to follow. 


1929] IDEALS IN LINEAR ASSOCIATIVE ALGEBRAS 81 


is an ideal matrix of the same minor class. We shall show that if & is semi- 
simple there exist r <n linearly independent matrices B,, B2,--- , B, which 
constitute a basis for the ideal matrices of the minor class. 


Lemma 7. If YU is a semi-simple algebra, new basal numbers for S and new 
constants of multiplication c;,4 can be so chosen that |c;,, | 0. 


Let us suppose that our basal numbers are chosen as in §2, and that the 
are defined by 


(7.2) ee; = (i,j 1,2, n). 
k 


Since ¢; is a principal unit, ¢1;,=Ccj,z=56;.. If we apply to the basal numbers 

the transformation 

(7.3) Daze}, a=|a,| ¥ 0, 
i 

we get from (7.2): 


ff 
Dip@jglp Cg 
P.@ r,8 


y jqlpgtlt 


so that 


P.@ 


where the ¢,¢. are defined as in (7.2) with each letter primed. For a fixed j, 
let us form the determinant whose element in row 7 and column s is (7.4): 


(7.5) a*| | = | (Gj =1,2,---, n). 


In (7.3) let us now choose 


= 
r,k 
If 4 is semi-simple, a= |r,,|=d0,* and 


hak k 
so that 


r 


r,k 


* Dickson I, p. 108. 


i 
if 
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From (7.5) with j7=1 we obtain 


d?| =d 
so that |c,,, | 

In making this transformation we may have lost the property that the 
basal numbers of 2% form a basis for the set S of integral numbers. We must 
now restore this property. 

Bring* the fractions c;;, to a common denominator 6, write 5¢;;.=hij. 
where the /;;, are all integers. Set ¢;=6e/. Then 


e€; = = 6 = Di 
k k 


We use the new basal numbers e; whose constants h;;, of multiplication are 
rational integers. We note that 


| | | | 5" | cer | ~ 0. 


Proceeding according to the method of Dickson,¢ we see that every 
element x of S can be put into the form 


x1 X2 Xn 
(7.6) 
where 
D= ~ 0, 
i,k 


and where the x; are rational integers. Of all numbers x in © having 
%,=%,=--- =x,,=0 but x,~0, choose one having x,>0 and minimal for 
e,. If there is no x of this type having x, +0, choose e7 =0. We have 


De{ = + + Din€n 


(7.7) €2 22€2 + + bone 
De, = Dan€n- 

Now , form a basis for S. For, let 


1 
x= + +--+ + Xn€n) 


* Dickson I, pp. 161-162. 
t Dickson I, p. 162. 


, 
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be any number of ©. Set 


Qbu tn (OS < by). 
Then 


1 
x — quel = + en) 


has its coefficient of « less than 5, which was minimal, so r,;=0. Similarly, 
set 
= qoboo + (O S re < bos). 


Then x—qie:’ lacks the basal numbers ¢€, andé,. Proceeding in this way, 
we have after ” steps: 


w= quel + + 


where the q; are rational integers. Since © is of order n, we now know that 
for every 7. 

Since the numbers e{,é,-°- ,€s form a basis for ©, we know that the 
new constants h’ jz Of multiplication are rational integers. Transformation 
(7.7) can be written 


D 
= : (i= 1,2, , n) 
i 


where b= |b,,| and B,., the cofactor of b,,, is zero for r<s. From (7.5) we have 
a? | = 
with a;;=(1/b)DB;;=0 fori>j. Hence 


a? | hirer = ai1| | 0, 


and therefore | <0. 

Since the basal numbers ¢1, é2,--- , én With which we started and the 
numbers ¢/, ef,--- , €/ each form a basis for the set S, we know that there 
are transformations with rational integral coefficients and of determinants 
+1 carrying each set of basal numbers into the other set. 

8. Effect of change of basis on the fundamental matrices. Let us make 
a change of basis (7.3) where the a,, are rational integers of determinant #1. 
By (7.4) we have 


r 


Multiply by the cofactor A of a;,and sum for#. Then: 


| 
» 
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= Donde |A 
q.t 8 


Passing to matrices, we have 
(p = 1,2,---, m) 


where A =(a,,) as our induced transformation on the matrices C,. 


We shall more generally define the matrices DJ, which will be said to 
correspond to the matrices D, under transformation (7.3) of determinant 
+1, as the solutions of the equations 


(8.1) D, = Dent (p =1,2,---,n). 


The matrices D; are evidently integral if the matrices D, are integral. Our 
definition is justified by the following result: 
Lemma 8.1. If G is an ideal matrix satisfying the equations 
GC, = DG (p= 1,2,---,m), 
then G' =A-'GA satisfies the equations 
= 
where C3 and Dj are given by (8.1). 
From (8.1) and the equations GC, =D,G, we have 


GA | =A | Dendt | 
and therefore 
If we multiply by the cofactor A,, of ay, and sum for ~, we obtain 
A-'GAC; = 


which proves the lemma. 


Lemma 8.2. If the basis of S is so chosen that |cra | 0, then an ideal matrix 
G whose first column consists exclusively of zeros is a zero matrix. 


From our definition of ideal matrix we have 
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Ded (p,7,8 = 1,2, 
k & 


If gi: =0 for every k, then 
= 0 = 1,2, 
k 


Taking matrices, we have 
G(Cer1) = 0. 


Since the second matrix is non-singular, G must be of rank 0. 

9. A fundamental theorem. Let Y% be a semi-simple algebra, and let 
€1, €2,: - + , &, be a basis for a set S of integral numbers of %, where e; is a 
principal unit. We transform by a matrix A of determinant +1 to another 
basis for which |c/,,|~0. Every ideal matrix G is thereby 
transformed into an ideal matrix G’ = A-!GA, and inversely G=AG’A-, so 
that there is a one-to-one correspondence between the ideal matrices G and 
G’. 

If G’ is an ideal matrix of a certain minor class, so is —G’. If in the minor 
class defined by the class matrices D/, D/,--- , Di (§7), there are ideal 
matrices G’ =(g,,) in which g:~0, define as B,’ one such matrix in which 
gu>0 and is minimal. If no such matrix exists, set B{ =0, which surely is 
in the minor class. If there are in the minor class matrices for which 
=Se-1,1=0 but define as B/ =(birs) one such matrix 
in which gi1=bii.>0 and is minimal, otherwise set B/ =0. Then Bj, 

~,°:+, By, form a basis for the matrices of the minor class. 

For, let G’ =(g,,) be any matrix of the minor class. Set 


gu = Abi +n (0 Sry 


Then G’—h,B{ =(g,/) is an ideal matrix of the minor class having as its 
first element 7;. But 6, was minimal, sor,;=0. Now set 


ga = + re (0 S re < bens). 


Similarly 


has two zeros in its first column. Proceeding in this way, we find after n 


steps that 
G’ — h,Bi — —---— 


is an ideal matrix of the minor class whose first column consists exclusively 
of zeros, and which by Lemma 8.2 is therefore the zero matrix. Thus 


G’ = + +--+ + 


where iy, , are rational integers. 
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Let us now transform back to our original basis. We have G=AG’A-, 
and we define B;=AB,’A~', so that every ideal matrix G is expressible in 
the form 

G= hyB, + + +--+ 
where the /;, /2,- - - , 4, are rational integers. Conversely, every such matrix 
is in the minor class. We now have 


THEOREM 9. Relative to every basis e, @2,--- , €n for a set S of integral 
elements of a semi-simple rational algebra M, every minor class of ideal matrices 
has a basis composed of n matrices B,, Bz,- - - , B, such that the totality of ideal 
matrices of the minor class is given by 


+ +--+ + 
where hy, Ie,--~- , tn are independent rational integral variables. 


10. Rank of a minor class. Suppose that as in the preceding paragraph 
we have a set © of integral numbers with basis so chosen that loves | 0. 
Then we have seen that every minor class has a basis B/, B/,--- , B,’ 
such that in each matrix B,’=(birs) we have bi,=0 for r<k, and either 
> 0 and minimal, or =0. Suppose that the are linearly dependent: 


d,B{ + = 0, 


where we may assume that the d; are rational integers not all zero. Con- 
sidering only elements in the first columns, we have 


+ debor1 = 0 (r 1,2, n). 


Suppose that d,=d,=--- =d,..=0 while d,~0. Then we have d,b,,,=0 
so that 6,»:=0 and hence B,’=0. 

If there is a dependence relation among the remaining m—1 basal matrices 
B], we may repeat the argument and show that another one is zero. We 
finally reach a point where all the basal matrices which are not zero are 
linearly independent. The number r of linearly independent matrices in a 
basis is called the rank of the minor class, and if r<m the class is called 
singular. When we transform to another basis for S, we see from the relation 
B;=AB} A-' that the rank is preserved. 

_ Just as in the case of change of basis of an ideal, it can be shown that, 
relative to the same basis for S, the most general transformation from one 
linearly independent basis to another is given by 


Bi ;B; (i = 1,2, r) 
j=l 


r 
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where (a,,) is an integral matrix of determinant +1. The rank is preserved 
under such transformations also. 

11. The principal minor class. All matrices commutative with the funda- 
mental matrices C, evidently constitute a minor class, called the principal 
minor class. The members of this class we shall call principal ideal matrices. 
We shall now prove the result required to complete the proof of Theorem 6: 


THEOREM 11. Every principal ideal matrix is the transposed second matrix 
S(k) of some integral number k of S, and conversely. 


The conditions for associativity may be written* 
h h 


or 
(Cris)Cp Co(Crie) - 

That is, the matrices (c,;,)=S;=S(e;) belong to the principal minor class. 

Let be any integral number. Then 


S(k) = kiSi + + +++ + 


where the &; are rational integers, and therefore S(%) is in the principal minor 
class. This proves the converse. 

We consider now the set of all matrices G which are commutative with 
every C,. We have seen that every such minor class has a basis Bi, B2,--- , 
B,. Since the matrices S; are in this set, we have 


i 


where the a;; are rational integers. Now |a,,|0, since the S; are linearly 
independent. Therefore we can solve these equations for the B;, obtaining 


Bi = = S(r;) 


where each 7;; is rational, and 7;=7;1¢:+72¢2+ - -- +7in€n is a number of the 
algebra AX. But S(r;)=B; is an integral matrix, and hence by the footnote 
to §5 each r; is an integral number and therefore the r;; are rational integers. 
Then every matrix 


G = + + +++ + 


can be written 


G=S(k), k= Dhwize;, 


* Dickson I, p. 92. 
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where the /; and r;; are rational integers, so that k isa number of S. This 
completes the proof of the theorem. 

12. The class number. We shall now establish a few properties of minor 
classes. 


THEOREM 12.1. If G is an ideal matrix of the minor class t, and if P is a 
principal ideal matrix, then GP is an ideal matrix of the minor class f. 


Let D,;, D2,---, Dn, be the class matrices defining the minor class f. 
Then 
GC, = DG, (p =1,2,---+, 
Therefore 
GPC, = GC,P = DGP, 
which proves the theorem. 


THEOREM 12.2. If the minor class € contains one non-singular ideal matrix 
G, then the n basal matrices of € are linearly independent, and f is of rank n. 


Let G be a non-singular matrix of f. Let Pi, P2,--- , P, be linearly 
independent matrices of the principal class. Then GP;, GP2,--- , GP, are 
linearly independent matrices of class f, for if there were a dependence rela- 
tion 
(12.1) = G = 0, 


where G is a non-singular matrix, we should have ).d;P;=0, contrary to 
assumption. Let B,, B.,--- , B, be a basis for f. Then 


GP; = (i=1,2,---, mn), 
i 


and since the GP; are linearly independent, so are the basal matrices B;. 
Thus the rank of f is n. 


THEOREM 12.3. If U is a division algebra, every minor class except the zero 
class is non-singular. 
Since >-d,P; is the transposed second matrix of a number of X, it is either 


of rank m or of rank 0. Thus in (12.1) either G=0, or else di=d,=--- 
=d, =0 and the matrices GP; are linearly independent. 


THEOREM 12.4. If two minor classes contain the same non-singular ideal 
matrix, the classes coincide. 
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Suppose that 
GC, = D,,G, GC, = D2G, |G| (p= 1,2,---, m). 


Then D,,G=D,,G, and since G is non-singular, D;,= D2, for every p. Thus 
the minor classes coincide. 

The theorem is not true with the omission of the word “non-singular.” 
Thus the zero matrix is common to every minor class. 

In general we shall not expect the number of minor classes to be finite. 
Thus D,, D2,--- , D, may be taken as perfectly arbitrary integral matrices, 
and the equations GC,=D,G will be satisfied by the zero matrix at least. 
Moreover, if there be matrices satisfying a relation GC,=D,G, then 


AGC, = AD,A-14G, 


so that the matrices AD,A~' define a minor class in general distinct from 
the given class. 
Two minor classes whose class matrices are connected by a relation 


Dj = AD,A—, |A| = +1 (p =1,2,--- ,m) 


will be called similar minor classes. We now define the (left) class number h 
of the set © of integral numbers of & as the (cardinal) number of dissimilar 
non-singular minor classes of (left) ideal matrices. 

It is evident from Theorem 6 that jwhen Y is an algebraic field, 4 becomes 
. the ordinary class number of the field. All ideal matrices corresponding to 
principal ideals belong to minor classes which are similar to the principal 
minor class. We have therefore, without using the concept of ideal multi- 
plication, succeeded in generalizing to sets S of semi-simple algebras the 
concept of ideal class in a satisfactory manner. For instance, we may prove 
in the usual manner 


THEOREM 12.5. A necessary and sufficient condition in order that every 
pair of numbers of S may possess a greatest common right divisor expressible 
linearly in terms of the numbers is that the left class number h of S be 1. 


13. The density of ideal matrices. It is recognized that the addition of 
Dedekind ideals cannot be defined in any useful way, because of the fact 
that associated numbers correspond to the same principal ideal. This is not 
true of ideal matrices, however, and we have a satisfactory additive theory 
within each minor class. 

Let B,, B:,--- , B, be a set of basal matrices for a non-singular minor 
class f. Every ideal matrix of f has the form 


G = a,B, + +--+: + 
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where the a’s are rational integers, and conversely every such G is in f. 
Since the B; are linearly independent, this representation is unique. Addition 
and scalar multiplication within the minor class f are defined as in the theory 
of linear algebras, and follow the usual laws. 

We have seen that S;, S:,--+, S, constitute a basis for the principal 
minor class (§11). The numbers 


@ = + + nen 
are in one-to-one correspondence with the principal ideal matrices 
S(a) = + + + anSn, 


which in turn are in one-to-one correspondence with the ideal matrices G 
of each class f, and this correspondence is preserved under addition and 
scalar multiplication. Thus we have 


THEOREM 13. The ideal matrices of every non-singular minor class € are 
in one-to-one correspondence with the numbers of the set S. This correspondence 
is preserved under addition and scalar multiplication. 
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ON THE PADE APPROXIMANTS ASSOCIATED WITH THE 
CONTINUED FRACTION AND SERIES OF STIELTJES* 


BY 
HUBERT S. WALL 


INTRODUCTION 


The well known series of Stieltjes is a power series with real coefficients: 


(1) 


such that the persymmetric determinants 
A. C1 C2, Se Cn+1 


Cn—1, *** Con—2 Cny Cn+1y °° C2n—1 


(n=1, 2, 3,---, Ao=1, By=1) are all positive. Stieltjest connected the 
series (1) with a continued fraction 


1 1 1 
+ a2 


in which all the a; are real and positive, and are uniquely determined by the 
c; in accordance with the relations 


(3) aon = A?/(BnBn-1) = B2/(AnAn+1) 


Conversely, the positive real numbers a; (¢=1, 2, 3, - - - ) uniquely deter- 
mine coefficients c; of a Stieltjes power series. Thus to every Stieltjes con- 
tinued fraction (2) with positive a; there corresponds a Stieltjes series (1) 
and vice versa. 

In the work of Stieltjes the convergents of (2) separate into two sets, 
the odd and the even convergents. When the seriesf }-a; is divergent, these 


* Presented to the Society, April 16, 1927; received by the editors June 11, 1928. This paper 
is essentially a thesis prepared at the suggestion of Professor E. B. Van Vleck at the University of 
Wisconsin. 

t Recherches sur les fractions continues, Annales de Toulouse, vol. 8, J, pp. 1-122, and vol. 9, 
A, pp. 1-47, 1894-95. Published also in vol. 32 of the Mémoires présentés a Académie des Sciences 
del’ Institut National de France. 

t Here and henceforth we write >> in place of )>;2 . 
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two sets of alternate convergents have one and the same limit which is a 
function analytic throughout the complex plane, excepting the whole or a 
part of the negative real axis. When, on the other hand, the series }>a; 
converges, these two sets have distinct limits :/g: and //q respectively, 
which are meromorphic functions having only simple poles all of which are 
real and non-positive. The numerators and denominators #, fu, q, g1 are ana- 
lytic functions between which there is the relation 


(4) = +1. 

In the case of a convergent Stieltjes series (1) the former alternative is 
always realized, but for a divergent series either alternative may be realized. 
Thus for some divergent series the continued fraction of Stieltjes picks out 
two functional equivalents, while for others only a single equivalent is yielded. 

In this article it will be convenient to replace 1/z by z in (1) and (2) and 
then drop the unessential factor z. We then have the Stieltjes series 


(5) Co — 612 + — +--- 
with the same inequalities: 
(6) A,>0, B,>O, 
while the continued fraction becomes 
1 

(7) — ‘ 

When ><a; is convergent, the two sets of alternate convergents have 
limits which are distinct and meromorphic over the entire plane except at 
the origin, while if > a; is divergent both sets have the same limit which 
is a function analytic over the entire plane except the whole or a part of the 


negative real axis. 
With any power series 


(8) ko + + hos? (ko 0), 


Padé connects a table of approximants* 


n=1 


No, 
ot = ko + kuz, 
0,1 


Ma 


Dia’ 


* Padé, Thesis, published in the Annales de l’Ecole Normale Supérieure, (3), vol 9, supple- 
ment, pp. 1-93, 1892. 


n=0 
= 0 @ the, we 
| 
m=1 = 
D,,0’ 
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where Nn.n(2)/Dm,n(z) is the rational fraction, taken in its lowest terms, 
in which the degrees of numerator and denominator do not exceed m and m 
respectively, and whose expansion into a power series, P(z), agrees with (8) 
for a greater number of terms than any other such rational fraction. 

If a particular approximant does not appear more than once in the table, 
that approximant is said to be normal, and when every approximant is 
normal, the table is called normal. The power series P(z) for a normal 
approximant, in which necessarily the degrees of numerator and denominator 
are exactly m and m respectively, agrees with the given series term by term 
up to and including the term of degree m+-n and no further. 

Professor Van Vleck* showed that the series of Stieltjes (5) has a normal 
Padé table. The odd convergents of the continued fraction (7) fill the 
principal diagonal of the table, while the even convergents fill the parallel 
diagonal file immediately below it. Consequently these two diagonal files 
of approximants will either converge to a common limit analytic throughout 
the entire plane except over the whole or a part of the negative real axis, 
or to two distinct functions, meromorphic everywhere except at the origin, 
according as >a; diverges or converges. 

The first main question which I have considered in this article is the 
following: 


1. What holds regarding the convergence of the other diagonal files parallel 
to the principal diagonal in the Padé table for the series of Stieltjes? 


I find that the sequence of convergents in any file parallel to the principal 
diagonal converges to a limit. Three cases arise. 

Case I. If the series }-a; is convergent, no two files to the right of and 
parallel to the principal diagonal have the same limit, and no two parallel 
files below the principal diagonal have the same limit. In this case all the 
limit functions are meromorphic over the entire plane except at the origin. 
The poles of the limits of the files to the right of the principal diagonal are 
all simple and lie upon the negative half of the real axis. 

When <a; diverges there are two possibilities which exist, namely: 

Case II. The file of approximants in the principal diagonal and the 
successive parallel files to the right of it up to the mth file inclusive converge 
to one and the same limit, while subsequent to the mth they converge to 
distinct limits. Likewise the successive parallel files below the principal 
diagonal, down to an mth file inclusive, may converge to the same limit, 
while subsequent to the mth file they converge to distinct limits. 


* On an extension of the 1894 memoir of Stieltjes, these Transactions, vol. 4 (1903), pp. 297-332. 
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All the limit functions in this case are meromorphic over the entire plane 
except at the origin. 

Case III. Every diagonal file parallel to the principal diagonal converges 
to one and the same function, which is analytic over the entire plane excepting 
the whole or a part of the negative half of the real axis. 

In Case I, the series (5) diverges, while in Cases II and III it may either 
diverge or converge. Whereas Stieltjes obtained two distinct functional 
equivalents of the divergent series (5) in Case I, we now have an infinite set; 
and whereas Stieltjes obtained a single functional equivalent when >a; 
diverges, I obtain an infinite number in Case II, and but one in Case III. 

Generalizing (1), I shall call any series 


(9) + — + cogmt? — 


in which n is a positive or negative integer or zero, a Stieltjes series if the 
coefficients c; satisfy the Stieltjes inequalities (6). 

If the first » terms of (5) be removed, the remainder is still a Stieltjes 
series. Instead of removing terms I have concerned myself with the following 
question: 


2. Can the series (5) be so continued to the left by successive addition of new 
terms that the extended series shall be Stieltjes series? 


I find that the necessary and sufficient condition for a first extension 
is that the series }\a2;, with even subscripts, shall converge. 

Two cases arise: 

Case A. If the series >a; converges, the Stieltjes series (5) may be 
extended to the left by the addition of an arbitrary number of new terms, 
forming thereby a series whose coefficients satisfy the Stieltjes inequalities 
(6). The coefficients of the prefixed terms are not unique. 

Case B. If the series >-a; diverges and > a; converges, the series (5) 
may be extended by the addition of a term, —c_,2~!, in which c_; may be 
taken equal to or greater than }\a2;. If c_1>} 42, further extension is never 
possible; but if c_1=} as, the like series }-a3; in the new Stieltjes continued 
fraction belonging to the extended series may or may not converge. If it does 
converge, a second extension is possible. The coefficient of the new term, 
c_22~*, prefixed may be taken equal to or greater than )>a;. Only if cs 
=) 23;, can a third term be prefixed, and so on. 

When » terms can be prefixed, all the coefficients in the added terms are 
unique with the exception of c_,. Foran infinite extension all the coefficients 
are unique. There exist series which can be extended to just m terms and 
others which can be infinitely extended. 
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CHAPTER I. THE PADE TABLE OF APPROXIMANTS 


To each pair of non-negative integers (m, m) there corresponds one 
rational function of the complex variable z=x+iy: Nwm.n(Z)/Dm,.n(z) taken 
in its lowest terms, in which the degrees of numerator and denominator do 
not exceed ” and m respectively, and whose expansion into a series in ascend- 
ing powers of z agrees term by term with a given series 
(8) ko + kiz + hos? +--- (ko ¥ 0) 


to a higher degree than all other such rational functions. In fact, if we let 
=Sotsist and -- - +tnz™, the con- 
ditions that the series 
(10) (ko + kit +--+ (to + tnz™) — (sot sig + 5,2") 
shall begin with the (m-+-n)th power of z are the following: 
(11) Rito + + + Ri-mlm = 

(§=0,1,---,m; kj =0 if j <0), 
(12) Razito + +--+ + = 0 

(i¢=1,2,---,m; k;=0 if 7 <0). 

If we take ¢) equal to the determinant 
An-i.n = 
kn 

and assume Aw_:,,~0, then all the other ¢; and also the s; are determined 
uniquely, and N,,,, and D,,, may be written in the form of determinants: 
Rp Ra—m2" + + --- + 
(13) Na n(z) = 
(14) Dn = 


The table of approximants is normal when and only when all the de- 


terminants 
kn 


ky = 0, for i<0 
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are different from zero.* We will henceforth assume the normality of the 
table. 

In a normal table Padé distinguished three types of regular continued 
fractions. We shall need to use here the stairlike type. This is obtained by 
starting from a border element of the table of approximants, and passing 
hence alternately one step to the right and one downward or vice versa. 
If, for example, we start from the mth element of the upper border of the table 
and proceed hence one step to the right and one down alternately, we get 
the sequence of approximants 


No,n—1(2) No,n(2) Ni n(z) Ni ,n41(2) 


whose terms are the successive convergents of the continued fraction 


(15) 


1 


If we start with the corner element of the table and proceed hence one 
step downward and one to the right alternately, we get the sequence of 
approximants 
(18) Noo(z) Niolz) Mialz) Ne,1(z) 


Do,0(2) Dio(z) Dz 
whose terms are the successive convergents of a continued fraction 
1 
AP 1,1 


= 
Ai-1 


(19) 


in which 


It is to be understood that A_;,o is to be taken here and hereafter equal to 
unity. 

If now the continued fraction (16) converges, the two adjacent diagonal 
files of the table from which (15) is obtained by selecting approximants 
from each alternately, converge to one and the same limit, namely the limit 
of (16). On the other hand, if these two diagonal files converge to separate 


* For details, see Padé, Thesis, loc. cit; or O. Perron, Die Lehre von den Kettenbriichen, 1913, 
Chap. X, pp. 418-465. 


in which 

o -- 


1929] PADE APPROXIMANTS FOR STIELTJES SERIES 97 


limits, the sequences of alternate convergents of (16) must have separate limits. 

It is easily seen that not only does the series (8) uniquely determine the 
continued fraction (19) in the case of a normal table but conversely (19) 
determines the series. The study of the convergence of the files of approxi- 
mants parallel to the principal diagonal of the table can therefore be made to 
depend upon the sequence of numbers a; in (19). In the next chapter such a 
study is made for the diagonal files to the right of the principal diagonal of 
the table in the case of the continued fraction of Stieltjes. 

To investigate the convergence of the diagonal files below the principal 
diagonal which start on the left border of the table, I find it desirable to turn 
to the Padé table of the reciprocal series 


(20) 50 + 612 + 522? + 632° + 
which is determined by the identity 
(21) (hot =1. 


The approximant corresponding to (m, m) for this series is the reciprocal of 
the approximant corresponding to (”, m) for the original series (8); and when, 
as supposed, the Padé table of (8) is normal, the table of the reciprocal series 
is also normal, inasmuch as the first m-+-n+1 terms of the latter series are 
determined by the first m+-n+1 terms of the former and conversely. Thus 
the question of the convergence of the diagonal files to the left of the principal 
diagonal in a normal Padé table may be replaced by the consideration of the 
convergence of the diagonal files to the right of the principal diagonal in the 
table of the reciprocal series. 

Let now Nim(z)/Di.m(z), m>n, be an approximant of the series (20). 
Then 


(22) Da.m = w(m,n — m) Nan; 


(23) = w(m,n — 
where w(m, n—m) is a numerical factor independent of z. By (13), (14) the 
relation (22) may be written 
Sn—m+1 bn 2” 
(24) 
2° = 1 


= w(m,n — m) , 


Rata, kmz™ + Rm—12™— 


with a similar equation resulting from (23). 
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On setting z=0, and replacing ” by +m in (24) the latter becomes 
(25) kow(m,n)- Amy n- my) 


where A,,,, denotes the determinant A,,,, expressed in terms of the 6; 


instead of the &;. 
We will now determine the constant w(m, n). 


From the identity (21) we have 
boko = 1, 


5iko + = 0, 
(26) 
bnko + + + 0, 
which gives 


1 
(27) 6, = (- 


Also, setting m =1 and replacing by n—1 in (25) we have 
(28) = kow(1,m — 1)An_1,1, 
which with (27) gives 


kets 


I shall now prove by mathematical induction that* 


1 
= (. (n+1)(n+2) /2+m—1, 
(30) w(m,n) = (— 1) +2) /2+ jgereni 


We see from (29) that the value of w(m, m) given by (30) is correct for 
all values of » if m=1. 

I shall assume the correctness of formula (30) for all values of » when 
m=1, 2, 3,---, p—1, and prove, on that hypothesis, that it is correct for 
m =p, and hence for all m. 

By a well known rule for multiplying a determinant by one of its minors, 


— (Ap-2.n+p)” 


Ap—3.ntp 


Then by (25) and what we have assumed, (31) may be written 


An+p-1,p An+p-1,pAn+p—2,p-1 


(— 


(32) n+p — 


* Cf. Hadamard, Liouville’s Journa!, (4), vol. 8 (1892), §24, p. 138. Hadamard obtains (25) 
with w(m, m) as in (30) but by a different method. 
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But by the above mentioned rule for multiplying a determinant by one of its 
minors, the quantity within the bracket is equal to — Ante, | 
Consequently, (32) may be written 


(- 


(33) p—l.nt+p 


Comparison of (25) and (33) shows that the value of w(m, ) as given by 
(30) is correct for m =p, as was to be proved. 
As particular instances of (25) we have 


(34) = (— ’ 


Due to symmetry of the identity (21), the 6; and the &; may be inter- 
changed in (35), giving the relation 


(36) Adt.0 = (- 


We will now consider the continued fraction of the form (19) belonging 
to the normal* series 


(37) 51 + + 532? + - - 
Ii we denote by aj the a; obtained from (37), then by (34), (35), and (36) we 


obtain 
We have thus proved the following theorem: 


THEOREM 1. If ko+hiz+h2?+ - - - is any normal power series giving rise 
to the continued fraction 
1 z 
a, + 


and 6 9+6,2+65227+ - - - its reciprocal, then the continued fraction of the form 
(19) associated with the series 5:+522+5322+ - - - is 


(38) 


1 z 


as 


* A normal series is one giving rise to a normal Padé table. 
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CHAPTER II. THE CONVERGENCE OF THE DIAGONAL FILES FOR THE SERIES 
OF STIELTJES 


I pass now to the series of Stieltjes 
(5) Co — C12 + — 


The work of the preceding chapter is applicable here if we replace through- 
out ke; by co and ke;-1 by —¢2:-1. In particular the continued fraction (16) 


becomes* 


1 
40 Gals) + — | 
(40) (z) + (— 2) 
where G,(z) =co—ciz+ - - - and the a," are obtained by 
replacing every ki, by (—1)‘ci,, in (17). It is easily seen that now, in place 
of (17), we have 
a2; = A2 

(41) 
in which it is to be understood that the A,,,, are the same as in Chapter I 
with every k; replaced by c;. 

In particular, 


= A?/(BiBis) = i-1), 


(42) 
= B?/(A Aint) = 


Thus each a; is obtained from the corresponding a; by means of the 
substitution of c;,, for c; throughout. 

Since, by hypothesis, A, and B,, for n=1, 2, 3,-- +, are positive, all 
the determinants A,,,, formed from them by removing the first r rows 
and r columns are positive.t Therefore, in (40), the bracketed part, 


1 

a” + a" + af 
is a continued fraction of Stieltjes with positive a;". We may therefore apply 
his convergence results for the continued fraction (2), bearing in mind that, 
as noted in the introduction, z has been replaced by 1/2 in (2) and then the 


factor z has been dropped. It is readily seen that if P;(z), Q;(z) denote the 
numerator and denominator of the convergents of (2) (after a; has been re- 


(43) 


* Henceforth for convenience I write a% in place of a‘). 


t Sylvester, Philosophical Magazine, (4), vol. 4 (1852), pp. 140-141. 
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placed by a#), and if P,’(z), Q;/(z) denote the corresponding numerators 
and denominators of (43), then* 


‘ 1 1 
Poipi(z) = Qoi4i(z) = 


The sequence of convergents accordingly separates into two sets, the even 
and the odd convergents. Stieltjes showed that when >a? is convergent, 
the numerators and denominators of the even convergents converge to 
limits p(z), g(z) respectively; likewise those of the odd convergents to limits 
pi(z), 9:1(z), and these limits are entire functions whose zeros all lie upon the 
negative half of the real axis. These functions are connected by the relation 


(44) bi(z)q(z) — p(z)qi(z) = 1. 
On the other hand, when >-a? is divergent, the even and the odd convergents 
converge to a common function F(z) which is analytic over the entire plane 
excepting the whole or a part of the negative half of the real axis. 

If now we denote the ith convergent of (40) by U;(z)/V.(z), we have 


1 
U.(2) P!(z) Pi ) 
(45) —~ = G,(z) + (— 2)" = G,(z) — 


V; i( 
(z) Q/ (z) 


The odd and even convergents of (40) fill respectively the mth and (n+1)st 
diagonal files of the Padé table. When }-a;* is convergent, they have separate 
limits in consequence of the foregoing results of Stieltjes, and these limits 
are meromorphic over the entire plane except at z=0, with poles lying only 
upon the negative half of the real axis. If now we put 


ots) = -(-9~(=), 
v(z) = (—), 


the limit of the even convergents U2;(z)/V2i(z), for i=, is u(z)/v(z). Simi- 
larly the limit of the odd convergents will be m(z)/v:(z) where «, and 2 


* Cf. the formulas for P;(z), Q;(z) given by Stieltjes, loc. cit., §2. 
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are the same as u and v except that p, g are replaced by fu, g:. In consequence 
of (44) we have the relation 


(46) u(z)vi(z) — = (— 


When >a; is divergent, the application of the results of Stieltjes to (45) 
shows immediately that the two sets of convergents have a common limit 
which is analytic over the entire plane except the whole or a part of the 
negative real axis. We conclude therefore that whether >.a," converges or 
diverges every diagonal file of approximants to the right of the principal 
diagonal converges. 

For a complete discussion of the relationship between the limits of these 
files we shall need to connect our successive series ).a? with the primary 
series >a;. For that purpose I shall now obtain expressions for the a in 
terms of the a?-'. 

Let the numerator and denominator of the ith convergent of (40) be 
denoted by U?(z) and V?(z). Except for a common numerical factor, these 
may be obtained from (13) and (14). Thus, in particular, on setting m=k 
and replacing by n+ in (14) and introducing this factor, we have* 


Cn+k+l) °° Cn42ky 1 
From (47) we see that the coefficient of in Voxsi(2) is 
Now V24:(z) is the denominator of the (2k+1)st convergent of the Stieltjes 


continued fraction (43), and it is easily proved by mathematical induction 
that the coefficient of z* is also a," +ajf'+ - - - +a@344;. Therefore 


(48) an taf + = 


If now we form by (41) the ratios a},/a},;', and a3,4,/a3;1. and then 
employ (48), we obtain the very fundamental relations} 


n—1 
(49) (n = 1,2,3,--+), 
Q2i+1 
i=0 


i=0 


* Cf. Perron, loc. cit., p. 428. Note that Perron’s A,, differs by a factor (—1)*“*»/2 from that 
used by me. 
1 After this article was finished I found these relations (unused) in Stieltjes, loc. cit., §78. 
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and 


For n=0 we are to understand that a?=a; (i=1, 2, 3, - 
Equation (49) may evidently be written in the form 


n 1 1 
(49a) agi = 


n—1 n—1 
Q2i+1 Q2i+1 
i=0 i=0 


It now follows from (49) that when >-a},’, is convergent and has the limit 
L, then from and after some index i, 


n —1 
a2 < — e)?, 


where ¢ is an arbitrary fixed positive number. Therefore >a}; is convergent 
when is convergent. Furthermore, > a7, is convergent even when 
Yia’_, is divergent. For by summing (49a) for i=1, 2, 3, -- - , k, we get 


and this has the limit 1/a?~-! when k becomes infinite. We thus have proved 
the theorem: 


THEOREM 2. The successive series ),a};,n =1, 2,3, - - - , are all convergent. 


We now turn to the series with odd subscripts, >>a2;1. We see at once by 
(50) that, when }°a?~' is convergent, 


n n—1 ° 
< (i= 0,1,2,---), 


where and therefore is convergent. Taking 2, 3, 
in succession, we obtain at once the following theorem: 


THEorEM 3. If in the Stieltjes continued fraction (7) the series >\a; is 
convergent, then all the associated series >a;*, n=1, 2, 3, - - - , are convergent. 


Consider next the case in which }\a; diverges. Then, while }°a:; will 
necessarily converge, >.@2;-1 may either converge or diverge. On the former 
hypothesis all subsequent series 3, 4, - - - , must converge, by 
application of Theorem 3. If }>a2;-1 diverges, then as before >+a3; must con- 
verge but ).a3;_: may either converge or diverge, etc. Proceeding in this 
manner we perceive that in addition to the possibility of the convergence. of 
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all }caz, n=O, 1, 2,---, Case I, there are just two other possibilities: 
either, Case II, all of the series -a;", n=0, 1, 2, - - - , will diverge; or else, 
Case III, the first r will diverge while all subsequent to the rth will converge. 

It remains to see that both the last possibilities can be realized. For this 
purpose the following lemma will be established. 


Lemma 1. Let 
bitbe+bs+:-- 
be any divergent series in which there is a limit to the ratio b;/b;_;: lim b;/b;_1 = s. 
Then if s=1 we have 
bi + be + Dine 
im = 
t+be+---+5; 
According to the hypothesis, we may take a fixed 7 sufficiently large to 


insure that ;4%4:/bj:; (20) shall lie between the limits s*—e’/2 and 
s*+e’/2 where e’ is an arbitrarily small prescribed positive quantity. Then 


s*. 


by + biti 


bit bet + 


bitbete bit + 
bi + bet + 


will lie between the same limits inasmuch as the ratio of each term of the 
numerator of the left member to the corresponding term of the denominator 
lies between these limits. But since }-b;= + ©, the first factor on the right 
by taking i sufficiently large, say for i>N, becomes 1/(1+e”), where|e”|<e’. 
Thus 

bi t+ bet + s*+2 
The lemma accordingly results. 

Construct now a Stieltjes continued fraction for which lim (d2;41/a2;-1) =s, 
lim(a2;/a2:-2) =r. Let 0<r<1, s>1. Then by the lemma and (49), (50) 
for n =1 we obtain 


lim 024-1) = lim = 1/s. 


If we so choose s that rs?<1, 1/s<1, then }-a; will diverge while >> 24 
will converge. But if rs?>1, 1/s<1, }>a} as well as > a; will diverge. In 
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the latter event, we may again apply the lemma and (49), (50) for m=2 and 
obtain 

2 2 2,2 

lim = lim = 1/(rs*). 

If we so choose s that rs?>1, r2s*<1, the series }>a;, >.a;' will diverge, 
while will converge. But if r*s?>1, 1/(rs*)<1, and will 
all diverge, and we may again apply the lemma, etc. 

Continuing in this manner we find that if 0<r<i1, 1/r-Dlt<s< 
1/r*/(#+), all of the series - - - , will diverge, while the 
series - - - , will converge. When s>1/r, all of the series 
n=0,1,2,3,---,are divergent. Thus the two possibilities indicated above 
when >.a; is divergent can be realized. 

Whenever the Stieltjes series (5) is convergent, the series C,—Cn412 
+¢n4227— ---,m=1,2,3,---, are convergent, and therefore the numbers 
1/(a?a, 2, 3, - - - , must be bounded for each n=1, 2, 3,--- .* 
Hence none of the associated series )-a?, n =1, 2, 3, - - - , can be convergent. 

These associated series may also diverge even when the Stieltjes series (5) 
is divergent. For consider the Stieltjes continued fraction for which d;-1 
=1/(ir‘), 0<r<1. In this the numbers 1/(a;a;,:) increase without 
limit, and lim(d2:41/d2:-1) =1/r, lim(d2i+2/a2:) =r. Accordingly the series 
(5) and the associated series diverge. 

We have seen that there are three cases which arise. Of these we will now 
consider the first. 

Case I. The series >\a; is convergent. 

Then by Theorem 3 all the series }+a*, n =1, 2, 3, - - - , converge. Hence 
by the discussion at the beginning of the chapter all the diagonal files of 
approximants which lie to the right of the principal diagonal have limits 
which are meromorphic over the entire plane excepting z=0; with poles 
lying only on the negative half of the real axis; and the limits for no two 
successive files are identical. 

To show that no two of these diagonal files have the same limit, I will 
show that for two of the denominators 2, of these limits the roots of v,(1/z) 
(different from 0) nearest the origin are distinct. 

Stieltjes found that the roots of Qe.(z) and Qex4:(z) for (2) are all real, 
non-positive, distinct, and separate each other. The former is of degree k 
and has no root equal to zero, while the latter is of degree k+1 and has a 
zero root. The same is true of Q2,(z), and Q7.4:(z), obtained from these by 


* Cf. Stieltjes, loc. cit., §10. 
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replacing a; by af. If then we denote by r;,™ and r,"+ the non-zero root 
nearest the origin of Q2,(z) and Q2:4:(z), we have 


> r,t). (m = 1,2,3,--- ; R=1,2,3,---). 


But 7:“**» is also the non-zero root nearest the origin of Q3,''(z). If then we 
let ko, r,™ will approach a limit R, +0, and this limit is the non-zero 
root nearest the origin of the limit function v,(1/z).* We have 


(51) Ri, 


The equality sign can nowhere hold in (51), since, by (46), v,(1/z) and 
Yn41(1/z) cannot vanish for the same value of z not zero, and therefore 
R,*Rny: for all values of m. The distinctness of the functions »v,(1/z) 
therefore follows, and hence no two diagonal files can converge to the same 
limit. 

Case II. All the series }-a#, u=1, 2, 3, - - - , diverge. 

Any two consecutive diagonal files to the right of and parallel to the 
principal diagonal converge to the same limit, and hence all these files have 
a common limit. The limit is analytic throughout the complex plane except- 
ing the whole or a part of the negative half of the real axis. 

Case III. The series }-a*, n=1, 2, 3,---, r, diverge while }-a,”, 
2, 3,4, -- +, converge. 

By the first part of the hypothesis the principal diagonal and all parallel 
files on its right up to the (r+1)th diagonal file inclusive converge to one and 
the same limit, while by virtue of the second part of the hypothesis all the 
files beginning with the (r+1)th converge to limits which are meromorphic 
over the entire plane except at z=0. Thus the limits of all these files are of 
the same meromorphic character, but the distinctness of the limits begins 
only on passing the (r+1)th file. 

We will now turn our attention to the diagonal files below the principal 
diagonal which start with an approximant on the vertical border of the 
Padé table. Instead of considering directly the convergence of these diagonal 
files of approximants, we may consider instead the convergence of their 
reciprocals which are files of approximants to the right of the principal 
diagonal of the Padé table for the reciprocal series of (5). Let this be 


(52) do t+ diz + doz? +---. 


By (34) and (35) the determinants A, and B, with every c; replaced by 
(—1)‘d; are not all positive, but to the series 


(53) d; + doz + dyz?+--- 


* Stieltjes, loc. cit., §19. 
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belongs (Theorem 1, Chapter I) a Stieltjes continued fraction 
1 z 


Consequently (53) is a Stieltjes series and we may apply the results previously 
obtained for (7) and (43) using (53) as our primary series. 

Three cases may be distinguished. 

Case I. If the series }\a; converges, the diagonal files of approximants 
for (53) to the right of the principal diagonal converge each to a different 
function, which is meromorphic except at z=0 with poles only on the 
negative half of the real axis. Consequently the diagonal files of approximants 
for (5) below the principal diagonal converge, each to a different function, 
which is meromorphic except at z=0 with zeros only on the negative half of 
the real axis. 

If >a; is divergent, two cases may be distinguished corresponding to II 
and III above. 

Case II. If all the diagonal files of approximants for (53) to the right 
of the principal diagonal have a common limit F(z), then those below the 
principal diagonal for (5) have the limit F(z) =1/(d)+2F;), which is the limit 
of the continued fraction (7), and is analytic except over all or a part of the 
negative real axis. 

Case III. If the first r files of approximants of (53) to the right of the 
principal diagonal have the same limit, while after passing the rth file the 
limits are distinct, then in the table of approximants of (5) the files below 
the principal diagonal will have the same limit until after passing the (7 +1)th 
file, whereupon they become distinct from one another. The limit functions 
are all meromorphic except at z=0 with zeros only on the negative half of 
the real axis. 

One may ask the question whether, if the rth and (r+1)th diagonal files 
to the right of the principal diagonal have a common [different] limit 
[limits], a corresponding pair of adjacent files below the principal diagonal 
must have a common [different] limit [limits]. In Case I the answer is 
obviously in the affirmative, for then all the files to the right of and also 
those below the principal diagonal have distinct limits. In Case II when.(5) 
converges, since its reciprocal also converges, both the series )a?, n=0, 
1, 2, 3, - - - , and the series similarly associated with (54) (which we shall 
denote for future reference by oa#, n=0, 1, 2,---, a}=a;41) must all 
diverge. Hence aii the files have the same limit. Also for the divergent 
Stieltjes series for which 0<r<1 (Chapter II) it is 
easily verified that ).a?,n=0,1, 2,3, - - - , all diverge. Finally, when 
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lim(@2;/a2i-2) =7, lim(@2i41/de:1) =s, O<r<1, s>1, it may be easily seen 
that and both have the limit r*s"*! for i= 0. Conse- 
quently (except possibly when r*s"*+! = 1) and converge or diverge 
together. In all these examples pairs of adjacent files equally distant from 
the first diagonal file below the principal diagonal behave alike (i.e. the two 
files in each pair have a common limit or else they have distinct limits). 
In the following example pairs of adjacent files equidistant from the prin- 
cipal diagonal ~behave alike. Choose - - +2:+2)?, 
where is any convergent positive-term series. Then 
converges and hence by Theorem 3 all }-a? converge. But if }\as; is diver- 
gent, >.a;, >.a} are divergent, but >-a,? and all subsequent series are con- 
vergent. 

Now we shall examine the zeros and poles of the approximants 
Nm,.n(2)/Dm,.n(Z) of the Stieltjes series (5). If =m, these by (45) are equal 
to Grpii(z) where 7=2m or 2m+1 according as 
n—m =2p or 2p+1; and if m<™m their reciprocals, by the discussion centering 
about (52), are equal to dotdiz+ - - - 
where P;’/Q;” is of the same form as P;/Q; and 7=2mn or 2n+1 according 
as m—n=2p+1 or 2p+2. If we replace z by 1/z and set G,}(z) =d)+d,z 
+ these become 


1 1 P;(z) 1 Pi'(z) 

where P,(z)/Q;(z) and P;’(z)/Q;’(z) .are the jth convergents of Stieltjes 
continued fractions of the form (2). Now it follows from the work of 
Stieltjes that when »=m-—1 the roots of the polynomials D,,,,(z) are all 
distinct and lie on the negative half of the real axis. If »<m the same is 
true of the roots of Nn,n(z). If m=m or m—1, all the roots of Nn,.(z) and 
Dm,.n(z) are real and alternate along the negative half of the real axis. Con- 
sider now the roots of the numerator and denominator of an arbitrary 
approximant NV n,.(z)/Dm,n(z). In the above representation for it, P;(z)/Q;(z) 
and P;"(z)/Q;"(z) are monotone functions of z which decrease from + to 
— as z increases between two adjacent roots of the denominators.* 
But the polynomials G,(1/z) and G,’ (1/z) are continuous and bounded in 
any interval not containing the origin. Hence G2,;:(1/z) becomes equal to 
P(z)/2?°Q;(z) at least once between every two adjacent non-zero roots of 
Q,(z). Therefore if n>m, Nn.n(z) vanishes at least once between every two 
adjacent roots of Dmn(z); similarly, if n<m—1, Dm.n(z) vanishes at least 
once between every two adjacent roots of Nm,n(2). 


* Cf. Stieltjes, loc. cit., §3. 
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CHAPTER III. EXTENDED STIELTJES SERIES 


I pass now to the question whether, given the Stieltjes series (5), it is 
possible to find a number c_; such that the series 


(55) c127! + Co — C12 


shall be a Stieltjes series, i.e. such that the determinants A, and B, in terms 
of the coefficients of (55) shall all be positive. The B, for (55), being the A, 
for the original series (5), are positive. Consequently it is both necessary 
and sufficient for the extension that a number ¢=c_,>0 shall exist such that 


Co C1 * Ci4t 


fit) = 


Ci 


shall be positive for all values of 7=0, 1, 2,3,---. 
Now 


(56) Sd) = +f,(0). 


Since the coefficient of ¢ in (56) is positive, c_; must be taken greater than 
the root of f;(#), i.e. greater than 


(57) = — f(0)/A4,i41, 


for all values of 7. It follows that the extension is possible when and only 
when the numbers ¢;, i7=0, 1, 2, - - - , have an upper bound. 
Now* 


(58) = dot ag + 
In fact, by the rule for multiplying a determinant by one of its minors 
(59) fill) Bens = — 
If we divide both members of this equation by A;-1,:A;,:+: and then replace 
iby i—1,i—2, - - - , 3, 2, 1, 0, we have with the aid of (42) 


a = — filé)/A1,2- 


* Stieltjes, loc. cit., §35, eq. 11, obtained this in a different manner. 
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If to these equations we adjoin the identity 
a2 = t — folt)/Ao,, 


and then add them together and set ¢=¢;, we obtain (58). 

It follows from (58) that the numbers #;, 7=0, 1, 2,---, will have an 
upper bound when and only when the series }\a2; is convergent. When 
this condition is satisfied, we may take c_1=} >a2;+o where o is zero or an 
arbitrary positive number. We state this result in the following theorem. 


THEOREM 4. Given a Stieltjes series 
(5) Co C12 Coz? “mee 
there exists a Stieltjes series 
(55) — + — + — - 
when and only when the series > a2; in the Stieltjes continued fraction belonging 
to (5) is convergent. 

When the condition is fulfilled the number c_, may be taken equal to >a»; 
or any greater number. 

Let us now suppose that >-a; in (7) is convergent. Denote by* 

1 

the Stieltjes continued fraction belonging to (55), in which the a,-' are 
necessarily positive. We must now express the a,-! in terms of the a,, which 
is obviously the same problem as that of expressing the a;"~' in terms of the 
a. To do this we will need to develop some necessary formulas. 


If we equate the two values of ¢;_2 obtained from (57) and (58), and then 
advance the subscripts of every c; by n, we get the equation 


(61) of +af+:--+ = — 


(60) 


where 
* Cn+i-2 


Cni-1 


f ;-2(0) 


Cn+i—2 * 


Now 
(62) = fi-2(0) + 


* The superscripts as before are written for conven ence without parentheses. 
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and therefore (61) may be written in the form 


ton 
(63) Ai-1,n4i-2 = f?-2(0) 
i=1 
By (41), 
1 
(64) = 


111 


Squaring the members of (63) and multiplying them into the correspond- 


ing members of (64), we have 


(65) = Dox) (i = 2,3,4, - 
t=1 
while for i=1 we have 
(66) = afc3_1. 
Also by (41), (63), 
(67) snk at (i = 2,3,4, - 


(6 


while for 7=0, 1 we have 


)( 
t=1 t=] 


= af ~ af)]. 


Then we have, setting =0, in (65), (67), 


i-1 2 
1 


and 


= Yar; +o-— 


Hence since is convergent, 


it follows that >a; is also convergent. 


We may now take c_,=).a;;+o’, where o’>0, and extend (55) to form 


the Stieltjes series 


(69) C927? — + — C12 + — 


etc. 


Continuing in this manner, we see that the series (5) can be extended 


indefinitely to the left. We have proved the following theorem: 
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THEOREM 5. If in the Stieltjes continued fraction belonging to the Stieltjes 
series 


(5) Co — C12 + coz? — - - 


the series >\a; converges, then the series (5) can be extended to the left by prefixing 
any finite or infinite number of terms: — + — 
in such wise that the extended series shall be Stieltjes series. 

The coefficients in the prefixed terms are not unique. 


Let us next suppose the series }+a; to diverge. By Theorem 4, }>a»; 
must converge in order that extension shall be possible, and consequently 
>oax:-1 is divergent. We then take c_1=)-a2;+o, where a is zero or a positive 
number. I shall prove that unless ¢=0, the series } a3; will be divergent, 
and therefore further extension will be impossible. In fact, by (65), if 
2, 3,---, and therefore each term of is 
greater than the corresponding term of the divergent series o*)~a2;_1 so that 
extension is impossible. 

When ¢0, it has been shown that }casz! is necessarily divergent. I 
shall give examples presently to show that when ¢=0, > a:7! may either 
converge or diverge. On the former hypothesis }+a,;', must be divergent, 
and therefore also }-a7!. For suppose the contrary. Then by Theorem 3, 
since converges, - - - converge. But by hypothesis 
is divergent. We thus have a contradiction. Hence: 


THEOREM 6. If in the Stieltjes continued fraction 


1 
belonging to the Stieltjes series 
(5) Co — + Coz? — -- 
the series >a; diverges, and if (5) admits the extension 
then the coefficients c_1, , C_n must be chosen successively in accordance 


with the relations 

6.4 (4=1,2,---,m-— 1), 

& 


For examples illustrating the extension of Stieltjes series to the left the 
following lemma will be needed. 


(70) 


| 

| 
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LremMA 2. Let b:+b2.+63+ - - - be any convergent series in which lim,.. 
b;/b;1=17; then if 0<r<i, 

lim 

According to the hypothesis we may take a fixed integer m sufficiently 
large to insure that for all n=m the quotient 5,/b,,: will lie between 
(1/r*) —e€/4 and (1/r*)+«/4, where ¢ is an arbitrarily small assigned positive 
number. Then 


Om + + 


will lie between these same limits inasmuch as the terms are all of the same 
sign and the ratio of each term of the numerator to the corresponding term 
of the denominator lies between these limits. But since >°d; is convergent 
there will be a limit to this fraction for p—»© which lies between these 
limits. 

As e may be taken as small as desired by taking m sufficiently large, the 
lemma accordingly results. 

Construct now a Stieltjes continued fraction in which a.;=r‘, lim; 


O0<r<1, s>1. As diverges, c_; must be taken in accor- 
dance with (70). Then by (65) and (67), with x =0, 


lim 


2i—2 
— = lim = 1/r. 
If we now choose r so that r?s<1, then }>a27" will be convergent and botha 
first and second extension of (5) is possible. This requires that we have 


r<1/s'/2<1. Similarly, if <1, we have 
(dai + 
lim 


2i-3 2i-—2 


-1 -1 
lim i = 1/(r°s). 
Then if r*s?<1, that is, if r<1/s?/*, a third extension is possible and 


lim =r‘s?, etc. Thus, if 


lm —— = 
ino 
= ris? , 
y? 
= 
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1 
<5 < 
the series - -, will converge, while > a27* is divergent. 


Hence extension of (5) to the left for & terms is then possible, but a further 
extension is impossible. If r=1/s, an extension of infinite order is possible. 

The following theorem follows immediately from (49), (50) of the preced- 
ing chapter.* 


THEOREM 7. Given any series of positive numbers >.a;, there is uniquely 
determined a power series of Stieltjes 


Co — 612 + Coz? — 


belonging to the Stieltjes continued fraction 


1 
The c; are given in terms of the a; by the following formulas: 
= 1/a; (¢=0,1,2,---), 
(71) Gok = Dd 
k=1 k=1 


i i-1 
= Ax - 


CuapTer IV. A PARTICULAR EXAMPLE 
The continued fraction{ 
1 
I will determine the c; and the a7 (which are the same as the a; in this 


case) for the above continued fraction. I will show that the radius of conver- 
gence of the corresponding Stieltjes series is 1/4. The associated series 


Yaz, n=1, 2, 3,---, are divergent, but the >°a}; converge, and conse- 
quently 
(72) = = 0,1,2,3,---). 


* Stieltjes, Annales de Toulouse, vol. 3, H, pp. 1-17, 1889, shows the one-to-one correspondence 
between his series and continued fractions. He obtains the c; in terms of the a; by a different method. 

¢ Laurent, Note sur les fractions continues, Nouvelles Annales de Mathématiques, (2), vol. 5 
(1866), pp. 540-552. 


j 
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The c, being known, (72) serve to give the sums of certain positive-term 


series. 
To determine the c;, write 


Fis) =1+—. — =1+— 
Hence, 
1 1 4z)1/2 
= + (1+ 42) 
2 
and 
1 
=—- —- — 
= — 1)/z 
(1+ 
22 


If we develop the numerator of the last expression in a Taylor’s power 


series about z=0, we may then divide by 22 and obtain 


(73) F(z) = co — C13 + 
where 
2k + 3)(2k +5) --+ (4k — 1)2* 
(74) = ( ) ( 
k! 
(2k + 3)(2k + 5)--- (4k +1)2* 
Cok+1 = 
k+1! 


and therefore satisfy the recurrence relations 


Cok+1 = [(4k + 1)/(k + 1) Jeon, 
(75) Cox = 2[(4& — 1)/(2k + 1) cons, 


oo = 


Since Jim(c;/c;1) =4 it follows that the radius of convergence of (73) 


is equal to 1/4. 


We will next get the elements in the associated continued fractions. 


Using (49), (50): 
ay = 1/[k(k + 1)], 
= (k + 1)2. 


t 


j 
t 
| 
| 
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Then since 12+2?+ - - - +(k+1)?=(k+1)(k+2)(2k+3)/2-3, we have 
= + 2)(2k + 1)(2k + 3)], 
= (k + 1)(k + 2)(2k + 3)2/(2-3)?. 
The next step will involve the formula 1-2-3?+2-3-5%+ --- +(k+1) 
-(k+2)(2k+3)2=(k+1)(k+2)(k+3)(2k+3)(2k+5)/5. We have 
aon = (2-3)2(5)2/[A(k + 1)(k + 2)(k + 3)(2k + 1)(2k + 5)], 
= (k + + + 3)(2k + 3)(2k + 5)/[(2-3)%(5)?]. 
In general: 


3)2(5)2(2: 7)? [2(4i — 1) + 1)? 


(2- 3)2(5)2(2-7)?+ + + [2(4¢ — 1) ]*(4i + 1)? 
k-++(kR+2i + 1)(2k + 1)-++ (2k + 2i — 1)(2k + 21+ 3)--- (2kR+44+ 1)’. 
(k+1) +++ (A+ 24)(2k +3) ++ + (2k + 2i— 1)(2k + 21 + 1)2(2k + 3) - - (2k 4+ 4¢—1) 
(2- 3)9(5)*(2- 7)? + — 3)2[2(4 — 1)? 
(2: 3)9(5)*(2: 7)? - — 3)?[2(4i — 1) 


These formulas are seen to hold for all k when i=1. Assuming them true 
for all & and for all i <7 —1, they may, with the aid of the following formulas, 


be proved* fori=J. Set 
Vi=(k+1)--- + 3) 


(2k + 4i — 3), 
(4k + 4i- 1). 


Then, 

k 
Vs =(k +1) -- - - 
k=O 


(2k + 4i — 1)/(2(4i 1)), 


=(R+1) (A+ 1)(2k + (284+ 464+ 1). 
k=O 


* The completion of the proof, which offers no difficulty, will be omitted. 
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ON CURVILINEAR CONGRUENCES* 


BY 
C. E. WEATHERBURN 


In a recent paper On congruences of curves} the writer has shown how the 
theory of such congruences in ordinary space of three dimensions may be 
extended along the lines followed for rectilinear congruences, making use of 
oblique curvilinear codrdinates. The present paper contains a further 
extension of the theory, but is mainly independent of the preceding investi- 
gation. The subject is approached from a slightly different point of view, with 
the aid of the differential invariants grad, div, rot for three dimensions and, 
as far as possible, the use of codrdinates is avoided. Some of the theorems 
proved have hitherto been known only for rectilinear congruences, while 
others again lose their significance in the particular case in which the lines 
are straight. 


1. First QuADRIC. CONE OF ZERO TENDENCY 


Given a congruence of curves, the unit vector ¢ tangent to the curve at 


any point P is known as a point function in space. It has a definite derivative 
for each direction. In the direction of the unit vector a its derivativef is 
a-Vt, and the resolved part of this derivative in the direction of a has the 
value a-Vt-a, the operator V being understood to act only on the vector 
immediately following it. The quantity just defined may be called the fen- 
dency of the congruence at P in the direction of a. It plays an important part 
in the following argument. Denoting it by T we have 


(1) T =a-Vt-a. 
If then we introduce the quadric§ 
(2) r-vt-r=1 


with a center at the point P, which is origin for the vector r, it is clear that 
the value of T for any direction at P is equal to the inverse square of the radius 
of the quadric (2) in that direction. This square may be either positive or nega- 


* Presented to the Society, October 29, 1927; received by the editors in September, 1927. 
t On congruences of curves, Téhoku Mathematical Journal, vol. 28 (1927), p. 114. 

t Cf. the author’s Advanced Vector Analysis, Art. 6. 

§ Ibid., Art. 66. 
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tive. Also from the definition of the “divergence”* of a vector it follows that 
the sum of the tendencies for three mutually perpendicular directions at a 
point is invariant, and equal to div t. Hence: 


The sum of the tendencies of the congruence in three mutually perpendicular 
directions at a point is invariant, and equal to the divergence of the congruence 
at that point. 


The asymptotic cone of the quadric (2) is given by 
(3) rvt-r=0. 


This may be called the cone of zero tendency at P, for in the direction of any 
of its generators, the tendency of the congruence is zero. The tangent to 
the curve at P is clearly a generator of this cone; for, since ¢ is a unit vector, 
its derivative in the direction of the tangent is perpendicular to ¢. 

We shall be concerned largely with the section of the quadric (2) by the 
normal plane of the curve at P, that is to say, by the plane perpendicular to 
t. This section is the conic 


(4) r-t=0, rvt-r=1 


whose asymptotes are the corresponding section of the cone (3), giving the 
directions of zero tendency in the normal plane. For a direction inclined 
at an angle @ in the normal plane to that of a principal axis of the conic (4), 
the tendency is given by 


T = T, cos?6 + sin? 


where 7; is the tendency in the direction of the above axis, and T; that for 
the perpendicular direction. Obviously 7;+7:=div t, since the tendency 
in the direction of t¢ is zero. 

We may observe that a direction of zero tendency in the normal plane 
corresponds to that of a “common perpendicular” to nearby rays in the 
case of a rectilinear congruence.t This should be borne in mind in order 
to see the analogy which the following theorems present to those already 
known for a congruence of straight lines. 


2. SURFACE OF STRICTION. LIMIT SURFACE 


The two directions of zero tendency in the normal plane will be at right 
angles provided divt is zero. This follows from the above theorem on the 


* Advanced Vector Analysis, Art. 7. 
ft Cf. the author’s Differential Geometry, Chap. X. 
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invariance of the sum of the tendencies in three perpendicular directions. 
The locus of the points at which this relation holds may be called the middle 
surface or surface of striction of the congruence, being analogous to the line 
of striction of a family of curves on a surface.* The points in which it is cut 
by any curve are the points of striction of the curve. Thus: 


The locus of points at which the two directions of zero tendency in the normal 
plane are at right angles is the surface of striction, or middle surface, and is 
given by div t=0. 


For a congruence of straight lines the middle surfacef is the locus of points 
midway between the limits. In the case of a normal congruence the two 
directions of zero tendency in the normal plane are the asymptotic directions 
for the surface orthogonal to the curves. These directions are perpendicular 
when the mean curvature is zero. At such points divt=0 in agreement 
with the above. 

The limit surfacet may be defined as the locus of points at which the two 
directions of zero tendency in the normal plane are coincident. At such 
points the normal plane touches the cone of zero tendency. Now the normals 
to the quadric cone r-Vt-r=0 at its vertex generate another, called its re- 
ciprocal cone, whose equation is 


= 0 
where (V#)-! is the reciprocal dyadic to Vt. Now the “second”§ of V#, 


which is denoted by (V#)s, is proportional to the conjugate of (Vt)-'. Con- 
sequently the equation of the reciprocal cone may also be expressed as 


(5) r(Vt)e-r = 0. 


Thus, at points on the limit surface, the tangent to the curve must be a 
generator of the cone (5). 

Let i, j, k be three fixed perpendicular unit vectors forming a right- 
handed system. Let i be parallel to ¢, and the other two therefore parallel 
to the normal plane of the curve at the point considered. Also let f1, te, ts 
denote the derivatives of ¢ in these three directions. Then 


Vt=itit+jt+kts, 
and 
(Vft)e=iteX ts tit kti X fe. 


* Differential Geometry, Art. 126. 

t On congruences of curves, Art 9. 

t Ibid., Art. 4. 

§ E. B. Wilson, Vector Analysis, pp. 316-317. 
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Hence the tangent to the curve will be a generator of the cone (5) provided 
t-(Vt)2-t=0, that is 
(6) t-(te X = 0. 
Again, with the same notation, we have 
tdivt — t-Vt =i X (t X ti) +J X (t X te) + k X X ts) 
from which it is easily verified that, t being a unit vector, 
div (t div t — t-vt) = 2i-(te X ts) = 2 t-(te X ts). 
Thus the condition (6) is equivalent to 
div (t div t — t-vt) = 0. 


Hence the theorem: 


The locus of points at which the two directions of zero tendency in the normal 
plane are coincident is the limit surface, whose equation may be expressed as 


(7) div (t div t — t-yvt) = 0, 
or : 
(7’) div (t div t + t X rot t) = 0. 


In the case of a normal congruence of curves ¢ is the unit normal to the 4 
surface orthogonal to the curves. Then, since the first member of (7) is 
twice the Gaussian curvature of the surface,* it follows that 


The limit surface of a normal congruence is the locus of points at which the 
Gaussian curvature of the orthogonal surfaces is zero. 


This agrees with the known property of a surface that the asymptotic 
directions are coincident where the Gaussian curvature vanishes. 


3. SECOND QUADRIC. CONE OF ZERO MOMENT 


Again, let t be the unit tangent at P, and t+-6¢ that at a nearby point Q, 
such that the vector PQ is és a, 6s being the length of PQ and aa unit vector. 
The mutual moment of the tangents at P and Q, being the resolved part 
in the direction of t of the moment of t+ 6t about P, has the value 


ésa X (t + bt)-t = X St)-t. 
The quotient of this mutual moment by (és)? has the value aX (6t/és) -t, 


* Differential Geometry, Art. 131. 
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and the limit of this as the point Q tends to coincidence with P, while the 
direction of a remains constant, is the function 


(8) M = a®X = a:(Vt X #)-a. 


We shall call this the moment of the congruence at P for the direction of a. 
Let us now introduce the quadric 


(9) r-(vtX t)-r=1 


with a center at P, which is origin for the vector r. Then it is clear from (8) 
that 


The moment of the congruence for any direction at P is equal to the inverse 
square of the radius of the quadric (9) in that direction, having the value zero 
for directions in the asymptotic cone 


(10) r:(vt X t)-r =0. 


This cone of zero moment was known to Malus, and has been called by 
Darboux* the cone of Malus. It was found by investigating the directions 
at P which give nearby points, such that the tangent to the curve at one of 
these points and the tangent at P have a shortest distance apart of the 
second or higher order. It is the counterpart of the cone (3) of zero tendency. 
The tangent at P is clearly a generator of the cone of Malus. 

Again it follows from (8) and (9) that the sum of the moments of the 
congruence in three mutually perpendicular directions at P is invariant. 
The value of this sum is the “scalar” f of Vt Xt, which is easily shown to have 
the value t-rot ¢. Thus: 


The sum of the moments of the congruence for any three mutually per- 
pendicular directions at a point is invariant and equal to t-rot t. 


This quantity t-rot ¢ may therefore be called the total moment of the 
congruence at P. It vanishes when the congruence is normal. For, in this 
case, t is the unit normal to the surface of a singly infinite family, and may 
therefore be expressed in the form ¥V@, where y and ¢ are point functions. 
Consequently rot t=Vy XV@, and 


t-rot t = ¥vVo-(V¥ X Vo) = 0. 


In this case the cone of Malus has an infinite number of sets of three mutually 
perpendicular generators.{ 


* Lecons sur la Théorie Générale des Surfaces, vol. 2, pp. 262, 280. 
t Advanced Vector Analysis, Art. 56. 
Darboux, loc. cit. 
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We shall be concerned largely with the sections of the quadric (9) and 
the cone of Malus by the normal plane at P. The section of the former is 
the conic 


(11) rt=0, 


whose asymptotes are the directions of zero moment in the normal plane. 
For a direction inclined at an angle 6 in this plane to a principal axis of the 
conic (11), the moment is given by 


(12) M = M,cos?6 + Mzsin?@, 


where M, is the moment in the direction of the above axis, and M; is that 
for the perpendicular direction. And clearly M,+M,=t-rot t, since the 
direction of t is one of zero moment. It should also be observed that the 
moment in any direction may be negative. This is the case when the point 
of the quadric in that direction is imaginary. 

We may here pause to draw attention to an interesting result in connec- 
tion with rectilinear congruences. We have shown elsewhere that, on a ruled 
surface, the moment M of the family of generators and the Gaussian curva- 
ture K at that point are connected by the* relation M= +(—K)"?. Con- 
sider then any surface of the rectilinear congruence. Let a be the unit vector 
which is normal to the ray and tangential to the surface. Then the moment 
in this direction is a-(VtXt)-a, and the Gaussian curvature of the ruled 
surface at P is given by 


K = — [a-(vt X #)-a}?. 


This vanishes only when a is a direction of zero moment; and if this is so for 
every point P, the surface is a developable surface of the congruence. 


4. SURFACE OF NORMALITY. ULTIMATE SURFACE 


If the two directions of zero moment in the normal plane are at right 
angles, the total moment at that point is zero; and conversely. The locus 
of points at which the congruence possesses this property may be called the 
surface of normality, for at such points the condition is satisfied that the 
congruence should be normal. It is the surface of zero total moment, and 
the points in which it is cut by any curve are the points of zero total moment 
on that curve. Thus: 


* See Art. 2 of a paper by the author On ruled surfaces, recently communicated to The Mathe- 
matical Gazette. 
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The locus of points at which the two directions of zero moment in the normal 
plane are at right angles is the surface of normality, or surface of zero total 
moment. It is given by the equation 


(13) t-rott = 0. 


Corresponding to the limit surface we next consider the locus of points 
at which the two directions of zero moment in the normal plane are coin- 
cident. At such a point the normal plane is tangent to the cone of Malus. 
The condition for the coincidence of the two directions may be found alge- 
braically by the use of oblique curvilinear coédrdinates. The method is the 
same as that adopted in the case of the limit surface in our previous paper* 
already referred to. As, however, the details of the analysis are rather long, 
we shall here give only the final result, which may be expressed in invariant 
form as follows: 


The locus of points at which the two directions of zero moment in the normal 
plane are coincident is the surface given by 


(14) 2 div (¢t div ¢ — t-Vt) — (div t)? + (t-rot t)? = 0. 


For convenience we shall refer to this surface as the ultimate surface—a 
name suggested by the term limit surface applied in the corresponding case 
when the,two directions of zero tendency are coincident. We may notice 
what the theorem becomes in the case of a normal congruence. If J and K 
are the meanf and Gaussian curvatures of the orthogonal surface, the 
equation (14) expresses that 


4K —J*=0, 


that is to say, the ultimate surface of a normal congruence is the locus of the 
umbilical points of the surfaces orthogonal to the congruence. The interpretation 
is that at such points the cone of Malus consists of two planes, one of which 
is perpendicular to ¢. Any direction in this plane is one of zero moment. 


5. AXES OF NORMAL SECTIONS 


We shall next prove the important property that the axes of the conic 
(4) bisect the angles between those of the conic (11), and vice versa. Take 
rectangular axes of Cartesian coérdinates x, y, z so that the first isin the 
direction of the tangent ¢ at the point P. Then if i, 7, k are unit vectors in 
the directions of these axes, i is parallel to t, while j and k are perpendicular 


* On congruences of curves, Art. 4. 
¢ Differential Geometry, p. 226 and p. 261. 
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to ¢ and to each other. The derivatives of ¢ in the directions of the coédrdi- 
nate axes may be expressed in the form 
aj+a'k, bj + b’k, cj+ck 
respectively. Then since r= yj+<2k, the conic (4) is 
x=0, by?+ = 1, 


and the axes of the conic, being the bisectors of the angles between its asymp- 
totes, are given by 

y? — 2? 2yz 

b-c 


(A) z= 0, 


Similarly the conic (11) has for its equations 
x=0, + (c’ — b)yz — cz? = 1, 


and its axes are given by 
y? — 2? 2yz 
e+e 


(B) 


It is clear that the lines (B) are the bisectors of the angles between those 
given by (A), and vice versa. Hence the theorem: 


The axes of the section of either of the quadrics (2) or (9) by the normal 
plane bisect the angles between the axes of the section of the other. 


This includes as a particular case the theorem for a rectilinear congruence, 
that the bisectors of the angles between the focal planes are also the bisectors 
of the angles between the principal planes.* For the cone of Malus is the 
same at all points of a given ray, consisting of the two focal planes. Thus 
the planes bisecting the angles between the focal planes contain the axes 
of the conic (11) for all points of the ray. Similarly it follows from Hamilton’s 
formulaf that the principal planes bisect the angles between the asymptotes 
of the conic (4), and therefore contain the axes of that conic for all points 
of the ray. From the above theorem it therefore follows that the principal 
planes are inclined at an angle 7/4 to the bisectors of the angles between 
the focal planes. 


* Differential Geometry, p. 191. 
t Differential Geometry, p. 189. 


ON CURVILINEAR CONGRUENCES 


6. RATES OF ROTATION 


Consider next the arc-rate at which a direction of zero tendency in the 
normal plane turns about the tangent as the point moves along the curve. 
If a is the unit vector in this direction of zero tendency we have identically 


(15) a-Vt-a = 0. 


Let d/ds denote differentiation along the curve. Then, if b is the unit vector 


t Xa, we may write 


da 
— =wbh+y7t 


ds 


where w is the arc-rate of turning about the tangent. Hence on differentiating 
(15) we have, since t is perpendicular to its derivatives, 


d 
(wb + ¥t)-Vt-at + wa:Vt-b = 0, 


which may be written 


(16) w[b-(vt X t)-b — a-(Vt X t)-a] = + ¥t-Vt-a. 


At the limit surface of the congruence the coefficient of w is zero. For a and 
b have then the directions of the axes of the conic (4), and are therefore in- 
clined at equal angles 7/4 to each of the axes of the conic (11). It follows from 
(12) that the moments in these directions are equal, showing that the coeffi- 
cient of w vanishes at the limit surface. To interpret this, we observe that. 
just as w is the arc-rate of rotation of the direction of zero tendency in the 
normal plane as the point P moves along the curve, so its reciprocal is the 
rate at which the point P moves along the curve for rotation of the normal 
direction of zero tendency. Thus, since the coefficient of w in (16) vanishes 
at a limit point, while in general the second member of (16) does not, we 
have the following theorem: 


At the limit points of a curve the feet of the normals giving the directions of 
zero tendency in the normal plane are stationary for variation of these directions. 


This is substantially the theorem found in our earlier paper by a different 
method, and stated in terms of common normals to the curve and nearby 
curves.* 

Similarly we may examine the rate of rotation of a direction of zero 


* On congruences of curves, Art. 4. 
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moment in the normal plane. If a is now the unit vector in such a direction 
we have identically 
a:(vVt X t):a=0. 


Hence, with the same notation as before, we have on differentiation 
(wh + (Vt X t)-at+ a t)-a+wa-(Vt X t)-b=0, 

which may be expressed as 

(17) wla-Vt-a — b-Vt-b| = a “(vt X t)-a+ y¥t-(Vt X #)-a. 


At the ultimate surface the coefficient of w is zero. For a and b have then 
the directions of the axes of the conic (11), and are therefore inclined at equal 
angles 1/4 to those of the conic (4). It follows that the tendencies in these 
directions are equal, so that the coefficient of w in (17) vanishes. In general 
the second member of (17) is not zero, and we have the following theorem: 


At the ultimate points of a curve the feet of the normals giving the directions 
of zero moment in the normal plane are stationary for variation of these directions. 


7. NORMAL CONGRUENCE 


It is known that, for a normal congruence of straight lines, the foci coin- 
cide with the limits.* In order to extend the theorem to a normal congruence 
of curves, we shall make use of the system of oblique curvilinear codrdinates 
adopted in our earlier paper. Let s bé the distance measured along a curve 
from a given surface, called the director surface, while u, v are current par- 
ameters for a point on that surface. Any curve is determined by the values 
of u, v for the point at which it crosses the director surface. Let r be the po- 
sition vector of a point in space, and suffixes 1, 2, 3 denote differentiation 
with respect to u, v, s respectively. Then the unit tangent t is rs. 

Consider a point on the curve (uw, v) whose distance from a point on a 
nearby curve (u+du, v+dv) is of the second or higher order. Then, if 
r(u, v, s) and r(u+du, v+dv, s+ds) are these points on the two curves, 
we have to the first order 

r(u,v,s) = r(u + du,v + dv,s + ds) 
so that 


(18) r,du + rodv+4r3ds = 0, 


* Differentral Geometry, Art. 100. 
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showing that nr, re, r; are coplanar, and leading to the equation of the focal 
surface r2, =0. 

Since ¢ is perpendicular to its derivatives, it follows on forming the 
scalar product of the members of (18) with f:, te, ts in turn that the quotient 
du/dv has the value 


and consequently, for points on the focal surface, 
= (41-t1)(r2- ts), 
te) (ri- ts) = te) (re: ts) 


In terms of the magnitudes 


(19) 


a=r;, b=r?, 


f=rets, 


the first of (19) may be expressed by 


(20) (fi — ge + hs)gs = asfs. 


Now for a normal congruence t-rot t vanishes identically. This may be ex- 
pressed* by 


h— = the — Jes. 
Substituting this value in (20) we have 
(gfs — fgs + hs)gs = aafs, 


or 
(21) fsBs + g3H3 = 0, 
A, B, H being the cofactors of a, b, h respectively in the determinant 
ah g 
hb fi. 
Similarly from the second of (19) we find 
(22) + = 0. 
From this equation and (21) it then follows that 
(23) A;B; = H?, 


* On congruences of curves, Art. 8. 


du fot, Tote 
| 
{ 
a 


128 C. E. WEATHERBURN [January 


which is the equation of the limit surface* of the congruence. Thus at the 
focal points of a curve the equation of the limit surface is satisfied, and 
we have the following theorem: 


For a normal congruence of curves the foci lie on the limit surface. 
8. WHERE THE CONES ARE PAIRS OF PLANES 


We have seen that the cone of Malus consists of a pair of planes at all 
points of a rectilinear congruence, and also at points on the ultimate surface 
of a normal curvilinear congruence. Let us consider at what points either 
of the two cones thus becomes a pair of planes. Since the tangent at the 
point is a generator of each cone, it is clear that when the cone consists of a 
pair of planes, one of these must pass through the tangent. 

First consider the cone of zero tendency, and suppose that this is a pair 
of planes. Let a be the unit vector parallel to the intersection of the plane 
through the tangent with the normal plane at P. Then any direction at P 
in the plane of ¢ and a is one of zero tendency; so that, for all values of ¢, 


(t cos + asin ¢)-Vt-(tcos¢ asin¢g) = 0. 
Since ¢ is a unit vector it is perpendicular to its derivatives. Also a is by hy- 


pothesis a direction of zero tendency, so that the above condition requires 
that 


(24) t-Vt-a=0, 
which may be expressed as 
= 0, 
where « is the curvature of the curve, and n the unit principal normal. This 


equation is satisfied if x is zero, or if a is the unit binormal to the curve. 
Hence: 


At points where the curvature of a curve is zero, or where the binormal is a 
direction of zero tendency, the cone of zero tendency consists of a pair of planes. 


The former condition is satisfied at all points for a rectilinear congruence; 
and in this case the cone of zero tendency at any point of a ray is a pair of 
planes equally inclined to each principal plane. 

Next consider the cone of Malus. In order that this may consist of a pair 
of planes, we must have, for all values of ¢, 


(t cos + asin ¢)-(7t X t)-(tcos¢ + asing) = 0, 


* On congruences of curves, Art. 4. 
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a being the unit vector in the normal plane and in the plane of zero moment 
through the tangent. This requires that 


(25) t-(vt X t)-a =0, 
which may be expressed as 
kn Xt-a=0. 


Now t Xn is the unit binormal to the curve. Hence, in order that (25) may 
hold, either x must vanish, or a must be parallel ton. Thus: 


Al points where the curvature of a curve is zero, or where the principal 
normal is a direction of zero moment, the cone of Malus consists of a pair of 
planes. 


The former condition is satisfied at all points for a rectilinear congruence; 
and in this case the cone of Malus consists of the two focal planes, which 
are the same for all points of a given ray. 


9. IsoTROPIC CONGRUENCE 


The conception of an isotropic congruence* of straight lines may be gener- 
alised so as to apply to curvilinear congruences. An isotropic rectilinear con- 
gruence is one whose limit surface coincides with its surface of striction. 


Now at points on the former surface the normal plane is tangent to the cone 
of zero tendency, while at points on the latter the sum of the tendencies in 
two perpendicular directions in the normal plane is zero. In order that 
both properties may be possessed simultaneously, the cone of zero tendency 
must consist of two planes, one of which is the normal plane. Conversely, 
points at which the cone (3) behaves in this manner must lie on both the limit 
surface and the surface of striction. We shall therefore define an isotropic 
curvilinear congruence as one for which the normal plane is part of the 
cone of zero tendency at all points of the surface of striction. This surface 
may then be described as a limit-striction surface. At points on it the equa- 
tion (7) holds simultaneously with div t=0. 

Let a and b be a pair of perpendicular unit vectors in the normal plane. 
Then, at points where the above property holds, the direction of the unit 
vector a cos ¢+b sin ¢ must be one of zero tendency for all values of ¢. 
Hence the equation 


(acos ¢ + bsin ¢)-Vt-(acos¢? + bsin gd) = 0 


is equivalent to the three relations 


* Differential Geometry, Art. 102. 
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a:Vt-a=0, b-vt-b=0, 
and 


X t)-a—b-(vt Xt) b=0. 


From the last of these it follows that the moments in the directions of a and 
b are equal. Since this must hold for all pairs of perpendicular directions in 
the normal plane, the conic (11) must be a circle, real or imaginary, and the 
moment must be the same for all directions in that plane, having the value 
3t-rot t. Thus at a point P on this limit-striction surface, the moment of 
the family of curves on any surface of the congruence has this same value.* 
The directions of zero moment in the normal plane are therefore minimal. 
Also in the particular case of a rectilinear congruence, the Gaussian curva- 
ture K has the same value at P for all the ruled surfaces of the congruence, 
being equalf to —}(t-rot t)*, and the parameter of distribution of the 
ray is the same for all such surfaces.f 

For an isotropic congruence of curves the intersection of the limit- 
striction surface with any surface of the congruence is the line of striction§ 
of the family of curves on that surface; for it is the locus of points at which 
the tendency is zero for the direction perpendicular to the curve. 

Similarly we might imagine a curvilinear congruence with the property 
that, at all points of the surface of normality, the cone of Malus consists of a 
pair of planes, one of which is the normal plane to the curve. Such points 
must lie also on the ultimate surface; and the coalescence of these two sur- 
faces gives what may be called the ultimate-normality surface. As before, 
let a and b be perpendicular unit vectors in the normal plane. Then if this 
. plane is part of the cone of zero moment, we must have 


(acos¢ + bsin¢)-(Vt X t)-(acos¢ + bsin¢d) = 0 
for all values of ¢. This is equivalent to 


b-(vVtXt)-b=0, 
and 
b-vVt-b—a-Vt-a=0. 
From the last of these it follows that the tendencies in the directions of a 
and b are equal; and since this is true for all pairs of perpendicular vectors, 
the conic (4) must be a circle, real or imaginary. Thus the tendency has the 
same value, } div ¢, for all directions in the normal plane, being also equal 


* Differential Geometry, Art. 130. 
t On ruled surfaces, Art. 2. 

} Differential Geometry, p. 198. 

§ Ibid., p. 249. 
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to the divergence* at that point of the family of curves on any surface of 
the congruence through the point. 

For a congruence of this nature the directions of zero tendency in the 
normal plane are minimal at points on the ultimate-normality surface. Also 
the intersection of this surface with any surface of the congruence is a line 
of zero moment for the family of curves on the latter,} for the moment of 
this family is zero for the direction in the surface perpendicular to the curve. 

10. THREE ORTHOGONAL CONGRUENCES 


Finally let us consider briefly some properties of three curvilinear con- 
gruences cutting one another orthogonally at all points. Let a, b, c be the 
unit tangents to the curves at any point, so that 

a=bXc, b=cXa, c=aXb. 
The total moments A, B, C of the three congruences have the values 
A =a-rota, B= b-rotb, C =c:rotc. 
From the last equation we have 


C = c-rot(a X b) = c-(b-Va — a:Vb+ adivb — bdiva) 
or 


(26) C = b-(Va X a)-b + a:(Vb X b)-a. 
Also since a is perpendicular to b it follows that 
0 = V(a-b) = b-Va+a X roth+b X rota, 
and consequently, on forming the scalar product with b Xa, we have 
(27) 0 = a:(Vb X b)-a— b-(Va X a): b—B+A. 
From this equation and (26) it follows that 
a:(Vb X b)-a = 3}(B+C — A), 
b-(Va X a)-b = — B+ C). 
Similarly we may show that 
a:(Vc X c)-a = }(B+C A), 
c:(Va X a)-c = }#(A+B-C). 
From (28) and (29) it follows that the moments of the second and third con- 
gruences in the direction of the first have the same value. If we write 
2S =A+B+C 
we may state the above results as follows: 


* Difierential Geometry, p. 259 and Art. 116. 
t Ibid., p. 258. 
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The moments of the second and third congruences in the direction of the 
first have each the value S—A; those of the first and third in the direction of the 
second have the value S—B, and those of the first and second in the direction of 
the third the value S—C. 


Thus the moments of the three orthogonal congruences are not independ- 
ent, but are connected by the relations expressed in this theorem. 

An important particular case is that in which two of the congruences 
are normal, say the first and second. Then A and B both vanish; and the 
curves of the third congruence are the lines of intersection of two orthogonal 
families of surfaces, whose unit normals are a and b respectively. The 
moment of the third congruence in either of the directions a or b is equal 
to 3 C; that is to say: 


If the curves of a congruence are the lines of intersection of two orthogonal 
families of surfaces, the moments of the congruence in the directions of the 
normals to these surfaces are equal to each other and to half the total moment of 
the congruence. 


The theorem just enunciated has several known theorems as immediate 
corollaries. The moment of the congruence in the direction of b is the moment 
of the family of curves on the surface whose normal is a; and this vanishes 
identically only when these curves are lines of curvature on the surface.* 
Similarly the moment of the congruence in the direction of a is that of the 
family of curves on the surface whose normal is b. Hence the theorem that 
if the curves of intersection are lines of curvature on one of the orthogonal 
families of surfaces, they are lines of curvature also on the other.f In that 
case C is zero, and the curves of intersection constitute a normal congruence. 
Thus we have Darboux’s theorem that there is a third family of surfaces 
orthogonal to the first two.[ Conversely, if C is zero, the moment of the 
family of curves on each of the orthogonal surfaces is zero, and the curves 
are therefore lines of curvature. Hence we have Dupin’s theorem that 
the curves of intersection of the surfaces of a triply orthogonal system are 
lines of curvature on these surfaces.§ 


* Differential Geometry, Art. 130. 
t Ibid., Art. 112. 

t Darboux, loc. cit., p. 276. 

§ Differential Geomeiry, Art. 109. 


CANTERBURY COLLEGE, 
CurIsTCHURCH, NEW ZEALAND 


THE MULTINOMIAL SOLID AND THE CHI TEST* 


BY 
B. H. Came 


1. INTRODUCTION 


Let p; be the relative frequency of x;(i=1, 2,---, m) in a frequency 
distribution. If the number of elements in the distribution be infinite and a 
sample of size m be drawn, the probability of obtaining exactly s, elements of 
size x,, and at the same time Ss, of size x2, etc., is known to be 

n! 
Sy! +++ Sm! 
where the s’s are integers whose sum is m. FP is a function of m—1 inde- 
pendent variables, and is called the multinomial solid. When m=2, it 
degenerates into the general term of the point binomial, (#:+ 2)". Although 
much has been known about this solid, its usefulness has not been suffi- 
ciently recognized. In this paper I shall point out certain of its properties 
and two applications, one to a well known theorem in sampling, and one to 


the x-test. The proof of the x-test here given may be thought of as supple- 
menting Pearson’s original prooff in that it replaces an assumed approxi- 
mation by a demonstrated approximation. It is not related to Pearson’s 
second prooff which is a variant of Soper’s.§ 


2. GENERAL PROPERTIES! 


(a) P may be written in the form P=P, - --P,»=P, - - - Pms; where 
P, is a function of s; only, and is a point binomial; P; is a function of 51, se 
only, and is a point binomial if s; be fixed; etc.; P; isa function of s; - - - 5; 
only, and is a point binomial if s; - - - s;_; be fixed; P, =1; thus: 


* Presented to the Society, December 29, 1926; yeceived by the editors in June, 1928. 

t K. Pearson, On deviations from the probable in random sampling, Philosophical Magazine, (5), 
vol. 50 (1900), pp. 157-175. 

} K. Pearson, On the general theory of multiple contingency, Biometrika, vol. 11 (1916), pp. 145- 
158. 

§ Soper, Frequency Arrays, Cambridge University Press, 1922, p. 15, footnote. 

This proof makes other approximations which do not conveniently lend themselves to measure- 
ment. I shall be particularly interested here in the degree of approximation attained in the applica- 
tion of the chi test to ordinary problems. 

| The properties grouped in this section are not essentially new. 
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n! (n — si)! \" 
1— ) | 
L s3!(m — — Sz — 53)! 1 — pi— pe 1 — pi— pe 


(b) The form (a) shows that equation (1) might have been derived 
by the following reasoning: Find the probability of exactly s; successes 
with p; as probability and as the number of drawings; multiply by the prob- 
ability of exactly s, successes with ~2/(1— 1) as probability and (—s;) 
as the number of drawings; multiply, etc. 

Definitions. (a) Any positive integrable function of (m—1) independent 
variables may be considered an (m—1)-way frequency solid (or surface or 
curve), and may be represented in m-dimensional space. 

(8) If, in an (m—1)-way solid, r variables be fixed, there is left a function 
of (m—1—r) variables, therefore an (m—1—r)-way solid; this is to be called 
an (m—1-—r)-way array. 

Example. If m=4, the (m—1)-way solid is a 3-way correlation solid, say 
a function of x, y, and z. If one fixes x and y, thus taking r=2, the one-way 
arrays resulting are straight lines or. columns in the z-direction. If, further, 
one added up the frequencies in each of these columns, one would arrive at 
a set of totals which might be thought of as spread over the xy-plane, thus 
comprising a two-way correlation table. 

(y) If one adds the frequencies in each of the (m—1—r)-way arrays, the 
result is a function of r variables; this is an r-way total. 

(c) Totals. If, in P above, the variable s; be fixed, and if the frequencies 
of each of the (m—2)-way arrays thus determined be added, the one-way 
total finally determined is P;. If both the variables s; and sz be fixed, and if 
the frequencies in each of the (m—3)-way arrays thus determined be added, 
the two-way total determined is P,P2. If 51, so, - -’- , Sm—2 be fixed, and the 
totals of the one-way arrays be found, the (m—2)-way total that results is 
P,P, - - 

These facts follow easily from the form (a). E.g., fixing s1, 


Sm—1 
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(d) Means of totals. The mean of the one-way total of P in the s 
direction is pm; the mean of the two-way total in s,5»-space is (pim, pom); 
the general mean of the whole solid is (p:7, pom, - - - , Pm—im). 

These facts follow also from the form (a) and the well known theorems 
that the codrdinates of the general mean of a correlation solid are the 
means of its one-way totals. 


3. REGRESSION SURFACES 
(a) The mean of the one-way array in the s»_; direction made by fixing 
$i, S2,° Sm—2 iS 
Pm-1 
1— pi-— — 


(m — — Sg — — Sm—2)- 


This may be thought of as a linear function of the m—2 variables, s;, Se, 
- , Sm-2, and thus yields the equation of the regression surface, Sm—1 on 
(Sm—2, *, $1). 
Use the form of §2(a). The one-way array is P;P; - - - Pn-1, and its total 
is, by §2(c), PiP2 - - - Pm-2. So its mean is 


1 


The last named sum is the mean number of successes in a point binomial 
distribution in which pn/(1—pfi— --- —Pm-2) is the probability of a 
success, and (n—si:— - - - —Sm-2) is the number of drawings. This is well 
known to have the value given above. 

(b) Every partial regression is also a linear function. (For one needs only 
to fix certain of the variables of the regression surface in (a) to obtain the 
partial regression surface.) It follows from (a) and (b) that, for m=4, this 
solid is an example of the all linear case I have considered elsewhere.* 

Application. Let m=3.:The mean of the one-way array made by fixing 
$s; is the following linear function of s:: p2(m—s;)/(1—1). This fact, now 
proved to be true, was chosen by Pearson as a reasonable assumption in his 
proof of a fundamental theorem in sampling,{ viz.: that the coefficient 
of correlation between two frequencies with which two fixed values of a 
variable will occur is — (pip2/(g:g2))*/2. 


* Camp, Mutually consistent multiple regression surfaces, Biometrika, vol. 17 (1925), p. 450. 
t K. Pearson, On the probable errors of frequency constants, Biometrika, vol. 2 (1902-3), p. 274. 
It has been copied, as an unproved assumption, in several texts. 
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4. THE LAPLACE APPROXIMATION 


It has been generally assumed, specifically by Pearson in deriving the 
x-test, that the multinomial solid just considered could be approximated 
when » is large, by the normal solid. I wish to examine the measure of this 
approximation, and to do so I shall also derive the normal solid from the 
multinomial solid in a manner similar to that used by Laplace for the 
one-dimensional case. 

In (1) of §1, put s;="p;+k,, i=1, 2,---, m. Then P becomes 

n! 


(api + hi)! (thm + 


st 
where 
(3) ki =O, since =; OF 
(4) where 17 = + k,)!. 
Let 
(5) e=1/(np), w= ke= k/(np), a = kw = k?/(np). 
Use Stirling’s approximation, and the symbol = to mean “is approximately 
equal to,” and drop the-subscript from r temporarily: 
log r = log p?+* — (np + k + 3) log (mp + k) + (mp + k) — log (2x)*/? 
= /(2x)"/2) — [np(1+w) +4] [log - - - 
+ np(1 + w) 
= log /(2m)1/2) — log (mp) (i+w)+1/2 
— [np(1 + + 3] — 07/2 + 09/3 — --- ] + np(1 +o) 
= A + log — log (2nmp)"/2(mp) (+0), 
where 
A = np(1+)(1 — w+ w?/2 — +3(—w + w?/2 — +---). 
So 
(6) r = 
and the relative error thus introduced into r is known* to be 1—e-*/!3, 


where 0<t<1/(np(1+w)). It is now necessary to impose certain restrictions 
on ¢€, w, a, m. These will seem arbitrary to the reader, and indeed they are. 


* The usual statement is x! = (24x)"/*x*-~=¢/ (2), where 0<@<1. Hence, if y is the approximate 
value, y=xle~*/G%), The relative error in x! is (—y+2!)/x!=—y/x!+1=—¢/0%)41, where 
0<0/x<1/x. 
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They have been chosen after considerable experimentation so as to give re- 
sults as favorable as possible to the general purposes of the x-test. Doubtless 
more useful conditions might be found. Certainly it would be easy to 
discover better conditions if one restricted his view to special cases. For 
example, the point binomial case (m=2) is a very special one. These con- 
ditions are not chosen so as to measure well the closeness of the approxi- 
mation in this case. Let 
(7) (a) mp—|k|23, (b) | |/(np) =| w| < 0.2, 

(c) k?/(np) =a < 6, (d) m 20. 
It follows that np(1+w)=np+k23, and so ¢<1/(np(1+w)) <1/3; and 
therefore the maximum relative error in r, as given by (6), is 
(8) 5, = 1 — e~*/!2 < 0.09202/(np + &). 


Now let A =np(1—w?/2)+B, where 
1 w w? w w w? 
= (w/6)(a — 3)(1 — w/2) + wa(w?/20 — w?/30 + wt/42 — ---) 
+ (w*/2)(— 1/3 + w/4 — w?/S +--+). 


(10) e4 = env(i-w7/2)(eB = 1 + B), 


and the error thus made in e? is (B?/2)(1+B/3+B?/12+ ---). 
We can find an upper limit to this by the use of (9) and (7) (b) and (c): 


< | (w/6)(a — 3)(1 — w/2)| 


+ | w*|{1/6 +] + w?/10 +| w3/12| +--+} 
< (1/30)(3)(1.1) + 0.0014 < 0.1114. 


(11) Let a = w(a — 3)/6. By (7), |a| <0.1. 


(12) B|/3)/2 < {a%(1 — w/2)? 
+ 0.000,308 + 0.000, 001,96} (1 + 0.0372 + 0.00104 + 0.0001 + --- 
< {a7(1 — w/2)* + 0.000, 155} (0.520) = 0.52071 — w/2)?, 


So 
i 
)/2 
| 
| 
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which we shall take as the maximum absolute error made in e? by the approxi- 
mation of (10). We shall now increase this error slightly by cutting off from 
(10) a part of B, writing B=a. The additional absolute error thus made is, 
by (11) and (9), at most equal to 
| wa(— w/12 + w?/20 — w3/30 + wt/42 — ---) 

+ (w/2)(w/2 — w?/3 + w3/4 — wt/5 + — ---)| 


“(1 a =) + | 
14 3 2\10 3 2\21 5 
< w?/4 +] w |3/6 + +| w [5/10+---. 
From this inequality and (12) it follows that the maximum error made in 
e® by writing 
(13) 
is 
(14) 0.52a7(1 — w/2)? + + | w |3/6 + 01/8 +---. 
We need, however, the maximum relative error in e®. To get this we divide 
(14) by the minimum value of e, which is the series 1—0.1114+(0.1114)2/2 
— (0.1114)*/6+ - - - =0.8945. Hence the maximum relative error in e? 
as given by (13) is 
(15) 62 = 0.582a%(1 — w/2)? + 0.559(w?/2 +| w [3/3 + w!/4+---) 
< 0.582(w?/4)(1 + | + w?/4) +.0.559(w?/2 + | w [8/3 + 04/44 - - -) 
= 0.425w? + 0.332| w|? + 0.17604 + --- < 0.02. 


By (6), (10), and (13) we have now made altogether the following approxi- 
mation tor: 


(16) r 


(1 + 


te) 


By (8) and (15) the relative error in r thus made is at most 


p = + b2 + 
< 0.094/(np —| k |) + 0.425w? + 0.332| w|? + 0.17604 + ---, 


and we shall hereafter omit the terms not printed in this series. The following 
known theorem has just been used and will be used again shortly: Let 
5; be the relative error in x;,2=1,---,m. The relative error in the product 
x1 Xm is 


+ DY - -- where i ¥ j  k, etc. 


(17) 
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It now follows that the maximum absolute relative error in the product 
Of equation (4) is 


e. + m(m — 1)(0.0416)2/2 + m(m — 1)(m — 2)(0.0416)3/6 + --- 


(18) 
= Die: + m(m — 1)(0.000,866) + m(m — 1)(m — 2)(0.000,0120). 


More terms must be added to (18) unless condition (7)(d), that m<20, 
is satisfied, but it usually is in practice, if the other conditions of (7) are. 
In equation (4) we now write m!=n"e~-"(27n)!/? with a maximum relative 
error of 1—e7!/(12) =1/(12n), so that, finally, 


(19) = O(1 + a1) +++ (1 + am), 


where 
1 


and the maximum relative error in P is numerically less than 


+ m(m — 1)(0.000, 866) 
+ m(m — 1)(m — 2)(0.000,012) + 1/(12m). 


(20) 


Up to this point we have derived in (19) an approximation to the ordi- 
nate of the point binomial solid at the point (A, ---, km-1). When m=2 
this reduces to Laplace’s well known form for the point binomial. What 
we really seek however is an approximation to the sum of such ordinates. 
We shall accordingly find the sum of all P;,...:,,’s for all values of the k’s 
numerically less than a prescribed fixed set. This prescribed set we shall 
now call (ki, - - - , Rm), using (ki, - - - ,&,’) for the sets of smaller numbers. 
It is necessary to explain in more detail precisely what ordinates, and parts 
of ordinates, our sum is to include. The case of the point binomial shall 
serve as our model. Putting m=2 for a moment we have 


(pi + = pr ta + +p" +My. 


Let us think of a histogram in which the base of each rectangle is unity and 
the altitude one of the w’s. If it happens that the mean ¢, /= p.m, is the codrdi- 
nate of the middle or one end of one of these bases, then when we add a 
positive number & so that we come to the middle of a base on the right of 
the mean, it will also happen that when we subtract & we shall arrive at the 
middle of a base on the left. Then if we add all the ordinates at these two 


| 
i 

| 
i 
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end points and at the intermediate points we shall have the same result 
as if we added the corresponding rectangles of the histogram, i.e., we need 
to add those rectangles which lie in the interval (#-k—1/2, i+k+1/2). 
But, if the mean is not so situated, then when we add so as to arrive at the 
middle of a base on the right it will happen that when we subtract k we 
shall not arrive at the middle of a base on the left. The sum desired in this 
case is defined to be the total area of those rectangles or parts of rectangles 
included in the same interval as before. Now, in our general case when m2 
each base of unit length is replaced by a unit cube of m—1 dimensions, and 
the sum desired is the sum of volumes of parallelepipeds found by multi- 
plying the volume of each of these cubes by the length of the ordinate P 
supposed erected at the middle point of the cube. In case pm, pom, etc., 
are integers, as happens in our most important application, then whole 
parallelepipeds only are included in our sum. If not, partial parallelepipeds 
may be included; the summation in any event shall extend over the intervals 


(pn pn+k+ }) (¢=1,---,m—1). 


We now note from (11) that, if k;, <m-—1, is replaced by —;, becomes 
—a,,, but ¢ is unchanged. To obtain then the approximation corresponding 
to (19) for any of the points whose coérdinates, referred to the general mean 
of the solid, are (+h:,---, +m-1), we have only to change the signs 
of certain of the ax,’s, i<m-—1, and then obtain a;,,, from the formula 


Rm ka 
= -3), em = — (kr + ; 


\NPm 


but we must be careful to insist here that both mf; and k; shall be integers, 
for by (2) np;+k; was an integer and so now up;—k; would have to be. In 
case these numbers are not integers we shall still assume that the formal 
approximation holds for those ordinates which are at points having integral 
coérdinates and lying in unit cubes contiguous to the one enclosing the 
point (+:,---, +m-1); for if is fairly large the relative errors involved 
at two such adjacent ordinates are almost exactly the same. 

In forming our sum, we begin by adding the P’s at all the 2”~' vertices 
of the outer parallelepiped, i.e., at the points (+hi,---, +&m-1), and 
denote this sum by P,,...x,,. The coefficient of ¢ in (19) is 


(21) 1+ Dai + + Diaiajan tA # k, ete. 


When we form our sum for all the vertices mentioned, certain of the terms 
that appear like those of (21) wiil cancel in pairs. To prove this, we note 
first that, since kn=—(kit --- +km-1), if we change all the signs of 
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hi, ke, - + - , Rm—1, we Shall change the sign only of &,,, and hence the sign 
only of a;,,; but that, if we change some only of the signs of hi, ke, ---, 
Rkm—1, We may change the numerical value of k,, and hence of a;,,. It follows 
that by pairing the vertices properly the terms of the type >a; will vanish, 
also, if m is odd, terms of the type* (a: - - - am). To see that this last group 
vanishes, we note that, if (fi,---, Rm-1) is a specified vertex, these k’s 
being positive or negative, there exists also a vertex (—fhi,---, —Rm-1). 
For the first vertex our term involves a; - - - dm, and for the second it involves 
(—a:) -- - (—@m), which equals —a,---+@m, if m is odd. By analogous 
reasoning it may be shown now that, by proper pairing, all those terms of 
the other types involved in (21) will cancel in pairs, except the first, and 
except perhaps those that contain am. Now in >.a,a; there are »1C; terms 
that involve am, in ).a,a,;a, there are m-2C2 such terms, etc. Each of these 
must be counted 2™~! times. So, finally, 
+ 0 + + m—2C2max| anaja;| + ---)¢ 
—1 (m —1)(m—2) (m — 1)(m — 2)(m —3) 


< (2")(14 + 
( ( 100 2-1000 3-2-10,000 


and so 
(22) = 2-19, 
with a maximum absolute error in P of 
m—1 (m—1)(m—2) (m—1)(m— 2)(m-— 3) 
100 2- 1000 3-2-10,000 ) 


+ 


m—1 (m—1)(m — 
< , 


and therefore 
(23) nS 2™-16{-y + (m — 1)/100 + (m — 1)(m — 2)/1000}. 


What we have just done for the parallelepiped k; - - - km we may repeat 
for each of the smaller parallelepipeds k{ - - - km , obtaining a sum in each 
case which we may denote by P,;...... Then by adding all these P’s 
together we shall obtain the sum originally sought, viz.: 


(24) Q = 


This is Pearson’s expression which he has evaluated by means of a definite 
integral and tabulated, but his (1—P) equals my Q, and his m’ equals my m. 


* This fact is important only when m=3. 
t Tables, loc. cit., pp. 26 ff. 
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In order to obtain an estimate of the error in Q we might use the fact 
that the absolute error in P;;...,", is no greater, relatively, than in Py,...x,, 
but this, although true, would lead us to an inequality too wide to be useful, 
and so it is better to make an assumption. We shall assume that the ab- 
solute error in Py.....’, is not greater than in P;,...x,. This is a reasonable 
assumption, and we know that when the &’s are nearly zero, the error also is 
nearly zero. However, it must be used with caution, for if the k’s were allowed 
to be quite large the value of ¢ would be so exceedingly small that the error 7 
would also be exceedingly small, no matter what the other factors of 7 might 
be, and we could not be sure that this absolute error would not be exceeded 
at points nearer the general mean of the solid; but, as the k’s have been 
considerably restricted by (7), we are not in serious danger on account of 
that possibility. We shall keep in mind the fact that from now on we are 
only estimating our maximum error instead of computing it by using the 
phrase “estimated maximum error.” The estimated maximum absolute error 
in Q as approximated by (23) is E=n(|ki|+4) - - - (|Am—1|+4); or, in a 
form suitable for computation: 


E = 067, 0 =(| ki| +4) (| +4)2"", 
= e**2/D, D? = (mpi) - x? = Dok? /(mp,), 


1 


= F>, + (m — 1)(0.000,866m + 0.01) 
1 


(25) + (m — 1)(m — 2)(0.000,012m + 0.001), 


= 0.094 | k; | +0.425 (ks/(np,))? 


1 


+0.332 > | ki/(np.) | + 0.176 


Sometimes it is quite sufficient to know that always r<1.55. If this gives 
a sufficiently small value of Z, the computation is greatly shortened. Finally, 
it is necessary to notice that the conditions (7) need not be satisfied exactly 
in order that the above expression for E may hold approximately, small 
changes in the conditions (except in (7)(d)) producing small changes in E; 
but we must not depart from them widely. 


5. NUMERICAL EXAMPLES 


The x-test may now be used to establish rigorously statements which 
heretofore one could not be truly sure of. As an example we choose the 
first one used by Pearson in which he appeared to show a bias in dice.* I 


* Philosophical Magazine, loc. cit., p. 167. 


1 
| 1 1 
1 1 
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give below Pearson’s figures and also a set of revised figures. My conditions 
(7) were not nearly satisfied in his last two groups, and so in my proposed 
revision I have lumped together his last three groups. This of course amounts 
to a restatement of the whole problem, but the new problem thus created 
will serve the general purpose Pearson had in view substantially as well as 
the old one. In this new problem all my conditions are satisfied except for 
the figures in parentheses, and in these cases they are nearly satisfied, and 
so, as observed at the close of §4, we may be sure that our £ is approximately 
correct. The second column, marked f, consists of the “observed frequency 
of dice with five or six points when a cast of twelve dice was made 26,306 
times.” The column marked np (Pearson’s m) consists of the corresponding 
theoretical frequencies. The first column, marked “dice”, indicates the 
number of dice in a cast which showed 5 or 6 points. Pearson found that 
1—Q was 0.000,016. This was the probability that a set of dice with no bias 
would give results as far removed from the theoretical as those observed. 
It is so small as to make one practically certain that there was bias. But, 
since in this case we are not sure that it is proper to compute 1—(Q by the 
use of the normal function, as he did, I have modified the problem slightly 
so as to be sure. I find 1—Q=0.000,086, and, although this is not so small 
as Pearson’s value, it is still small enough to be convincing. 


Pearson’s Problem Author’s Revision 


np— |k| w 


-0887 
-0559 
-0239 
-0181 
-0253 


No Change .0351 
.0478 
.0614 
-0281 

(.2069) 


18 10 (.2857) 


= 43.872, m=13, 1—-Q=0.000,016. x?=35.941, m=11, 1—Q=0.000,086. By (25) 
E=0.000,004; by the shortened form of (25), taking 
7<1.55, E<0.000,017. 


— 


i 
i 
Dice f np k f k a 
0 185 203 | —18 1.596 
1 1149 | 1217 | —68 3.800 
2 3265 | 3345 | —80 1.913 
3 5475 | 5576 | —101 1.829 
4 6114 | 6273 | —159 4.030 
E 
5 5194 | 176 6.173 
6 3067 | 2927 140 (6.696) 
7 1331 | 1254 77 4.728 | 
8 403 392 i 0.309 
9 105 87 18 3.724 
10 14 13 1 
il 4 1 3 1.143 
12 0 0 0 
| 
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It is not always feasible to rephrase a problem in this fashion and still 
keep the general purpose of the investigation in view. Sometimes, however, 
another sort of revision is possible, which may as well be illustrated in a 
further, though in this case needless, refinement of the example above. In 
the revision of that example the last value of w was 0.2857, instead of the 0.2 
permitted by (7), and accordingly we had to think of £ and therefore of 
1—Q as possibly a little larger than as stated. Let us now decrease this 
w to less than 0.2 by arbitrarily changing the observed frequency opposite 
it from 18 to 16 and compensating for this by adding arbitrarily 2 to the 
frequency 6144, where np is large and & is negative. The total effect is again 
to set up a new problem: Pearson’s was the first, our revision a second, and 
now we have a third; but, since no & has been numerically increased in passing 
from the second to the third, the value of Q for the third is known to be 
smaller than the value of Q sought in the second, since we would now be 
adding up frequencies over a parallelepiped enclosed in the one used before. 
We should thus arrive rigorously at a lower limit for the second Q, i.e., at 
an upper limit for the second 1—Q, and this might still be small enough 
to support the general conclusion that there was bias in the dice. We do here 
in fact obtain x?=34.983, 1-Q=0.000,13, and so we are sure that the 
value of 1—Q in the second problem was less than 0.000,13. EZ has very nearly 
the same value as before. 


WESLEYAN UNIVERSITY, 
Conn. 


THE SINGULAR POINTS OF ANALYTIC SPACE-CURVES* 


BY 
ARTHUR RANUM 


1. The singular points of analytic space-curves have been investigated 
by various writers.| The object of this paper is to simplify the theory and 
also to make it self-dual by introducing the dual counterparts of the ordi- 
nary curvature and spherical curvature. Let 


(1) x(t), y= yt), 2 =2(t) 


be the equations of a twisted curve, the functions being analytic. Then in 
the neighborhood of any given point P, of the curve, at which ¢=%, there 
exists a certain region of the complex /-plane, within which x, y, z are ex- 
pressible as series of powers of t—¢) (with positive integral exponents), 
and such that to different values of ¢ in the region will correspond different 
points. 

The point P, will be singular, in the broader sense which we shall adopt,t 
if 

x y 

(2) |= 0, 


when ¢==t9; here x’ =dx/dt, etc. The points for which x’ = y’ =z’ =0, to which 
the term singular is sometimes confined, are therefore only a special case. 

2. With every point Po, singular or non-singular, there is associated a 
triad of positive integers (a, 8, y), such that if we put 


* Presented, in part, to the American Mathematical Society, December 27, 1915. Abstract in 
the Bulletin of the American Mathematical Society, vol. 22 (1916), pp. 265, 268. 

{ Fine, American Journal of Mathematics, vol. 8 (1886), pp. 156-177; Bjérling, Archiv der 
Mathematik und Physik, (2), vol. 8 (1890), pp. 83-91; Wélffing, Archiv der Mathematik und 
Physik, (2), vol. 15 (1897), pp. 146-158; Burali-Forti, Atti di Torino, vol. 36 (1901), pp. 935-938; 
Mehmke, Zeitschrift fiir Mathematik und Physik, vol. 49 (1903), pp. 62-83; Saurel, Annals of 
Mathematics, (2), vol. 7 (1905), pp. 3-9; von Lilienthal, Vorlesungen iiber Differentialgeometrie, vol. 
1, Leipzig, 1908, pp. 242-262; Meder, Crelle’s Journal, vol. 137 (1910), pp. 83-144; Zindler, Wiener 
Sitzungsberichte, vol. 1271 (1918), pp. 871-918; Study, Mathematische Annalen, vol. 87 (1922), 
pp. 207-228. 

} The definitions used by Lilienthal (loc. cit., p. 182), Study (p. 212), Burali-Forti (p. 935) 
and Mehmke (p. 71) are all practically the same as this; but no writer, so far as I am aware, writes 
the condition in this simple form. Lilienthal gives three possibilities, but the first two are included 
in the third. 
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yo 


(3) A = A(a,B,y) =| xr y (ats) 
y g (atb+y) 
then 


(3’) A+0, when 


whereas every determinant A(a’, 8’, y’) vanishes, if the triad (a’, 8’, y’) 
precedes (a, 8, y) lexicographically, which means that either 


a <a, 
a=a, <8, 


Hence P, is a non-singular point, if a=8 =~y=1, and is singular, if a+8+y 
>3. We shall call (a, 8, y) the ¢ypet of the point P» or of the curve (namely 
the region in the neighborhood of P,), writing Po =(a, B, y). 

By the use of homogeneous coérdinates it has been shown{ that the type 
of a curve is invariant under the group of collineations, and that every 
correlation transforms a curve of type (a, 6, y) into one of type (v7, B, a), 
so that these two types are dual. Hence the type of a curve is a concept 
belonging to projective, as well as to metric, differential geometry. 

We define w and W by the equations 


w= ( 


(4) 
= ( — g(a) y(at8))2)1/2 


where the summations are cyclic with respect to x, y, z, and where ¢ is put 
equal to fo. 

3. From now on we shall assume that ¢ is real and that x, y, z are real 
functions of ¢. Then the condition (3’) shows that wW ~0; and by choosing 
the positive square roots we have w>0, W >0. 

If we substitute a new parameter ¢ for t—¢) and also choose the coérdi- 
nate axes so that the origin O coincides with Po, the x-axis with the tangent at 
P., and the xy-plane with the osculator (osculating plane) at Po, then the 
equations of the curve (in the given region or interval) become 


* See Lilienthal, pp. 242-251; Mehmke, pp. 68-70; Study, p. 210. 

t Lilienthal appears to be the only writer who uses the integers a, 8, y, which he calls 1, v2, v3; 
Study calls the triad (a—1, 8B—1, y—1) the characteristic of the point Po, writing it (1, ke, ks). 

Bjérling, p. 85; Study, p. 212. 
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z= 


where abc ~0 and we can choose a>0, b>0,c>0. Then 
(6) w=ala, W=alla+)lab, |A| B+ y)!abc, 
and therefore 


w W | A] 
(7) @=—, ¢= 
a! w(a + W(a+B+ 7)! 
The exponents of ¢ in the terms actually present in the expansions (5) will 
have no common factor; but of course a, 8, y may have a common factor. 
The positive branch of the curve, corresponding to small positive values 
of t, will lie in the octant [+1, +1, +1], in which z, y, z are all positive; 
and the negative branch will lie in the octant [(—1)*, (—1)*#*, (—1)=+#+], 
which is therefore determined by the evenness or oddness of a, 8, and y. 
This gives the first rough classification of singular points into eight categories. 
We also arrive at the same classification in a more significant, because 
self-dual, manner by considering the curve to be generated by three elements, 
namely a point, a line (the tangent), and a plane (the osculator), and allowing 
each of these elements to be either ordinary or a reversal-element (Riick- 
kehrelement). 
It is known* that as ¢ decreases (or increases) through the value zero, 
then at the origin O: 


the generating point continues or the generating osculator continues or 
reverses the direction of its motion reverses the direction of its rotation 
along the tangent, according as@ is about the tangent, according as y is 
odd or even; odd or even; 


and the generating tangent continues or reverses the direction of its rotation 
in the osculator (or about the point), according as 8 is odd or even. 

4, These results are expressed in the following table. In each case, as ¢ 
decreases through the value zero, the generating point emerges from the first 
octant [+1, +1, +1] into the octant indicated, whose number, given in 
the last column, is also the number of the category to which the curve (or 
point) belongs. The octants 1, 2, 3, 4, for which z>0, are numbered like the 
corresponding quadrants in the xy-plane, and the octants 5, 6, 7, 8 are 


* Fine, pp. 166, 173; Saurel, pp. 6-7. 
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symmetric to the respective octants 1, 2, 3, 4 with respect to the origin, 
and not with respect to the xy-plane, as Lilienthal (p. 202) numbers them. 


Octant (#<0) Number of Octant 
(—1)* and of Category 


+1, 1 


+1, 
—1, 
—1, 


—1, 
—1, 
+1, 


+1, 


In the case of a singular point of the 2d, 3d, or 4th category, one of the 
three generating elements is a reversal-element and the other two are 
ordinary; the 2d and 4th categories are dual and the 3d is self-dual. Similarly 
the 5th and 7th are dual and the 6th is self-dual. The 1st and 8th are also 
self-dual; the 8th includes the non-singular points (1, 1, 1).* 

The positive and negative branches of the curve will lie on the same side 
of the osculating plane (categories 1, 2, 3, 4) or on opposite sides (categories 
5, 6, 7, 8), according as the number of reversal-elements is odd or even. 

5. The interval (—h<t<h) within which the curve is defined by (5) 
can be chosen such that every point except the origin O is non-singular. At 
any such point P = (x, y, z) consider the six variables 


where 1/p and 1/7 are the ordinary curvature and torsion and where 


t t t 
s= f ( f ds/p, 7 = f ds/t and ¢= p/T. 
0 0 0 


Then p=ds/d6, tr =ds/dn and a =dn/d0; ds, d@ and dy are the element of arc, 


* Mehmke (pp. 65-67) and Zindler (pp. 876-879) give distinctive names to these eight cate- 
gories; Zindler’s names seem to be highly appropriate, except that in accordance with his definition 
a point of the 8th category is called non-singular (gewéhnlich); it would be better to call it a “Gegen- 
henkel.” 


Type 
@ B 
even even even +1, 
odd odd even —1, +1 2 
odd even odd —1, +1 3 
even odd odd +1, +1 4 
odd even even —1, —1 5 
even odd even +1, —1 6 
even even odd +1, —1 7 
odd odd odd —1, | —1 | 8 
Ss 6 n 
p 
T 
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the angle of contingence and the angle of torsion, respectively; s is dual to 7, 
p to a, and @, 7 are self-dual. Following Plucker* we shall call o the conical 
curvature at P. 

We define the value of p at a singular point O to be the limit of its value 
at P as t-0, including the case where p—~ ; similarly for 7 and o. 

6. We now proceed to find a second classification of the singular points 
O into thirteen classes, depending on whether the values of p, r and o at O 
are zero, finite and different from zero, or infinite. Since ¢= —cot w, where 
w is the angle between the tangent and the rectifying line, o will be zero, 
infinite, or neither, according as the rectifying line coincides with the bi- 
normal, with the tangent, or with neither one. 

From (5) by means of known formulas we easily derive for the values 
of p, 7 ando at the non-singular point P the following expansions in ascending 
integral powers of ¢, in which the exponents of ¢ in the initial terms are some- 
times negative: 


arg? 
aB(a + B)ab 
8 
B*(a + B)?b? 
We also find that 
b 
aa 
Bla + B)b 
and therefore that 
s=ait+---, 
b 
(10) 
aa 
B(a + B)d 


* Geometrie des Raumes, 1846, pp. 34-35. See also F. Miiller, Wiener Sitzungsberichte, vol. 
126 (1917), pp. 311-312. In the Quarterly Journal of Mathematics, vol. 46 (1915), p. 36, I called 
o(=1/r’) the plane-curvature. 
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The leading coefficient can never be zero in any of these nine expansions. 
The leading terms in (8;), (82) and (83), under the respective hypotheses 
a=, and B=7, become equal to /, m and n, respectively, where 

Bab 

(2a + B)c 
2a(a + 28)ac 
(a + 

If a=8=y, then m and n become simpler in form and we have 


= a?/(2b), m= — ab/(3c), m= — 3ac/(2b?). 


(11) 


We now pass to the limit by letting 0 and obtain for the values 
of p, 7 and a at the origin O the following: 


0 : > 

p= 41 ? according = 
x < 
0 > 

T = according = py, 
< 


c= {nb according asy{=b, 
< 


where /, m and n, given by (11), are finite and ~0. By means of (7), (3) and 
(4) we can, if we wish, express /, m and n in terms of the original equation (1) 
of the curve. 

By examining (122) and (112) we see that if a point O is of type (a, 8, a), 
then the absolute value of 7 at O is always less than ab/c, and is greater 
than, equal to, or less than ab/(3c), according as B is greater than, equal to, 
or less than a; also if @ is fixed and B—, then |r |—ab/c, and if 8 is fixed © 
and then |7|—0. 

By a similar examination of (12;) and (11;) we see that if a point is of 
type (a, 8, 8), then |a| is always less than 2ac/b?, andis >, =, or <3ac/(26?), 
according as B is <, =, or >a. Hence w (an acute angle) is always greater 
than cot! (2ac/b*), and is <, =, or > cot~! (3ac/(2b?)), according as B 
is <, =, or >a; also if a>, then w—cot (2ac/b*), and if Bo, then 
w—1/2. 

7. Formulas (12) show us that the class to which any real and finite 
point of type (a, 8, y) belongs depends only on the relative magnitudes of 
a, 8, andy. From this fact or the relation p=o7 we see that the number of 
classes, instead of being 3*, reduces to 13, as is shown in the following table: 


(12) 
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Class-Number Type 


& 


1 


w 


a=7y<8 
a=y>8 
a=B<y 
yY=B<a 
y=B>a 
a<Bcy 
¥<B<e 
a<7vy<B 
y¥<a<B 
B<acy 


2 


0 
0 
n 
n 
0 
0 
0 


_ 
w 


In each of the six classes 2-7 exactly two of the type-integers a, 8, y are 
equal and therefore exactly one of the variables p, 7, o is finite and +0. 
In each of the last six classes 8-13 the three integers are all distinct and 
p,7,o are all =O or ©. Classes 1, 2 and 3, in which 7 is finite and #0, are 
self-dual; and 4 is dual to 5, 6 to 7, 8 to 9, 10 to 11, and 12 to 13. In any pair 
of dual classes the values of p and @ in one are interchanged in the other 
(except for the difference between / and 7). 

8. From. our cross-classification of singular points into eight categories 
and thirteen classes, by combination, we obtain a classification into species; 
the species of a point depends, therefore, on the evenness or oddness of a, B, 
and also on their relative magnitudes. Since these two properties are not 
entirely independent, the number of species is less than 8 - 13 = 104. 

First, a singular point of class 1 must clearly be of category 1 or 8. Hence 
if p, t and o are all finite and different from zero, the curve musi either emerge 
(jor t<0) in the 8th octant or return to the 1st octant. This gives two species. 

Next, in each of the six classes 2—7 two of the integers a, 8, y, being equal, 
must be either both odd or both even, while the third may be odd or even. 
This gives 6 -4 =24 species. 

In particular, putting a=6 (p =/), we see that the only categories of singu- 
lar points at which the ordinary curvature 1/p can be finite and different from 
zero are the 1st, 8th, 2d and 7th, for which the negative branch of the curve lies 
in one of the octants [(—1)*, +1, (—1)”]. 

Similarly (a=y, r=m) the only categories of points at which the torsion 
1/7 can be finite and different from zero are the 1st, 8th, 3d and 6th, for which 
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the negative branch of the curve lies in one of the octants [(—1)*, (—1)=*, 
(—1)*]. Of these four octants no two are adjacent (symmetric with respect 
to a plane). 

Again (8=7, o=n) the only categories of points at which the conical curva- 
ture o can be finite and different from zero are the 1st, 8th, 4th, and 5th, for which 
the negative branch of the curve lies in one of the octants|(—1)*,(—1)«*#,(—1)#].* 

In other words, if the negative branch of the curve lies in the 2d or 7th octant, 
7 and o must be zero or infinite; if in the 3d or 6th octant, p and o must be zero 
or infinite; if in the 4th or 5th octant, p and r must be zero or infinite. 

Finally, in each of the six classes 8-13 the integers a, 8, y are unrestricted 
as to oddness or evenness; that is, a point at which p, 7, o are all zero or in- 
finite may belong to any one of the eight categories. This gives 6-8=48 
species. The total number of species is therefore 2+24+48 =74.f 

9. Since every point belonging to a self-dual class (a=, 7 =m) will also 
belong to a self-dual category, the self-dual species are precisely those that 
belong to the classes 1, 2, 3, and their number is 2+4+4=10. 

It is evident that the species of a point is invariant under all the real 
collineations that carry the point into a finite point.f 

If the curve is imaginary, our entire classification falls to the ground, 
classes as well as categories; for by (4), (7) and (11) we see that w and W may 
vanish and that a, b, c, 1, m, nm may not be determined. For instance, the 
origin is a non-singular point (1, 1, 1) of the curve x=, y=i+?, z=A, 
and yet since w=0, W=2i and A=12i, we have p=o0=0, 7 =i/3, which 
contradicts (12). 

The simplest singular points are (2, 1, 1), (1, 2, 1) and (1, 1, 2); the first 
is said to be a stationary point (of the first degree), at the second the tangent 
is said to be stationary, and at the third the osculator is said to be stationary. 
Fine (p. 174) has shown that if the curve is algebraic, then with respect to 
its effect on the order, class, rank, and genus of the curve, a singular point of 
type (a, B, y) is equivalent to a—1 stationary points, B—1 stationary 
tangents and y —1 stationary osculators. 

Study (p. 214) has also shown that (a, 8, y) is an a-fold point of the curve, 
the corresponding tangent is 8-fold, and the osculator is y-fold. 


* The first two parts of this triple theorem were proved by Mehmke (pp. 75, 77). 

t Burali-Forti (p. 938) and Mehmke (p. 78), by ignoring o, obtain a classification that is not 
self-dual. Instead of 13 classes and 74 species they obtain only 9 classes and 50 species. For them 
our classes 5, 9 and 13 coincide; also 7, 8 and 10. For them the points (1, 2, 4), (1, 2, 2) and (1, 4, 2) 
are of the same species, although the corresponding values of o are 0, m and ©, respectively. 

t Meder (loc. cit.) studies the “Ordnungszahlen” of p, 7 and various other variables at an 
infinite point. 


1929] SINGULAR POINTS OF SPACE-CURVES 153 


PROJECTIONS ON THE COORDINATE PLANES 


10. Now consider the orthogonal projections of a curve C on the osculat- 
ing, rectifying and normal planes at a point O=(a, 8, y). From (5) we see 
that the types of these three plane curves at their common point are 


Oz = (a@,8), 
(13) Ou = (a,8B +7), 
Oy = (a+ 8,7), 


respectively. Also consider a curve C’ dual to C and on it the point O’ that 
corresponds to O in a correlation; then O’ =(y, 8, a), O./ =(y, a+) and 
Oy =(8+y7, a). But in plane geometry a point (A, u) is dual to a point 
(u, A). Hence O,/ is dual to O,, and O,/ to O,,. That is, if two space-curves 
are dual, the projection of either on the normal plane at a point O is dual 
(planar duality) to the projection of the other on the rectifying plane at the 
corresponding point O’. 

If «=8+y7, O-., (and therefore also O,/) is self-dual, and conversely. If 
a+=vy, O,-. (and therefore also O,/ ) is self-dual, and conversely. 

If a=y, so that O is self-dual (spatial duality), then O,,=(a, a+) 
and O,, = (a+, a), which are therefore dual (planar duality), and conversely. 
That is, if the torsion at a point O is finite and different from zero, the projections 
of the curve on the normal and rectifying planes at O are dual, and conversely. 

11. It is known* that the singular points of plane curves are divided into 
four categories (quadrants), three classes (o=0, ©, or neither) and ten 
species. Consider the possible combinations of categories (classes, species) 
of the three projections (13). The combinations of categories are obviously 
eight in number, and there is a one-to-one correspondence between the eight 
octants in which the negative branch of the curve C may lie and the eight 
combinations of quadrants in which the negative branches of the projections 
may lie.f 

12. When we come to the combinations of classes or species, we find 
a very different situation. Let p.zy, pz: and py. be the respective radii of 
curvature of the three projections (13) at their common point. Of course 
Pzy =p, and its value is determined by (12;) and (11,). Similarly and py, 
are determined as follows: 


* See Burali-Forti, p. 938. 
ft See the figures drawn by Mehmke, pp. 65-67. 
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> 
= { according = hy, 
< 
where 


(15) ky = a?/(2c) #0, ke = 62/(2c) O. 


0 > 
nt, according as af = B+y, 
(14) 
0 


The number of combinations of classes is only eleven. For if a<f, then 
a<B+y and y may be either <, =, or >a+8; this gives 2-3=6 combi- 
nations. But if a>, y may be either >a+ 6 or Sa—A, or finally we may 
have a+8>y>a-— 6; this gives 5 combinations. Altogether 6+5=11 
combinations, which are exhibited in the following table. 


Pry (=p) 


> 


a=B+y 
a>B+y 


1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 


8 8 
ors 8888888 8 
COOF BOF 8 


1 
1 


If a=B+y, then and a+6>vy. Hence by (14) and (12;) or by an 
inspection of the table, we see that the only points O for which the radius of 
curvature pz. of the projection of the curve on the rectifying plane at O is not 
infinite are those for which the radii of curvature pzy and py, of the projections on 
the osculating and normal planes are both zero. 

Putting a=8+y ora+f=v7, we easily find, by §4 or by a known theorem 
on plane curves, that if the two branches of the curve at a point O lie on opposite 
sides of the osculating plane, then the radii of curvature pz, and py: of its pro- 
jections on the rectifying and normal planes must be zero or infinite. 

13. The number of combinations of species is easily seen to be only 62, 
although each projection by itself is entirely unrestricted in species (ten 
cases). There is obviously no one-to-one correspondence between the 13 
classes (74 species) of curves and the 11 combinations of classes (62 combi- 
nations of species) of their projections. Not only may two curves of different 


154 [January 
Type 
a<B+y atB<y 
at+p>y 
a=, at+B<y 
atp=y7 
a+p>y 
atB<y 
a+p=y 
a+p>y 
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species have projections belonging to the same combination of species, but 
two curves of the same species may have projections belonging to different 
combinations of species (their projections O,, on the osculator must, of course, 
be of the same species). 

The first possibility is illustrated by the types (4, 2, 3) and (4, 2, 5), 
for which r=0 and ©, respectively, whereas their projections are of types 
(4, 2), (4, 5), (6, 3) and (4, 2), (4, 7), (6, 5), respectively, for which in both 
cases pry =0, = ©, pye=0. The second possibility is illustrated by (4, 2, 3), 
just considered, and (6, 2, 3); these two types are clearly of the same species, 
whereas the projections of the latter type of curve are of types (6, 2), (6, 5), 
(8, 3), for which = py: =0. 

In spite of this lack of uniformity in the correspondence, there is, of course, 
a close connection between the values of p, r, ¢ and the values of p-,(=p), 
Pzz, Pye. For instance: 


If a=B+y, then and a>y. 
By (14) and (12) this says that if 
pz: =k, or 0, then p=r=0. 

Hence, for every point O except those 
at which p =r =0, the projection of the 
curve on the rectifying plane at O has 
an infinite radius of curvature pz. 


If y=B+a, then y>8 and y>a. 
By (14) and (12) this says that if 
Py=k, or ©, theno=Oandr=%. 

Hence, for every point O except 
those at which o=0 and r=, the 
projection of the curve on the normal 
plane at O has a vanishing radius of 


curvature py:. 


SECTIONS OF THE TANGENT SURFACE BY THE COORDINATE PLANES 


14. The osculating, rectifying and normal planes at a point O=(a, 8, y) 
will cut the tangent surface of the curve in three plane curves Ory, Ore and 
Ovs, whose character at their common point O we shall now consider. The 
parametric equations of the tangent surface of the curve (5), §3, are 


x= 
y= + ---) + + ---], 


where ¢ and u are the parameters. The osculator z=0 will intersect the sur- 
face in points for which 


(16) 


a+tBpt+y 


Substituting this expansion of u in (16,) and (162), we find the equations of 
the section O,, to be 


{ 
{ 
} 
if 
4 
| 
| 
1 
| 
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By 
atB+y 


Similarly the equations of O,, are found to be 


ai*+---, 


17 
(17) at+tB+y 


B 
18 = {2 — ——— 


and the equations of O,, to be 


a 

Since the leading coefficients in the six expansions of (17), (18) and (19) 
are all 0, the sections O,,, O., and Oy, are of the same types as the respective 
projections O,,, O,, and O,., as given by (13), §10. Hence everything stated 
in §§10-13 about the categories, classes and species of the three projections 
applies equally well to the three sections. 

15. Let jzy, J: and py. be the respective radii of curvature of the three 
sections at the point O. Their values are easily found to be the following: 


0 > 
(20) Bey = a} according as af 8, 


where 


272 
(a + 


2y(2a + 
0 
(21) Ba = {a} according as he +y¥, 


where 


(21’) 


2y(28 + 
0 > 
(22) By: = {a,} according as a + \ 


where 


(22’) = 


Qala + 
Comparing (20) and (20’) with (12:) and (11;), we see that when a point 
is of type (a, a, y) then 


and therefore 
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Bry > p(= Pry = a?/(2b)), and 
4 < 
(24) —p, according as 7 = \ a. 
3 > 


In other words if the radius of curvature p of a curve C at a point O is finite 
and different from zero, then the radius of curvature pzy of the section of the 
tangent surface of C by the osculator at O is always finite and greater than the 
radius of curvature pzy (=p) of the projection of C on the osculator, and is greater 
than, equal to, or less than (4/3)p, according as the radius of torsion r of C at 
O is zero, finite and different from zero, or infinite. The osculating circle of the 
section and that of the projection lie on the same side of the tangent. 

16. By a similar comparison of (21) and (21’) with (14,) and (15,), 
we see that when a=6++y7, then 


B? 


— pn #0; 
+ 7) 


(25) = 


hence pz. and 


| Bze| {2b according as \ (1 + 21/2)y ; 


in particular if p2=—pz:/3. 

That is, at a singular point O of type (8+v7, B, y), the radius of curvature 
[Bzz| of the section of the tangent surface by the rectifying plane is never equal 
to, but is always a rational multiple of, the radius of curvature pz of the pro- 
jection of the curve on the rectifying plane, and is greater or less than pz, 
according as B is greater or less than (1+2')y. The osculating circle of the 
section and that of the projection lie on opposite sides of the tangent. 

In particular, if the point is of type (27, y, y), then = —pz:/3. 

Finally, comparing (22) and (22’) with (142) and (152), we see that if 
a+fB=vy, then 

2 


— pn 0; 
ala + 28)°" 


(26) By: = 
hence and 


| Bye | { A Py: according as (1 + ; 


in particular, if B =a, py.= —py:/3. 
That is, at a singular point of type (a, B, a+) the radius of curvature 
lBy.| of the section by the normal plane is never equal to, but is always a rational. 
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multiple of, the radius of curvature py: of the projection on the normal, plane, and 

is greater or less than py, according as B is greater or less than (1+2'/?)a. The 

osculating circle of the section and that of the projection lie on opposite 

sides of their common tangent (the principal normal of the original curve). 
In particular, if the point is of type (a, a, 2a), then p,. = —p,-/3. 


SPHERICAL AND QUASI-SPHERICAL CURVATURE 


17. The dual counterpart of the osculating sphere of a twisted curve C at 
a point O we shall call its quasi-osculating sphere* at O. Its center is the cor- 
responding point on the edge of regression of the rectifying developable and 
its radius is the distance from that point to the corresponding tangent to C. 
Since the radius R,; of the osculating sphere has been called the radius of 
spherical curvature of C, we shall call the radius R, of the quasi-osculating 
sphere the radius of guasi-spherical curvature of C. By means of the known 
formulas 
p’\? 
(27) Re +(F), 
we proceed to find the values of R; and R, at a point (a, 8, ¥). 
18. Differentiating (8,) and (83), §6, we obtain 


f= 
B(a + B)b 
— + + y)ac 
B?(a + 
where the initial coefficients will vanish under the respective conditions 


a=B,8=~y. Some of the succeeding coefficients may also vanish, and we have 
the following: 


(28) 


if a=8, p (420, a; #0) ; 
if B=y, of = bd (k2 0, #0). 


From (28;), (29,) and (93) we see that 


— a)a” 
+ + B+ y)c 
if B , 2a*ba; titlo + 
u@=Pp, p/7y = 
+ y)(2a + y)e 
* Quarterly Journal of Mathematics, vol. 46 (1915), pp. 364-366; Mathematische Annalen, 

vol. 101 (1929), p. 2; G. Loria, Curve Sghembe Speciali, vol. 1, 1921, p. 6; Th. Schmid, Darstellende 
Geometrie, vol. 1, 1919, p. 164. 


(29) 


(30) 
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For the sake of brevity we put 
a?(B — a)a? 
y)(a + B+ y)c 
2a*ba; 
+ ¥)(2a + 
so that (30) becomes the following: 
if a#B, = t+ 
if a=6, = + 


(31) 


(32) 


19. Comparing (27;), (8:) and (32;) we see that if a8, the significant 
term in the expression for R? is (p’/n’)?. Hence 


(33) if Ri =| git +---|. 
On the other hand if a=8, so that (8,) reduces to 
(34) p= a?/(2b) +.--- 


then by comparing (32) and (34) we see that the significant term depends 
on whether i+1-—v is negative, zero or positive. Hence 


i+1<y, then R, =| +.---], 

(35) if and 1=y, then R, = (h;? + 
i+1i>vy, then R, = a?/(2b)+---. 

Equations (33) and (35) give the value of R, at a non-singular point in the 


neighborhood of the singular point O. Passing to the limit by letting ‘0, 
we find for the value of R; at O the following cases: 


(a) a>Bty, Ri =0. 
(b) a=B+y, Ri = = a*/(2c). 

(c) a<Bt+y and a¥8, 

(d) If and i+1>vy, Ri = a*/(2b). 

(e) If a=B and i+t1=y, Ri = (hk? + 
() If a=B and i+t1i<y, Ri=o. 


In cases (b), (d) and (e), in view of (31), R; is finite and #0. If y=1, case 
(f) does not occur. 
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20. Turning now to R:, given by (272), we soon find that by using (9), 
(282) and (292) and putting 
B?(a + B)*b? 
— y*)(a+ B+ y)cl’ 


aa 


(37) 


we obtain the following expansions of R: 

if gt R = eee 
(38) Bry, Re | 
if B=y7, =| 


Again passing to the limit as ‘0, we find for the value of R; at the singular 


point O the following cases: 


Re = g2 = B*b?/(2a(a + 28)c). 


and B+ y, 
k+1>a, 
k+1=a, 
k+1<a, 


= 0. 
=o. 
Rz = he. 
R, = 0. 


In cases (b) and (e), R2 is finite and ~0. If a=1, case (f) does not occur. 
21. From (36) and (39) we easily derive a number of interesting conse- 
quences. In view of (14), (21), (22) and (12) we see that R; is closely con- 
nected with pz:, Jz: and p, and that R, is connected with py:, py. and o. Indeed: 


The radius of spherical curva- 
ture R, at a singular point O is zero, 
infinite or neither, according as the 
radii of curvature and (of the 
projection on, and the section by, 
the rectifying plane at O) are zero, 
infinite or neither, provided that 
when pz, and j,, are infinite, the polar 
line at O either coincides with the 
binormal or lies at infinity; p., and 
pz, are zero, if, and only if, R; is zero. 


If p is finite and +0 and if the 
osculator is simple (vy =1), then KX; is 
finite and 


The radius of quasi-spherical cur- 
vature R, at a singular point O is zero, 
infinite or neither, according as the 
radii of curvature p,, and j,, (of the 
projection on, and the section by, 
the normal plane at O) are zero, in- 
finite or neither, provided that when 
Pye and $y. are zero, the rectifying 
line at O coincides either with the 
binormal or with the tangent; py, 
and jy, are infinite, if and only if R, 
is infinite and ¢@ is zero. 

If o is finite and +0 and if the 
point is simple (a=1), then R, can- 
not vanish. 


by 
(>) 
(c) If a+B>y, 
(39) (d) If B=y and 
(e) If B=y¥ and 
(f) If B=y and : 
Qa 
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If p., and j,, are finite and ~0 
(a=8+~7), we can say more. For by 
comparing (36), case (b), with (14,) 
and (15,;) we see that R, is not only 
finite and +0, but is actually equal 
to also since p=0 (a>), the 
polar line coincides with the bi- 
normal. 

Hence if the curvature of the pro- 
jection of the curve on the rectifying 
plane is finite and different from zero 
(a=8+~¥), then the osculating circle 
of this projection is a great circle of the 
corresponding osculating sphere of the 
original curve. This sphere will lie 
on the positive side (z>0) of the 
osculator. 
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If py. and j,, are finite and ~0 
(a+8 =~), we can say more. For by 
comparing (39), case (b), with (22) 
and (22’) we see that R; is not only 
finite and +0, but is actually equal 
to |f,.|; also since ¢=0(y>8), the 
rectifying line coincides with the 
binormal. 

If the curvature of the section of the 
tangent surface by the normal plane is 
finite and different from zero (a+8 
=¥), then the osculating circle of this 
section is a great circle of the corre- 
sponding quasi-osculating sphere of the 
original curve. This sphere will lie 
on the negative side (<0) of the 
osculator. 


22. If ~=8+y7, either all three of the integers a, 8, y are even or just 
one is even, so that by §4 the point belongs to category 1, 2,3 or 4. Hence, 
by §§12 and 15, we see that if the negative branch of the curve lies in one 


of the octants 5, 6, 7 or 8, 


and if p=0 (a>), then Ri, pes, 
Bizz, Pye, and py, are all=Oor 


and if (y>8), then Ro, pes, Bes, 
and are all =Oor o. 


In other words if the two branches of the curve at a point O lie on opposite 


sides of the osculating plane, 


and if the polar line at O coincides 
with the binormal, then no one of the 
five variables pzz, Pyz, Byz, Ri can be 
finite and different from zero. 

If R, is finite and +0, either 
a=B8+y or a=6. By §8 this can 
happen only for points of categories 
1, 2, 3, 4, 7 or 8. 

Hence if the negative branch of the 
curve lies in the Sth or 6th octant, no 
one of the four variables p, pre, Brz, Ri 
can be finite and different from zero. 


and if the rectifying line at O coincides 
with the binormal, then no one of the 
five variables prz, Brey Byz, Re can 
be finite and different from zero. 

If R, is finite and +0, either 
a+B=y or B=y. By §8 this can 
happen only for points of categories 
1, 2, 3,4, 5 or8. 

Hence if the negative branch of the 
curve lies in the 6th or 7th octant, no 
one of the four variables o, pyz, Bys, Re 
can be finite and different from zero. 


i 

|| || 
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An immediate consequence is the remarkable fact that if the negative 
branch lies in the 6th octant [+1, —1, —1], no one of the eight variables p, 
Pyzy Byz, Ri, Re can be finite and different from zero. The simplest 
example of this is a point of type (2, 1, 2). 

23. Finally we shall exhibit in the following table some of our results as 
applied to a number. of the simpler types of singular points, together with 
the type (1, 1, 1) of non-singular points. Here a, b, c, c:, and /z are all finite 
and <0; a, b, c are the coefficients in the equations (5) of §3; 42 is given by 
(372) of §20; and c, is the value of R; when it may come under case (d) or 
case (e) of (36), §19. 

The table includes the twenty-seven types for which a, 8, y are $3 
and a few others. Wherever three types are grouped together, the first 
and third are dual and the second is self-dual. All of the types listed belong 
to distinct species except (1, 1, 1) and (3, 3, 3); the latter is the simplest 
type of singular point that looks exactly like a non-singular point. 


,| Oct- 
apy ant Ri 


111 123 8 


112 124 
121 134 
211 


122 
212 
221 


222 


123 
132 


Pry Pys Pyz R: 
—|-—| -— 0 
2 2 a? 0 9a? | 5? b2 b2 
2 365 | 2c 6| 6c 
3 3 = 0 0 0 
ad 16ac| a? a?| a? 
4 —-—|—]--| - 0 0 0 (0, 
5 136 | 5 olelole hee 
6 235 6 0 00 0 0 0 0 
a? 9a? 
7 245 7 0 a To 0 0 0 
2 ab 3ac 2a? 
8| me | 246 | 1 2] ore] [0] 0 (more 
9 136 —|-—| — 
10 146 2 eo 0 0 0 
1} 213 2 4 
1 
12| 231 | 256 | 4 |e] |o| | o lO] 0 
a? a*| a? 
13 | 312 346 2 0 -——|——_| — 0 0 
a? a? 
14 | 321 356 3 — 0 0 0 
° 2c 5c| 2c . 
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Oct- 
ant 


8 
8 


8 


241 
412 
421 


224 


0 
a? 
2b 
a? 
2b 
0 
0 
0 
a? 
2b 


242 


OC O80 8 
8g 8 


422 
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a,at+p, 
aby |atB+y p T Pzz| Pre Ri Pes | Pys| Pys 
a’ 8a? 
131 145 co — = co 00 0 0 0 
17 311 345 8 0 0 = 0 0 0 0 0 0 (0,/,0r © 
18| 133 | 147 | 8 | o | | 0 |more 
19 | 313 347 8 0 0 0 0 0 
20| 331 | 367 | 8 0 0 
2b | % 
2 25a? 
21| 223 | 247 | 7 o | 0 |gore = 0 
22 | 232 257 6 co }— 00 0 0 0 
23 | 322 357 5 0 00 0 0 0 © 
32ac 
25 | 323 358 3 0 20 0 0 0 0 
25a? 
26 | 332 368 2 0 co or 0 0 0 
ab 3 2a? 
27| 333 | 369 | 8 -= | | 
28 124 137 5 0 
29 142 157 5 20 
30 | 214 237 6 0 0 
31 267 7 0 20 20 
32 457 6 0 0 0 0 0 0 
33 467 7 0 °o 0 0 0 0 
34| mm | 24g | 1 0 
= q or 16b 
16ac} a* a*| a? 
1 
36) 468 | 0 | 2c 0 


UNIVERSAL QUADRATIC FORMS* 


BY 
L. E. DICKSON 


1. A form is called universal if it represents all integers, and Null if it 
is zero when the variables are integers not all zero. We shall determine all 
universal Null quadratic forms F in m variables for $4. 

For n=3, F is readily reduced to 2°gaxy+f, where f=gby*+cyz+gdz*, 
ga is odd, a is prime to d, and g toc. Let R be the discriminant of f. Let ¢ 
be the the largest divisor of a which is prime to g. Then Fis universal if and 
only if R is a quadratic residue of ¢ and one of the following sets of condi- 
tions holds: (I) e=0; (II) c even, e=1, either d is odd, or d=2 (mod 4) and 
b is odd; (III) c odd, e=1, bd even. There is a canonical form (§21) which 
depends only on the Hessian. 

For n=4 numerous subdivisions arise. There is almost an even chance 
that a Null form taken at random is universal. The conditions for univer- 
sality are much milder for m =4 than form =3. They are still milder for 25, 
the theory for which is under elaboration in a Chicago thesis. 

2. Reduction to normal form. Let é, 7, --- be integral values, not all 
zero, of the variables x, y, --~+ for which the Null form NW vanishes. In 
view of the homogeneity of N, we may assume that &, 7,--- have no 
common factor >1. It is known that there exists a square matrix M of 
determinant unity whose elements are all integers, those of the first column 
being £, n,---. The linear substitution with the matrix M evidently re- 
places N by & form F in which the coefficient of x? is zero. 

When there are only two variables, F=axy+by*. The case in which a 
and 6 have a common factor c>1 is excluded since F then represents only 
multiples of c. 

First, let a have an odd prime factor ». Then F represents no integer of 
the form by+ pk, where v is a quadratic non-residue of p. 

Second, let a be even and hence 6 odd. Then F is never the double of an 
odd integer. 

Hence a=1. Replacing x by x—by, we get xy. 


THEOREM 1. Every universal binary Null quadratic form is the product 
of two linear functions of determinant unity and hence is equivalent to xy. 


* Presented to the Society, December 31, 1928; received by the editors in September, 1928. 
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Henceforth let there be variables, where »23. The part of F which 
involves x may be written as Axy’, where y’ is a linear function of y, z,---, 
the greatest common divisor of whose coefficients is unity. As noted above 
there exists a square matrix of determinant unity whose elements are all 
integers, those of the first row being the coefficients of y’. Let 2’, w’,--- 
be the linear functions of y, z,--- whose coefficients are the elements of 
the second, third, - - - rows of that matrix. The resulting linear substitution 
replaces F by an equivalent form f. After dropping the accents on y’, 

- +, we have 
f= Axy + o(y,2,w, 

If n =3, this is of the form (2) withy=z*. If m>3, the sum of the terms 
of ¢ which are linear in y is cyz’, where z’ is a linear function of z, w,---, 
the g. c. d. of whose coefficients is 1. There exist further linear functions 
w’,--- such that the determinant of the coefficients in 2’, w’,--- is 1. 
Hence f is equivalent to 


(2) h = Axy + By? + cyz + AY(z,w,---), 
in which the g. c. d. of the coefficients of y is 1. 


Let A =2°a, where a is odd. Let g be the g. c. d. of a=ga and A=gd. 
Then c is prime to g. For, if a prime p divides c and g, p is odd and h=By* 


(mod p), whence / has at most (+1) values modulo # and is not universal. 

If we replace z by z+/y in h and note that A=0 (mod g), we get a form 
(1) in which the coefficient of y? is =B-+ct (mod g). This is divisible by g 
when ¢ is suitably chosen. Hence we may take B =gb in (2). 


THEOREM 2. Every universal Null quadratic form in three or more variables 
is equivalent to a form 
(3) F = 2*gaxy + gby? + cyz + gdy(z,w,---), 
where g and a are odd, ais prime io d,c is prime to g, and the g.c.d. of the coeffi- 
cients of is unity. 

Part I. CASE OF THREE VARIABLES 

3. Here F=Px+f, P=2‘gay, f=gby*+cyz+gdz*. Let G be any given 
integer. Our method is briefly as follows. Under specified conditions on the 
coefficients of F, we shall show how to select an odd prime 7, not dividing 
gad, such that f=G (mod P) hasa solution z=Z when y=7. Thusf=G+PQ, 
where Q is an integer. Hence F=G when x= —Q, y=7, z=Z. 

If f=G is solvable for the separate moduli 2°, ga, y, it is solvable modulo 
P. For modulus y, the condition is 
(4) (gdz)? = gdG (mod 9). 
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We shall satisfy this condition in §6 by choice of y=7z. 
Consider modulus ga. A prime factor of it either divides both g and a 
or just one of them. Hence we may write 


g=qr, a=st, qg and s have the same distinct prime factors, 
r and ¢ are prime to each other and to both q and s. 


(S) 


If f=G is solvable for the separate moduli gs, r, ¢, which are relatively prime 
in pairs, it is solvable modulo ga, their product. By (5) and Theorem 2, 


(6) d is prime to st, c is prime to q, 7, and s. 


Since f=cyz (mod g), f=G (mod g) is solvable when y =z by (6) and the 
fact that w does not divide g. This disposes of modulus r. 

4. Consider f=G (mod gs). Since q is a factor of g, we saw that f=cyz=G 
(mod gq) has a solution z; when y=z, whence cyz:=G+Mgq. Its general solu- 
tion is z=z,+{q, where ¢ is arbitrary. Insert the value of z into f=G (mod 
qs), cancel G, and delete the common factor g. We get 


rby? + + M + rd(zi + = 0 (mod s). 


If s is a product of powers p* of distinct primes, it suffices to prove that 
the like congruence is solvable for each modulus p*. Let p™ be the highest 
power of p which divides g, whence m2=1. The congruence is of the form 
(7) SE + =k (mod 9"), 


where S =cy is not divisible by p by (6), and & depends upon y, but not on 
¢. If m2=n, this is S¢=k and is solvable. Next, let n>m. As before, (7) 
has a solution ¢’ modulo p”, whence 


Se = k+ Rp. 
Cancellation of k from (7) and division by p™ gives 
R+ SZ + + Zp”) =0, or SZ + p™P(Z) = k’ (mod 


where k’=¢(¢’) —R is independent of Z. If n—m<m, this is SZ =k’ and is 
solvable. If »—m>m, we repeat the process and reduce the problem to a 
congruence modulo 

To proceed by induction on yp, suppose the problem has been reduced to 
(8) Su + p™o(u) = k (mod n> um. 
If m—ym <m, then p” is a multiple of the modulus and (8) is solvable. Next, 
let n—yum>m. Evidently (8) has a solution uw’ modulo p”, whence 


uw=u'+vp", Su’ =k+ p72. 
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Cancellation of k from (8) and division by p” gives 
Sv+Q+ +p") =0, or Sv+p"P(v) =k’ (mod 


where k’ is free of v. Since this is of type (8) with » replaced by u+1, the 
induction is complete. Ultimately we reach a congruence (8) with m—ym <m, 
which is therefore solvable. This proves 


Lemma 1. For every integer G, and for y=x, F=G is always solvable 
modulis qs and r. 

5. Let ¢ be a product of powers p* of distinct primes. Multiplication 
of f=G (mod p") by 4gd, which is prime to ¢ by (5) and (6), gives the equiv- 
alent congruence 


(9) (mod p*), 
where 
Z=2gdze+cy, R=c? — 4g%db, k = 4gdG. 


If R=0 (mod p), 4gdF =Z?, whence F has only $(p+1) values modulo p 
and is not universal. 

Let R be a quadratic non-residue of p, and take G=0, whence k=0 
(mod ~). Then y=0, Z=0, z=0 (mod p). Thus F is divisible by p? and is 
not universal. 

Hence v?=R (mod p") is solvable when »=1. To proceed by induction 
from n=m to n=m-+1, let w*=R+Sp". Then w is not divisible by p, and 
2wT +S =0 (mod p) has a solution T. Hence (w+7p")*=R (mod p™*'). 

Determine 5 by v5=1 (mod p"). Multiply (9) by & and write u=6Z, 
K=8k. We get 


(10) y=K (mod 
Modulo #, this has a solution with y prime to p unless 
(11) p=3, K=1 (mod 3). 


To prove this fact, let a be any integer not divisible by:p and determine 
B by aB=1 (mod p). Then 2y=a—KB (mod p) determines an integer y 
not divisible by p if a®?#K (mod p). Since at most three residues a are ex- 
cluded, we can find a suitable aif p>3. In case p=3 and K=0 or 2 (mod 3), 
only a=0 is excluded. Take u=y—a. Then y+u=—K&, and (10) holds. 

To show that (10) has a solution with y prime to p, we proceed by in- 
duction from »=m to n=m+1. Hence let 


u®—Y*=K+Sp™, Y prime to p. 
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Then 2Yn=S (mod p) has a solution 7, and (10) holds modulo p**' for 
y=VY+np". Except in case (11), there is therefore an integer Y prime to 
p such that, when y=Y (mod 9"), (10) has a solution u, and hence f=G 
(mod p*) has a solution z. 

In case G=0, whence K=0 (mod #), we shall need the fact that (10) 
has a solution in which y has any assigned value v not divisible by p. If 
n=1, we may take u=v. To proceed by induction, let 


= K+ pO. 
Then (10) holds modulo p"*! when u=U+Sp", y=», if 2SU+Q=0 (mod 


p), which is satisfied by choice of S. 
6. We are now in a position to prove 


Lemma 2. If R is a quadratic residue of t, to each G corresponds an odd 
prime w not dividing agd such that, when y=, f=G (mod ty) is solvable. 


Write r=p."'- - - where no one of the distinct primes p; 
divides G, while each prime factor of T divides G. Except in case (11), we 
saw that there is an integer Y; not divisible by ~; such that, when y=Y;, 
(mod p,**), there exists a solution z; of f=G (mod p?*). But there are integers 
Y and z satisfying 


z=2, (modpf),---, Y=Vi, 2=2 (mod *). 


Hence YF is prime to 7, and there is a solution z of f=G (mod r) when y=Y. 
Write D for gdG. Since gd is prime to ¢ by (5) and (6), 7 is prime to D. 


The divisor 7 of a is odd. Let 7, - - - , 7, be the distinct odd primes which 
occur in D with odd exponents. The system of congruences 

(modr), £4=(mod8), (mod, (t=1,---,A) 
has a solution r=V (mod M), where V is prime to M =8rm - -- There 


are infinitely many primes of the form V+Mw. Let z be one of them which 
does not divide 2 agd. We shall prove that Lemma 2 holds for this 7. For 
Jacobi’s symbols, 
(wi/m) = (x/mi) = 1, (2/m)=1, (D/x) = 1. 

Hence by (4), f=G (mod y) has a solution z when y=z. We saw that f=G 
(mod 7) has a solution z when y=Y =z (mod 7). It remains only to prove 
that f=G (mod 7) has a solution z when y=z. Let p* be a highest power of 
a prime dividing T. Thus p divides G. Since z is not a divisor of a and hence 
not of 7,7». At the end of §5, we saw that, when y has any assigned value 
not divisible by p, and hence when y=z, f=G (mod ") has a solution z. 
The same is true modulo 7. 
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Combining Lemmas 1 and 2, we have, except for case (11), 


THEOREM 3. Let t denote the largest divisor of a whichis prime tog. If F 
is universal, then 


(12) R=c—4g*db is a quadratic residue of t. 


In case (12), to every G corresponds an odd integer x such that, when y=7, 
f=G (mod agy) has a solution z. 


7. It remains to prove Theorem 3 for the special case (11). Then 6?=1, 
R=1, k=1 (mod 3), and (9) requires y=0. Take Y prime to 3, and 3Y=Y; 
(mod #;") for each prime factor p:~30f7. Nowk+9RY*is a quadratic re- 
sidue of 3 and hence of 3**+'. For y=3Y, f=G therefore has a solution 2 
modulo 3"*! and hence modulo 37. Define 7 asin §6. For y=32, f=G 
has a solution z modulo 37 and modulo z, and hence modulo 3rr=yr. 

By the first remark in §3 and Theorem 3, we have 


TueEoreM 4. If e=0, F is universal in case (12). 


8. Consider the classic case of forms F in which the coefficients of pro- 
ducts of different variables are all even, whence e=1 and c is even. We shall 
prove 


THEOREM 5. When e21 and c is even, F is universal if and only if (12) 
holds and 


(13) e=1; either d is odd, or d=2 (mod 4) and b is odd. 


First, let F be universal and employ the notations A =ga, B=gb, c=2C, 
D=gd. Then 


F=2*Axyt+f, f= By? + 2Cyz + Dz*, A odd. 


Since F shall represent odd integers, B and D are not both even. If B 
is even and D odd, we replace z by z+y in F and obtain a like form with 
B’=B+2C+D, which is odd. Hence we may take B odd. 

First, let e=3. Since F represents a complete set of residues modulo 8, 
the same is true of 


BF = y? + 2BCyz.+ BDz? = Y? + hz? (mod 8), 


where Y=y+BCz. If 4 is even, Y?+4z2* has at most six values modulo 8. 
Hence his odd and Y?+Az* has at most seven residues 0, 1, 4; 4, h+-1, h+4; 5. 

Second, let e=2. If A=3 (mod 4), we change the signs of y and z in F 
and obtain an equivalent form having A’=—A. Hence let A=1 (mod 4). 
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Then F=4xy+/ (mod 16). Replacing x by x+ky+sz, we obtain a like form 
having B’=B+4k, C’=C+2s. Hence we may take B= +1, C=O or 1. 

The case B=C=1. The residues of F modulo 4 are 0, 1, D, D+3. 
Hence D=4k+3. Consider odd values of F. Then y+z2 is odd and 


f=(y+2)?+(D—1)2?, F = 4x(2+1) +1 +4 (4k + 2)2? (mod 8). 


For z even, F=4x+1=1 or 5; for z odd, F=4k+3 (mod 8). Hence F repre- 
sents only three of the four odd classes modulo 8. 
The case B=1, C=0. Then F=0, 1, D, D+1 (mod 4), whence 
D=4k+2. Then 
F = 4xy + y? + (4k + 2)2? (mod 16). 


When F is even, y=2Y and F=2¢, 6=4xY+2Y?+m2, m=2k+1. Since 
F represents all even residues modulo 16, ¢ represents all residues modulo 8. 
But if ¢ is odd, z is odd and ¢=m, m+2, or m+6 (mod 8). Thus ¢4m+4 
(mod 8). 

The case B=—1. In the universal form —F we change the signs of y 
and D and obtain F with B=1, which was treated in the preceding cases. 

This proves that e=1. We return to the notations in §3. By hypothesis, 
c is even and g is odd. Let d be even. Since F is not always even, b is odd. 
If d=0 (mod 4), F=2 (mod 4) is impossible. For that requires that y be 
even and then F=0 (mod 4). Hence (13) are necessary conditions that F 
be universal. 

We readily show that (12) and (13) are sufficient conditions. If d is odd, 
and y is any chosen odd integer, F=by*+dz?=G (mod 2) has a solution z 
when G is arbitrary. Thus F is universal by Theorem 3. Next, let d=2D, 
where D and b are odd. If y is odd, then F is odd and F=G (mod 2) has a 
solution z when G is odd. Next, let G be even. Take y=2Y, where Y is odd. 
Then F =4gaxY +4gb¥?+2cYz+gdz?=22? (mod 4), whence F=G (mod 4) 
has a solution z. This F is derived from (3) by replacing e by 2, b by 48, 
c by 2c, y by Y, and has the same g, a, d. The conditions in Theorem 2 
still hold, while R is multiplied by 4. We may therefore apply Theorem 3 
with Y =z, e=2. 

9. In view of Theorems 4 and 5, it remains only to treat the case e21, 
c odd. 

(I) Let d be even. Assign an odd value to y and write & for the odd in- 
teger cy. Then F=gby*+¢ (mod 2°), where ¢=kz+gdz*. Then ¢ ranges with 
z over a complete set of residues modulo 2°. For, ¢=kZ+gdZ* implies 


— Z)[k + gd(z +Z)] =0 (mod 2°). 
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Since the second factor is odd, z=Z (mod 2°). Hence if G is arbitrary, F=G 
(mod 2°) has a solution z. Hence F is universal if (12) holds. 
(II) Let d be odd. If b is odd, F=y+yz+z (mod 2) and F is even only 
when y and z are both even, whence F #2 (mod 4). Hence for a universal 
F, b is even. 
Determine w so that gdw=1 modulo 2¢+*; then F=G is solvable if and 
only if wf =aG is solvable. It therefore suffices to study 


(14) «A = 2*Axy + 2By? + Cyz + 2? (e = 1, C odd). 


(i) Assign a fixed odd value to y. The values of H modulo 2° are the sums 
of 2By? and the values of ¢=2*+/z, where t=Cy is odd. Evidently ¢ is 
always even. Consider 


If the first factor is even, the second is odd and z=Z (mod 2°). Hence if 
z ranges over the 2°! even integers 


(15) 0,2,4, 2, 


¢ takes 2*-! even values incongruent modulo 2°, which are therefore congruent 
to the numbers (15) rearranged. Since this result is not changed if we add 
to them the constant 2By*, we conclude that H=k (mod 2°) has a solution 
when & is any even integer. Hence Theorem 3 applies when G is any even 
integer. 

(ii) Let y=2y,, where y; is odd, but undetermined. Then 


H=Z*+ ry? (mod2*!), Z=2+Cy, r=8B-—C?. 
In view of (i), we need consider only odd values of H. Then Z=2¢ and H=3 
(mod 4). If & is any integer=3 (mod 4), 
4° ry? =k (mod 


has a solution with y, odd. This is evidently true modulo 8. To proceed by 
induction, let 


rb? =k+2"0, 5b odd, m2 3. 


Then 

4a? ++ 7(b + = k+2™0+ rbw) =k (mod 2™*1) , 
by choice of w modulo 2. The induction is complete. To each k corresponds 
an odd G for which F=G (mod 2*+') has a solution with y; odd. 


Since y, was not preassigned, but was suitably determined, we must 
modify our determination of 7 in §6. Since D=gdG is now odd, we omit 
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a =1 (mod 8) from the system of congruences for 7 and replace it by r=; 


(mod 
(iii) Let y=4y2, where y2 is a fixed odd integer. Then 
H =2Z? + 4ry? (mod 2¢+?) , Z=2+ r = 8B —C?. 


In view of (i), we need consider only odd values of H, whence Z is odd and 
H=5 (mod 8). If k is any integer =5 (mod 8), then H=k (mod 2¢+*) has 
an odd solution Z. This is evident for modulus 8. To proceed by induction, 


let 
a? + 4ry? = k+2"0, aodd, m2 3. 


Then 
(a + 2™-!x)? + 4ry? =kh+2°™0+ ax) =k (mod 2™*), 
by choice of x modulo 2. Our F is derived from (3) by replacing e by e+2, 
y by ye, 6 by 160, and c by 4c, and has the same g, a, d. The conditions in 
Theorem 2 hold also here, while R is multiplied by 16. 
(iv) Let y=8y:, where ys is a fixed odd integer. Then 


H =Z*?+ 16ry? (mod Z=2+4Cys. 


Take Z odd. Then H=1 (mod 8). If & is any integer =1 (mod 8), then 
H=k (mod 2¢t*) has an odd solution Z. This is proved by induction as in 
(iii). 

Since every integer k falls under one of our four cases, we conclude from 
Theorem 3 that F is universal if (12) holds. This completes the proof of 


THEOREM 6. When e21 and c is odd, F is universal if and only if (12) 
holds and bd is even. 


10. Another proof of Theorem 6 reveals a property to be utilized in the 
more complicated case of four variables. When (12) holds, F is universal if 
and only if F=G (mod 2") is solvable when S2e+2, irrespective of the 
evenness or oddness of y. 

When G is even, we retain the proof in (i) of §9. Next, let G be odd. Now 
H is the product of F by w modulo 2”+? instead of 2¢+*. For ” arbitrary and 
k odd, H=k (mod 2") has a solution with x =0, y even. For proof, put y=2Y. 
Then 


H =2Z?+r¥Y?, Z=2z+CY, r = 8B 
Modulo 8, H =Z?— Y? has the values 0, 1, 3, 4, 5, 7, whence H =odd (mod 8) 
is solvable. To proceed by induction, let 
=k+2"70, m23. 
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Since ¢ and 7 are not both even, 
+ 2" + + = + fu + = k (mod 2™*), 


by choice of u, » modulo 2. 

Now take »=2e+2. If in a solution of H=k (mod 2"), Y is divisible 
by 4=2¢t!, then Z?=k, whence H=k (mod 2") has a solution in which Y 
is an arbitrary multiple of k, and hence a solution with Y=h. Next, let 
there be no solution having Y divisible by 4. Then in every solution, Y is 
the product of 2° by an odd integer where s Se. In both cases there is a solu- 
tion with Y =2’n, where 7 is odd andoSe+1. Then y=2'n,/Se+2. Since 
e+l<n, we see that H=k (mod 2¢t) has a solution with x=0, y=2'n. 
Insertion of this y into (3) gives a form F; which is derived from F by re- 
placing e by e+, y by 7, b by 2?'b, and c by 2'c. Since F; has the same g, a, d 
as F, F, satisfies the conditions in Theorem 2. The R of F; is the product of 
R in (12) by 2. For G odd, we proved that F=F,=G (mod 2°+') has a 
solution with 7 odd. Thus F;, and therefore F is universal if (12) holds. 


Part II. THE CASE OF FOUR VARIABLES 

11. In (3), let 
(16) = hz? +jew+lw?, 1=g.c.d. of h,j,l. 

We may assume that h 1s relatively prime to any given odd integer m. For, 
the replacement of w by w+dz alters only h andj. Then h’=h+ji+/?. We 
can choose ¢ so that h’ is divisible by no one of the distinct prime factors 
pi,:- +, pe of m. In fact, since h, 7, are not all divisible by there are 
at most two incongruent roots ¢ of h’=0 (mod p,). Since p;>2, there is a 


value v; of ¢ such that h’ is not divisible by p;. There exists an integer 
v such that 


v =v, (mod (mod 


Hence when ¢=2, h’ is divisible by no one of fi, - - - , px. 
12. Let F have the properties in Theorem 2. In (16) we may take h 
prime to ga by §11. 


Lemma 3. If each of the congruences 
F=G (mod 2‘), F=G (mod ga) 


has a solution x, y, 2, w such that y has a fixed value 1 or an odd prime dividing 
no one of g, a, d, h, N=7*—A4hl, then F =G is solvable. 


We first prove that F=G (mod ¥) is solvable. Proof is needed only when 
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y is the specified odd prime. Determine m by gdm=1 (mod y). Multiplica- 
tion of F=G by 4mh yields the equivalent congruence 


4hy =4mhG or Z? — Nw? = 4mhG (mod y), 


where Z=2hz+jw. There is a solution Z, w since N is not divisible by the 
odd prime y. Since / is not divisible by y, Z determines z. 

Hence F=G (mod 2°gay) is solvable. As at the beginning of §3, the equa- 
tion F=G is solvable. _ 

The proof of Lemma 1 applies also here if we take w=0 and multiply the 
coefficient of z* in §4 by h. 

Since ¢ is prime to g, d, and h, while ¢ divides a, multiplication of F=G 
(mod #) by 4gdh yields the equivalent congruence 


(17) 4g%dhby? + 4gdhcyz + g*d?[(2hz + jw)? — Nw*] =4gdhG  (mod2). 


Let ¢ be a product of powers p* of distinct primes. 
13. Case N not divisible by p. The product of (17) by N is 


(18) Nut — =k (mod p"), 


where 
u = gd(2hz + jw) + cy, v = Ngdw + cjy, k = 4NgdhG, 


(19) R = c? — 4g*dhb, J=cj?— NR. 


(I) J40 (mod p). Since Nu?—v?=k—J (mod P) is solvable, (18) has a 
solution modulo p with y=1 p). Write Nu? — v?+J=k+ 
Determine c, so that 0+2Jc:=0 (mod p). Then (18) holds modulo p? with 
y=1+¢c,p (mod p*). Hence 


Nu? — + 1p)? = k+ 


Determine ¢, so that T+2Jc2=0 (mod p). Then (18) holds modulo p* with 
y=1+cp+¢.p? (mod p*). To proceed by induction from n=m to n=m-+1, 
let (18) hold modulo p™ when y=Y (mod p”), where Y=1+c:p+--- 
Write 


Nu? — v2? + = k+ prs. 


Determine c,, so that S+2Jcn=0 (mod p). Then (18) holds modulo p™*+# 
with y=Y+c,,p" (mod p+'). The induction is therefore complete and 
shows that (18) has solutions with (mod n=1+c:p+ - 
with each c; determined modulo ». There exist infinitely many primes y 
of the form 
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(II) N a quadratic residue of p. Thus N=Z? (mod ). Write U for 
Tu, K fork—J. Take y=1. Then (18) holds modulo p if U?—v*=K (mod p). 
This has solutions. In case K=0, take V=v=1. Hence Nu?—v?=K always 
has solutions u, v, not both divisible by ». To proceed by induction from 
n=m ton=m-+1, let 

Nwet-—-v=K (mod p™) 
have solutions u, v, not both divisible by p. Then 
= K+ p"0, 

N(u + prt)? — (v+ = K + pL (mod p™**), 
where L=Q+2Nuté—2vn=0 (mod P) has solutions £, 7. Since the induction 
is complete, (18) has solutions with y=1. 

(III) If N is a quadratic non-residue of p and J=0 (mod 9), F is not 
universal. Consider (18) for k=pK and write J=Tp. Then Nz?—v'?=0, 
u=v=0 (mod p). By the origin of (18), 

4gdhN(F —G) = Nw? —v?+ Jy? — 
The second member is = pM (mod p*), where M =Ty?—K. We can choose K 
so that M is not divisible by p for any y. To each K corresponds a single G 
by the value of & below (18). Hence F is never congruent modulo #? to cer- 
tain multiples G of p. 

14. Case V=0 (mod p). Write N =pe. 

(I) Let j7e40 (mod p). In (17) we may solve 2hz=—jw (mod p") for 
z, since # is prime to ga and hence to p. Take y=1 and write 


u=2gdej, v=gid%, k= 4g%dhb — 4gdhG. 
Then (17) is equivalent to 
(20) uw+vpw? =k (mod p*), (mod 


This has a solution w’ modulo p, and w=w’+wp, uw’ =k+~yp. Then (20) is 
equivalent to 


or wt pfw=K (mod p*~'). 


Suppose we have similarly reduced the solution of (20) to 
(21) yu + pflu) = K (mod p*-"). 
This has a solution u’ modulo p, and 
wu’ = K+ 5p. 
Then (21) is equivalent to 
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wo +p) =0 or pot pP(v) = K’ (mod p*-™~'). 


This is of type (21) with m replaced by m+1. Hence the induction from 
m to m-+1 is complete, and (20) is solvable. 

(II) Let 7=0 (mod p). Then (17) gives 
(22) Z?—Ry?=k (modp), Z= 2gdhze+cy, k = 4gdhG. 
Since this is of type (9), Ris not divisible by p. Next, if R is a quadratic non- 
residue of p, and if G=0 (mod 9), then y=0, Z=0, z=0 (mod p), F=gdy 
(mod p*). Since N= pe and =2hz+jw is divisible by 9, 

4hF = gd(g? — = rpw? (mod += — gde. 
Hence F represents only those multiples mp of p for which 44m=rw* (mod 
p). Hence m has at most 3(p+1) values modulo ». Thus F is not universal. 

Hence R must be a quadratic residue of p. We take w=0. The discussion 
in §§5, 7 applies here. There are infinitely many primes y having specified 
residues with respect to odd moduli p*. 

(III) Let c=0, 740 (mod p). In (17) write Z for gd(2hz+jw). We get 
the congruence (22). As in (II), R must be a quadratic residue of p. By 
§5 with nm =1, (22) then has a solution with y prime to p except in case (11). 

There is a solution with w=0, y prime to #, of 
(23) F =G: gby? + cyz + gdhz? =G (mod p”). 
To proceed by induction from n=m to n=m-+1, let 

gbY? + cYZ + gdhZ*? =G+kp™, Y prime to p. 
Then (23) holds modulo for y= +np”, if 
k+ 2gbYn + cnZ=0 


This has a solution 7 since c=0, R40, whence gb40 by (19). 
15. This completes the proof of 


THEOREM 7. For the form F defined by (3) and (16), let g and a be odd, a 
prime to d, c prime to g, and h prime to ga. Employ the abbreviations 


(24) N=j?—4hl, R=c?— 4g*%dhb, J =c*j?— NR. 
We may assign to y a fixed value which is 1 or an odd prime such that F=G 


(mod gay) is solvable for every G except in the following cases: 


J=0 (mod p), (N/p) = —1; N=cj=0 (mod and either 
R=0 (mod P) or (R/p) = —1, 


where p is any prime dividing a but not g. In these cases F is never universal. 
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By the first remark in §3, we have 
THEOREM 8. If e=0, F is universal except in cases (25). 


16. Assume that the coefficients of products of different variables in F 
are all even, as in the classic theory. Hence e21, c and dj are even. First, 
let e=1. 

If d is odd, j is even and k and / are not both even by (16). Then 
F =by+hz+lw=G (mod 2) is solvable when y has an assigned odd value and 
G is arbitrary. Then F is universal except in cases (25). 

Next, let d=2D. Then b must be odd. For G odd, F=y*=G (mod 2) 
holds if y is odd, whence §15 applies. Finally, let G=2y. Then must y=2Y 
and F=2f, where 


f = 2gaxY + 2gb¥? + cV¥z + gD(h2? + jew + lw’). 


Since f=v~ shall be solvable for every y, D must be odd. The function in 
parenthesis can be made congruent to either 0 or 1 modulo 2. Whatever be 
Y or y, f=v (mod 2) is therefore solvable. Since f is derived from F by 
replacing 6 and d by 2b and 3d, the initial conditions in Theorem 7 are 
satisfied by f, and N, R, J are unaltered. Hence f and F are universal ex- 
cept in cases (25). 


THEOREM 9. Lete=1. If dis odd, let c and j be even; then F is universal 
except in cases (25). If d=2D, let c be even. Necessary and sufficient condi- 
tions that F be universal are that b and D be both odd except in cases (25). 


17. Let e=2, d odd. Then c=2C,j=2s. The products of h, s, 1 by the 
odd interger gd will be designated H, S, L. Write 6 for gb. Then 


(26) F = 2¢gaxy + By? + 2Cyz + Hz? + 2Szw + Lw’, 
where H and L are not both even. Here let L be odd. Write 
\ = LH — S?, W =Lw+Ssz. 


Since our moduli are powers of 2, we may take W and z as new variables in 
place of w, z. We get 


(27) LF = L(2¢gaxy + By? + 2Cyz) + rz? + W?. 
Here let also \ be odd. Write 
A=2Xlga, M=dLB—-LC?, Fi=NXF. 
Then 
(28) F, = 2*Axy+ My?+2Z*?+ dW? (A odd). 
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If F is universal, F;=k (mod 2%) is solvable when & is arbitrary. Con- 
versely, let there be solutions. If y is divisible by 2°, the terms in y drop out 
and there is a solution with y=2°. In every case we may write y=2°n, 7 odd, 
se. The solution gives one of F:=k (mod 2¢+*). Insertion of this y into (3) 
gives a form F’ which is derived from F by replacing y by 7, e by e+s, 
b by 2%b, and c by 2°c. Since F’ has the same g, a, d, h, 7,1 as F, F’ satisfies 
the initial conditions in §15. While W is unaltered, R and J are multiplied 
by 2%. Hence conditions (25) are unaltered. This proves that, except in 
cases (25), F is universal if and only if Fy=k (mod 2”) is solvable when k is 
arbitrary. Solutions with y even are here not excluded. 

(I) A\=3 (mod 4). The case M=0 (mod 4) is excluded since Z?+3W? 
takes only the values 0, 1, 3 modulo 4. 

Let M40 (mod 4). Then F; with x=0 represents all residues of 8. For 
Z*+)W? represents exclusively 0, 1, 3, 4, 5, 7 (mod 8). The missing 2 and 6 
are obtained from y=1. We may select u from the six so that M+u=2 
(mod 8) since 2— M =2 or 6 only if M=0 or —4 (mod 8). Similarly, we may 
select v from the six so that M+v=6 (mod 8). 

To proceed by induction from m=3 to m+1, let 


(29) My?+Z2?+rW2 = k+ 270. 


Then 
M(y + + (Z + AW + 2” =k 


if 0+Myn+Zi+AWw=0 (mod 2). The latter has solutions 7, £, w unless 
My, Z, W are all even. This disposes of odd k’s. 

Let k=2 (mod 4). First, let M be odd and take x=0. Then My?+2Z? 
+3W?=2 (mod 4) shows that one of y, Z, W is even and two are odd. For 
y and Z odd, W even, F}x=M +1 or M+5 (mod 8). For y and W odd, Z even, 
the values of F, are M+d and M+ )-+4, i.e., M+3 and M+7 (mod 8). 
Hence F, takes all even residues and therefore the value k modulo 8, when y 
isodd. By the above induction, F}=k (mod 2") is solvable. 

Second, let k=M=2 (mod 4). Then y=1, Z=W (mod 2). Take x=0. 
For y, Z, W all odd, F:=M+1+A (mod 8). Now M+1+4A) and & are con- 
gruent modulo 4. If they are congruent modulo 8, the preceding induction 
yields solutions modulo 2”. There remains the case k= M+1+A+4 (mod 8). 
Write k=2x, M =2y, \=4t+3. Then «x and are odd and (mod 4). 
Since Z and W must now be even, write Z =2¢, W =2w. Thus F,=k (mod 2”) 
becomes 


(30) wy? + 2g? + =x (mod2"'), odd. 
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Since x=y+2t+4s, this holds modulo 8 if and only if 
+ 3w? = t+ 2s 
This is solvable except when 
t+ 2s=2 (mod 4), k=p+4 (mod 8), 


(31) k=M+8 (mod 16), X=3 (mod 8). 


In the latter case, Fi: =k (mod 16) has no solution with x =0 and hence no 
solution if e=4. This excludes the case \=3 (mod 8), e=4. 

When (31;) fails, (30) is solvable modulo 8. We proceed by induction. 
If (30) holds modulo 2”, m23, it holds modulo 2+! for the same ¢, w, 
but with y replaced by y+2™~'n, where 7 is determined modulo 2 since py 
is odd. Hence F:=k (mod 2") is solvable when k=M=2 (mod 4),A=7 
(mod 8). 

Let (31) hold and e=3. We do not now take x=0. The conclusions 
preceding (30) continue to hold modulo 8. But (30) is now replaced by 


(30’) 4Axy + wy? + + =x (mod2"-!), yodd. 


This holds modulo 8 if x=Ay, {=w (mod 2). There is always a solution with 
x=Ay. Equate the left member to «+2"Q. Then if m23, 


(44? + + + 25? + 
=«+2"(0+ (447+ (mod 


by choice of 7 modulo 2. 

Let (31) hold and e=2. The first coefficient 4 in (30’) is now replaced 
by 2. There is a solution with « =2Ay. 

If in a solution of F,=k (mod 2") we multiply the variables by 2°, we 
obtain a solution of F;=4’k. 

(II) \=1 (mod 4). The case M=0 (mod 4) is excluded since Z?+W? 
takes only the values 0, 1, 2 modulo 4. 

Modulo 8, Z?+AW? represents exclusively 


(32) 0,1,4,5,A +1. 


First, let M be odd. Then My?=0, M, or 4M =4 (mod 8). Adding 4 to 
(31), we get the single new residue \+5. It with \+1 gives 2, 6 (mod 8). 
These with (32) give all residues except 3, 7. If one of the latter is congruent 
to the sum of M and a number (32), the latter must be even and hence 0, 4, 
or \+1. These plus M=1 or 5 (mod 8) give a single new residue, viz., 
A+1+M. Ife=3, F; has a missing residue. Hence if M=1 (mod 4) and e23, 
F, has a missing residue. Hence if M =1 (mod 4) and e23, F; is not universal. 


179 


180 L. E. DICKSON [January 


But if e=2, F, has the missing residue \+5+M modulo 8, when x, y, Z, W 
are all odd; and (28) represents all residues modulo 16. 

If M=3 or 7 (mod 8), M+0 and M-+4 give the missing 3, 7. 

If M=2 (mod 4), My?=0 or M (mod 8). The first four in (32) include 
all =0 or 1 (mod 4). Adding 0 and M, we get all residues modulo 4 and hence 
all modulo 8. 

Hence if M=2 or 3 (mod 4), F:=: is solvable modulo 8 with x=0 for 
every k. The first induction under (I) yields solutions modulo 2” for every 
odd &. 

Let M=3, k=2 (mod 4). For* y=2Y, Z and W odd, Fi=4Y?+1+ A 
(mod 8). According as 1+A=k or k+4 (mod 8), F:=k holds for Y =0 or 1. 
To proceed by induction, note that (29) implies 


My? + (Z + + AW? =k =k (mod 


by choice of £ modulo 2. Hence if M=3 (mod 4), Fi=k(mod 2") is solvable 
when &, are arbitrary. 

Let M=k=2 (mod 4). Then 2y?+Z?+W?=2 (mod 4). There are only 
two possibilities. Either Z and W are odd, and y=2Y, whence F,= if 
k=1+4A (mod 8), with induction to 2”. Or Z=2¢, W=2w, and y is odd; 
then, for x=0, F,x=M+4f?+4w?=M or M+4 (mod 8), whence F,=k (mod 
8) is solvable. For x =0, we have (30), which for modulus 8 is equivalent to 


{?+w*=d (mod 4), where 2d=x—y. This is solvable unless 

(33) d=3 (mod4), 6=x-—yu (mod8), 12=k—M (mod 16). 
There was a solution with y=2Y unless k=1+2+4 (mod 8). If both fail, 
(34) M=1+A (mod 8). 
Except in this case, F, =k (mod 2") is solvable. When e=4 and (33) and (34) 
hold, we saw that F,=k (mod 16) has no solution. If (33) and (34) hold and 
e=3, we have (30’), which holds modulo 8 if and only if §+w is odd, x=Ay 


(mod 2). The former induction on (30’) applies also here. Likewise when 
e=2. 

THEOREM 10. Let e=2, c=2C, j7=2s, d, 1, and X=g*d? (Ih—s*) be odd. 
Write M =dg*dbl—g*d*l?C?. Then F is universal, if and only if we exclude 
cases (25) and the following: 

M = 0 (mod 4); A=3 (mod 8), e24; \ = M =1 (mod 4), e23; 
= 1 (mod 4), M =1-+4A (mod 8), e2 4. 


* These are the only possible values modulo 4. 
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18. Next, let ZL be odd and X even in the notations of §17. It suffices 
to treat the form (27) which we denote by 


(35) f = 2*Axy + By? + 2Ryz + dz? + W? (e = 2). 


If e=2, 2R+A=2 (mod 4), f is universal except in cases (25). For, when 
y is odd, f—B has the values 0, 1, r=2R+A, 7r+1 (mod 4), which form a 
complete set of residues modulo 4. If e=3, we separate the case r =2 into 
two subcases. 

I. Let e=2, A=0 (mod 4), R odd. Assign a fixed odd value to y. Then 
{—By*?=2iz+4hz?+W? (mod 2°), where t=Ry is odd and 44=. By (I) of 
§9, ‘2-+2hz? ranges with z over a complete set of residues modulo 2”. Take 
n=e—1. Hence 2iz+4hz? takes all even values modulo 2°. By use of W =0 
and 1, we see that f takes all values modulo 2°. 


II. Next, let e=3,\=2r, R=2p, where is odd. Then 
(36) FP, = rf = 2*rAxy+ Ty? + Z=re+ py, 
T = rB — 2p’. 


Since y enters linearly only in the first term, the first italicized result in §17 
holds here. Hence we ask if F:=k (mod 2**) is solvable when & is arbitrary 
and both odd and even y’s are allowed. 

The values modulo 8 of 2Z?+rW? (r odd) are 


(37) 0,2,4,6,r,r+ 2. 


If T=0 (mod 8), F; has only these six values and is excluded. If T=2 or 6 
(mod 8), the values of F; are (37) and the same increased by 2 or 6, and hence 
are (37) and either +4 orr +6; thus F; has only seven values and is excluded. 

Let T =4t, where ¢ is odd, and consider even values of F;. Then W =2w, 
and F, is the double of 


2*'v¥Axy + = 2ty? + Z? + 


Since 27 = +2 (mod 8), Z?+2rw?=0, 1, 2, 4, 6, 142 (mod 8). The further 
values of @ are obtained from these by adding 2¢. If such sums yield both 
missing values 142, 5, they are obtained by adding the odd 1, 1+2 to 22. 
This is impossible since ¢ is odd and 2t=2 or 6 (mod 8). This excludes e=4. 
But F, yields universal forms if e=3. First, if y is odd, the values of F; 
modulo 8 are (37) increased by 4 and hence are all even residues and r+2, 
r+6. We lack r, r+8, r+2,7r+10 (mod 16). We get these odd residues by 
taking y=2Y, Y odd, whence F;=2Z?+rW?, whose odd values modulo 16 
are derived by adding 0, 2, 8 to each r, 9r. The sum 9r+2=r+10 (mod 16). 

Finally, let T be odd. Then F, represents all residues modulo 8, as shown 
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by the first four numbers (37) and the values 0 and 1 of y. If & is odd, 
F,=k (mod 2") is solvable with x =0. For, if F:=k+2"Q, then 


T(y + 2™-1n)? 2Z2 r(W 2™—1w)? 
=k+2"0+ Tyn+rWw) =k (mod 2™) 


by choice of 7, w modulo 2. 
Henceforth, let k=2x. Then y+W is even. We may set y=7+¥{, 
W =n-—{, T+r=2M. From F,=2k (mod 2”), we cancel 2 and get 


(38) xy + Mn? + Mi? + 2(M — +22 =« (mod 
(a) If M is odd, multiply (38) by M and write 
Y = Mn+ (M A= 2Mr—r2=1 (mod 4). 


We get 
(39) + MZ? + =«M (mod 2*-1), 


Aside from the first term, in which y=7-+£, this is of type (27) for the case 
(II) of §17 and M odd. It was proved there that, when M =3 (mod 4), (39) is 
solvable with =0 for every x; but, when M=1 (mod 4), MZ?+Y2+.¢? 
represents all residues of 8 exceptA+5+M. Henceif e=4, F,is not universal. 


The same is true if e=3 since 
(40) 4MrAxy + MZ?+ (mod8), 


are not solvable. For, Z?+ Y?2+{?=3 (mod 4) requires that Z, Y, ¢ be all odd. 
By Y=n (mod 2), 7 is odd and y even. The left member of (40) is M+1+A 
(mod 8). 

(b) Let M=2m. Write / for the odd integer M—r. Let ¢ denote the sum 
of the terms other than the first and last in the left member of (38). Then 
For n even, 2m, 2m+4 (mod 8). By symmetry, 
@ takes the same values when ¢ is even. For 7 and ¢ both odd, 6=4m+2 
(mod 8). 

(bi) Let m=2y. Then ¢ takes all even values modulo 8. This holds also 
modulo 2°. For proof, take 7=1. Then ¢6=2m+2y, ~=2uf?+¢. By (1) 
of §9, y ranges with ¢ over a complete set of residues modulo 2°-!. Give Z 
the values 0 and 1. Hence (38) is solvable with x =0, « arbitrary. 

(be) Let m be odd. Then ¢=0, 2, 6 (mod 8). Hence (38) is not always 
solvable modulo 8 if e=4 and F; is then not universal. This is true also if 
e=3. For, we saw that ¢+Z? fails to represent 4 or 5 (mod 8). Suppose that 


(41) 4rAxy +o+Z?=4 or 5 (mod 8). 
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Then 
¢+Z?=O0orl, ¢42, (mod4), 1? + 5%+nf =0 (mod 2), 
whence 7 and ¢ are even. Thus y is even and (41) is impossible. 


THEOREM 11. Let e=2, c=2C, j=2s, d and | be odd. Write \=g*d? 
-(Ih—s*), R=gdlC. If \X=0 (mod 4), F is universal. Next, let \=2r, R=2p, 
wherer is odd. Ife=2,F is universal. For e=3, write T =rg*dlb—2p*. If T=0, 
2, or 6 (mod 8), F is not universal. If T=4 (mod 8), F is universal if and 
only if e=3. If T is odd, write 2M=T+r. Then F is universal if and only 
if M=0 or 3 (mod 4). Throughout, universality is to be qualified by excepting 
cases (25). 


19. Consider (35) for R odd, \=2 (mod 4). We may assume that R=1 
(mod 2¢+?). For, if R=1+2y, \=2r, replace z by z+ ey. We obtain a form 
like (35) with 


R’ =1+2(y7+ £e), B’ = B+ 2Re + 2re?. 


Since r is odd, we may choose ¢ so that y+re=0 (mod 2¢t'). Note that 
B'=B (mod 4), so that the later conditions for universality are independent 
of this transformation. 
If B=1 (mod 4), there is no solution of f=A+5 (mod 8). The latter 
implies 
(y+2)? +22°+ W? =3 (mod 4). 
Whence y+z, z, W are all odd. Then y=2Y and 
(mod 8). 


If B=2 (mod 4), there is no solution of f=5 (mod 8). That implies 
26+W2=1 (mod 4), 6=y?+yz+2?, whence W is odd and ¢ is even. Thus 
y and z are even and f=W? (mod 8). 

Hence when f is universal, B=0 or 3 (mod 4). 

First, let x=0, y=1, z=2Z. Then f=B+4Z+4\Z?+W?. By (I) of §9, 
Z+)Z? ranges with Z over a complete set of residues modulo 2”. Hence f 
represents all 4¢+B and 4¢+B+1 (mod 2"). 

Second, let x=0, y=2Y, z=1, where Y is odd. Then 


(42) f = 4BY? +A+ W?. 
If k is any odd integer, f=2k (mod 2”) is solvable with W=2w. Since 
2k—d is a multiple 4e of 4, this is equivalent to BY?+Y+w?=e (mod 


2.-*), But Y=2n+1. Hence 27+B+1+w*=e, where =2Bn?+(2B+1)7. 
But 7 ranges with 7 over a complete set of residues. Hence the congruence 
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is solvable with w=0 or 1. Thus if x is any integer =2 (mod 4), f=x (mod 
2") is solvable with y a double of an odd integer. 
Third, let x =0, z=1, y=4n, n=2E+1. Then 


f = 16Bn? + 87 +X+ W? = + 16B+8+2+ W?, 


where » =4Bi?+(4B+1)— ranges with — over a complete set of residues 
modulo 2". Take W=1 and 3. Thus if k=\+1 (mod 8), f=k (mod 2”) is 
solvable. 

When B=0 (mod 4), our three cases dispose of all except 4+5 (mod 8). 
We then take W=1 in (42). Cancellation of 4 now gives BY?+Y=1, 
27 +B+1=1 (mod 2*-), which is solvable for 7. 

When B=3 (mod 4), our first two cases dispose of all except 1 (mod 4). 
Take «=0, y=4n=4(2§+1), z=2. Then 


f = 16Bn? + 16n + 44 + W? =32u + 16(B + 1) + 44+ W?, 


where u=2Bt*+(2B+1)é ranges with £ over a complete set of residues 
modulo 2”. Take W =1, 3, 5,7. Then 32u+W? represents all 80+1, and the 
same is true of f modulo 2”. There remains only the 80+5. We take x=0, 
z=2,y=2Y, Y=2n+1. Write B+1=4b. Then 


Bf =42-—4+4B\+ BW?, «= BY+1=2r, 
t = Bn + 2b. 
We may employ 7 as a new variable in place of 7 modulo 2”. If k=B (mod 8), 


167?+BW?=k (mod 2") is solvable with W odd. For m23, let 167?+BW? 
=k+2"0. Then 


167? +B(W + = k+2™0+ BWw) =k (mod 2™*1) 


by choice of w modulo 2. Hence if x=B+4 (mod 8), Bf=x (mod 2”) is solv- 
able. Thus f=8e +5 (mod 2") is solvable when g is arbitrary. 


THEOREM 12. Employ the initial assumptions and notations of Theorem 1i. 
Write B=g*dbl. Now let R be odd and \X=2 (mod 4). Except in cases (25), F 
is universal if and only if B=0 or 3 (mod 4). 


20. Finally, consider (35) for R=2p, \=4r. Then f=By?+W? (mod 4), 
and f has the values 0, 1, B, B+-1, which form a complete set of residues only 
if B=2 (mod 4). 

First, let e=2. For y odd, f=2 or 3 (mod 4). For y=2Y, f=4rz?+W? 
(mod 8), independently of Y. If r is even, f=5 (mod 8) is impossible, and F 
is not universal. But if r is odd, f=0, 1, 4, 5 (mod 8) for Y odd, and F is 
universal. 
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Next, let e=3. If ris even, f=By?+4pyz+W?=5 (mod 8) is impossible, 
since it holds modulo 4 only when W is odd and y is even. Ifr and p are odd, 
f=By?+4yz+42?+W?=B-+5 (mod 8) is impossible, since it holds modulo 4 
only when W and y are odd. 

There remains only the case B=28, p=2c¢, with 8, o, r all odd. Write 
Z=rz2+oy, T=r8—20%. Then 


Fi 42?+ 2Ty’?+rW?. 


As in §17, F is universal except in cases (25) if and only if F:=k (mod 2%) 
is solvable when & is arbitrary, when both even and odd values of y are 
allowed. The even residues modulo 8 of ¢ are 0, 4, 2T, 27 +4, which are a 
permutation of 0, 2, 4, 6. The odd residues are obtained by adding r to these 
four. Hence F;=k (mod 8) is solvable when & is arbitrary. 

For x odd, x—T =2q. Then ¢=2k (mod 16) requires 


W=2w, yodd, (mod 4). 


But Z?+rw?=0, 1, r, +1 (mod 4), which lack 3 or 2 according as r=1 or 
3 (mod 4). Hence ¢=k (mod 16) is impossible for certain integers k, whence 
F is not universal if e>4. 

If e=3, B=2 (mod 4), r is odd and p even, we shall prove that F is uni- 


versal. For y odd, 

f—B= 422+ W?=0,1,4,5 (mod 8). 
Since f—B takes the values 0, 1 (mod 4), 
(43) f = 2,3,6,7,10,11,14,15 (mod 16). 


For y=2Y, Y odd, =4rz?+W? (mod 16). 

(i) Let r=1 (mod 4). Then y=0, 1, 4, 5, 8, 9, 13 (mod 16). To these 
we add 4B=8 and get 0, 1, 5, 8, 9, 12, 13 (mod 16). From these and (43) 
only 4 is missing. For y=4n, f=4rz?+W? (mod 32). We take W =2, z=0, 
2 and get 4, 20 (mod 32) and hence the missing 4 (mod 16). 

(ii) Let r=3 (mod 4). Then y=0, 1, 4, 5, 9, 12, 13 (mod 16). To these 
we add 4B=8 and get 1, 4, 5, 8, 9, 12, 13. From these and (43) only 0 is 
missing. We use y=4n, z=0, W =0, 4 and get 0, 16 (mod 32). 


THEOREM 13. Employ the initial assumptions and notations of Theorem 11. 
Write B=g*dbl. Now let R=2p, \=4r. Except in cases (25), F is universal if 
and only if B=2 (mod 4), either e=2, and r odd, or e=3, r odd and p even. 


Theorems 10-13 cover all classic forms with e>1, d and/ odd, c andj even. 
The remaining forms will be treated in a later paper. 


{ 
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Part III. EQUIVALENCE AND CANONICAL FORMS 


21. We consider henceforth only classic forms f in which the coefficients 
of products of different variables are all even. By the Hessian of f is meant 
the determinant of the halves of the second partial derivatives of f. We 
shall prove 


THEOREM 14. The Hessian H of a universal classic ternary quadratic 
Null form f is either odd or the double of an odd integer. In the respective cases, 
f is equivalent to 


(44) @ = 2xy— H2*, = 2xy+ y? — 
Each of these forms is universal. 

By §8, f is equivalent to 
(45) 2Axy + By? + 2Cyz + Dz?, A odd. 


First, let A=1. Replacing x by x+ky—Cz, we get a form like (45) with 
C’=0, B’=B+2k=0 or 1 by choice of k. Then H = —D and we have (44). 

First, let H be even. Then ¢ is excluded. If H=0 (mod 4), y is never=2 
(mod 4). Hence H =2 (mod 4) in y. For y=1, z=0; y=2, z=0, 1, the values 
of y are 2x+1, 4(x+1), 4(x+1) —H, which together give all integers. 

Second, let H be odd. In y replace x by x+Hz and z by 2+¥4; we get 
2xy+(1—H)y?—Hz*. We now replace x by x +3(H—1)y and get ¢. Hence 
we may drop y. The values of ¢ for y=1, z=0, 1 are 2x and 2x—Z and to- 
gether give all integers. ; 

This proves Theorem 14 when A =1. 

22. Case A prime to D. There exist solutions s and ¢ of Ds—At=C. 
Replacing x by x+/z, we get a form (45) having C’=C+At=Ds. We now, 
replace z by z—sy and obtain a form (45) lacking yz. In the notation (3), 
it has g=1 and is 
(46) F = 2axy + by? + dz? (a odd and prime to d). 

If F is universal the first part of §5 with ¢=a, c=0, shows that —bdisa 
quadratic residue of each power of a prime which divides @ and hence of a 
itself. Thus 5 is prime to a, and b= —r*d+am, where r and m are integers, 
and r is prime to a. 

(I) Let d be odd. If m is even, write m=2y,r=p. Then 
(47) b = — p*d+ 2au (p,a relatively prime). 


If m is odd, then m+ 2rd-+-ad is an even integer 2y; for p =r-+a we again have 
(47). For x=X —py, (46) becomes 
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F = 2aXy — p*dy? + dz’. 


Put z=Z+py. Then F=2yi+dZ?, where £=aX+pdZ. Since a and dp are 
relatively prime, there exist solutions of av—dpu=1. Write n»=uX+0Z. 
The transformation from X, Z to £, 7 is of determinant unity and replaces 
F by 2y&+d(an—ué)*. Replacing y, £, 7 by x, y, 2, we obtain a form (45) 
having A =1. 

(II) Let d be even. If F is universal, b is odd and d=2 (mod 4). For, 
if d=0 (mod 4), F is never =2 (mod 4). Thus d=2D, where Dis odd. Then 
m is odd, m=2n-+-1. Replacing x by x—ny, we obtain 


F = 2axy + Ty? + 2Dz2?, T= a-— 2r°D. 


Write @=4r2D—a. Since 4rD is prime to a, it is prime to 6. Hence there 
exist integers 8 and y satisfying 4r4Dy—08=1. Now F=0 for x= —1, y=2, 
z=2r. Hence the substitution 


has determinant unity and replaces F by a form G in which the coefficient of 
zero. That of is 


— aB + 278 + 4Dry = aB + 4rD(y — rB) = 4rDy — 08 = 1. 


That of is 8rD(@—a+2T)=0. Replacing é, 7, ¢ by x, y, z, we see that G 
is of the type (45) with A =1. 

The Hessian —a*d of (46) is odd in (I) and =2(mod 4) in (II). This 
completes the proof of 


THEOREM 15. When A is odd and prime to D, (45) is equivalent to (46), 
which is universal if and only if —bd is a quadratic residue of a and either d is 
odd or b is odd and d=2 (mod 4). In the respective cases, (46) is equivalent to 
(44). 


This proves Theorem 14 when A is prime to D. 

23. Let the form (3) be universal and classic, whence e=1, c=2C, 
¥=C2*+2cy2w+ ---, where Cu, Cz, - - - have no common factor >1. 

If b is even, then d is odd and Cu, C22, C33, - - - are not all even. We may 
assume that cy is odd. If the number 2 of variables is 3, c,.=1. If m>3 and 
if cx, is even and C22, for example, is odd, replace w by w+2; then the new cy is 
odd. In (3) we replace z byz+gy and obtain a form 2°gaxy+¢(y, 2,w, --- ) 
in which the coefficient of y? is the product of g by }+2C+dg*cy,, which is 
odd. Hence (3) is equivalent to a like form with 6 odd. 

Let D be the g.c.d. of a=Da and b=D8. Then D, a, 6 are odd, while 
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2‘a and £ are relatively prime. Let E be the g.c.d. of D=E6 and C=Ey. 
Then 6g is prime to 2y. Hence there are solutions 7, s; M, v; h, u of 


(48) 2*ar + BS = — 2y, 
(49) 6gM + 2y=1, 2ah+fpu=M. 
The form (3) is 
(50) F = 2¢gEbaxy + + 2Eyyz + gdp(z,w, -- 
Consider the linear substitution 
BX + +122, 
= — 2aX+uY + sZ, 
z= + géZ, 
which does not alter w, etc. Multiply the second row of its determinant 


A by 8. To the new second row add the product of the first row by 2°a and 
apply (48) and (49.). Hence 


v gé 


by (49;). We see that S replaces F by a form in which the coefficient of X? 
is zero, and that of XY is 


2¢*gEba(Bu — 2%ah) + gEbB(— 2-2¢au) + 2Ey(— 2*av) 
= — 2*aE(giM + 2yv) = — 


by (49). The coefficient of XZ is the product of —2°gEaé by —BS+2‘ar 
+28s+2y=0, by (48). Changing the signs of Y and Z, we get an equivalent 
form 


(51) 2%aEXY + x(Y¥,Z,w, ---). 


Let m denote the minimum odd positive integer such that a given uni- 
versal classic form is equivalent to 2°mxy+d¢(y, z, w,***). By (50), 
m=gEbéa. Since F is equivalent to (51), aZ=m. Hence 1=g6, g=5=1. 

Since g=1 and a is prime to d, when we express a ternary form (3) with 
e=1 in the notation (45), we see that A is prime to D. Hence Theorem 15 
applies and proves Theorem 14. 

Incidentally we have also 


THEOREM 16. Every universal classic Null quadratic form is equivalent to 
(2) with A =2°m, where the minimum m is prime to A, c =2C, m and B are odd 
and their g. c. d. divides C. 
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Part IV. ALL UNIVERSAL f =ax?+by?+c2? 


24. THEOREM 17. f is universal if and only if (i) a, b, ¢ are not all of like 
sign and no one «'s zero; (ii) a, b, c are relatively prime in pairs; (iii) —bc, —ac, 
—ab are quadratic residues of a, b, c, respectively; (iv) abc is odd or double an 
odd integer. 


This was proved elsewhere* by the writer. We shall give here a new proof 
that the conditions are sufficient. Byf (i), (ii), (iii), f=0 has solutions 
n, ¢, relatively prime in pairs. Then s§—rn=1 has solutions s, r. The 
substitution 

x=EX+7VY, +sY, 2=5X4+Z 
has determinant unity and replaces f by 
F = 2uXY + 2c{XZ + + cZ?, 
where u = aér + bns, v = ar? + bs?. 

The Hessians abc and —c(u?+-cvf?) of f and F must be equal, whence 

(52) u? + cof? = — ab. 
This follows also from the identity 

u? — v(at? + by?) = — ab(s§ — rn)? 
in £, ». By (52) and (ii), no prime divides both u and c. Suppose u and ¢ 
have a common prime factor p. By (52), p divides ab. If p divides a, it 
divides the second term of a&-+bn?+cf{?=0, whereas d is prime to a, and 7 
to ¢. Similarly, p cannot divide b. 

Hence the coefficients of y:=uY+c{Z are relatively prime. Thus there 
is another linear function z; of Y and Z such that the determinant of the 
coefficients in y; and 2 is unity. Hence F is equivalent to 2Xy,+@, where 
¢ is quadratic in y; and 2. The new form is of type (45) with A=1. Its 
Hessian abc has property (iv). By §21, it is universal. 

Finally, we give a new proof that (i)-(iv) are necessary conditions that 
a Null form f be universal. Such an f is equivalent to F in §8 with e=1. 
Then the Hessian of F is —A?D, where D is odd or double an odd. This 
proves (iv). If a and b have a common odd prime factor p, f=cz* (mod p) 
and f would not be universal. This proves (ii). Suppose that —dc is a non- 
residue of an odd prime factor p of a= pA. Consider values x, y, z for which 
f is divisible by p. Then —dcy*=(cz)* (mod p), whence y=z=0, f=pF, 
F=Azx? (mod p), and f would not be universal. 


* Bulletin of the American Mathematical Society, vol. 35 (1929). 
t Dirichlet-Dedekind, Zahlentheorie, 4th edition, §157, p. 432. 
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BOUNDARY VALUE PROBLEMS FOR POTENTIALS 
OF A SINGLE LAYER* 


BY 
E. R. C. MILES 


1. Introduction. The principal object of the following paper is the dis- 
cussion of a Neumann problem, with reference to a potential of a single 
layer which is based on a general distribution of matter on a simple closed 
plane boundary. Such potentials were introduced by Plemelj.f The result 
obtained here is of the same order of generality for these boundaries as that 
obtained by G. C. Evans with the aid of conformal transformations{, but 
the present method is entirely different, and simpler. The problem is equiva- 
lent to a Stieltjes integral equation, which is solved by reduction to the classi- 
cal Fredholm type. 

Consider the function 


(1) = f log (1/r)du(P), 
Cc 


where u(P) is a function of limited variation on the simple closed curve C. 
The notation u(P) is used as synonymous with u(sp). For the measurement 
of angles the length r= MP is regarded as directed from M to P, where M 
is a point which remains fixed in the integration. It is assumed that the direc- 
tion of C changes continuously as we go along the curve, and that the curva- 
ture exists at each point. 

Let n, or, more particularly, 7g, be the normal at a point Q of the curve, 
directed toward the interior, and M a point on mg. The derivative 


(2) dv(M) _ f cos 
c 


dn r 


generally fails to be continuous as M passes over the point Q. We shall 
investigate this discontinuity. 

The integral (2) converges when M is coincident with Q. In order to 
prove this statement, it suffices to examine the integrand in the neighborhood 


* Presented to the Society, April 7, 1928; received by the editors June 2, 1928. 

1 Potentialtheoretische Untersuchungen. Leipzig, 1911, p. 17. 

t The Logarithmic Potential. Disconti: s Dirichlet and Neumann Problems, New York, 1927, 
p. 84. 
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of Q. Set up a system of rectangular coédrdinates, with origin at Q, and axes 
along the positive tangent and inner normal, respectively. Measure s from 
Q. In the neighborhood of Q, the equation of C may be written in the form 


y = x*f(x), 


where, as may be verified from the hypotheses for C, f(x) and xf’(x) are 
continuous except at x =0, and bounded in a suitable interval containing Q. 

Denote by @ the angle measured in the positive direction from the normal 
at 0 toQP. We have then 


1+ 


which is therefore continuous except at Q as a function of x, and bounded 
in the neighborhood of Q. Hence it has the same properties as a function 
of sp when P#Q. The statement is therefore proved. 

From what has been said of the function (cos @)/r, we obtain immediately 
the following corollary, which will be useful later. We state the result as a 
lemma. 


Lemma. If u(P) is continuous at Q, and C’ is an arc of C, containing Q, 
and of length <6, then 


cos 6 cos 6 
f ——dyu(P) = lim du(P). 
Cc 


6-0 c-—c’ r 


2. Boundary values of the normal derivative. For convenience we de- 
note by dv(Q+)/dm the value, where it exists, of dv/dn as M approaches Q 
along from the inside; we define similarly dv(Q—)/dmn with reference to 
the exterior of C. With this notation, we have the following theorem: 


THEOREM 1. If v(M) is given by (1), then 


dvQ+) dQ-) cos 

, 

provided u'(Q) exists. 


n 


Denote by C’ a small arc HK containing Q as an interior point. We may 
write (2) in the form 


dv(M) f +f 


cos 6 
r 

| 

| 

fi 
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Consider J,. Construct the osculating circle C at Q. Let p be the distance 
from its center to M, P that point of C for which x=xp. Let F=MP, and6 
the angle from mg to MP, measured in the positive direction. We shall show 
that 


cos@ cos@ 
c’ Tr Tr 


uniformly with respect to M, provided that the length of C’ is small enough. 
For this purpose it suffices to show that (cos 6)/r—(cos 6)/# is bounded 
uniformly with respect to M. In fact, u(P) is of limited variation in the neigh- 
borhood of Q, and continuous at Q. The conclusion is apparent if we write 


cos@ cos6 (9 — y)cos(8+ 8) 


r 17 


and note (a), that #—y is of order higher than the second with respect to x, 
and (b), that |x| <r, #. The details are as follows: 


= R— (R? — 


where R is the radius of curvature of C at Q. But the preceding equation 


may also be written 
x 1/2 
) 


where the expression in brackets is bounded. Moreover cos(9+4@) is obviously 
continuous as a function of x, and uniformly bounded with respect to M. 
The statement is therefore proved. 

Consider therefore the integral 


1 
log (R? + — 2Rp cos ¥)du(P) 
2 dpJC’ 


1 — 29? ++ 2Rp cosy 
du(P), 
2p JC’ R? + p? — 2Rp cosy 


x2 
=> OR x*(x). 
Then 
cos 8 d 1 
= —dyp(P) = [tog —du(P) 
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where y is the angle subtended by QP at the center O of the circle, and where 
p is the segment OM, directed from O to M. Hence 


R? — p* 
au R? + p? — 2Rp cosy 


If the length of C’ is sufficiently small, we _— therefore, 


du(P)| <e. 


| C’ R? + p? 


= 
29 R JC’ R? + p? — 2Rp cosy 


Hence, taking account of the lemma of §1, 


dv(Q +) cos (ng, QP) 


and similarly 


awQ-)_, cos (ng,QP) 
= mu'(Q) + 


From these equations we have the result stated in the theorem. 

The foregoing analysis presupposes that the curvature at Q is not zero. 
In the latter case, we may replace the arc of the osculating circle by the 
corresponding segment C’ of the tangent at Q, and observe that the integrals 
along C’ and along C’ differ by a quantity which is uniformly small with the 
length of C’. In fact, (cos @)/r—(cos 6)/7 is uniformly bounded with respect 
to M, since y is of order higher than the second with respect to x. Therefore 
consider the integralf 


f 


7? 0 7? 
where u(x) =xu’(0)+n(x), the last term being a function of x of limited 
variation, such that if yo denotes the upper bound of |n(x)| in the interval 
SX we have lim.,.o 70=0. 


* Evans, loc. cit., pp. 39, 40. 
T This integral is essentially the Poisson Stieltjes integral for the straight line considered as an 
infinite circle. 


i 
But 

| 

: | 

| 

t 

if 

4 

\q 

a 
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Now since 7/7* decreases with x, x >0, we have 


< No, 


Hence the integral considered is made arbitrarily small with xo, uniformly for 
M. The same remark applies to 


f 


—Z 


But (cos dx Hence, by first taking x small enough, and 


then taking M near enough to Q, we can make 


2. cos 6 
f 


differ by as little as we please from 7u’(Q), which is what we wished to show. 

3. The Stieltjes integral equation. We consider again the class of func- 
tions which can be expressed in the form (1). It is assumed now that the 
discontinuities of u(P) are regular. If we also denote by C the total length 
of the curve, we may extend the definition of u(sp) beyond sp=C by means 


of the relation 
u(sp + C) = u(sp) +m, 


where 


m = J du(sp) = w(C). 


The problem now to be considered is expressed in terms of the condition 


—ds; — —— lim —ds; = 


[January 
where 
| 
7 
and 
S n0%0 [=] + dx 
r r= Zo 0 r 
= 70 2 
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where g(s) is a given function of limited variation, with regular discontinui- 
ties, and where A, B are points of C. We shall regard A as fixed and B as 
variable on C. In the first integral s; is an arbitrary simple regular curve 
lying entirely within C, and joining the points A;, B;. The latter points are 
at the distance 6 from A, B, measured along the respective inner normals. 
In the second integral s; lies entirely outside C; the points A;, B; are on the 
outer normals at A, B, respectively. 

That the curve C has a unique normal at each point is implied in the 
preceding statements. Specifically, it is assumed that C is a simple regular 
closed curve; moreover C shall be a curve of class I’,* i.e., there shall exist 
a positive number I’, independent of M, such that 


f | cos (np, MP) 
c MP 


uniformly for all M. 


THEOREM 2. There is a unique function of class (1) which satisfies the con- 
dition (3) unless d belongs to a certain set of characteristic values. These values 
are independent of the given function g(B), and depend merely on the form of the 
curve C. 

The value \= —1 is not a characteristic value. The corresponding problem 
is a generalized Neumann problem for the exterior region: 


Bs dy 
lim f dss = g(B) — g(A). 
JAs dn 


The value }= +1 is a characteristic value. A necessary and sufficient con- 
dition that there exist a solution v(M) of class (1) is that 


dg(B) = g(C) = 0. 


The corresponding problem is a generalized Neumann problem for the interior 


region: 
Bs dy 
lim —ds; = g(B) — g(A). 
80+ J As dn 


The solution is unique except for an arbitrary additive constant. 


Consider the condition (3). We have 


Bs dy Bs dw 
lim —ds, = — lim —ds; = lim [w(As) — w(B,)], 
80+ J 43 dn 80+ J As 80+ 


* G. C. Evans, The Rice Institute Pamphlet, vol. 7 (1920), p. 261. 


i 
q 
t 
fi 
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where w is a function conjugate to v: 
w(M) = — f tan~! du(P). 
Cc xp — 


The function under the integral sign being multiple valued, we write 


w(M) = — f oat, P)du(P), 
Cc 


where 6(M, P) is the angle from MA to MP measured in the positive direc- 
tion. Then, taking A as the initial point of the integration, @ varies continu- 
ously as P traces the curve. 

Integrate by parts: 


w(M) =— 
,P 
(4) « P)————_- das 


= ¢(M) + 
We shall take u(A) =0, since this can be effected by the addition of a con- 


stant. Then 
— 2mm, M inside C, 


0, M outside C. 


- 


The function u(M) is a double layer potential with density a function of 
limited variation. The integral converges when M is a point on C, since 
u(P) is bounded, and C is of class I. 

Consider u(Q+) as M approaches a point Q of C along the normal: 


, P) fu P) cos 


dsp. 


= f ue) 

dsp 
In order to study the behavior of u(M) in the neighborhood of Q, we need 
to extend the traditional analysis to cover the case where u«(P) has a regular 
discontinuity at Q. 


Write COs 
u(M) f + dsp, 
c-c’ 


where C’ denotes a small arc HK, of which Q is an sieiaiea point. 
The first of the preceding integrals is continuous at Q, since Q is not on 


C’. Then 
cos (np, MP) | 


lim u(P) dsp = f u(P) 
M~Q / MP 


cos (np,QP) 
QP 


P 
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The second integral may be written 


cos(np, MP) 


where limp.g =u(Q—), the limit existing since is of limited varia- 
tion. Hence H may be taken near enough to Q so that |u(P) —u(Q—) | <e/T, 
where ¢>0 is arbitrarily small. By hypothesis, C is of class. Consequently 


<e 


if syq is sufficiently small, and uniformly with regard to M. 
Write J, in the form 


Xp 


= 1(0-) | — 28 
xm — XQ — XH 
‘The quantity within brackets is the angle from MH to MQ, measured in 
the positive direction. As M approaches Q along the normal, this angle ap- 
proaches as its limit the angle from the chord QH to the (outer) normal at 
Q. Hence if H is taken near enough to Q, the limiting angle may be made as 
near 7/2 as we wish. That is, 


lim 72(M) = —)+(H), 
M—Q+ 2 


where limg.@ n(H) =0. 
By a similar process we obtain 


Sp 


K cos (np, MP) 
f u(P) 
MP 


cos (np, MP) 
MP 


M 


K 

= f Wr) - 

= T3 Iq. 


By taking K sufficiently near to Q, |J;| can be made arbitrarily small, uni- 
formly with respect to M. Also 


lim I(M) = —u(Q+) +9(K), limn'(K) = 0. 
2 K~Q 
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If M approaches Q along the outer normal at Q, the corresponding limits 
are given by 


im. = — He —)+'(4), 
jim 1) = +) 
n'(H) = = 0. 


We have, therefore, 


,OP 
u(Q +) = »(P)— +) + -)] 
d 
c dsp — xP 


since the discontinuities of u(P) are regular. Similarly 


d 
c 


dsp — Xp 


If now we take M as B,, we obtain from (4) 


d 
w(B +) + w(B = +2 f tan? asp, 
Cc dsp Xp 
w(B+) — w(B—) = — 2am + 
Taking M as Az, 
d _ 
w(A +) + w(A —) = — 2xm+ 2 tan-? 
Cc dsp Xa — Xp 
w(A +) — w(A —) = — 2am. 


We have, therefore, 


Bs 


d 
tm | = +) — +) 


J dn 


d 
—apu(B)— ff ,B; Phase, 
c dsp 
where 


H(A,B;P) = tan 


Xp— Xp — Xp 


Also 
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Bs dy 
lim — dss; = w(A —) — w(B —) 
J As dn 


d 
= xu(B) — f Phase. 
c dsp 
Equation (3) may now be written in the form 
d 
w(B) = — —[e(B) — f B; Phase. 
dsp 


Integrate by parts: 


f H(A,B; P)du(P) 
us c 


ave 
Hence we have the following equation: 
r 
(5) u(B) = G(B) +— f H(A,B; P)dn(P), 
c 


where G(B) = —(A/z) [g(B) —g(A)]—my. 


If v(M) is a function of class (1) which satisfies (3), the function p(B), of 
limited variation and with regular discontinuities, satisfies the Stieltjes integral 
equation (5). Conversely, if u(B) is a solution of (5), of limited variation’ and 
with regular discontinuities, the function v(M) given by (1) will satisfy (3). 


4, The equivalent classical equation. We now proceed to show that 
this equation may be solved by means of one of classical form. Write 


(6) u(B) = G(B) + R(B). 


We shall prove that if «(B) is of limited variation, then R(B) is absolutely 
continuous. 
Substitute the value of u(B) from (6) into (5): 


X 
(7) G(B) + R(B) = G(B) + f H(A,B; P)dG(P) + — f H(A,B; P)aR(P). 
T Cc Cc 
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It suffices to consider one of the above integrals, say the first. We have 


B d 
H(A,B;P) = f 
A 5Q xq — XP 


Q> 


cos (ng,QP) 
= as, 
A 


OP 
cos (ng,QP) 
f (A,B; P)dG(P) = face f 
c c A QP 
We shall prove that we may invert the order of integration in the right hand 
member.* 
Let {%,(Q, P)} denote a sequence of continuous functions such that 


| cos | 
QP 


h.(Q,P) OP 


|.0,P)| < 


(8) dG(P) in(Q,P)dso = J ‘dso P)dG(P). 


We shall show first that as k-> the right hand member of this equation 
approaches the limit 


B cos (ng,QP) 


For this purpose we define a sequence {¢n(Q, P)} as follows: 
| cos(ne,QP)| cos (ne, QP) | 
» if <m 
QP QP 


=m, otherwise. 


qnu(Q,P) = 


The sequence 


J gn(Q,P)4T(P), 


* The proof is essentially that in Evans, The Rice Institute Pamphlet, vol. 7 (1920), p. 263, 
but is given here in more detail, for the sake of clearness. 


We have - 
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where T is the total variation function of G(P), is non-decreasirg with m. 
Also 


B B 
dso gn(Q,P)4T(P) = dT(P) J an(Q, P)dsq < PTC) 


and is therefore bounded for all m. Consequently 


cos (vg,OP 
tim f = f Leos 
mo JC Cc OP 

exists nearly everywhere on C, and is a summable function. Moreover, 
from (8’), 


B | cos ("g,Q0P) | B | cos QP) | 
dsq > dT(P)= J dT(P) f OP dsq, 


by the fundamental properties of the Lebesgue and Daniell integrals. 
Consequently, from the definition of 4,.(Q, P), we have 
s (ng,OP 
lim | in(Q,P)dG(P) = f aan. 
ko Cc Cc OP 
the integral on the right being a Daniell integral, which by (8’) represents 
a summable function. Moreover 


|cos (ng,QP) | 
s J, OP 


hi(Q, P)dG(P) dT(P), 


a summable function. Hence, by the Lebesgue limit theorem, 


im [dso J in(Q,P)dG(P) = f f 


ko 


As for the left hand side of (8),* we have 
B B P 
lim hi(Q,P)dsg = f 
A A QP 


In fact [odT (P) fi hi(Q, P)dsq exists for all k. Moreover JScdT(P) 
Sal OP) |/(QP)|dse exists, since, as we have seen, the inside in- 
tegral is a summable function. Finally 


| cos (ng,QP) | 
| W(Q,P)| dse < OP dsq. 


* Evans, The Rice Institute Pamphlet, vol. 7 (1920), p. 257. 


| 

a 
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Consequently {,dG(P)J% [cos (ne, OP)/(QP)]dsq exists and 


B B cos (nq,QP) 
J. dG(P) in(Q,P)dso = J. dG(P) J — 


ko 


We obtain therefore from (8), as k>~, 


cos(ng,QP) cos (ng, QP) 
fecm f dsq -f ase OP dG(P). 


The right hand side, being the indefinite integral of a summable function, is 
absolutely continuous. So therefore is the left hand side. Similarly for the 
remaining integral in (7). Hence R(B) is absolutely continuous. If then we 
write (7) in the form 


R(B) = — f H(A,B; P)|[dG(P) + dR(P)], 
Cc 


the derivative nearly everywhere of R(B) is 


r 
= — [4G(P) + dR(P)]. 


Let =(A/7)f,[cos (nz, BP)/(BP)|dG(P). Then, since R(B) is abso- 
lutely continuous: 


R(B) = r(Q)dso, 
we have 


d cos (ng, BP) 
(9) r(B) = h(B) + r(P)dsp. 
BP 
Thus (9) is a consequence of (5). Conversely, if (9) has a summable solution 
r(B), then u(B) given by (6) is of limited variation and a solution of (5). 
But (9) has a unique solution unless \ is one of a set of characteristic 
values, since (9) is the classical integral equation for the Neumann problem. 
Moreover it is known that A\=—1 is not a characteristic value for this 
equation. 
We know that \= +1 is a characteristic value, and that a necessary and 
sufficient condition that (9) have a solution is that 


(10) J = 0. 
But 


| January 
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By changing the order of integration, 


1 cos (mp, BP) 1 


Hence g(C)=0. Conversely, if G(C) =0, the analysis may be retraced, and 
we have (10). The condition g(C) =0 is therefore necessary and sufficient 
in order that (5) have a solution for \= +1. 

The function »(M) determined by (1) is therefore that belonging to a 
particular solution of (5) by means of (1) plus the function determined by 
(1) where the u(P) is a solution of the homogeneous equation corresponding 
to (5). But in this case 


Q 
= f WP) dsp, 


where ¥(P) is a solution of the homogeneous equation corresponding to (9). 
But we know the functions 0(M) =f, log (1/(MP))y(P)dsp to be constant. 
Theorem 2 is therefore proved. 

In §§3, 4 we have assumed only that C is of class I, and have not required 
the existence of a curvature as in §§1, 2.* 

The foregoing methods may be applied to obtain analogous theorems for 
potentials of a double layer, not only for the plane, but also for the three- 
dimensional case. The latter case, both for the single and the double layer, 
is to be discussed in a paper which the author is writing in conjunction 
with Professor Evans, who suggested the present investigation. 


* If the curve has a curvature which is bounded for all points of the curve, then it is automa- 
tically of class I. 


Tue Rice INstTITUTE, 
Houston, TEXAS 


1929} eC 203 

= GC) =0. 

Cc BP Cc 


ON A GENERALIZATION OF THE ASSOCIATIVE LAW* 


BY 
ANTON SUSCHKEWITSCH 


1. In my investigations in group theory, I have observed that Lagrange’s 
theorem (that the order of a group is divisible by the order of any subgroup) 
does not use for its proof the Associative Law in its whole extent; this law 
can be replaced by a more general postulate, “Postulate A”, as I shall call it. 

We shall represent our elements by capital italic letters; the operation 
upon them may be represented by a star x, so that AxB signifies the result 
of this operation performed upon A and B. A set of elements closed under 
any operation * may be called “a group”; this word is thus used in a more 
general sense than is usual, since the operation » is arbitrary. The ordinary 
groups with a special well known operation may be called “classic” to dis- 
tinguish them from our generalised groups. Sets and groups will be denoted 
by capital German letters. 

PostuLaTE A. In the equation 


(1) (XxA)aB= XxC, 


the element C depends upon the elements A and B only and not upon X. 
(We suppose here that X can be an arbitrary element of a finite group to 
which A, B and C belong also.) 

The Associative Law is obviously a special case of this Postulate A, viz. 
if C=AxB. 

I have investigated the finite groups that are obtained by replacing the 
Associative Law in the system of postulates of Frobeniust by Postulate A. 
I have found the following properties of these groups. 

I. Besides our operation * every group of our type has another opera- 
tion that will be denoted by a little circle o and defined as follows: the equa- 
tion (1) being given, we write 


(2) C=AoB. 


* Presented to the Society, October 27, 1928; received by the editors in July, 1927. 

t Frobenius (Uber endliche Gruppen, Berliner Sitzungsberichte, 1895) defines the classic finite 
groups by the four following postulates: 1. The operation that will be considered is uniform (ein- 
deutig) and applicable to any two elements. 2. This operation is uniformly reversible (eindeutig 
umkehrbar), i.e. from AB=AC or BA=CA it follows that B=C. 3. The Associative Law is true 
for it, 4. The operation is “limited in its effect” (begrenzt in ihrer Wirkung); that signifies the pos- 
sibility of forming finite groups of our elements. 
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It is easy to see, that © is also a group relative to the operation o; we 
express this fact by writing © (0); (analogously, G (x)). I shall prove that 
@ (0) is classic. 

II. The group @ (x) has always a right unit (the same for all its elements). 

III. If the group @ («) has also a single left unit for all its elements 
(that must necessarily coincide with the right unit), then the Associative 
Law is true for G («); in this case G (x) is classic and the operations * and o 
are identical. 

It follows that in the systems of postulates of Moore* and Dicksont for 
the definition of classic groups the Associative Law can be replaced by Postu- 
late A (or its left analogue). 

IV. We associate with every element A of our group @ a substitution 


=(,2,) 


whereby X runs over all elements of &. I prove that all those substitutions 
A (corresponding to each element A of G) form a substitution group G 
which is obviously classic and simply isomorphic with G(o). Conversely, 
all such substitutions A form a group only if the Postulate A is true for G (x). 

V. All groups of our type will be obtained from classic groups by making 
any substitution in the head-line of Cayley’s table of a classic group. More- 
over, it is sufficient to make only such substitutions as do not alter the unit 
of the classic group. Such a substitution may be denoted by a. 

VI. (x) being any subgroup of G(x), S (oc) is also a subgroup of 
@ (0), ie. relative to the operation o. The converse is not true. Every sub- 
group § of © relative to o is also a group relative to *, if and only if the 
substitution a, which corresponds to & (*), has the following form: 


the numbers / being relatively prime to the orders of corresponding elements 
X. 

2. We shall prove now all the assertions of §1. 

I. The group G (0) is obviously uniformly reversible. Again: 


= [Xx%(AoB)]aC = Xx[(AOB)oC] ; 


* Moore, A definition of abstract groups, these Transactions, vol. 3 (1902). 

{ Dickson, Definition of a group and a field by independent postulates, these Transactions, vol. 6 
(1905). 

} The sign = signifies that we denote a complicated expression more simply with a single letter. 
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and on the other hand 
[(X%A)xBlaC = (X%A)x(BoC) = X%[A0(BoC)] ; 


and hence the Associative Law is true for G (0). 
II. The classic group © (0) has always a unit £; it is such that 


(XxE)xA = Xx(EOA) = X#A ; 


and therefore 
XxE = X for every X ; 


E is thus the right unit for G (x). 
III. Let E be a left unit of G (x); we have, then, 


(ExA)xB = Ex(AxB) = AxB; 
and hence by virtue of Postulate A for every element X¥ 
(Xx%A)xB = Xx(AxB), 


i.e. the Associative Law; hence © (x) is classic, and AoB=AxB. _ 
IV. It follows from (1), by virtue of Postulate A, that AB=C; hence @ 
is a substitution group simply isomorphic with © (0) (see (2)). 
Conversely, let G («) be any finite uniformly reversible group and let 
@ be the set of corresponding substitutions, which form also a (classic) 


group. Let 
X X X 
X4%A/\ 


§ 


(XxA)aB= 


since 


it follows that 


for each element X of & (x); hence Postulate A holds. 
V. In the head-line of Cayley’s table of G («) we make the following 


a 


(E being the right unit of G (x)). Let ExX=X’. We define the third 
operation X as follows: 


(3) AxB=AX B’. 


[January 

substitution: 

ama 
ExX 
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The operation X is uniformly reversible and also associative; in fact we 

have from (1) and (3): 

(4) (X XA) X B= XXC’, 

C’ depending on A’ and B’ only but not on X; let X=E; then (EXA’) 

x B’=ExXC’; but we have EXX’=ExX =X’; hence C’=A’ XB’, and (4) 

gives us the Associative Law for X; thus G (X) is classic. Again it follows 

from (2) that a gives an isomorphism between © (0) and @ (xX). 
Conversely, let G (X) be now a given classic group; we make in the head- 

line of Cayley’s table of G (X) any substitution 


and define a new operation * as follows: 
AX B=AxB. 
The operation x is obviously uniform and uniformly reversible; the Postulate 
A is also true for x; in fact, if 
(X«A)aB = XxC, 
we have 
= A)XB=XX(AXB); 


and _ 
= XC; 


hence A XB=C and thus C depends upon A and B only. 

E being the unit of G (x), Eis the right unit for © («); we have in fact 
AxE=AXE=A. 

I affirm that we can replace 6 by another substitution a, which does not 
alter Z, and in this manner define a new operation, say C7, so that the group 
& (C2) will be simply isomorphic with G («*) and have the right unit Z. We 


and so we define 
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We shall prove that the substitution 


( ) 
1 
X 


gives an isomorphism between the groups G (*) and G (Q). Let 
(5) AxB =C; 

we shall prove that we shall have also 

(6) A OB =C'. 


It follows from (5) that AXB=C; but A=EXA’, C=EXC’; hence 
(EX A’')XB=ExXC’; and since is classic, 

E X (A’ X B) = EXC’; 
hence A’XB=C", and so (6) is established. 

VI. Let S=P:+P2+P3+ ---,* S (x) being a subgroup of © (x). Let 
(XxP.)xP, =XxP,; the elements P, and P, of S being given, the element 
P,, exists also in §; by virtue of Postulate A we have P,oP,=P,; hence 
(0) is also a group. 

It follows, hence, that Lagrange’s theorem is true for the groups G (*) 
of our type. 

Let © be now a subgroup of © relative to 0; we shall analyse the condi- 
tions by which § is also a group relative to x. Let a be the same substitution 
as in V, and 

Pj,* °° are elements in corresponding to P;,P:, , by 
virtue of a.) Since a gives an isomorphism between © (0) and G (X) (X 
being the operation defined by (3)), ’ (X) is also a group (relative to X). 
Let § (x) be also a group; then 


= Pp X PX = P,. 


If Py runs over all elements of ’, then P, runs over all elements of §, 
and conversely. Hence 


PX 


(for each P, of S). Consequently © is one of the partitions of @ (x) 
relative to $’(X)?. This condition is obviously also sufficient for (x) to 
be a group. 


* The sign + signifies that the elements P,, P., +--+ forma set 9. 
t Hilton, An Introduction to the Theory of Groups of Finite Order, Oxford, 1908, p. 58. 


| 
| 
= 
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Since the substitution a does not alter the unit E of @ (x), § and §’ 
must be identically equal to each other, because both of them have a common 
element £. 

We shall now analyse the conditions by which every subgroup § (0) of 
@ (0) is also a group relative to x. Then we must have $’ = § (our notation 
remains as above) for every subgroup § (0). We take $’=§ (x) ={P}, 
a cyclic group, P being an arbitrary element of @. Since {P} must be also 
a group relative to x, we have 


(7) = P*X P'; 
consequently for each element X of © also, 
More generally, 
(8) = P*. 
To every exponent «x in (8) there corresponds one and only one exponent 


d and vice versa. This must be true for each element P of G; if we take P* 
instead of P, we obtain, in the same manner as in (8), 


(9) XxP* = XX 


for every u there is a definite v and vice versa. Let m be the order of P, and 
d the greatest common divisor of k and m; then m/d is the order of P* and 
each exponent fy and &y in (9) is divisible by d. Conversely, if one of the 
exponents «, \ in (8) is prime to m, the other is also prime to m. Consequently 
the exponent / in (7) or (7’) must be prime to m. Thus a has in this case the 


following form: 


where the numbers / are prime to the orders of corresponding elements X. 

This condition is not only necessary but also sufficient: if it holds, then every 

cyclic subgroup {P} of G (xX) is also a group relative to x. But hence every 

subgroup  (X) of G (X) is also a group relative to x. Q and P being any 

two elements of $, we have in fact 0%P =Q XP’; thus QxP belongs also to §. 
We can take, in particular, a substitution a of the following form: 


-=(2) 


where 7 is the same for each element X and relatively prime to the order of 
our group ©. 
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3. We shall consider now a special case of Postulate A, that is, however, 
more general than the Associative Law. 
PostuLaTE B. In the equation 


(10) (X%A)aB= Xx(AxBi), 


the elements B and B, depend only upon each other; every B is completely 
defined by the corresponding B,, and conversely. 

This postulate can be expressed in another form as follows: 

PostutaTeE B’. If 


(11) AxB = CxD 
and if K is an arbitrary element, then 
(12) Ax(BxK) = Cx(DxK). 


We prove first that Postulate B’ follows from Postulate B. Let R be an 
element such that 


(13) Ax(BukK) = (AxB)xR ; 

R depends upon K only (by Postulate B). Again it follows from (11) that 
(14) (An B)aR = (CuD) aR ; 

and by Postulate B it follows from (13) that 

(15) Cx (Dx K) = (CxD) xR; 


hence, from (11), (13), (14), (15) it follows that (12) holds. 
Second, we prove that Postulate B follows also from the Postulate B’. 
For that purpose we shall prove the following lemma: 


Lema: If Postulate B’ is true for a (uniformly reversible) group © (x), 
there exists in © (x) a right unit (for all elements of © (x)). 


If B is a given element, there always exists in G (x) an element E such 
that 


(16) BeE = B. 


Let D be an arbitrary element of & (x); if A is also a given element, there 
always exists an element C, for which 


(11) AxB = CxD ; 
by virtue of Postulate B’ we have, then, 


(17) Ax(BxE) = Cx(DxE) ; 
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and by virtue of (16) and (11) it follows from (17) that EZ is the right unit 
for every element D. 

Assume now that AxB=C =Cx£; in the hypothesis of Postulate B’ we 
have, K being an arbitrary element, 


Ax(BuK) = Cx(ExK) = (AxB)x(ExK) ; 


and thus we have in (13) ExK =R; this shows that Postulate B holds for 
our group. 

Since the groups with Postulate B form a special case of groups with 
Postulate A, they can be. obtained in the same manner as groups with 
Postulate A (§1, V). We must now examine what must be the substitution 
a (§1, V), in order that we may obtain a group © («) with Postulate B. The 
answer is given by the following theorem: 


THEOREM. If the group © (x) is obtained from the classic group © (X) by 
means of the substitution a, Postulate B is true for © (x) if and only if a is an 
automor phism of the group © (X). In this case a is also an automorphism for 
@ (x), and the operations o and X coincide with each other. 


Let G (x) be a group with Postulate B. The equation (10) gives a de- 
pendence of B and B, upon each other; this dependence is given by a substitu- 
tion, that we denote symbolically by (j,). Let A=£ (the right unit lof 


G (x)) in (10); then 


XxB = Xx(ExB;) ; 
and hence 


(18) B= ExB,. 


B = ExB, = E X (B:)’ = (By); 


Moreover it follows from (10), if we use the notation A%B,=C, that 


we have then 


and hence 


C = AoB = AxB, = A X (B:)'’ =AXB; 


thus the operations o and X coincide. 
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Conversely, suppose that the operations o and X coincide. Let 


(~) 
a= = 

we have then 


(19) X*A =XXA’; 


and 
(X%A)xB = Xx(A X B) = Xx(AxBi), 


and that is Postulate B, because B and B, depend only on each other. Again, 
by (19), 
(X%A)aB = = (X XA’) X B= XXC'; 
and hence 
AXB=C, A’XB=C'; 
this shows us that a is an automorphism of © (xX). 
Conversely, let a be an automorphism of © (X); then 
(XxA)xB = (X X A’) X B’ = X X (A’ K B’) 
. X X (A X B)'.= Xx(A X B) = Xx(AxB)) ;5W 


and thus Postulate B holds. 
It remains to prove that a is in this case an automorphism of G (x) also. 


We have in fact 
(AxB)’ = (A X B’)’! ="A’ X (B’)’ = A’ xB’. 


4. In the theory of uniformly reversible groups we can consider the 
operations inverse to the operation of a given group. Since the operation of 
our group is performed upon ‘wo elements (viz. Xx Y), two inverse operations 
exist according as the left or the right of these two elements is unknown to us. 

If the commutative law is true for our group, such a group has only one 
inverse operation and only one “inverse group” (i.e. the group relative to the 
inverse operation). But although a general classic group has two “inverse 
groups,” it has only one inverse operation (abstractly considered), because 
the properties of the operation of a classic group are “symmetric,” i.e. the 
same on both sides; two “inverse groups” of a classic group are simply iso- 
morphic to each other (if our notations are conveniently chosen); this follows 
from the fact that a classic group is always “anti-isomorphic” to itself, i.e. 
there always exists such a substitution ({) of elements of a classic group, 
that if A, B correspond respectively to A, B, then AB corresponds to BA; 
we can take, for example, X = X-. 
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The operation of a finite classic group @ may be denoted by xX, the two 
inverse operations by A and VY; more precisely, 


if AXB=C, then CAB=A, CYA=B. 


Both inverse groups G (A), G (7) are finite and uniformly reversible 
but not associative. Let us consider what influence the associative law of 
the operation X makes on the operations A and VY. Let (AXB)XC 
=AX(BXC)=R;AXB=P; BXC=Q; then PXC=AXQ=R. Hence 
PA B=A, QAC=B, RAC=P, RAQ=A; consequently 


(RAC) AB=RAQ, and BXC=Q. 


[Or PVA=B, QVB=C, RVP=C, RVA=Q, (RVA)VB=RQVP, and 

P=AXB.| This is Postulate A, that is true for the operation A (and for 

7). But the operations A and VY are subject to still another postulate, viz.: 
PosTuLATE J. Every element X satisfies the equation 


XAX=E (or XVX=E), 
where E is a determined element (the unit of the direct operation X). - 


THEOREM 1. A finite uniformly reversible group © (x) is an “inverse” to 
a classic group, if and only if it is subject to the postulates A and J. 


Only one part of this theorem remains for us to prove. Let G («) be sub- 
ject to the postulates A and J. We use the same notation as before; if 
AxB=C, then CAB=A. We must prove that & (A) is classic. Obviously 
the operation A is uniform and uniformly reversible. Again, we have 
(X%A)*xB=X%C=Z; C depends upon A and B only; let XxA=Y; then 
VeB=XxC=Z;ZAC=X, ZAB=Y, Y AA =X; thus 


(ZAB)AA =ZAC, 


which is Postulate A for the operation A. It follows from Postulate J, that 
the group G (A) has a left unit EZ; and hence (see §1, III) G ( A) is classic. 

We consider a special case, when our classic group is abelian. We obtain 
then 


THEOREM 2. A finite uniformly reversible group © (x) is an “inverse” to 
an abelian group, if and only if it is subject to the postulates B and J. 


Let G (x) be subject to the postulates B and J; by the preceding theorem 
the inverse group © (A) is classic; it remains for us to show that @ (A) is 
commutative. We have 


(10) (X%A)eB = Xx(AxB;), 


5 
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B and B, depending only upon each other. Let AxB,=C; then (as in the 
preceding theorem) B AA =C, C AB, =A; hence 

(20) BAAAB, =A. 

We write this without brackets, because the Associative Law is true for A; 
(20) is true for each element A; we take A=E (unit); then BAB,=E£; 
B,=B-'; and thus from (20) it follows that AAB=BAA; i. e., the 
Commutative Law holds for A. 

Conversely, let & (A) be an abelian group; we must prove that B and 
B, in (10) depend only upon each other. But (20) gives AxB-'=B AA =C; 
hence B,=B- in (10), and Postulate B holds for x. 

The postulates B and J are characteristic for the operation of division. 
Thus it is possible, for example, to construct an abstract theory of pro- 
portions. 

SUPPLEMENT 

Example I. A group with Postulate A but not classic (see Table 1). 
This group is obtained from the symmetric group of 6th order by making in 
the head-line of Cayley’s table of this group (see Table 2) the following 


substitution: 
ABCDF ) 


ECDAFB 


Example II. A group with Postulate B but not classic (see Table 3). 
This group is obtained from the same symmetric group by making in the 
head-line of Table 2 the following substitution: 


EABCDF 
>): 
This substitution gives an automorphism of the symmetric group of 6th order. 
EABCDF EABCDF EABCDF 
E| ECF ABD E| EABCDF E| EBACFD 
A|ADBEFC A|AEFDCB A|AFEDBC 
B| BFCDEA BDEFAC B\|BEDFCA 
C\|\CEAFDB C\|\CFDEBA C\|CDFEAB 
D|DAEBCF D|\DBCAFE D| DCBAEF 
F\|FBDCAE F\|\FCABED F\|\FACBDE 
TABLE 1 TABLE 2 TABLE 3 


VoRoNESH UNIVERSITY, 
VoRONESH, RussIA 


+ 


A NOTE ON CLOSEST APPROXIMATION* 


BY 
DUNHAM JACKSON 


Let f(x) be a given continuous function of period 27, and T,(x) a trigo- 
nometric sum of the mth order, ultimately to be chosen so as to give an ap- 
proximate representation of f(x), but for the present arbitrary. A numerical 
measure of the discrepancy between f(x) and T,,(x) can be defined in an in- 
finite variety of ways. One of the most important of such measures is the 
maximum of the absolute value of f(x) — 7,,(x); another is the integral of the 
square of this difference, extended over an interval of length 27. If T,(x) is 
chosen so as to minimize the latter quantity, it is the partial sum of the 
Fourier series for f(x). If it minimizes the former, it is the approximating 
sum in the sense of Tchebychef. 

This note is concerned with a measure of discrepancy which is in a 
certain sense qualitatively intermediate between the two preceding ones, 
representing a transition from one to the other. It is defined by forming 
the integral of the square of the error over an interval of length 4, where h 
is a given positive number, in general different from 27, and then taking the 
maximum of this integral, regarded as a function of the position of the 
initial point of the interval. 

Let the maximum of the integral, for given 7,,(x) and given h, be denoted 
by J,s. The particular approximating function to be studied is the sum 
T,.(x) characterized among all trigonometric sums of the mth order as the 
one which makes J,, a minimum. It reduces to the Fourier sum for h=27, 
the value of the integral being then independent of the situation of the 
interval, and it approaches the Tchebychef sum (as will be shown presently) 
when h approaches zero. In view of the fact that (for 0<4<2z) it occupies 
this intermediate position with respect to well known approximating sums, 
it is not surprising that 7,,(x) converges uniformly toward f(x), under 
fairly general hypotheses, if / is held fast and m is allowed to become infinite. 
The main purpose of the paper is to prove that this is the case, and inci- 
dentally to point out that the method is susceptible of much more general 
application. (As far as the validity of the reasoning is concerned, values of 
h greater than 27, as well as those less than 27, may be admitted from the 
beginning.) 


* Presented to the Society at Chicago, April 7, 1928; received by the editors in August, 1928. 
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The existence of a sum T,,(x) with the required minimizing property 
follows almost immediately from well known existence proofs for the case in 
which the integral is extended over a period. As the whole problem is 
trivial when f(x) is identically a trigonometric sum of the mth order, it will 
be understood that this case is ruled out. It is readily seen that J,, is a con- 
tinuous function of the coefficients in 7,,(); and then the essential thing is 
to show that the assignment of an upper bound for J, prescribes at the same 
time an upper bound for the magnitude of the coefficients, so that the range 
within which the minimizing coefficients are to be sought may be regarded 
as Closed. To say that an upper bound is fixed for the size of the coefficients 
is the same thing as saying that an upper bound is prescribed for the maxi- 
mum of the absolute value of 7,,(x) itself.* The existence of the desired 
upper bound for |7,(x) | isknownf when h=2z. More definitely, if 


f — T,(x)|*dx <G, 
then 
(1) max| 7,(x)| < QG"?, 


where Q is independent of the coefficients (being fixed when f(x) and are 
given).f If 4>2z, and if 


— T,(x)}*dx SG, 


the integral over a period satisfies the same inequality, and (1) follows at 
once. When 4<2z, let p be an integer such that ph=2r. If J,,5G, the 
integral of the square of the error over any interval of length less than or 
equal to / can not exceed G; a period can be divided into # such intervals, 
and consequently 


— Tala) < 26, 


whence max |7,(x)|<Q(pG)1/?, a relation which serves as well as (1) for 


* The equivalence of the two statements is well known; for a generalization due to Sibirani, 
see for example the passage cited in the next footnote. 

+ For a formulation covering the case now in question and others to be referred to later, see for 
example D. Jackson, A generalized problem in weighted approximation, these Transactions, vol. 26 
(1924), pp. 133-154; pp. 133-139. 

t This form of statement is not taken directly from the passage cited, but is readily deduced 
from it. 


| 
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the purpose in hand. So the existence of the minimizing 7,,(x) is assured. 

The uniqueness of the minimizing sum can be proved by an argument al- 
ready used in connection with numerous other problems. Let y,, denote the 
minimum of J,,. Suppose there were two distinct sums Tas:(x) and Tar2(x), 
for each of which the corresponding J, is equal to Yas. Let 


=3(Tamt+T naz). 
Then 


f(x) — Tara(x) = [f(%) — + — 
and 
[f(x) — Tans(x)]* — + — 
the equality being ruled out wherever 74: ¥ Tna2, and being possible therefore 
only for a finite number of values of x at most in any finite interval. For 
any specified interval of length 4, the integral of either of the squares on 
the right can not exceed the corresponding J,,, and so can not exceed Yana; 


for any interval (a, a+), therefore, by virtue of the fact that the inequality 
holds almost everywhere, 


[f(x) — Tans(x) < Yan, 


which contradicts the definition of yna. 

It may be pointed out next that for given the sums 7 ,,,(x) are uniformly 
bounded for all values of 4. Let M be the maximum of |f(x)|, and let Mas 
be the maximum of |7,,(x)|. From its definition, the quantity yas, the 
maximum of the integral of [f(x)—Tas(x)]? over an interval of length 4, 
can not exceed the corresponding maximum /,, formed for the particular 
trigonometric sum 7,,(x) =0. But this J,, is merely the integral of [f(x) ]? over 
some interval of length h, and can not exceed M*h. So 


(2) M*h 


for all values of h. 

In the relatively trivial case that n =0, T,,(x) = constant, it is seen at once 
that |7,,|<2M. For if |7,,| were greater than 2M, |f(x)—T,.,| would 
be everywhere greater than M, and the integral of its square over any interval 
of length 4 would be greater than M°h, in violation of (2). 

To proceed to the calculation of an upper bound for M,, when n>0, 
suppose first that 0<h<1/n. In this case it is to be shown that M,,<4M. 
Let x be a value such that |Tus(%0)|=Mns. By Bernstein’s theorem, 

| and for |x—x9|<1/(2n), 
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(3) | Taa(x) — Taa(xo)| S x — xo] S4Man, | Toa(x)| 


Let it be assumed, as a supposition to be disproved, that M,,>4M. Then 
(3) means that |7,,(x) |>2M throughout an interval of length 1/n, and so 
throughout an interval of length 4, and in this interval |f(x)—T,s(x) |>M. 
But this implies that y,,>M*h, in contradiction with (2). So M,, has the 
upper bound 4M, independent of /, for the indicated range of values of h. 

Secondly, suppose 1/m<h<2mr. From (2), Let p 
be an integer greater than 27n, for definiteness the smallest such integer. 
Then the interval (0, 27) can be subdivided into intervals, each of length 
less than 1/n, and so less than h. But the integral of [f(x) —7,s(x) |? over 
any such interval can not exceed ns, and therefore 


f — Tar(x) Pde S pron 2peM?. 


Consequently 
(2pr)'0M, 


where Q has the same meaning as in (1). 
Let it be supposed finally that 2kw <h=2(k+1)z, where & is a positive 
integer. Then 


h 
(f(x) — Tar(x) < f [ f(x) — Tar(x)]?dx S Yar 
0 


< Mth < 2(k + 1)4M?, 


and 


f — Tar(x) = (1/2) f — Tala) 
0 0 

2(k + S 4nM?, 


IIA 


so that 

Mur 
If M, is defined as the largest of the quantities 4M, (2p7)!/0M, (41)'”OM 
(in other words, the larger of the first two of these quantities, since the third 
is evidently less than the second), this Mo is independent of k, and M,,< Mo 
throughout. 

It is possible now to justify the assertion made in one of the introductory 
paragraphs, that T,,(x) approaches the Tchebychef sum when h/ approaches 
zero. Let the Tchebychef sum, reducing the maximum of the error to the 
smallest possible value, be denoted by Z,(x). Let € be an arbitrary positive 
quantity. For the moment, let U,(x) be a general notation for trigonometric 
sums of the mth order subject to the restriction that at least one coefficient 
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differs from the corresponding coefficient in Z,(x) by not less than e. Let 
Zu(x) be chosen among all sums U,(x) as one for which the maximum of 
| f(z) -—Zm(x) | has the smallest possible value. It is clear from the con- 
siderations leading to the proof of existence of the Tchebychef sum that there 
is a Z,:(x) having the required minimizing property; it is immaterial for the 
present argument whether the minimum is unique or not. Let L be the 
maximum of |f(x)—Z,(x) |, and Li=L+n the maximum of |f(x) —Z,(x) |. 
Since the Tchebychef sum at any rate is unique, it is certain that 7>0. Being 
continuous and periodic, f(x) is uniformly continuous; let 6, be a positive 
number such that |f(x’)—f(x’’)|<4n whenever |x’—x’’|<6,. Let 5 be 
the smaller of the numbers 6, and 7/(4nM>), where Mo is defined as above. 
It will be shown that if <6, T,,(x) can not belong to the class of sums U,(x); 
that is, to every e>0 it is possible to assign a 6>0 such that if <6, no co- 
efficient in T,,,(x) can differ from the corresponding coefficient in Z,(x) by so 
much as 

For the sake of arriving at a contradiction, suppose 7,,(x) is of the 
form U,(x), while h<é. There must be a point x» such that | f(x) —Tar(xo) | 
>L+n. For |x—xo|<6, |f(x)—f(xo)|<3n. On the other hand, | 
< Mp, and For |x—x| <6, therefore, 


| Tan(x) — Taa(xo) | mMod < 4, 


whence it follows further that 


— f(xo)] — [Taa(x) — Tar(xo)]| < 40, 
| f(x) — Tan(x) |= L + 4n. 


The last relation holds throughout an interval of length 6, and so throughout 
an interval of length k. Consequently y,,, the maximum of the integral of 
[f(x) —T a(x) ]? over an interval of length h, is at least h(L+4n)*. But if 
the corresponding maximum /,, is formed for the sum 7,(x)=Z,(x), the 
error never exceeds L, and the integral 7,, can not exceed AL*. This contra- 
dicts the definition of y,, as the smallest value of ZJ,,. So the facts are as 
originally stated. 

The proof of convergence for m= is analogous to others which the 
writer has given in recent papers. Let ¢,(x) be an arbitrary trigonometric 
sum of the mth order, and ¢, the maximum of |f(x)—t,(x) |. Let 


f(x) — = r(x), — = 5 


it is to be understood that h is held fast throughout the present demonstra- 
tion. Let u, be the maximum of |r,(x) |, and xo a point such that |r,(x») | 
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=n. According to Bernstein’s theorem, |r,’ (x) | <mpn, and, for values of x 
in the interval |x—2x»|<1/(2n), 


| — Ta( xo) | Mn | xo| S dun, | | = dun. 


As one of two conceivable alternatives, suppose Then |r,(x) |< 
S fun, and 


| ra(x) — tn(x)| dun 


throughout the interval specified. The length of this interval is 1/n, which is 
less than h, as soon as n is sufficiently large. The integral of [r,(«) —7,(x) ]? over 
the interval is at least (}u,)?/m. But from the definitions of the quantities 
involved, 7,(x)—7,(x) is identical with f(x)—T7,,(x), and the integral of 
[f(x) —T x(x) ]? over any interval of length </ can not exceed yas. Conse- 
quently 


(dun)?/m S S 


The other alternative is to suppose directly that u,<4e,. In either case, 
Mn S A(nynn)*!? + 4en, 


for all values of m from a certain point on. Since yu, is the maximum of 
lrn(x) |, and since |r,(x) |< én, 


| f(x) | = | — | S 4(mynn)'!? + Sen. 


The function f(x) being continuous, it is certainly possible, by Weier- 
strass’s theorem, to choose sums ¢,(x) for the successive values of m so that 
lim,-. €n.=0. For uniform convergence of T,,(x) toward f(x), therefore, it is 
sufficient that 

Let the modulus of continuity of f(x) be denoted by w(é). It is known* 
that for all positive integral values of trigonometric sums of the mth order 
can be constructed so as to differ from f(x) by less than a constant multiple 
of w(27/n) for all values of x. If the corresponding quantity J, is calculated 
in each case, it does not exceed a constant multiple of [w(27/n) ]?. Hence 


C[w(2x/n)]?, 


where C is independent of m. The sums T,,(x) will converge uniformly 
toward f(x), if f(x) has a modulus of continuity w(5) such that limyeo w(5)/5*/? 
=0. 


* See for example D. Jackson, On the approximate representation of an indefinite integral ... 
these Transactions, vol. 14 (1913), pp. 343-364; p. 350. 


1929] A NOTE ON CLOSEST APPROXIMATION 221 


Some of the generalizations that come to mind may be mentioned 
though without any attempt at exhaustiveness. The generalizations are 
concerned for the most part with the existence and uniqueness of an approxi- 
mating function for given , and its convergence toward f(x) as m becomes 
infinite. 

As a matter of course, the square of the error may be replaced by the mth 
power of its absolute value, in the integrals leading to the definition of the 
approximating sums. In the proof of uniqueness it is to be assumed, for 
simplicity at least, that m>1; in the convergence theorem (valid for m>0) 
the hypothesis on f(x) is to be appropriately modified. While the direct con- 
nection with the Fourier sum lapses, it is still possible in this case to show 
that the approximating function approaches the Tchebychef sum as a limit 
when / approaches zero. 

A weight function may be introduced in the integrals, the assignment of 
weights being regarded as fixed either with respect to the origin from which 
x is measured, or with respect to the initial point of the interval of integra- 
tion; that is, 7,, may be defined as the maximum of 


ath 
f o(x)[f(a) — 


ath 
f — a)[f(x) — 


as a varies, p being a given bounded and measurable function of its argument 
with a positive lower bound. 

The maximum of the integral over a single interval of length 4 may be re- 
placed by the maximum of the sum of the integrals over N intervals of given 
aggregate length h<2z, where WN is a given integer, and the intervals are 
supposed non-overlapping and contained within a single period. (Intervals 
having a common end point are admitted, and accordingly a set of fewer 
than JN intervals is to be regarded for the purposes of the definition as a 
special case of a set of W intervals, since one interval can be subdivided to 
make up the requisite number.) 

As an alternative, the class of all intervals of length 4, among which a 
maximum value for the integral is to be sought in defining J,,, may be 
replaced by the class of all point sets congruent to a given measurable set, 
the assumption being made, for simplicity at any rate, that this set contains 
at least one interval. 

Finally, let 42, hw and G2, +--+, cy be two given sets of N 


or of 
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positive numbers each; and let the quantities J,, calculated in accordance 
with the original definition for intervals of lengths /, - - - , hy respectively 
be denoted by Jn, ---, Zav. Then an approximating sum 7,(x) may be 
determined so as to minimize the combination 
(This is suggested as a generalization of the original definition for h>27; 
for example, if c,=c2=1, the new definition is equivalent 
to the old one as formulated for a single interval of length 27+/.) 

In all these cases, proofs of existence, uniqueness, and convergence can 
be carried through without any considerable modification of the treatment 
given in the text. 
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HOMOGENEOUS POLYNOMIALS WITH A 
MULTIPLICATION THEOREM* 


BY 
O. C. HAZLETT 


1. Relation to the literature. If f(x) is any homogeneous polynomial in 
the variables, x;, - - - , X,, such that 


(1) f(x) = f(X) 


where the X’s are bilinear functions of the x’s and é’s, 


(2) X, = 


then f(x) is said to admit the composition (2). 
One of the simplest such functions is f(x) =x? +? for which 


(3) Xi = + woke, Xe = F xike. 


This was known to Diophantus.f Euler and Degen noticed that, similarly, 
a sum of m squares admits composition when »=4 or 8, and Hurwitzf 
proved that such is true only when m=1, 2, 4, 8. Two other well known ex- 
amples are the multiplication theorem for determinants whose n? elements 
are independent variables and the norms of algebraic numbers. Moreover 
the composition of forms occurs in number theory. 

Usually in number theory we are concerned with the composition of 
forms in a more general sense, viz, 


(4) = F(X) 


where f!, {11 and F are polynomials in the same number of variables and of the 
same degree, but not necessarily with the same coefficients. Dickson§ proved 
that the determination of three polynomials satisfying (4) can be reduced to 
the determination of one polynomial satisfying (1). Hence we can and shall 
restrict our attention to compositions (1). 


* Presented to the Society, December 29, 1926; received by the editors in July, 1928. 

t For the history and bibliography of the subject of composition of forms, see Dickson’s History 
of the Theory of Numbers, vol. III, especially Chapters III, IV. 

¢ For a simple exposition and an account of the history of this problem, see Dickson, Annals of 
Mathematics, (2), vol. 20 (1919), pp. 155-171, 297. 

§ Comptes Rendus, Paris, vol. 172 (1921), pp. 636-640. 
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In another illuminating article,* Dickson pointed out that the determi- 
nation of all polynomials f(x) which satisfy (1) where the X; are defined in 
terms of the x and & by (2) is equivalent to the determination of all poly- 
nomials f(x) which satisfy (1) where xt =X in the linear algebra E of order 
whose multiplication table is 


(5) ee; = (¢,j=1,---, 


The determinant of the é; in (2) is 


A(x) = | 


the first (or right-hand) determinant of the number x =)-x,e; in the algebra 
E. When f(x) =x? +2? and the composition is given by (3), then the algebra 
(5) is €1€2= Fee, €2€1=€2, When f(x) =x? +47 +27 +22 
and the composition is X1= — — — Xo = — 
algebra is real quaternions with e,=1, e¢.=7, es=j, es=k; whereas f(x) 
=)'x? (i=1, -- +, 8) admits composition under Cayley’s algebra of eight 
units with the multiplication table 


ee; = — ee; (i,j =2,--+,8; 
(6) €2€3 = C4, = €2€7 = €3, C306 = = — C7, 
= C3, = 


If we take the lower sign in the multiplication table of the binary algebra 
given above, we see that the sum of two squares admits composition under 
an algebra which is both associative and commutative, but in order to get 
an algebra under which the sum of four squares admits composition, we have 
to discard the commutative law, and finally, to get an algebra under which 
the sum of eight squares admits composition, we have to discard the associa- 
tive law, also. This makes it not at all surprising that there is no linear 
algebra under which the sum of 16 or more squares admits composition. 
Dickson proved the following: 


THeEorEM A. [f f(x) is a homogeneous polynomial of degree d which admits 
a composition and is not expressible in fewer than n variables, we may assume 
that the coefficient of x,*is unity after applying a transformation cogredient in 
the x’s, &’s and X’s. Then by applying a transformation on the x’s which leaves 


* Homogeneous polynomials with a multiplication theorem, Comptes Rendus du Congrés Inter- 
national des Mathématiciens, Strasbourg, 1921. 
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f(x) unaltered and a transformation on the &’s which leaves f(€) unaltered, we 
obtain for f(x) a new composition xt =X in a linear algebra having a principal 
unit for which ee; =e; (j=1,--- , 


Such a composition is said to be normalized. 


THeorEeM B. If f(x) admits normalized composition, any factor E(x) of 
f(x) admits the composition if it has unity as the coefficient of the term involving 
only x1. 


THEOREM C. Jf a polynomial admits normalized composition, each of its 
irreducible factors (with the convention of Theorem B) admits the composition 
and divides both A(x) and A’(x). 


After finding all forms in 2, 3 and 4 variables which admit composition in 
the field of complex numbers, Dickson remarks that he has not yet succeeded 
in deciding whether or not an irreducible form of degree 5 in 5 variables 
admits composition. 

2. General case. Let f(x) be a homogeneous polynomial in variables 
of degree d which admits the composition (2) and which is not expressible as 
a polynomial in less than variables. If we give to the” x’s any set of values 
such that f(x) =c0, then f(c!/4¢) =f(X). Since c¥0, then c/4E,(¢=1,---, 
n) are n linearly independent variables. Hence, since f can not be expressed 
as a function of less than m variables (by a non-singular linear transforma- 
tion), the m X’s must be linearly independent and therefore A(X) +0. But 
A(X) =A(x)A(€) and therefore A(x) <0. 

Next, give to the x’s such a constant set of values that f(x) =0 and let the 
£’s be independent variables. Then A(x) =0. For if A(x) #0, we should have 
f(X) =f(x)f(é) =0 when the X’s are m linearly independent functions of the 
£’s and therefore are linearly independent variables. Since this is a contra- 
diction (except in the trivial case when f(x) is originally assumed to be 
identically zero), our assumption that A(x) <0 is false. 

Combining the two results, we see that A(x) =0 is equivalent to f(x) =0. 
Similarly, A’(x) =0 is equivalent to f(x) =0 and we have proved 


THEOREM 1. If f(x) is a polynomial in n variables which admits composition 
and which can not be expressed as a polynomial in less than n variables, then 
I(x) has precisely the same irreducible factors as A(x) and A’(x), the first and 
second determinants of the linear algebra defined by the composition. 


When <5, this was proved by Dickson.* Moreover, it is readily verified 
that this is true for the case when f(x) =) x? (i=1, - - - ,8) and Lis Cayley’s 


* His Strasbourg paper mentioned above, Theorem 5. 
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algebra of order eight whose multiplication table is given by (6). 


The degree of an irreducible factor f(x) of a function admitting 
normalized composition is a factor of the minimum number of variables necessary 


to express f(x). 


For let E be the algebra defined by the composition and let the variables 
necessary to express f be denoted by 1, - - - ,X,. Then f admits composition 
under £ and under the algebra obtained from E by deleting all numbers 
except those of the form 2:¢:+ - - - +n¢€,, the equations defining this latter 
composition being (2). But the order of this algebra is m and thus A is of 
degree n; and, by Theorem 1, A is a power of f(x). Thus the corollary is 
proved. 

3. Powers of an irreducible polynomial. Combining Theorem 1 with 
Theorem B, we have 


THEOREM 2. Let f(x) be a homogeneous polynomial in n variables admitting 
normalized composition (2) under the linear algebra E and such that no one of its 
factors can be expressed as a polynomial in less than n variables. Then f(x) is 
a power of A(x), and A(x) is either irreducible or is a power of an irreducible 
function. Similarly for A’(x). 


We also readily prove Theorem 6 of Dickson’s paper for general (which 
he had proved only for <5), namely 


THEOREM 3. If a form f in n variables admits normalized composition and 
has an irreducible factor I which is not expressible in less than n variables , then 
f is a power of I. 


For, since J admits the composition and is not expressible as a poly- 
nomial in less than m variables, then Theorem 1 applies and thus A is a power 
of J. But J is irreducible and f has no factors other than those of J. Hence 
f is a power of J. 


THEOREM 4. If f(x) is a polynomial in n variables (n>1) which admits 
composition and which can not be expressed as a polynomial in a smaller number 
of variables, then f(x) is not irreducible of degree n in the field of complex numbers. 
On the other hand, if the field of definition is any field F, then the only such 
functions are the norms of numbers which are algebraic with respect to F. 


Without loss of generality, we shall prove this when the algebra is norm- 
alized. Since f(x) is of degree m and is irreducible, then by Theorem 2, A(x) 
must be irreducible and identical with f(x). Now the (first) characteristic 
equation of the general number ~x of the algebra is 6(x) =A(x—we) =0 where 
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e is the principal unit or modulus and thus 6(z) is irreducible for the general 
number. Hence the entire algebra is generated by one number of the algebra 
and hence must be a field which is algebraic with respect to F of order n. 
But when F is the field of complex numbers, this is possible only when m = 1. 


THEOREM 5. Jf f(x) is a form in n variables x:,-- +, %, which admits 
composition and which vanishes only when x,=%,= --- =xX,=0, then the 
algebra defined by the composition is a division algebra; and conversely. 


Since f(x) vanishes only when x,;=%,= - - - =x,=0, it follows that no 
factor of f(x) is expressible in less than variables. For, if some factor were 
expressible in ; variables (m;<m), we may without loss of generality assume 
these variables to be Then f(x) would vanish when 
= +--+ =x,,=0 and x,(i>m,) is arbitrary, which is a contradiction. Hence 
f(x) is a power of A(x) and thus A(x) vanishes if and only if 7;=%,= --- =%_ 
=0. Since, in any linear algebra, A(x) =0 is a necessary and sufficient con- 
dition that x be a divisor of zero, it follows that the algebra defined by the 
composition has no divisors of zero and hence is a division algebra. This 
proves the first half of the theorem and the converse is proved by reversing 
the argument. 


THEOREM 6. If f(x) is a power of an irreducible form in n variables which 
is not expressible in less than n variables, then the algebra defined by the compo- 
sition is irreducible. 


For since f(x) is a power of an irreducible polynomial in not less than n 
variables, so also is A(x) by Theorem 2. If E were reducible, then its basal 
numbers could be so chosen that they could be divided into two sets, the e’s 
and é@’s, such that the product of two basal numbers from the same set is 
linearly dependent on the numbers of that set but such that the product of 
any two basal numbers from different sets is zero. Hence the first determi- 
nant, A(x), for the general number of the algebra is of the form Ai(x) A:(x), 
where A;(x) is the first determinant for the general number of the subalgebra 
determined by the e’s and A,(x) is the first determinant for the general 
number of the subalgebra determined by the 2’s. Hence, if Z were reducible, 
we should have a contradiction. 

4. Two or more irreducible factors. Next, we shall consider the case 
when f(x) is reducible but is not a power of an irreducible function. By 
Theorem 1, we may assume without loss of generality that f(x) =A(zx). 
Let f(x) =T.(f:(x))™, where each f; is an irreducible polynomial and where 
hi, fe, - + » are distinct. By Theorem 3, every one of the polynomials fi, fe, - - 
can be expressed as a polynomial in less than m variables. Moreover, since 


‘ 
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any factor of f(x) (with the convention used in Theorem B) admits the 
composition, it follows from Theorem 1 that any factor of f(x) can be ex- 
pressed as a polynomial in less than variables unless it contains each of the 
factors f;(~) with non-zero exponent. 

As indicated above, let the composition be normalized with e¢ as the 
modulus of the algebra. Then, since f:(x) can be expressed as a polynomial 
in less than variables, make a linear transformation on the variables x; so 
that f:(«) is a polynomial in x, - - - , %,,, in which m is as small as possible. 
When we make the induced transformation on the basal numbers of the 
algebra, the modulus of the algebra is not in general e; and so the composition 
is not normalized, strictly speaking, although the composition still posseses 
the essential feature of normalized composition, namely, the algebra has a 
modulus or principal unit. Moreover, although the composition is no longer 
normalized, yet suitably chosen irreducible factors admit the composition, 
namely, the transforms of the original f;(x). Since the product of the rest 
of the f(x) is expressible in less than m variables and ‘since the totality of 
variables necessary in all the f; taken together is m, then we may so choose 
the variables necessary to express ¢i=IIf; (¢>1) as With, 
possibly, one or more chosen out of the set %:, - - - , #,, and these latter we 
may, without loss of generality, assume to be #;,41, - Xn, (4:>0). 

First we prove that f(x) is a product of polynomials in non-overlapping 
sets of variables. To prove this statement, we prove that the coefficient of 
any term in f, which contains the variables x,(k=i:+1, - - - , m) is neces- 
sarily zero, and proceed by induction. 

In f(x), set equal to zero every x, where k<i,;. Then, if f; actually contain 
terms in the x, alone where k >i, the result of making this substitution in f 
is a polynomial g in »—7, variables which is not identically zero and which 
admits the composition g(x)g(é) =g(X) under the algebra B, obtained from E 
by deleting the numbers - - - +2;,¢:,.* Since g(x) and ¢;(x) admit 
composition under the same algebra B, and neither can be expressed in a 
smaller number of variables, then (by Theorem 1) g(x) has the same irre- 
ducible factors as ¢:(x) and thus ¢;(x) has at least one factor which contains 
no variables from the set x;(j7=m,---,m). By regrouping the factors of 
f(x), we can write f(x) in the form g:(x)ge(x) where g,(x) is a polynomial in the 
first m, variables and where g(x) is a polynomial containing no factor in the 
first m, variables alone. Uf we now apply the preceding argument, we have a 
contradiction unless g(x) were independent of the first m variables. Hence 


* Note that this is not the same as the statement that the totality of numbers of the form 
M x;¢;(j form an algebra. 
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if fi(x) actually contain a term in the x; (j7>2:) alone, then f can be written 
in the form gig2 where g; is a polynomial in the first m, variables and g; is a 
polynomial in the rest of the variables—two independent sets of variables. 
Moreover, since g; is a polynomial in , variables that admits composition 
under the algebra obtained from E by deleting all except the first , basal 
numbers, it follows (by Theorem 3 and the understanding about the vari- 
ables) that g; is a power of f;. This result is proved under the hypothesis that 
fi actually contains a term in the x; alone (j>z,). Since this hypothesis leads 
to a contradiction, it follows that f; contains no term in these x; alone. 
Here it is understood that f; can not be expressed in less than m, variables 
and that these x; are the variables that actually appear in f, and also in the 
other f;. 

From this it follows that f, contains no term whatsoever in these x;(j >1:), 
i.e., it can be expressed in less than m, variables. For if f; could not be ex- 
pressed in less than m variables, then we should be making an allowable 
transformation, that is, one that still expresses f; in the least number of var- 
iables, when we replace every x, by xx+ax%n, (R<m). The coefficient of 
the term in x,, alone in the transformed f, would be fi(a:, d2, - - - , @n,-1, 1). 
But, since f, is not identically zero, there is a set of numbers in the given field 
F such that this coefficient is not zero. Since this is a contradiction of the 
preceding paragraph, it follows that f; can be expressed in less than m 
variables. 

But this last conclusion is inconsistent with the significance of the 
notation for the variables, and thus the two sets of variables necessary to 
express f; and ¢; are entirely independent of each other. Now ¢; is a poly- 
nomial in # —m variables which admits composition under £ and hence under 
the algebra obtained from E by deleting the first 2, basal numbers. Hence, 
by induction, it follows that f is a product of powers of irreducibie poly- 
nomials in non-overlapping sets of variables. 

This means that the composition (1) depends only on those y;;, where 
i, j, k are all chosen from the set 1, - - - , m,=m, or all chosen from the 
second set m,+1, - - - , ms, or all chosen from one of the sets m,1+1,---, 
m, where m,=)_n; (i=1, - - - , p). The others may not be zero, conceivably; 
but they do not actually appear in f(X) after like terms have been combined. 
For, since fi(x)f:(&) =fi(X), where only the first set of variables appears in /f,, 
it follows that although X,=)-yinxé(k=1, - - - , m), yet the terms in the 
variables ¢ and x from sets other than the first must cancel in f,(X) and 
thus may be ignored so far as f; is concerned. Since these same variables do 
not appear in any other f;, they do not affect f or the validity of the composi- 
tion. Hence we may assume to be zero every 7;;x in which all three subscripts 
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are not in the same set, and we have 


THEOREM 7. Let f(x) be a homogeneous polynomial in n variables which 
admits composition and which can not be expressed in less than n variables. Then, 
if f(x) is not the power of an irreducible polynomial, it is equivalent (under a 
linear transformation on the variables) to a product of powers of distinct irre- 
ducible forms, f(x), where (1) f; is a form in n; variables which can not be | 
expressed as a form in a smaller number of variables; (2) the various sets of 
variables are non-overlapping; (3) >-ns=n; (4) if E is any algebra defined by 
the composition, then f(x) admits composition under the algebra obtained from E 
by replacing by zero every yijx where i, 7, k are not all from the same set (for 
details, see the proof of the theorem). 


5. Applications. In view of the last theorem, we see that, in order to 
determine all homogeneous polynomials in m variables which admit a com- 
position and which are not expressible in less than m variables, we first de- 
termine all such irreducible polynomials of the type just described together 
with products of powers of homogeneous polynomials f; in non-overlapping 
sets of variables such that each f; admits composition in the variables ap- 
pearing in f;, in the manner described in detail in Theorem 7. 

There are two possibilities: (a) A(x) is expressible as a polynomial in 
less than » variables; (b) A(x) is not so expressible. Since, in this paper, we 
are interested in finding all polynomials, f(x), which admit composition, but 
are not concerned with the problem of determining all compositions (2) under 
which a given f(x) admits composition, we can ignore the first possibility 
since a polynomial which can be expressed as a polynomial in a smaller 
number of variables can and will be considered as a polynomial in the smallest 
possible number of variables. For the same reason, if f(x) is reducible, we 
shall consider merely the most convenient algebra defined by the composition, 
namely the reducible algebra determined in the proof of Theorem 7. 

First, let f(x) be a form of degree m in m variables with coefficients in 
the field F and let it be irreducible there. Then, by Theorem 4, f(x) must 
be the norm of the general number of a field which is algebraic with respect 
to F of order n. 

If f(x) be of degree but reducible in F, there are two possibilities: (1) 
f(x) is a power of an irreducible polynomial in F; (2) f(x) is the product of 
powers of two or more distinct forms, f,(x), fe(x), etc., each of which is ir- 
reducible in F but which is expressible in a smaller number of variables 
than m. In case (2), by Theorem 7, there is an algebra E defined by the 
composition on all » variables which is reducible and such that it is the 
direct sum of two or more algebras such that the assertion that f(x) admits 
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composition under this algebra E is equivalent to the assertion that f;(x) 
admits composition under the algebra E; for every i. Accordingly, to de- 
termine all such polynmials f(x), we determine all such polynomials 
filx), fo(x), , such that (i) fi(«) is a polynomial in m variables, but 
not in a smaller number of variables, with similar conventions about f2(x), 
etc.; (ii) if the variables necessary for fi(x) be denoted by x with subscripts 
ranging from 1 to m inclusive, and if the variables necessary for f(x) be 
denoted by x with subscripts ranging from +1 to m+, inclusive with 
similar notations for the variables necessary for the remaining f(x), then 

Third, let f(x) be reducible, but the power of an irreducible polynomial, 
(x), of degree d. Then d is a factor of m, the number of variables needed. 
If the algebra defined by the composition is associative, then Z must be semi- 
simple (that is, containing no invariant nilpotent sub-algebra). For if E is 
not semi-simple, then E=S+WN where S is a semi-simple algebra and N is a 
maximal invariant nilpotent sub-algebra, and it is well known that the 
characteristic determinant A(x) formed for the general number «x of the al- 
gebra E is the product of A,(x), the characteristic determinant of the com- 
ponent of x in S, by a determinant D,(x). Now it is readily proved (for any 
field F), that the irreducible factors of D,(x) are the same as the irreducible 
factors of A,(x). Hence, when the algebra may be taken as associative, 
A(x) is expressible as a polynomial in less than m variables. If, however, the 
algebra may not be taken as associative, not sufficient is at present known 
about non-associative algebras to enable us to decide whether a similar 
result is true here, also. 

Thus we see that if f(x) is a form in ” variables which admits composition, 
then we have the following results for small values of n: 


THEOREM 8. When n=2, f(x) is a power of an irreducible form $(x) of 
degree 2, where (x) is the norm of the general number of an algebraic field 
of order 2 with respect to F, or f(x) has to be a product of powers of 2 linearly 
independent linear forms. When F is C, the field of complex numbers, f(x) has to 
be a product of powers of 2 linearly independent linear forms. 


THEOREM 9. When n=3, f(x) has to be a power of an irreducible form $(x) 
of order 3, where (x) is the norm of the general number of an algebraic field 
of order 3 with respect to F; or a product of powers of an irreducible form (x) 
of degree 2 in 2 variables, x1, x2, where W(x) is the norm of the general number of a 
field which is algebraic of order 2 with respect to F, and a linear form in a third 
variable, xs; or it has to be a product of powers of 3 linearly independent linear 
forms in 3 variables. 
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THEOREM 10. When n=4, f(x) is one of the following: 

(i) @ power of an irreducible form (x) of degree 4, where o(x) is the norm 
of the general number of a field which is algebraic of order 4 with respect to F; 

(ii) a power of an irreducible form in 4 variables of degree 2; 

(iii) a product of powers of an irreducible cubic in 3 variables, x1, X2, X3, and 
the linear form, %4; 

(iv) a product of powers of two irreducible quadratics in 2 variables, the first 
in 2X1, X2 and the second in x3, X4; 

(v) a product of powers of an irreducible quadratic in 2 variables, x1, x2, 
and of two linear forms, x3, x4; 

(vi) a product of powers of the 4 linear forms, 1, x2, %3, Xs. Each form 
mentioned above which is irreducible of degree k in k variables is the norm of the 
general number of a field which is algebraic with respect to F of order k. 

When F is the field of complex numbers, f(x) has to be a power of an irre- 
ducible quadratic in 4 variables or a product of powers of 4 linearly independent 
linear forms. 


THEOREM 11. When n=5, f(x) has to be one of the following: 

(i) a@ power of an irreducible form (x) of degree 5, which is the norm of the 
general number of a field which is algebraic of order 5 with respect to F; 

(ii) a product of powers of irreducible forms, f;(x), where each f(x) is an 
irreducible form in less than 5 variables which admits composition, such that 
the variables actually necessary for any two or more f(x) are linearly independent, 
and such that the total number of variables necessary is 5. 


In general, when 7 is a prime, f(«) has to be a power of an irreducible form 
¢(x) of degree m, which is the norm of the general number of a field which is 
algebraic of order with respect to F, or it has to be a product of powers of 
irreducible forms f;(x) in less than variables which admits composition, 
such that the variables necessary for any two or more f;(x) are linearly inde- 
pendent and such that the total number of variables necessary is . 

When 1 is composite, f(x) has to be of one of the two last mentioned types 
or it is a power of an irreducible form of degree g in m variables where q 
is a divisor of n. 
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GENERALIZED FACTORIAL SERIES* 


BY 
TOMLINSON FORT 


In this paper I consider series of the type 


(1) cot > Cn[Ard2 [(z + + Aa) + An) 


where 2=x+~i is a complex variable and the c,’s a sequence of complex 
constants. Unless otherwise specified Where > (pn)~? 
diverges and a,/p,—0. 

Probably the most interesting case is when X, is real. This was treated by 
Landau in what is now a classical memoir.t Theorem V of the present paper, 
even for the case that X, is real, is a wide extension of Landau’s most funda- 
mental result. He proves uniform convergence over a finite region, whereas it 
is proved here for a sectorial regiont bounded by polynomial curves of arbi- 
trary degree. For complex values of \, Theorem IV does not require that 
> 2-1 (¢2/pn)? converge and in this respect is more general than V. Theorems 
VI and VII on absolute convergence seem also to be new. Regions of ab- 
solute convergence have been established§ but not so general as those found 
here. In §3 so-called equiconvergence theorems are proved for (1) and re- 
lated exponential series.|| It is believed that the results given there have not 
previously been obtained. 

For an excellent introduction to the literature see the article in the En- 
cyclopaedia§] by Hilb and Szasz. 

1. An important réle in several sections of this paper is played by the 
following lemma from the general theory of infinite series. Proof of the 
lemma is easy and is not given here. 


* Presented to the Society, February 25, 1928; received by the editors April 27, 1928. 
¢ Miinchener Berichte, vol. 36 (1906), p. 151-218. 


¢t Compare Pincherle, Rendiconti del Circolo Matematico di Palermo, vol. 37 (1914), pp. 
379-390. 


§ Pincherle, loc. cit., p. 386, also F. Nevanlinna, Annales Academiae Scientiarum Fennicae, 
(A), vol. 18, No. 3, p. 8. 


|| Compare Landau, loc. cit., p. 201; Pincherle, loc. cit., p. 386; Hille, Annals of Mathematics, 
(2), vol. 25, pp. 276-278. 


§ Encyklopadie der Mathematischen Wissenschaften, Band II; Hs, pp. 1268-72. 
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Lemma 1. Hypotheses: (a) a,(z) and b,(z), n=1, 2,---, are defined at 
all points of a region, R; (b) dor-1 @n(2) converges uniformly over R; (c) there 
exist positive constants n' and M such that when m=n’, | <M; 
(d) there exists a positive constant M’ such that |by(z)|<M’. 


Conclusion: @n(2) b,(2) converges uniformly over R. 

The part of b,(z) will be played in the fundamental theorems of this 
section by 
bi = (20 + As)(Zo + Az) (Zo + An) + + Az) (3 + An) 

We proceed to prove preliminary theorems (I, II, and III) relative to 
z). 

PRELIMINARY THEOREM I. If x,20 and p;>0 for all values of i and in case 
(voton)® (xo+pn)~? converges, then (1) (zo, 2) remains uniformly 


finite in z over the half-plane, defined by x = xo, (2) given any positive constants a 
and b and positive integer m there exists a corresponding constant N, such that 


| | < N/{a(x — x0)" + 5} 
over the half-plane, defined by x =X. 
We have 


(x9, x) 
(xo + pi) (40 + Pn) 


| (z0,2) | 


S {(1 + + o1]/[x0 + [1 + + on]/[x0 + pn])?] } 22 
-b,)(x9,x) S Nb, (xo,x) SN. 


Also 
| S Mbm (x0, x) S + pr) (x0 + pm)/{2™ + pm} 
< CN (x0 + px) + pm)/{cx™ + pm} N/{a(x — x0)™+ 5} 
if 
c>a, and N > cN(x0 + pi) (x0 + 


PRELIMINARY THEOREM II. Jf x»20 and p;>0 for all values of i, and in 
case converges; then nom |Ab,” (zo, 2) | remains 
uniformly finite over the sectorial region defined by x =x and |y—+yo|-(x—2xo)- 
Sa(x—2x9)"+b, where a and b are any positive constants. 


We have 
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| zo — 
| + | 


1 


| (zo, 2) | | 2) | 


s- tel 2). 
Xo 


Pn+1 


From this 


>| Ab, (20,2) | S — x)) 
n=m 0 


| — 


| — z0| 
(x0,x) S <N 
x— a(x — +d, 


if Choose ai, and so that 
+b, > { 1/2, and the theorem follows. 

PRELIMINARY THEOREM III. Jf x9>0 and p;>0 for all values of i, 
(Zo, 2) | remain uniformly finite over the sector, S, defined by x= xo, 
and |y—yo|-(x—xo)-!S tan w, where w is a fixed positive angle less than 1/2. 

We have 


| Ad, (zo,2) | = 


| + Ang | — | Zo + Ang | 


We proceed to show that it is possible to choose a fixed V and M so that, when 
n>M, 


(3) 


-A| (zo, 2) | 


| — 20] 
| z+ Anti] — | | 


over S. Replace z by x+-i, 29 by and Anyi Dy Then by 
elementary algebra we find the following inequality equivalent to (3): 


— Yo 
— Xo 


<N 


+ N4(x + x0)? + 
(4) . 
+ 4N *pn+1 | 


2 
(y + Yo + 


+ yo+ 
Xo 


0 
— 2N2[x? + y? + x0? + yo? + 2onsi(y + yo) + 2or41] E + ( 


+ + (y yo] + (2 >, 


— Xo 


| 
x — x 
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which holds if 
4pi4i[N* — N* sec w] + — N? sec w](x + x0) 
+ N4(x + x9)? — 8N4pn41(tan w) - [ | yo | + | | ] 
— yo| +| )(tan w)(x + 20) 
— 2N2[x? + y? + a0? + yo? + 2ongi(y + yo) + 20241] sec w > 0. 
Replace y by |yo|-++-m(x—2o) and rearrange the terms. We get 
{4p24:[W4 — N? sec w] — 8N4pn4a(tan w)(| yo] +] ) 
— 4N?[yo? — mxo| yo| ] sec w — 4N%o541 sec w} 
+ {N4(x + xo)? — 2N2[x2(1 + + + m*) + 2mx| yo |] seco} 
{ — N* sec w)(x + x0) + 4N?m?xox sec w 
— 4N?| (m(x — x0) + 2| yo| ) 
— 4N*(| yo| +| ons1| )(tan + 20)} > 0. 


Now choose NV >1 so large that the second brace is positive for all values of 
x>xpo. Then choose M so large that when n= M, the first and third braces 
are positive for all values of x >% 9. Then, whenn2M, 


| Ab(20,2) | < DOA] | 


n=l n=l 


= N|| b%1(z0,2) | — | b:(20,2) || 


We must now show that |0,( (zo,z) | remains uniformly finite in z over S 
as m varies. Consider the last factor 


Zo + Am = E + Pn)? + (yo + = 
z+ An (x + pn)? + (y + on)? 


This is less than 1 in case 


— (xo + x) — 2p, < (y + yo) + 2en , 
x Xo x— Xo 


But 


((y — yo)/(% — x0))(y + yo) + 2on((y — y0)/(% — x0)) 
> — 2| yo| tanw — 2| o,| tana, 
and 
— (%o + x) — 2p, < — 2| yo| tanw — 2|o,| tanw 
if 
pn > (| yo] +| on|) tanw. 
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This is true for sufficiently large m, independently of z. This completes the 
proof of the theorem. 

Definition of deleted region. We shall often have occasion to speak of a 
region from which neighborhoods of those points —)\i, —e, - - - , which lie 
in it, have been removed. Such regions will be referred to as deleted regions. 


THeEorEM IV. Jf (1) converges when z=2o, it converges uniformly over the 
deleted sector, S, defined by x=xo and |y—yo|-(x—xo)-! Stan w, where w 
is any fixed positive angle less than 1/2. 


Assume %)>0. There is no loss of generality in this. If the contrary is 
the case, suppose %)»+p;25>0 when 12k. Drop from consideration the 
first k terms of the series and factor - (Z+Az)] 
from each remaining term. If the resulting series converges uniformly over S, 
so does the original series. Replace zo by and Azim Dy 
—,. Make necessary changes in the C,’s. We also assume p; >0 when 721. 
If this is not true proceed as before rewriting the series a second time. 

The proof now follows by Lemma 1, using Preliminary Theorem III and 
the fact that 6,(zo, z) remains finite over S. 


TueoreM V. If (on/pn)? converges and if (1) converges at 2=2p, 
then it converges uniformly over any deleted region, R, defined by x=>xo and 


ly—yo|-(a—ao)-!Sa(x—x)™+b, where a and b are any positive constants 
and m any fixed positive integer. 


Again assume x%)>0 and p;>0 for all values of 7. As in the proof of 
Theorem IV this involves no loss of generality. 

We know that (1) converges uniformly over any sector, S, as defined 
in Theorem IV and hence converges at )=%)+6,5>0. Therefore, by Lemma 
1, using Preliminary Theorem II, and the fact 6,(z, 2) remains finite over R, 
we see that (1) converges uniformly over the sectorial area, R, defined by 
x2 and |y|-(a—Z)-'<(x—x0)™. Choose mz and w so large that every 
point of R is in at least one of the regions S or R. The theorem follows. 

2. We prove the following theorem: 


THEOREM VI. Jf (1) converges absolutely at 2=2o, it converges uniformly 
absolutely over any deleted sectorial region, R, defined by xx» and |y—yo| 
Stan w. 


We again assume >0 and p;>0,i7=1,2,---. 
Consider the ratio 


b,(z0,2) =| 20+ |---| ]. 


| 
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We saw in the proof of Theorem III that this remains uniformly finite. Our 
theorem follows. 

Tueorem VII. Jf (1) converges absolutely at and if (yoton)? 
-(%o+pn)~* converges, then (1) converges uniformly absolutely over the deleted 
half-plane defined by x= xo. 

We proceed as in the previous proof except that we refer to Theorem I 
instead of Theorem III. 

3. We now prove 

TueEorEM VIII. If s is a positive integer and if #1 |\;|-*-1 converges,* 
then series (1) converges at the same points as does 


8 
(5) Dene, where gin = Day. 
n=l u=1 jm 
Series (1) also converges absolutely in the same deleted region as (5). 


Consider fixed and different from - - - . Assume |A,;|=A> |z| 
for all values of 7. By reasoning similar to that at the beginning of the proof 
of Theorem IV there is shown to be no loss of generality in this. We have 


dj 
= ¢7, 


where |6(z/d;) | independent of Hence 


(6) = dan | 


(2 + + An) 


where 


= 1)#+1. gett > 


j=1 


We now refer to Lemma 1. Let 
dn = = An/[(z (c+ An) | femme 


From (6) 


* The proof of this theorem holds in case restrictions previously put on d;, except Jay joe, 
be removed; s also may be zero. 


b, = em, 
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This remains finite. Moreover 


| Ab, = | e02n(e%n 1) | 
where 
Ban = (— 1)*-2*t 


Hence, 
| =| —1| S| 1) S M] 


where gin= |z|**'A;4 © and M is independent of n. This, however, is the 
general term of a convergent series. All hypotheses of Lemma 1 are fulfilled, 
and we have proved that (1) converges at all points at which (5) converges. 
The converse is readily proved in the same way. 

To prove the portion of the theorem relative to absolute convergence, 
simply take the ratio of corresponding terms. We get what we have just 
been calling b,. This remains finite in both cases for a fixed z. 


THEOREM IX. Series (1) has the same abscissa of convergence* and the 
same abscissa of absolute convergence as the Dirichlet series 


(7) fin = > 
n=1 j=l 

In this theorem we assume }; to be real. 

Let z= be real and as in the previous proof assume A;>A> |x|. Then 
where 

bs 


and 
0 < 6(x/d;) <1. 


Suppose (7) to converge when x=a. Let 5>0. When x=a+6 we write 
(1) by means of (8) in the form 


Co + 2. 


n=1 


j=1 
gen = — 6 DAZ + Ha + 8)? 
j=l j=l 


* Schnee, Berlin Dissertation, Gottingen, 1908, p. 74 ff. 
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When 1 is sufficiently large, e’ is a positive decreasing monotonic sequence. 
To show this, increase » by 1. This multiplies e%» by a number less than 1. 
Then, by a well known* theorem, series (1) converges when x=a+6. In 
other words, since s although positive is as small as desired, the abscissa of 
convergence of (1) is not greater than that of (7). 

Next, suppose (1) to converge when x=a. When x =(a+5) we write the 
general term of (7) 


= Cn + Ar) (a + An) fem, 
where 


gon = — a + (1/2)a* 


j=1 j=1 


g10.n = — 6 D(1/dj) — (1/2)a? 
j=1 j=1 

For sufficiently great 1, e%9. is a positive decreasing monotonic sequence. 
Increasing ” by unity multiplies it by a factor which is less than 1. Hence, 
reasoning as before, the abscissa of convergence of (7) is not greater than that 
of (1). This completes the proof. 

Only trivial modifications of this proof are necessary to establish the 
portion of the theorem relative to absolute convergence. 


* See, for example, Bromwich, An Introduction to Infinite Series, 2d edition, p. 58. Also readily 
proved by means of Lemma 1. 
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ON EXTENDING A CONTINUOUS (1-1) 
CORRESPONDENCE (SECOND PAPER) * 


BY 
HARRY MERRILL GEHM 


I. INTRODUCTION 


In a previous paper? we have given a condition which is necessary and 
sufficient in order that it be possible to extend a continuous (1-1) correspon- 
dence of two plane continuous curves to a correspondence of their planes. 
In the present paper, we shall give a similar condition for the case of two 
plane point sets of a more general type. Theorem 2 of this paper includes 
as special cases the two theorems of our First paper. 

DEFINITION. By an E-set, we shall mean a closed and bounded plane 
point set, each componenttf of which is a continuous curve, not more than 
a finite number of them being of diameter greater than any given positive 
number. 


II. SOME PROPERTIES OF AN E-SET AND OF THE DOMAINS COMPLEMENTARY 
TO AN E-SET 


1. If M is an E-set, we can let M=m+M,+M2+ ---, where mp is 
totally disconnected and consists of all those components of M which consist 
of a single point, and for each value of 7, M; is a component of M. Note that 
m, may consist of an uncountable infinity of components of M, but M—m, 
consists of at most a countable infinity of components of M. 

2. Of the domains complementary to an E-set M lying in a plane S, one 
is unbounded and the remainder are bounded. Let D denote the unbounded 
domain of S—M, and for each component M, of M, let D, denote the un- 
bounded domain of S—M,. The set D is a subset of each of the sets D., and 
hence is a subset of their common part. 

Let N be the point set consisting of the sum of the sets S— D, correspond- 
ing to all the components M, of M. The set N is an E-set, each component 


* Presented to the Society, October 29, 1927; received by the editors in December, 1928. 

¢ H. M. Gehman, On extending a continuous (1-1) correspondence of two plane continuous curves 
to a correspondence of their planes, these Transactions, vol. 28 (1926), pp. 252-265. We shall refer to 
this paper as First paper. 

t A component or maximal connected subset of a point set M is a connected subset of M which is 
not a proper subset of any other connected subset of M. 
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of which has just one complementary domain. The set N therefore has just 
one complementary domain,* which is the same as the common part of all 
the sets D,. Now since M is a subset of NV, the set S—N is a subset of S—M, 
and since S— JN is unbounded, it must be a subset of D. As we have shown 
above that D is a subset of S— N (the common part of the sets D,), it follows 
that D=S—N. 

The boundary of D is the sum of the boundaries of the domains D, 
corresponding to those components M, of M which do not lie in a bounded 
complementary domain of any other component of M. 

3. Let d denote a bounded domain of S—M. If M, is any component 
of M, the domain d is a subset of some domain of S—M,. If dis a subset of a 
bounded domain of S—M,, then the diameter of M, is greater than or equal 
to the diameter of d. Hence it follows from the definition of an Z-set, that 
in the case of a finite number of components of M, d is a subset of a bounded 
complementary domain; in the case of the remaining components of M, d 
is a subset of the unbounded complementary domain. 

Let M;, M2, ---, M, denote the components of M such that for each 
component M;, there exists a bounded domain d; of S—M; which contains d. 
Each domain d; has an outer boundary{ consisting of a simple closed curve 
J;. The curves Ji, Jo, ---, J, are mutually exclusive since they belong to 
different components of M, and since each of them encloses d, it follows that 
of any pair of them, one encloses the other. Hence one of them, say Ji, 
is interior to each of the other simple closed curves of the set. 

It follows by §2, after an inversion of the plane about a circle lying in d, 
that the outer boundary of d is the simple closed curve J;, and that the 
entire boundary of d consists of the boundary of d; and the boundary of each 
of the unbounded domains D, complementary to a component M, of M which 
lies in d, and does not lie in a bounded complementary domain of any other 
component of M which lies in d,. 

4. We have shown in §3 that corresponding uniquely to each bounded 
domain d of S—M is a bounded domain d, complementary to a component 
M;,, of M, such that d, contains d and has the same outer boundary. Given 
any positive number e¢, not more than a finite number of components of M 
are of diameter greater than e, and each of these has not more than a finite 
number of bounded complementary domains of diameter greater than e. 


*H. M. Gehman, Concerning acyclic continuous curves, these Transactions, vol. 29 (1927), 
pp. 553-568. See Lemma F, p. 558. 

7 R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 
(1922), pp. 254-260. 


1929] EXTENDING A CONTINUOUS CORRESPONDENCE 243 


Hence there are not more than a finite number of domains of S—M which 
are of diameter greater the e. 

5. By the methods used in §2 and the Lemma referred to there, and by 
means of an inversion of the plane in the case of a bounded domain, it 
follows that if P is a point of M which is a boundary point of a domain of 
S—M, then P is accessible from that domain. That is, if Q is any point of 
the domain, there exists an arc QP every point of which except P is a point 
of the domain. 


III. INTERIOR-PRESERVING CORRESPONDENCES 


Derinition.* Let M and M’ be E-sets lying in planes S and S’ respec- 
tively, and let T be a continuous (1-1) correspondence such that T(M)=M’. 
Then we shall say that T preserves interiors if given any two simple closed 
curves J of M and J’ of M’ which are such that T(J) =J’ and which enclose 
respectively the subset K of M and the subset K’ of M’, then T(K)=K’. 


THEOREM 1. If M and M’ are E-sets lying in planes S and S’ respectively, 
and if T is a continuous (1-1) correspondence such that T(M)=M’ and such 
that T preserves interiors, then if B is the boundary of a domain D of S—M, 
the set T(B) is the boundary of a domain D’ of S'—M’. 


In the case of the unbounded domain of S—WM, the proof given in First 
paper, page 262, second paragraph, holds without change. 

In the case of a bounded domain of S—M, the proof given in First paper, 
page 262, third paragraph, holds with the following changes: N consists of 
a countable set of trees and a (possibly uncountable) collection of components 
of M. Using the notation of §1 of Part II, we can denote this collection by 
mot+M,+M.+---. If D; is the unbounded domain of S—M;,, let K; 
denote S—D;,; and if D/ is the unbounded domain of S’— M{, let K/ denote 
S’—Dj. Each component of the set H=(Zi+LZ.+ - - - )+mo+(KitK:2 
+ ---) is either one of the sets L;, a point of mo, or one of the sets Kj; 
similarly, each component of H’=(Li +Li+ ---)+méi+(Ki+Ki+---) 
is one of the sets L/ , a point of mg, or one of the sets K/. Furthermore since 
T preserves interiors, if a component of H is a set L,, a point P of mo, or a set 
Ky, then one component of H’ is the set L/ , the point T(P) =P’ of mj, or the 
set Kj, and conversely. Hence, as in First paper, not every point of J’ 
(the interior of J’) is a point of H’, and it follows that J’—H’ consists of a 
single component, which is the required domain of S’—M’. 


* First paper, p. 260. 
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IV. CoRRESPONDENCES WHICH PRESERVE SIDES OF ARCS IN THE SAME SENSE 


Derinitions. Let M and M’ be E-sets lying in planes S and S’ respec- 
tively, and let T be a continuous (1-1) correspondence such that T(M)=M’. 
We shall say that T preserves sides of arcs, if given any simple closed curve J 
in S containing an arc AB of M, then there exists a simple closed curve J’ 
in S’ containing 7(AB) =A’B’ and such that if J encloses the subset K of M, 
then J’ encloses 7(K)=XK’; and also if given any simple closed curve J’ 
in S’ containing an arc A’B’ of M’, then there exists a simple closed curve 
J in S containing T7-! (A’B’)=AB and such that if J’ encloses the subset 
K’ of M’, then J encloses T-! (K’)=K.* We shall say that T preserves sides 
of arcs in the same sense, if T preserves sides of arcs, and if given any two 
simple closed curves J; and Jz in S containing arcs A,B, and A2B, of M 
respectively, then the corresponding simple closed curves J{ and Jz in S’ 
can be constructed in such a way that if X;, Y:, Z; are three points of A,B, 
and X2, V2, Z2 are three points of A2B2, such that the sensef Xi¥,Z; on J; 
is the same as the sense X2Y2Z, on Jz, then the sense T(X;)T(V1)T(Z;) 
on Jj is the same as the sense 7(X:)7(Y2)T(Z2) on Jz; and similarly for 
any two simple closed curves in S’ containing arcs of M’. 


THEOREM 2. If M and M’ are E-sets lying in planes S and S’ respectively, 
and if T is a continuous (1-1) correspondence such that T(M)=M' and such 


that T preserves interiors and preserves sides of arcs in the same sense, then T 
can be extended to a correspondence between the planes S and S’, i.e., there exists 
a continuous (1-1) correspondence U, such that U(S)=S’, and such that for 
each point P of M, U(P)=T(P). 


1. If every component of M is an arc or a point, and no interior point of 
an arc XY of M is a limit point of M—XY, then an arc in the plane S may 
be passed through M, and an arc in S’ may be passed through M’.t If M 
and M’ are subsets of arcs, it has been proved§ that amy continuous (1-1) 
correspondence of M and M’ can be extended to a correspondence of the 


_ *In First paper, p. 253, we said that sides are preserved under T, if T has the above property. 

It seemed better to say here that sides of arcs are preserved. See Part V of this paper. 

tJ. R. Kline, A definition of sense on closed curves in non-metrical plane analysis situs, Annals 
of Mathematics, vol. 19 (1918), pp. 185-200, and J. R. Kline, Concerning sense on closed curves in 
non-metrical plane analysis situs, Annals of Mathematics, vol. 21 (1919), pp. 113-119. 

t R.L. Moore and J. R. Kline, On the most general plane closed point set through which it is possible 
to pass a simple continuous arc, Annals of Mathematics, vol. 20 (1919), pp. 218-223. 

§ R. L. Moore, Conditions under which one of two given closed linear point sets may be thrown 
into the other one by a continuous transformation of a plane into itself, American Journal of Mathematics, 
vol. 48 (1926), pp. 67-72. 
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planes, which proves Theorem 2 for sets of this type. The theorem just cited 
is a special case of Theorem 2, because if the E-sets M and M’ are subsets of 
arcs, any continuous (1-1) correspondence of M and M’ preserves interiors 
(vacuously) and preserves sides of arcs in the same sense. 

2. In all other cases, we shall define, for convenience, a positive and a 
negative sense for points on simple closed curves in the planes S and S’. 

If M contains any simple closed curves, we shall select an arbitrary simple 
closed curve J; of M and three arbitrary points A, B, C of J; and shall say 
that the sense XYZ on the simple closed curve J in the plane S is positive, 
if and only if it is the same as the sense ABC on J;; otherwise the sense X YZ 
on J is negative. In the same way, in the plane S’ we shall say that the sense 
X’Y’Z’ on the simple closed curve J’ is positive, if and only if it is the same 
as the sense 7(A)7(B)T(C) on T(J;). 

If M contains no simple closed curve, but contains an arc AB such that an 
interior point P of AB is a limit point of M —AB, then we shall construct an 
arbitrary simple closed curve J; containing the arc AB of M, and enclosing a 
subset K of M—AB which has P for a limit point. Then we shall say that 
the sense XYZ on the simple closed curve J in the plane S is positive, if and 
only if it is the same as the sense APB on J;. Since T preserves sides of arcs, 
there exists a simple closed curve J/ in S’ containing the arc T(AB) and en- 
closing T(K), and we shall define the sense X’Y’Z’ on the simple closed curve 
J’ in the plane S’ as positive, if and only if it is the same as the 
sense T(A)T(P)T(B) on Ji. With the help of Lemma A of First paper 
and Kline’s definition of sense, it is easily seen that the positive sense in S’ 
as defined thus is independent of the particular selection of the simple 
closed curve J/. 

If in every application of the condition that T preserves sides of arcs in 
the same sense, we let J; be the fixed curve J; defined above, it follows that 
if three points of an arc of M which is a subset of the simple closed curve J2, 
are in a certain sense (either positive or negative) on Je, then the three points 
corresponding under T to the given points are in the same sense on the 
simple closed curve J/ , regardless of the particular selection of Jz. 

3. By Theorem 1, there exists a (1-1) correspondence between the do- 
mains of S—M and those of S’—M’. We shall now show how to define the 
correspondence U for points of a pair of corresponding domains and their 
boundaries, this being done in such a way that for each point P of M, 
U(P)=T(P). 

For simplicity, we shall define U for points of the unbounded domains of 
S—M and S’—M’, which we shall denote by D and D’ respectively. A 


i 
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similar method suffices for a pair of corresponding bounded domains, after 
an inversion of the plane. 

4. Asin §2 of Part II, let V=S—D and let N’=S’—D’. If each compon- 
ent of N is considered as an element and each point of S—WN is considered as 
an element, the set of all such elements is topologically equivalent to the set 
of all points in a plane 2.* The set of points in 2 corresponding to the 
components of N is a closed and totally disconnected set I’. Similarly, if the 
components of N’ and the points of S’—N’ are considered as elements, the 
set of all such elements is equivalent to the set of all points of a plane 2’, 
and the points of 2’ corresponding to the components of NV’ form a closed 
and totally disconnected set I’. 

Since T preserves interiors, there exists a (1-1) correspondence V between 
the components of NV and the components of N’ such that a point P of M lies 
in a component JN, of WN if and only if T(P) lies in the component V(JN.) 
of NV’. The correspondence V considered as a correspondence between the 
points of I’ and the points of I’ is continuous and (1-1). We have shown 
above that a continuous (1-1) correspondence between two closed and 
totally disconnected sets such as I’ and I’, can be extended to their planes; 
that is, there exists a continuous (1-1) correspondence W such that W(2) 
=’, and such that for each point P of T, W(P)=V(P). 

The correspondence W, considered as a correspondence between S and 
S’, is a continuous (1-1) correspondence between the points of S—N and 
the points of S’—N’. Furthermore W is such that if J is any simple closed 
curve in S—N, then J encloses the component JN, of WN if and only if the 
simple closed curve W(J) lying in S’—N’ encloses the component V(N.) 
of N’. This is equivalent to the statement that J encloses the point P of M 
if and only if W(J) encloses the point T(P) of M’. 

5. For any given positive number e, we can enclosef each component 
N, of N by a simple closed curve J, which has no points in common with NV 
and which is such that every point of J, and every point which is interior 
to J, is at a distance less than ¢ from a point of N,. Since NW has the Heine- 
Borel property, some finite subset of this collection of simple closed curves 
encloses all points of N. Hencef there exists a finite set of simple closed 
curves J,, Jz, - - - , J; enclosing all points of V, each curve being exterior to 


*See Theorem 25, p. 427, of the paper by R. L. Moore, Concerning upper semi-continuous 
collections of continua, these Transactions. vol. 27 (1925), pp. 416-428. See also H. M. Gehman, 
Concerning acyclic continuous curves, loc. cit., pp. 558-559. 

Tt R. L. Moore, Concerning the separation of point sets by curves, Proceedings of the National 
Academy of Sciences, vol. 11 (1925), pp. 469-476. 

t R. L. Moore and J. R. Kline, loc. cit., Lemma 1, p. 219. 
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every other one of the set, and every point lying on or interior to any one 
of the curves being at a distance less than ¢ from some point of NV. 

Under the correspondence W, these simple closed curves correspond in S’ 
to a set of simple closed curves Jj, J/, - - - , Jé which enclose all points of 
N’ and are mutually exterior. If it happens that the distance from some 
point lying on or interior to one of these curves to any point of NV’ is greater 
that or equal to ¢, we can construct in S’ a finite set of simple closed curves 
Ci, Ci, +++, which enclose all points of N’, are mutually exterior, are 
such that every point lying on or interior to one of the curves is at a distance 
less than ¢ from some point of NV’, and are such that each of the curves is 
interior to one of the curves J/. On account of this last condition, the set of 
simple closed curves Ci, C2, - - - , C, in S, where C;=W-! (C/), has all the 
properties of the set Ji, Jz, - - - , 

6. We shall now define the correspondence U for points of S which are 
not interior to any of the curves Ci, C2, ---, C, as any continuous (1-1) 
correspondence such that U(S)=S’, U(C;)=C/ for i=1, 2,---, h, and if 
X;Y,Z; are three points of one of the curves C;, then the sense X;Y;Z; 
on C; is the same as the sense U(X,)U(Y;)U(Z;) on Ci, sense being positive 
or negative as defined in §2. Note that the correspondence W can always be 
defined so as to have this last property, in which case we can let U(P) = W(P) 
for all points P of S which are not interior to any of the curves Cj. 

We shall next define U for points of D and of the boundary of D which 
are interior to the simple closed curve C, where C denotes any one of the 
curves Ci, C2, ---,Cu. 

7. If each component of M interior to C is either an arc or a point, and 
if no interior point of an arc XY of M is a limit point of M—XY, then just 
as in §1, we can construct an arc interior to C which contains all points of M 
which are interior to C, and hence there exists a continuous (1-1) correspon- 
dence U; such that (1) U;(S) =S’, (2) for each point P of C, Ui(P) =U(P), 
and (3) for each point P of M interior to C, U;(P) =T(P). We shall then let 
U(P) =U;(P) for all points of S interior to C. 

8. If the subset of M interior to C is not of the above type, let M, be a 
component of M which is interior to C and which either contains an arc XY 
such that some interior point of XY is a limit point of M—XY, or contains a 
simple closed curve. If M, contains no simple closed curves, let A and B be 
the end points of the maximal arc of M, that contains the arc XY. If M, 
contains a simple closed curve, the component of the boundary of D which is 
a subset of M, contains a simple closed curve J;. In this case, let A and B 
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be two points of J; which are not feet of trees* with respect to J; of the com- 
ponent of the boundary of D which contains J,. 

In either case, let E and F be two points of C. We can construct two non- 
intersecting arcs AE and BF in S-C—M+A+B+E+F.{ Let E’=U(E), 
F’'=U(F), A’=T(A), and B’=T7(B), and in 
we can construct two non-intersecting arcs A’E’ and B’F’. 

Let G and H be two points which separate E and F on C and let G’ = U(G) 
and H’=U(H). There are two and only two domains of S—(C+AE+BF 
+WM) which are interior to C and have boundary points on C. The boundary 
of one of these domains R;, consists of the arc EGF of C, the arcs AE and BF, 
and a subset of M, containing an arc AKB which with the other three arcs 
forms a simple closed curve which is the outer boundary of the domain R. 
The other domain R; is bounded by the arc EHF of C, the arcs AE and BF, 
and a subset of M, containing an arc ALB which with the other three arcs 
forms a simple closed curve which is the outer boundary of the domain R:. 
We have chosen A and B in such a way that either AKB and ALB are iden- 
tical, or AKB and ALB have no interior points in common. It is also true 
that the boundary of R; (and that of R2) contains the same points of M, 
regardless of how the arcs AE and BF are constructed. 

Similarly in S’, there are two and only two domains of S’—(C’+A’E’ 
+B’F’+M") which are interior to C’ and have boundary points on C’. 
If the domain whose boundary contains G’ is denoted by R/ , then the outer 
boundary of Ri consists of A’E’+E’'G’F’+B’F’ and one of the arcs A’K’B’, 
A’L’B’; the outer boundary of the other domain R? consists of A’E’+E’H’F’ 
+B’F’ and the other one of the arcs A’K’B’, A’L’B’. The arcs A’K’B’, 
A’L’B’ either are identical or have no interior points in common. In the 
latter case, since the arcs A’K’B’ and A’L’B’ form a simple closed curve, 
it follows that the outer boundary of R/ contains A’K’B’ because the follow- 
ing senses are either all positive or all negative: AKB on AKBLA, EGF on 
C, EGF on EGFBKAE, A'K'B’ on A’'K'B'L'A’, and E’G'F’ on C’. It is 
also true that the subset of M/ that lies in the boundary of Rj (and that of 
R?) is the same, regardless of how the arcs A’E’ and B’F’ are constructed. 
Since T preserves interiors and preserves sides of arcs in the same sense, it 
follows that a point P of M, is a point of the boundary of R; (¢=1, 2), if and 
only if T(P) is a point of the boundary of R/. 

However it may happen that for a particular choice of the arcs AE, 
BF, A’E’, B'F’, a component M; of M lies in R;, while T(M,) = Mz lies in 


* First paper, p. 262. 
t Part II, §5. 
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Ri. We shall now show how, keeping A’E’ and B’F’ fixed, a new pair 
of arcs AE and BF may be constructed so that a component M; of M lies 
in R, if and only if MZ lies in R/. 

9. Let us suppose that the arcs AE, BF, A’E’, B’F’ have been con- 
structed. Let V/ (¢=1, 2) denote the set consisting of all components of M’ 
that lie in R/, and let V;=T-! (N{/). Each of the sets Mi+M™i1, Mi+Nz, 
is closed. 

We shall now show that if we denote by Ni; (¢=1, 2) the subset of WN; 
that lies in R;, then Ni2+A+B is closed. Since the set M1 +Ni:=Mi+Nu 
+N is closed, and no point of Ny is a limit point of Nis, it follows that 
M,+Nx is closed. Since Ny is a subset of R, and T(Ni12) is a subset of Ri, 
it follows that any point P of M, which is a limit point of Niz must be a 
boundary point of Re, such that T(P) is a boundary point of Ri. If AKB 
and ALB have no interior points in common, A and B are the only points of 
M, which have this property. If AKB=AZLB, every point of the arc has this 
property, but if an interior point of the arc AB of M, were a limit point of 
Nx, the correspondence T would not preserve sides of arcs in the same sense. 
Hence in both cases Ni.+A +B is closed. 

Let us join H to L by an arcin R.+H+L. This arc divides R; into two 
domains R; and R, whose boundaries contain the points A and B respectively. 
If we let Ni; (¢=3, 4) denote the subset of Ni2 which lies in R;, then the sets 
Ni+A and Nu+B are closed. 

Since A is a component of the closed set Vi3+A, we can (by using Zoretti’s 
theorem) let Nis=Ki+K2+ ---, where (1) K; and K; have no points in 
common, if +7, (2) K; and Nis;—K; are closed, (3) Ki+ - - - +X; contains 
all components of Ni; which contain points at a distance from A greater 
than 1/2‘. Note that since T preserves interiors, N13 contains all components 
of M which lie in a bounded complementary domain of a component of 3. 
Hence we can assume that the sets Ki, Ke, - - - also satisfy condition (4): 
if a component M, of M lies in a bounded complementary domain of a 
component of K;, then M, is a component of K;. 

For each value of 7, the sets K; and M —K; are closed, and we can there- 
fore, as in §5, enclose K; by a finite number of mutually exterior simple 
closed curves Jix, Ji2, - - - , Jin,, lying in R3, of diameter less than 1/2*-?, 
such that the exterior of each one contains M—K;+Jut +Jin, 
+ --+++Ji1,.n,,. For simplicity, we shall denote each of the curves Jax 
just defined, by J;, where <=m,+2+ --- +2,1+k. The point set con- 
sisting of A+Ji+J2+ - - - is closed; in fact it is an E-set. Also theset 
consisting of M, the simple closed curve C, the arcs AE, BF, HL, all the 
curves J;, and any finite number of arcs, forms an E-set. 
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Let us next select for each value of 7, a point Q; of the curve J;, and a 
point P; whose distance from A is less than 1/2‘, which is an interior point 
of the arc EA, and which is (for 7>1) an interior point of the arc P,_,A. 
We can then construct an arc P,Q; in - - +PinQi-1) 
—(Ji+J2+ +--+) of diameter less than 1/2*-*, where / is determined by the 
equation i=m,+ - -.- +,1+k given above. The set consisting of A and 
all the arcs P,Q; also forms an E-set. 

No point of a given arc P,Q; is a limit point of M or of any subset 
+--+). We can therefore enclose P,Q; by a simple closed curve C; in 
Ri+R; whose exterior contains M+6@;+Ci+ --~-+Cj1 and which is of 
diameter less than 1/2*-*, the relation between i and / being given above. 
The curve C; contains two arcs PQ, PieQi2 such that (1) Px and Pare in- 
terior points of the arc EA lying between P;_; and P; and between P; and P;+; 
respectively, (2) Qi: and Qi2 are points of J; such that the sense 00,02 on J; 
is the same as the sense EGF on EGFBKAE, (3) the interior of the simple 
closed curve formed by these two arcs and the arcs PaPj2 of AE and QiQiQee 
is a subset of R;— M and contains no points interior to J;. 

The set consisting of 
+--+ + + - - - is an 
arc* from A to E which we may denote by (A£);. By our method of construc- 
tion, the domain R,; determined by using (AZ); in place of AZ, contains 
Niu+Ms, while the distribution of points of VN, between the domains R; and 
R, has not been changed. In the same way a new arc from B to F, which we 
may denote by (BF),, can be constructed so that the domain R, determined 
by (AZ), and (BF), contains Nu+Ni+Nu=Mi. If any points of Nz lie 
in the domain R; determined by (AZ); and (BF), we can in the same way 
determine new arcs (AZ), and (BF):, such that the domain R, determined 
by them contains N,, and the domain R; contains N2. 

10. Then as in First paper, pp. 264-265 and pp. 256-258, we can obtain 
a finite set of points G.=£, G2,---, Gn=F,---, G, lying in the order 
G:G2 ---Gmn--+-+G,G; on the simple closed curve C, and a set of points 
Mi, anda set of 
such that (1) the arc G;H; has no interior points in common with C+M, 
(2) the simple closed curve C; formed by the arcs G:H;, Gi+iHi+1, the arc 
G,Gi+: of C that contains none of the points Gi, - - - , Gis, Gite, -- +, Ga, 
and an arc H;H;+, of the boundary of D, encloses no tree of Mi—H Hit: 


* This may be established with the aid of Theorem 2 of H. M. Gehman, Some conditions under 
which a continuum is a continuous curve, Annals of Mathematics, vol. 27 (1926), pp. 381-384. 


1929} EXTENDING A CONTINUOUS CORRESPONDENCE 251 


which is of diameter greater than ¢«/9, or whose corresponding set under T 
is of diameter greater than ¢«/9, and (3) a point P of M is interior to C; if 
and only if T(P) is interior to the simple closed curve C/ formed by the arcs 
U(GGit1) =G/Gi+, of C’, the arc =H of My, and arcs 
G/ + lying in S’—C’—M'+G/ 

Then by using the method of §5 and the method of First paper, p. 265 and 
pp. 258-259, we can express the points of D and its boundary which are in- 
terior to C as the sum of a finite number of domains containing no points of 
M, a finite number of domains of diameter less than ¢, and the boundaries 
of these domains, the same being true for points of D’ and its boundary which 
are interior to C’. By the method of §9, a point P of M lies in a domain in S, 
if and only if T(P) lies in the corresponding domain in S’. The correspon- 
dence U is then defined as in First paper, p. 265 and pp. 259-260, so as 
to satisfy the conclusion of Theorem 2. 


V. LoGICAL RELATIONS BETWEEN VARIOUS KINDS OF CORRESPONDENCES 


Derinitions. Let M and M’ be E-sets lying in planes S and S’ respec- 
tively, and let T be a continuous (1-1) correspondence such that T(M)=M’. 
We shall say that T preserves sides, if given any simple closed curve J in S 
containing a connected* subset L of M, then there exists a simple closed curve 
J’ in S’ containing T(L) =L’ and such that if J encloses the subset K of M, 
then J’ encloses 7(K) = K’; and similarly for any simple closed curve J’ in S’ 
containing a connected subset L’ of M’. We shall say that T preserves sides 
in the same sense, if T preserves sides, and if given any two simple closed 
curves J, and J; in S containing connected subsets Z; and Lz of M respec- 
tively, then the corresponding simple closed curves J{ and J? in S’ can be 
constructed in such a way that if X;, V1, Z; are three points of Z, and X2, 
Y2, Z2 are three points of Zz, such that the sense X,Y;Z; on J; is the same as 
the sense X,Y.Z, on J2, then the sense 7(X,)T(Y;)T(Z,) on J is the same as 
the sense 7(X2)T(Y2)T(Z:) on J? ; and similarly for any two simple closed 
curves in S’ containing connected subsets of M’. 

1. The following seven theorems, which follow from the definitions, 
give the complete set of logical relations connecting the five kinds of cor- 
respondences which have been defined in this paper. 


THEOREM 3. If T preserves sides in the same sense, then T preserves sides. 
THEOREM 4. If T preserves sides of arcs in the same sense, then T preserves 


sides of arcs. 


* Since M is closed, L is necessarily either an arc or the curve J. 
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THeorEM 5. If T preserves sides, then T preserves sides of arcs. 


THEOREM 6. If T preserves sides in the same sense, then T preserves sides 
of arcs in the same sense. 


THEOREM 7. If T preserves sides, then T preserves interiors. 


THEoREM 8. If T preserves interiors and preserves sides of arcs, then T 
preserves sides. 


THEOREM 9. If T preserves interiors and preserves sides of arcs in the same 
sense, then T preserves sides in the same sense. 


2. On account of Theorems 3, 6, 7, and 9, we can make a purely formal 
change in the statement of Theorem 2 by replacing “7 preserves interiors 
and preserves sides of arcs in the same sense” by “T preserves sides in the 
same sense.” However the conclusion of Theorem 2 no longer remains 
true if we replace this phrase by either “T preserves sides” or “T preserves 
sides of arcs in the same sense.” 

3. If the E-set M is connected, i.e., if M is a continuous curve, then it 
follows from the theorems of First paper, that the conditions (1) T preserves 
sides in the same sense, (2) T preserves sides of arcs in the same sense, 
(3) T preserves sides, (4) T preserves sides of arcs, are logically equivalent. 
Each of them implies that T preserves interiors but not conversely.* 


* First paper, Lemma B, p. 261. Using the definitions of the present paper, Lemma B is Jf M 
is connected and T preserves sides of arcs, then T preserves interiors. 
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A DETERMINATION OF ALL NORMAL DIVISION 
ALGEBRAS IN SIXTEEN UNITS* 


BY 
A. ADRIAN ALBERT 


INTRODUCTION 


The chief outstanding problem in the theory of linear associative algebras 
over an infinite field F is the determination of all division algebras. This 
problem is equivalent to that of the determination of all normal division 
algebras, or algebras A in which the only elements of A commutative with 
every element of A are the quantities of its reference field /. 

The order of a normal division algebra is the square of an integer. All 
normal division algebras in 1*f, 2?f, and 3?§ units have been determined. 
In this paper all normal division algebras in 4? units, the next case, are de- 
termined and shown to be the algebras of Cecioni.|| 


1. Resutts§ PRESUPPOSED 


THEOREM I. Every normal division algebra of order n* over a non-modular 
field has rank n. 


THEOREM II. Every normal division algebra A of order n* contains an 
element q whose minimum equation is of degree n. 


Evidently the minimum equation of any element g of A is irreducible, 
and conversely, if an element of A is the root of an irreducible equation in F 
with leading coefficient one, then this equation is its minimum equation. 
We shall say that an element g of the algebra A is of rank & if the division 
algebra F(q) is of rank k and thus if the minimum equation of q is of degree k. 
An equation will be said to be an irreducible equation in F if its coefficients 
are in F and if it is irreducible with respect to the field F. 


* Presented to the Society, April 6, 1928; received by the editors in September, 1928. 

t The only division algebras in one unit are fields. 

t See Dickson, Algebren und ihre Zahlentheorie, p. 46. 

§ Wedderburn, these Transactions, vol. 22 (1921), p. 132. 

|| Rendiconti del Circolo Matematico di Palermo, vol. 47 (1923), pp. 209-254. 

| See Dickson, Algebras and their Arithmetics, German and English editions, for these results and 
their proofs. 
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THEOREM III. The order of any sub-algebra of a division algebra is a divisor 
of the order of the main algebra. 


THEOREM IV. Every element q of a normal division algebra A of order n* 
which is the root of an irreducible equation of degree n in F has the property 
that every element of A which is commutative with q is a polynomial in q with 
coefficients in F. 


THEOREM V. The only elements of a normal division algebra A which are 
commutative with every element of A are elements of the reference field F. 


Evidently every rational function with coefficients in F of any element q 
of A is expressible as a polynomial in g with coefficients in F and is commuta- 
tive with g. It may also be easily shown that any transform ygy— of an ele- 
ment g of A satisfies the minimum equation of gq. 

Hence the algebra A of order 16 over the non-modular field F contains 
an element satisfiying the reduced irreducible equation 


(1) = wf + aw? + 7, a, B, yinF. 


Lemma 1. If A=BC where B and C are polynomials in an indeterminate w 
over a division algebra D, and if w—tis a right divisor of A but not of C, where 
t is in D, so that C=Q(w—t)+R, where R¥0 is independent of w, then w—y 
is a right divisor of B, where y= RiR-. 

THEOREM VI. Jf A is a normal division algebra of order sixteen and if (1) 
is the minimum equation of an element q of A, then there exist further elements 
j, k, lof A which are transforms of q by elements of A such that 


(2) = (w— — 
and also o(w) is the product of the same factors permuted cyclically. 


As a corollary of the proof of the above theorem we have the following 
theorem: 


THEOREM VII. If ¢(w)=LM, where L and M both contain w, there exists 
a transform of q, y=vgqu-', such that w—y is not a right divisor of M and hence, 
if M=Q(w—y)+R, then w—RyR- is a right divisor of L. 


2. REDUCTION TO THE DETERMINATION OF ALGEBRAS 
ASSOCIATED WITH THE GROUP Gs 


Let A be any normal division algebra in sixteen units. If A contains an 
element i satisfying an irreducible equation in F such that, in the algebraic 


| 
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sense, three of its distinct roots are rational functions of z and are distinct from 
i, then the algebra A is said to be of type I’ and is known.* 

We shall now prove a theorem of fundamental importance in our de- 
termination. 


THEOREM VIII. Jf A is a normal division algebra in sixteen units containing 
an element q which satisfies the irreducible equation (1) with the property that 
not all of its ordinary complex roots are rational functions with coefficients in 
F of one of them, then A contains an element i satisfying the irreducible equation 


(3) ¥(w) = wt + dw? +e = 0, 6, ein F. 


By Theorem VI we may write the equation (2), where j, &, and / are trans- 
forms of g by elements of A. If jg=gj then 7 is a polynomial in g with coeffi- 
cients in F, by Theorem IV. Let j=yqy-!. Then 7=0(g)=yqy-'. Therefore 
62(q) = But 72 since (1) is irreducible. Thus 
6(q) =j. If 62(¢g) ¥q then the roots of (1) are q, j, 6*(¢), —g—j —07(q), and are 
all polynomials in g. But this is impossible since then the ordinary complex 
roots of (1) are all rational functions of one of them with coefficients in F. 
Hence g=67(g) =y*qy-*. Therefore y*g=qy? and, by Theorem IV, y? is a 
polynomial in g. But if y? is of rank four then (1, y?, y*, y*)=F(y*) is an 
algebra of order four contained in F(y), of order at most four, and hence is 
F(y). Hence y is a polynomial in y? and consequently in g and is commutative 
with g. Hence, in this case, 7 =yqgy~!=q, a contradiction. Hence y? is not of 
rank 4 but is of rank 1 or 2 and satisfies w?+éw+e=0, 5, € in F, and thus 
y*+éy?+e=0, and y, in A, satisfies an equation of the desired type and is 
taken as the desired element if its rank is four. If not, then, since its rank is 
evidently not one, y is the root of an irreducible quadratic. (y could not be of 
rank 3 since A contains no sub-algebras of order 3, a non-divisor of 16.) 
Hence y?= —éy+7. If +0 this equation expresses y as a polynomial in y? 
and hence as a polynomial in g, which is not possible since yg~qy. Hence 
=O and y?=7 in F. Let z=qy. Then 2?=qyqy=qjy?=qjn. If zis of rank 2 
then it satisfies z2=Az+p. If \+0, this expresses z=qy as a linear function 
of z? and thereby as a polynomial in q since 7 is a polynomial in g by hy- 
pothesis. This same relation gives y =q~'z as a polynomial in g which contra- 
dicts the hypothesis. Hence \=0. But 2?=ngj. Hence j7=«/q is a root of 
(1), where x=p/n=0 is in F. Substituting this value for the indeterminate 
in (1) and multiplying by g* we obtain yg*+fxgq*?+.«*g?+.«‘=0. Substituting 
the value of g* from (1) we obtain a linear combination of 1, g, g?, g* equal to 
zero and thus have the property that the coefficients are all zero. The coeffi- 


* See Dickson, New division algebras, these Transactions, vol. 28 (1926), pp. 207-234. 
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cient of g* is Bk=0 and since «~0, 8=0 and (1) is the desired equation. 
The only remaining case is thus the case where z is of rank 4. But RzR-!= —z 
where R =j—g and yj =qy, yg =jy. Hence —z isa root of the quartic equation 
satisfied by z and thus the equation satisfied by z has only even powers and 
is (3). 

We shall prove, as the next step in our proof, the following lemma: 


Lema 2. If x is of rank 4 and F(x) contains an element r of rank 2, 
then F(x) and hence A contains an element i satisfying an equation of type (3). 


Let the equation of the element r be r?+y17+72=0, 71, y2 in F. Let 
s=r+y:. Then s?=ein F. The elements 1, s, x, sx are linearly independent 
for, if not, then a+«=0, for a and 6 not both zero, where a and 8 are in 
F(s). Thus if b=0 the equation becomes a=0, a contradiction, and if 50, 
then it has an inverse in the quadratic field F(s), whence x =c where c =A +uys, 
an element of F(s). But every element of F(s) evidently satisfies a quadratic 
with coefficients in F, since the element s? is in F. Hence x is of rank 2, 
contrary to the hypothesis that x is of rank 4. Hence we may take the ele- 
ments 1, s, x, sx as the basal units of F(x). Therefore x?, which is in F(z), 
is expressible as a linear combination of the four units with coefficients in F 
and we obtain ; 


(4) x? =2ax+6-—a? or (x+a)?=6, a,b in F(s). 


If the element y =x +-< is of rank two then bis in F, since then y?+-Ay+yp =0 
and thus 6+A(x+a)+y=0, or Ax+(Aa+b+y)=0. But 1, x, s are linearly 
independent. Hence \=0 and )= —yin F. Take the expression a =a, +a,s. 
We have [(x+a1)-+axs]?=8 in F. The element x+a, is of rank 4, since if not, 
then ¥(x+a:) =0(x) =0 and x is the root of a quadratic in F, a contradiction. 
Let x+a:=u, of rank 4. Then u?+2asu+a?e=t Let r=—2as, and 
B-—azge=y. Then u2=ru+y where r?=é of F, and =ru?+yu=r(rut+y) 
=yu=tu+yut+yr, so that we have = 
an equation of the desired form. (The Greek letters of (1) are not these 
above.) 

There remains only the case where y is of rank 4. We then have b =8;+(3:s, 
and obtain an equation with 
coefficients in F, and which is in the desired form. Thus the lemma is proved. 

_We shall now consider the remaining case, that where jg~qj. Equating 
the coefficients in (1) and (2) we have 


(5) + (ki + kg) + =, 
(6) lkjig= 7, +lkg+ljqgt+ kjq= 
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from which, if we let s we obtain 
(7) ysi+s=t+a, yst=is+ 8B. 


Hence #? is expressible as a polynomial in the element s of A with coefficients 
in F by the fact that s~—' is so expressible. 

Case A. If ¢is of rank 4, then, if ¢? is of rank 2, by the lemma A contains 
an element of the desired kind. It is thus sufficient to treat the case /? of rank 
4, since if /* is of rank one, the only other possible case, then ¢ is the root of 
the quadratic ¢?=a, a in F, a contradiction. Then 1, are linearly inde- 
pendent and may be taken as the basal units of F(¢) whence ¢ is expressible 
as a polynomial in /? and hence in the element s. Hence st=ts. Hence, since 
tis of rank 4, s is in F(¢). Hence, from (7)2 and (6); where r =s—!, r+s=+a, 
rs =~, and since all of the elements are commutative, we have, by elementary 
algebra, that r and s are roots of the equation w?— (#2+a)w+y=0 or thus 
s?=(#+a)s—~y. Also we obtain from (7); by multiplying it on the right by ¢ 


(8) rt + st = (2 + a)t. 


Adding (8) and the equation st—rt= —8 which is obtained from (7). by the 
property that st=és, we obtain 


(9) 2st = =z. 


Thus z—8=i(#+a). Squaring equation (9) and applying the relation 
s?=s(#+a)—y, we have 2?—28z2=4t*y, and replacing z—£8 by its value 
#+-at in the equation 


(10) (z — B)? = 4t*y + B?, 


we have #°(i?+-a)?=4t*y +2, a cubic in #2, contrary to the hypothesis that 
t? is of rank four. Hence we need only consider the case ¢ of rank two. 

Case B. Here /?+Ai+yu=0. If \¥0 then this equation expresses ¢ as a 
function of #? and hence of s. Hence ¢ is commutative with s and (7), becomes 
r—s=-—ft-'. Subtracting this from (7); we obtain the relation 2s equals a 
polynomial in ¢, or s=£+n, since ¢ is of rank 2. Hence jg=§+n(j+4q), 
j(q—n) =§+ng. But g—7+0. Hence it has an inverse and j is expressible 
as a rational function of g, a contradiction, and A=0, #=f, in F. But 
We have 
+jq+9*) =f—(gt+ig). But t(gt+iq) =igt+ft=tgt+if =(gt+t)t. Hence is 
commutative with 7?—gq*. If this element is of rank 4, then, by Lemma 2, 
F(z), where z=7j?—g?, contains ¢ of rank 2 and hence an element of the de- 
sired type. If this is not so, then, if z+ is of rank 4, the theorem is satisfied, 
since ¢ is commutative with z+é and hence is in F(z+#) and is of rank 2. 
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The conclusion then follows by Lemma 2. Hence the only remaining case is 
that where z and z+? are both of rank 2, where 2f =z. Let 2?=Az+y, A, win F. 
Let 7 in F. Then we have that 
+n=0, whence 2(A+£+2#) = —(u—f+n+é). But since ¢ is not 
in F. Hence the above equation expresses z as a rational function of ¢ and 
since ¢ is of rank 2 we have z=p-+ct, p, 0 in F. Hence we have, by the defi- 
nition of z and that j?—7?=p+o(i+7) orj?—oj =i?+oci+p. Hence y=7?—oj 
is commutative with 7 and is a polynomial in z. If y is of rank 2, then, by 
Lemma 2, the theorem is satisfied. If not, then y, in F(j), is of rank 4 and 
hence the elements 1, y, y*, y? may be taken as a basis of F(j) and hence j is 
expressible as a polynomial in y with coefficients in F and thereby as a poly- 
nomial in z with coefficients in F, a contradiction, since we assumed at the 
beginning of this section that 7j—ji~0. This proves the theorem. 

If the normal division algebra A contains an element satisfying an 
equation of type (3) such that all of its roots are rational functions of one 
of them, then A is of type I. If A does not, then it contains an element 
satisfying an equation of type (3) such that not all of its roots are rational 
functions of one of them, by the theorem just proved. The algebras of type 
I’ are of two known kinds. They are either algebras of type D associated with 
an element satisfying a cyclic quartic, or are algebras of type £ satisfying 
a non-cyclic abelian quartic or quartic with group G,. Also every normal 
division algebra in sixteen units containing an element satisfying a cyclic 
quartic is an algebra of type D, and every normal division algebra containing 
an element satisfying a quartic with group G, is an algebra of type Z. The 
necessary and sufficient condition that a quartic have group G, is that it be 
irreducible and that all of its roots be rational functions of one of them such 
that, if i and 6(z) are roots then 6*(z) =i, so that the equation is non-cyclic. 
We shall prove 


THEOREM IX. Every normal division algebra in sixteen units over a field F 
contains an element p satisfying a quartic with coefficients in F and group Gy. 
Hence every normal division algebra in sixteen units is an algebra of type E. 


Let A be a normal division algebra in sixteen units over F. Then, by the 
argument just made, A is of type I or A contains an element i satisfying the 
quartic equation 


(11) = in F, 
irreducible in F, and such that not all of its roots are rational functions of 


one of them. Since z is a root of (11) so is —7. Applying Lemma 1 with 
C=-i and t=—i to A=¢(w) we have R= —2i and RiR-'=—i. Hence 
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$(w) =Q(w)(w+2)(w—7). By Theorem VII there exists an element v of A 
such that w—x is not a right divisor of C=w*—i?, where x=viv-'. Hence, 
where the remainder on division of C by w—x may be easily verified to be 
R=x?—i*, w—RxR- is a right divisor of Q. Since Q is a polynomial in w?, 
w+RxR-' is a right divisor of Q and hence, by Lemma 1, 0 =(w+k)(w—k) 
where k=ziz-! and z=Rv=(x?—i?)v. We hence have the decomposition 
of (11) in the form (2) where here / = —k and j= —i. Comparing coefficients 
in this decomposition with (11) we obtain the relations 


(12) = B. 


Since k=ziz—!, zi=kz, 2i?=k*z, 249 =2212 =2(—a—i*)z=(—ata 
+i*)z?=7222, Obviously k? is a polynomial in 7? and hence is commutative 
with z. Similarly 7? is commutative with k. Also if g(z) is any polynomial in 7 
then zg=g(k)z. Let z?=s, wheresisinF. Then 2%=iz?. Let y=ik—ki, so 
that iy =7*k —iki =ki?—iki=—vyi. Hence iyi-'=—y. Also 2(tk—ki) =kzk 
— ski = — =ksiz-!— siz-4§ = kiz —izi =(ki—ik)z=—yz, so that 
zyz-!= —y. The element p =7?+-y is in the algebra consisting ofall polynomials 
in y and 2?, with coefficients in F. This algebra is a field since yi? = —iyi =i*y. 
Hence, since A is of rank four, it is a field of order four or of order two. Its 
order is not two since y is not in the quadratic sub-field F(z?) for otherwise 
y would be a polynomial in 7? and hence commutative with 7, a contradiction 
of yi = —iy; while y<0 since if y=0 then 2k =ki and is a polynomial in z 
and the roots of (11) are all polynomials in 7, contrary to hypothesis. Hence 
the field F(i?, y) is of order 4. The element # is not of rank 1 since it is 
obviously not in F. It is not of rank 2, for then y?=bp+c, where b and c are 
in F, whence 74+27*y+y?=bi?+by+c. But since yyi = —yiy =iy* then 
y? is a polynomial in 7. But yg(z)=g(—z)y, for any polynomial g(z), and 
yy?=y*y. Hence y? is a polynomial in i*. Hence, since y is not in F(*), 
2i?= 5, and a contradiction is secured since z is the root of an irreducible quar- 
tic. Hence p is of rank 4. But F() is then of order 4 and is contained in 
F(i?, y) of order 4. Hence F(p) =F(é?, y) and every polynomial in 7? and y 
is a polynomial in p. Let =2—y, 
+219g-! = —y+k?, pp =2p.2-! =ipsi-!'=y+k*. These elements are transforms 
of the element # and hence are roots of the irreducible quartic satisfied by p. 
They are in the field F(z?, y) and hence are polynomials in p. Since z? and 7? 
are both commutative with both i? and y they are commutative with p 
and hence p?(p) = p?(p)=p2(p)=p. The elements p, po, ps, px are all dis- 
tinct since k? 2? and y¥ —y while y is not a polynomial in 7*. Hence the 
quartic satisfied by p has the four distinct roots p, ps, p2, ps all of which are 
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polynomials in pf, such that the iterative of the polynomial gives p and hence 
such that the group of the equation is Gy. 

We shall next consider z?=s not in F. Let 2%z-*=m. If m=i then 2? 
is a polynomial a(i). Since 22?=2%z, a(i)=a(k). Let =a,+a,7, where a; 
and az are in F(i#). Then =a{ k where aj =a,(k*) and az =a2(k?); 
both aj and a; are hence in F(i*). But & is not a polynomial in 7. Hence 
az =0. Hence a,.=0. Hence a,;=a/ which is true only if a, is in F, since 
47k? and hence the coefficient of 7? in a; must vanish. Hence s is in F, a 
contradiction. Hence m#i. Hence j7=m—ix0. If s is of rank four then the 
field F(s) =F (z) since s and hence F(s) is contained in F(z), a field of order 
less than or equal to four. In this case z is a polynomial in s and hence is 
commutative with 7? since s is. But z is not commutative with 7?. Hence s 
is not of rank four. But, by hypothesis, s is not in F and hence is not of rank 
1. Hence the rank of s is 2 and s is a root of w*+2bw-+c where b and ¢ are 
in F. Let t=s+b. Hence =e in F. Since t+b=s+2b=—cs—'!, we have 
jt+tj = (m —i) (s+b) + (m—i) = ms — si+sm+2b(m —i) = ms —ms 
+(s+2b)m—i(s+26) = —cs—(sis—!) +c(is—!) = —cis-!+cis-1=0. Therefore 
jt=—tj. Hence Since and mi?=i?m, and 
jP=ij. Also Hence if p=t+7?, then jpj-!= —t+7?, 2p2-'=t+k?, 
(jz)p(jz)-!=t+k*. The field F(t, 7*) is of order four since ¢ is not a polynomial 
in 72. The element # is of rank 4, since if it is of rank 2 then the resulting 
equation gives 27? equals a quantity in F, a contradiction. Hence the results 
here are the same as in the first case and we have an element satisfying an 
equation with group Gy. 

It remains to consider the cases where the algebra A is of type T. If A 
is of type Z then, by the definition of algebras of type Z, A contains the 
proper element and is of the desired type. If A is of type D, then by the defi- 
nition of these cyclic algebras, A contains an element y which is a root of 
the quartic w‘=d, where d is in F. The group of this equation is either G, 
or Gs. If it is the group G, then y is the desired element. If not then the group 
of the equation is Gs and not all of its roots are rational functions of one of 
them, since if its roots are 21, %2= —4%1, 3, 2s, then if x; is a polynomial in x, 
by applying the substitution (34) of the group Gs, x4 is the same rational 
function of x; and is equal to x3, contrary to the hypothesis that the equation 
satisfied by y is irreducible. Hence we may apply the proof for algebras con- 
taining an element 7 satisfying (11) and obtain the desired result. 
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EXPANSIONS IN GENERALIZED APPELL POLY- 
NOMIALS, AND A CLASS OF RELATED 
LINEAR FUNCTIONAL EQUATIONS* 


BY 
I. M. SHEFFERt 


1. Introduction. In this paper we are primarily concerned with the 
solution of the linear differential equation of infinite order 


(1) SPalz)y(x) = f(x), 


where the P,(x) are polynomials of bounded degree (<), and the relation 
of this equation to expansions in generalized Appell polynomials. Equation 
(1) is transformed into an equivalent contour integral equation, using the 
Laplace transformation; and this integral equation is then shown to lead to 
a solution which is itself a contour integral, with a kernel which satisfies a 
linear differential equation of order k. It is also shown that the contour 
integral equation is equivalent to an expansion question in generalized 
Appell polynomials. 

In §2 we derive some simple properties of these polynomials. In §3 the 
equivalence between the above-mentioned differential and integral equations 
is shown, and the relation to the expansion problem developed. The resolving 
kernel for the general case (k) is introduced in §4, and the particular cases 
k=0, k=1, are treated in §§5, 6. The method of the Laplace transformation 
is then extended, in §§7, 8 respectively, to partial differential equations of 
infinite order, constant coefficients, and to Laurent differential equations, 
constant coefficients. 

2. Generalized Appell polynomials. Let 


(2) Adt) ~ 


n=0 


* Presented to the Society, September 7, 1928; received by the editors in December, 1928. 

National Research Fellow. 

t The attention of the writer has been called to two memoirs by S. Pincherle, the spirit of which 
is closely akin to that of the present paper: Studi sopre alcune operazioni funzionali, Memorie della 
Reale Accademia delle Scienze di Bologna, (4), vol. 7 (1886), pp. 393-442; Sur la résolution de l’ équa- 
tion fonctionnelle hyp(x+-ay) =f(x), Acta Mathematica, vol. 48 (1926), pp. 279-304. 
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be (k+1) formal* power series, with A,(#)40, and define the generalized 
Appell polynomials {G,(x)}, of order k, by the (formal) expansion} 


(3) et={Aolt) + 2Ailt) + ~ 


n=0 


If A,(0) ~0, G,(x) is a polynomial of degree n+. If we multiply (5) through 
by e~*, and differentiate (k+1) times with respect to x, we find that 


so that 
Lemma 1. G,(x) satisfies the mixed relation} 
k+1 k+1 
(4) 
— +++ + (— = 0 (n =0,1,---). 


On expanding the left hand member of (3) in a power series in ¢ we obtain 
an explicit form for G,(x): 


k 


(5) G,(x) = + 


(nm — 1)! 


an). 


Not only does (3) imply (4), but also conversely: 


Lema 2. Let {G,(x)},n=0,1, - - - , be a set of functions satisfying (4) for 
n=0,1,---. Then there exist constants ai,(n=0,1,---, ©;7=0,1,---,k) 
such that on setting (formally) Ai(t)~>°¢ @int®, the relation (3) is formally 
satisfied. 


In virtue of (4) we have 


n=0 


But the right hand member of this identity is the (k+1)st derivative with 


* That is, the radius of convergence of A;(#) may be zero. 

t The original Appell polynomials (& =0) were discussed by Appell, Sur une classe de polynomes, 
Annales Scientifiques de l’Ecole Normal Supérieure, (2), vol. 9 (1880), pp. 119-144. He has found 
for them some interesting properties. 

t G’s with negative subscripts are defined to be identically zero. 


1929] GENERALIZED APPELL POLYNOMIALS 263 


respect to x of e- >. 9/"G,(x), so that this last expression is a polynomial in 
x of degree not exceeding k, with coefficients which are functions of #:* 


(x) ~ Ao(t) + xAi(t) +--+ + 


It follows that the functions G,(x) are polynomials. To determine the func- 
tions A ,(#), we differentiate the members of this last identity k times with 
respect to x, setting x =0 after each differentiation: 


~ 


1 
A(t) ~ (0) — } 2", 


be, 


CoROLLARY. A necessary and sufficient condition that a set of functions 
{G,(x)},=0, 1, - - - , be a set of generalized Appell polynomials of order <k, 
is that (4) be satisfied, n=0,1,2,---. 


This establishes the lemma. 


In establishing the preceding results the question of convergence of the 
formal power series represented by A ;(#) did not enter. However, in consider- 
ing G,-expansions of analytic functions, it is necessary to lay down restric- 
tions. We make the following assumptions: 

(A) The functions A ,(é), i=0, 1, - - - , &, are analytic, |¢|<R. 

(B) A,(#) has at most a finite numberf of zeros in |t| <R. 

(C) The analytic functions f(x) whose expansions we consider are those 
of exponential value (exp. val.) less than R;i.e., those for which lim sup ,-« 
[f™(0) <R. 


Lemna 3. If{d,}is a sequence of numbers such that lim sup |A, |" =1/p <R, 
then >>> AnGa(x) converges uniformly in every bounded region, and defines a 
function of exponential value <R. 

* It is possible that A,(#) =0, Azs(¢)=0,--- , OSrSk. 


t If Ax(t) has infinitely many zeros in |t|<R, then we choose R’ very close to, and less than, R, 
and consider the region |t|<R’. There will be only a finite number of zeros in |t|<R’. 
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Let r be any number<R, and let C be the circle |¢|=r. Then in any 
bounded region |x| <X, 
| =| f + 
2ridec intl 
XH = M/r, 


where N is the maximum of |Ao(#)|, - - - , |Az(é)| on C. Choose r to satisfy 
r>1/p. Then in |x|<X, |An|/r®, which converges. 
The series represents, then, an entire function. Denote it by g(x). Now 
|ain| SM/(R—«)*, i=0, - - - , k, so that 


and 
ef {Ao(t) +---+ 


+ xt) + 
Hence 
K 
Also, |A, |< therefore 


The series in the brace converges, since Ro >1 and « can be taken arbitrarily 
small; let its value be K. Then 


g(x) = K MNK(1 + +--+ 
0 


Now exp. val. of e7/°-® is 1/(o—e), <R for ¢ small enough, and multiplying 
through by (i++ - - - +x*) does not affect the exponential value. Hence 
g(x) is of exp. val. <R, as was to be proved. 

3. A differential equation of infinite order and a contour integral equation. 
We return to the differential equation (1). Let us denote by A[y(x)] the 
differential operator 


A[y] = aoy(x) + any(x) +--+, 


where A(t)~}>5 ant". Then equation (1) can be expressed, by a suitable 
rearrangement of terms, as follows: 


(6) Aoly] + xAily] + = f(x). 


0 
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We assume in what follows that conditions (A), (B), (C) of the aes section 
are fulfilled. 

Such equations have been considered by Perron,* Hilb, von Kook and 
others. We shall treat them from a new point of view. Let us look for 
solutions (x) which are of exp. val.<R. If y(x)=)09 Anx*/n! is of exp. val. 
u<R, and if \.x", then V(x) has a radius of convergence 1/y; and 
if C is a contour surrounding the = and lying in |#|<1/y, then 

) 


(7) = — —— e*/tdt, 
Qari Cc 


Now it is readily established that if A " is analytic in |¢|<R, and (x) is 
of exp. val. u<R, thent 


1 4 
(8) 4b] YO, 4(— —) erat, 1/R <|t| < 


and A [y] is of exp. val. <u. That is, the operator A can be taken under the 
integral sign. It follows that (6) is equivalent to the contour integral equation 


t 


the sense of the equivalence being as follows: 


THEOREM 1. Jf y(x) Anx*/n!, of exp. val. u<R, is a solution of (6) 
then Y(x)=)>¢ Axx” is a solution of (9), C being a contour surrounding the 
origin and lying in 1/R< |t|<1/u. Conversely, if V(x), with radius of con- 
vergence 1/p, where u<R, is a solution of (9), then y(x) is of exp. val. wu, and is 
a solution of (6).t 


Let us assume in (9) the expansion 
(10) Y(t) = 
0 


The term in 1/¢ in the integrand is the term independent of ¢ in the Laurent 
expansion of Y(#)>- 9 G,(x)/t*, so that we have 


(11) f(x) = DAG. (x). 


* For a list of references see Sheffer, Linear differential equations of infinite order, with polynomial 
coefficients of degree one, to appear in the Annals of Mathematics. 
t A[e*]=A(A)e* for all |A|<R. 


} The proof is immediate. 
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There is, then, a very close relation between equations (6) and (9) on 
the one hand and G,-expansions on the other. In precise form: 


THeoreM 2. Let f(x) be of exp. val.<R. If y(x)=>09 Anx/n!, of exp. 
val.<R, is a solution of (6), then f(x) possesses the expansion (11), which 
converges uniformly in every bounded region; and lim sup |A,|/"<R. Con- 
versely, if lim sup |A,|""<R, and f(x) is defined by (11), then f(x) and y(x) = 
do Anx"/n! are of exp. val. <R, and y(x) is a solution of (6). 


The theorem follows at once on using (9) and Lemma 3. 


DEFINITION. An expansion for f(x): f(x) AnGa(x) will be termed a 
proper expansion (with respect to the given set {G,(x) }) iflim sup |A, |!"<R.* 


Theorem 2 relates to proper expansions, and may be (partially) restated 
as follows: 


Coroxiary. Let f(x) be of exp. val.<R. Every proper expansion of f(x) is 
equivalent to a solution (of exp. val.<R) of equation (6). 


A remarkable property of G,-expansions is that they may permit of 
zero expansions; i.e., the function f(x)=0 may have one or more linearly 
independent expansions in which not all the coefficients vanish. This property 
is a consequence of the fact that the homogeneous equation corresponding 
to (6) may have solutions other than y(x) =0: 


THEOREM 3.{ Every proper expansion of the function zero, in which not all 
the coefficients vanish, is equivalent to a solution y(x)A0, of exp. val. <R, of the 
homogeneous equation 


Aoly] + xAi[y] + --- + = 0. 


For equation (6) Perront has obtained the following theorem: 

Let m be the number of zeros (multiple zeros counted multiply) of 
A,(t) in |¢|<R, and let s be the number of linearly independent solutions 
D(t), which are analytic everywhere in |t|<R, of the equation 


(12) Ao(t)D(t) + Ai()D'(t) + -- + = 0. 


Then the number of linearly independent solutions y(x), of exp. val. <R, of 
the equation 


* It follows by Lemma 3 that if f(x) has a proper expansion, then f(x) is of exp. val. <R. 

t The proof follows that of Theorem 2, the expansion 0=)_ 9nGn(x) corresponding to the solu- 
tion (x)=). 

¢ Perron, Lineare Differentialgleichungen unendlich hoher Ordnung mit ganzen rationalen Koef- 
fizienten, Mathematische Annalen, vol. 84 (1921), pp. 31-42. 
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(13) Aoly] + xAily] + --- + = 0 


is precisely m—k-+s; and the non-homogeneous equation (6) will possess a 
solution of exp. val. <R for all functions f(x) of exp. val. < R if and only if (12) 
has no solution analytic everywhere in |#|<R.* 

Applying this existence theorem and Theorem 2 (Corollary) and Theorem 
3, we have 


THEOREM 4. A necessary and sufficient condition that a proper expansion 
exist for all functions f(x) of exp. val. <R is that equation (12) have no solution 
D(t)40 which is everywhere analytic in |t|<R. The number of linearly 
independent} proper expansions of the function zero is preciselyt m—k+s. 


4. The resolving kernel. By Theorem 4, if (12) has a solution D(?) 
analytic in |¢|<R, not every function f(x) of exp. val.<R has a proper 
expansion. Let us then consider the contrary case: where every solution D(é) 
has some singularity in |t|<R, so that solutions of (6) always exist. 

We wish to invert the integral equation (9). Now (9) is in the form 


If then we interchange the réles of f and Y (which is to introduce F and y), 


we are led to consider as a solution of the original equation (6) an expression 
of the form 


1 F(t) 1 
(14) x —a(— x) dt, 
t 


c ft 


* That not all functions f(x) yield a solution of (6) in the case that (12) has a solution analytic 
everywhere in |t|<R, may be seen as follows: 

If A(é), B(é) are analytic in lt | <R, and y(x) is of exp. val. <R, it is permissible to operate with 
A on x*B[y]: 


A[xBly]] = + ( ) ( ) 


Here A® stands for the operator obtained by differentiating A(t)=>. oan” I times, and AMB is 
the operator defined by the product A (#)B(é), the multiplication of these power series being as 
usual. 

Let D(#) #0 satisfy (12) and be analytic in le | <R. Then on operating on (6) with D, as we may, 
we find that the term on the left which has no factor x, drops out in virtue of (12), so that the left 
hand member has a factor x. The right hand member is D[ f(x) ], and this will not in general vanish 
at the origin. Consequently there will not always be a solution y(x) of exp. val. <R. 

ft It is clear that linearly independent solutions yield linearly independent expansions. 

t If m—k-+s is negative, zero will be understood. 

§ We owe to Professor Tamarkin suggestions which have improved the presentation of this 
section, particularly in stressing the fact that the resolving kernel is not always unique. 
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where C is a contour surrounding ¢=0 and lying in 1/R< |t|<1/d, f(x) 
being of exp. val. \. The function A(é; x) is to be determined. 
On substituting (14) into (6) we arrive at the equation 


2Qridc t 


and this will certainly be true (see (7)) if the brace in the integrand reduces 
to e*/'. The function A(¢; x) is then to satisfy (with respect to x) the differen- 
tial equation of infinite order 


(15) AolA(t; x)] + xAi[A(t; x)] +--+ + x)] = ef. 


Deriniti0n. A function A(t; x) which satisfies (15), is analytic in ¢ for all 
tin *T, and is (in x) of exp. val.<R for all ¢ in T, will be termed a resolving 
kernel, since it provides in (14) a solution of (6). 

Consider the homogeneous equation 


(16) Aol2(x)] + xAi[2(x)] + --- + x*Ax[2(x)] = 0. 


If m—k+s>0, this will be (by the Perron existence theorem) the number of 
linearly independent solutions 2,(x) of (16), of exp. val.<R. It follows that 
there will not then be a unique resolving kernel: 

Lemma 4. If there exists a resolving kernel, and A(t; x) is such a one, then 
so is 

if r=m—k-+s>0; and this is the most general resolving kernel. Here the func- 
tions T(t) are subject only to the condition that they be analytic for tin T. 


If m—k+s<0, (16) has no solution of exp. val.<R other than 2(x) =0. 
Hence 

Lemna 4’. If m—k+s<0, a resolving kernel, if it exists, is unique. 

Let us denote by A, the operator on the left of (15), so that A.[A(t; x)] 


=e‘; and let B, be the operator 


(17) B,[w(t)] = Ao(t)w + Ai(t)w’ + ---+ Ar()w™. 


* T is the region |t|<R with the zeros of A,(#) deleted. It is not strictly necessary to demand 
the analyticity and exp. val. conditions throughout 7: it would suffice to consider only those values of 
t for which 1/¢ lies on C. But since the contour C may vary in T as we choose different functions 
f(x) it is simpler to use the region T. 
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A,|e'] = B,[e'*] = 


(18) A,[B,[A]] = B,[A.[A]] = B,[e*] = A.[e*], 
so that 
(19) B,[A(t; x)] = e* + x), 


where ¢(¢; x) is a solution of A.[¢]=0. If A is a resolving kernel, then it is 
analytic in ¢ (in the region T) and is (in x) of exp. val.<R (¢in T). The same 
is then true of B,[A], and hence of ¢. That is,f 


(b) 2) = 


T,(é) analytic in T. 
Lema 5. There is a solution A,(t; x) of the linear differential equation of 
order k 
OFA, 
(20) = Ao(é)Ai + 4: + = e'* + x), 


which is analytic in t (in the region T) and which is (in x) of exp. val. <R for t 
in T. Here ¢ is given by (b).t 
The lemma follows from the properties of linear differential equations of 


finite order. 
Consider such a function A(t; x). We have 


B,[A.[A1]] = = = B,[e*], 
so that 
(21) A,[Ai(t; x)] = + x), 


where y is a solution of B,[y]=0. The left hand member of (21) is of exp. 
val. <R (see (8)). This must then also be true of (é; x). 

Let ¢:(#), - - - , cx(t) be a set of linearly independent solutions of B,[c(#) 
=0. (c,(é) is clearly analytic in T.) Then we can write 


* That A,B:=B¢A,j is readily seen. 
. t If Az[z]=0 has no solution (of exp. val. <R) other than 2(x)=0, the sum in (b) drops out: 
=0. 
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(c) V(t; x) = 


where the u,(x) are functions of exp. val. <R.* 
We come now to 


TueoreEM 5. Let (12) have no solution D(t)40 which is analytic everywhere 
in |t|<R. Then every function A(t; x) defined by 


(22) A(t ; x) = Ait ; x) + x), 
where x is an arbitrary solution oft 
(23) A.[x(t; = — +), 


y being given by (c), is a resolving kernel. 


Our hypothesis on equation (12) ensures us (by the Perron existence 
theorem) that a solution x exists of the desired character.t Equation (22) 
then defines A to be analytic in ¢ (in the region T) and of exp. val.<R for 
all tin T. We need then only show that A satisfies (15). Now A.[A]=A,| Ai] 
—y, and this is, by (21), precisely e*. 

Let us return to equation (15). We see (Lemmas 4 and 4’) that the resolv- 
ing kernel just obtained is unique unless m—k-+s>0, and in the case of 
non-uniqueness A may be augmented by >-j-; p:(t)z.(x), the p:(¢) being arbi- 
trary functions analytic in JT. This result is also reflected in 


* For ¥ certainly has the form (c) where the u;(x) are some functions of x. It remains to establish 
their exponential value. Now there exist values of T:t=h, ++ , such that the determinant 
A of the c;’s at these & points is not zero. For suppose the contrary, and let 4, - - - , #,_1 be held fast, 
while ¢, varies in JT. Then A, which is a linear combination of c(tx), - - + , cx(tz), must vanish identi- 
cally (in ¢,). Hence the coefficients of , cx(#,) must vanish. This is true for all 4, , tes 
in 7, and as the coefficients in question are (k—1)-order minors of A, we have reduced the question to 
a (k—1)-order determinant. If now we permit ¢,_; to vary in T, holding h, - - - , tx-2 fast, we reduce 
still further. Finally we arrive at a first-order determinant: ¢(t,), which must vanish identically 
in#,. But this is manifestly a contradiction. 

If we regard equations (c) (for as a set of linear equations in , us(x), 
we find (since A¥0) that =linear combination of ¥(h; x),--- , x). Since y(t; x) is of 
exp. val. <R for all ¢ in T, it follows then that u;(x) is of exp. val. <R. 

t x is also required to be analytic in ¢ (in the region T) and (in x) of exp. val. <R for all ¢ in T. 

t For the functions 1;(x) of (c) are of exp. val. <R, so that functions w;(x), likewise of exp. val. 
<R, exist such that A,[w;(x) ]=«;(x). Then the most general x is given by 


xlts2) = — + ¥ 
tol 


where the o;(t) are arbitrary functions which are analytic in T. 
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Coroiitary 1. Amy function A(t; x) defined by (22) satisfies the linear 
differential equation of order k 


0 of r 
(24) B,[A] = Ao(#)A + = ef + , 


t=1 
where the u;(t)* are suitably chosen functions analytic in T, and the z;(x) are a 
complete sett of linearly independent solutions of A.|z(x)]=0. 


Given A defined by (22). Now A.[B.[x]]=B.[A.[x]]=—B.[y]=0. 
Hence analytic in T. Also, 


= 2 
T,(é) analytic in T. Formula (24) then follows from the relation 
B,[A] = + Bi[x] = + {o(¢; x) + Bi[x]}. 


Coro.iary 2. There exists a resolving kernel A(t; x) which satisfies 


= 


O*A 
t* 


OA 
(24’) Ao(t)A + +--+ + 


The lemma asserts that a possible choice in (24) is u;(#)=0. Two cases 
arise: (i) m—k+s<0. Then in (24) the sum )-j_, u(é)z:(x) drops out, and 
we have precisely (24’). 

(ii) m—k+s>0. Then A(é; x) is not unique. Let A:(é; x) satisfy (24), 
where all the u,(#) are zero. Then the general A is (by Lemma 4) A= A; 
p(t) arbitrary (but analytic in 7); and 


B, [as + | = + {us(t) + 


t=1 


On choosing p,(#) to satisfy B,[o;(#) ] = —u.(é), the sum on the right drops out, 
and we have (24’). 

That x) can be augmented by the sum p:(#)z:(x) (when m—k+s 
>0) should imply (from (24)) that B,[>-j_, o<(é)z:(x)] is again of the form 
> 1-1 analytic in 7; and this is at once verified. 

An immediate consequence of the definition of resolving kernel is 


* The u;(¢) will vary as we choose different A’s. 
t We recall that if m—k+s<0, the sum >_j-.us(¢)z;(x) must drop out. 
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THEOREM 6.* Let the same assumption on D(t) be made as in Theorem 5. 
Then every resolving kernel A(t; x) makes (14) a solution of the original equation 


(6). 
Returning to G,-expansions we have 


THEOREM 7. Let f(x) be of exp. val. \<R and let A(t; x) be the resolving 
kernel given by Theorem 5.{ Then f(x) possesses the proper expansion 


(25) f(x) = 
with 


1 1 
(26) -) dt, 
ft t 


where 


(27) 


n=0 n! 
Defining ©,(#) by (27) and X, by (26), we have, by (14), y(x)= 
dS ornx"/n!. The theorem now follows by use of Theorems 2 and 6. 
The investigation of the resolving kernel A(t; x), when it exists, is better 


effected through equation (24’) than through (15), since the theory of 
linear differential equations of finite order is well known. Yet even when 
dealing with (24’) it is difficult to obtain for the solutions a form which is 
convenient to handle. We shall content ourselves with a study of the cases 
k=0, k=1. 

5. The case k=0. Here (15), (24’) reduce to 


(15a) A,[A] = (24’a) Ao(t)A(t; x) = ef, 
and it is seen that 


(27a) A(t ; x) = e'*A,(é) = > 


* It is assumed that f(x) is of exp. val. \< R, and that the contour C of (14) surrounds the origin 
and lies in 1/R< le | <1/d. We naturally choose C so as not to pass through any point 1/£, where & 
is a zero of A,(#), for at such a point A(1/t; x) may cease to be analytic. It may be remarked that the 
formal step of taking the operators Ao, xA;,-~-~- , x*A, under the integral sign in passing from (14) 
to (15) is easily justified. 

+ The same assumption on D(#) is made as in Theorem 5. 
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satisfies both these equations. (27a) is then a resolving kernel* for equation 
(6a): 
(6a) Aoly] = f(x). 

On applying Theorems 6 and 7 we have 


TuHeEorEM 8. If f(x) is of exp. val. X\<R, then (6a) has a solution y(x), of 
exp. val. <R, given by 


C being a contour surrounding the origin and lying in 1/R< |t| <1/d; and f(x) 
possesses the proper expansion 


e*!*dt 


(25a) f(z) = 
0 


wheret 
1 F(t) dt 
(26a) = . 
A,(1/2) 

It is possible to obtain solutions of the homogeneous equation A,[y] =0 
(in the case that Ao(é) has at least one zero in |t|<R), as contour integrals. 
If £ is a zero of Ao(#) (in |¢|<R), and p is the order, then there are ? linearly 
independent solutions corresponding to this zero: ef, xef,---, x?-let; 
and these give rise to the following » proper expansions of the function zero: 


0= AnGu(x) ’ 


where A, =&", n(n—1)&"-2, - - - , m(m—1) - - 
6. Case k=1. For k=1 equations (15), (24’) become (15b), Ao[A] 
[A] =e, (24’b), A,(i)A+A 1(HOA/dt =e', 
A solution of (24’b) is furnished by 


etttS at 


y(t x) = dt, 
Ai 


and we have 
Aoly] + xAi[y] = 
dt 


* We remark that (12) reduces to Ao(#) D(#) =0, which has only the solution D(#)=0. 
t The case k=0 is treated and solved in Pincherle (Bologna Paper), loc. cit., pp. 423-424. 
t We apply Theorem 3. 


} 

0 

| 
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We are assuming that (12) (for k=1) has no solution D(#) which is 
analytic throughout |¢|<R. Therefore, at some zero ¢=£ of A,(é), in |t|<R, 
D(t) fails to be analytic. Let ¢=£ be a zero of order s, and set 


Ao(t)(t — = 
(a) = §)*, 


1 Ao(t)(¢ — 
(b) Li = ; 
— £)* 


(c) Bit) 


(d) > sn(t — £)*, 


(e) 2+ SB(t) = > rn(x)(t 


so that 
x x? 
(f) = Sub (n= 0, +1,+2,---). 


Then 


n=—00 


and 


n=—0o 


Let us integrate (h), introducing no “constant’’ of integration. Two cases 
arise: 

(a) 1,_; is not an integer (positive, negative, or zero). Then (h) inte- 
grates back into (g) and we have Ao[y]+A:[y] =e. Therefore 


ettt+S de 


(i) A(t; x) = f dt 


is a resolving kernel. Here the integration is understood to be performed by 
expanding the integrand in a series about ¢=¢, and introducting no “con- 
stant” of integration. 

(8) 1,1 is an integer. Then the Laurent expansion (g) has a term 


so that 
| | 
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et*r_,, ,(x) independent of ¢. Therefore on integrating (h) (and introducing 
no “constant” of integration), 


dg = SAglArdt — (x). 


Let u(x) be a solution* (of exp. val.<R) of 
(k) Ao[u] + xAi[u] = ef*r_1,,(x) 
Then 
(1) A(t; x) = u(x) + f 


SIA, (t) dt | 


Ax(t) 


is a resolving kernel. Integration is as in (i). 
To sum up: 


THEOREM 9. Let equation (12) (for k=1) have no solution D(t) which is 
everywhere analytic in |t|<R, so that at some zero t=& of A;(t) (in |t|<R) D(?) 
is not analytic; and let the order of t=& be s. Then a resolving kernel A (t; x) 
for equation 


(6b) Aoly] + xAily] = f(x) 


is given by (i) or (1), according as 1,_, is not or is an integer (positive, negative, 
or zero). According to the case, f(x) (of exp. val.<R) possesses the proper ex- 
pansion 


(26) fe) = {= \ at 
(26b:) f(z) = x [e.(— +a. (-) at 


where 


dt 
= f dt, An(t) = Aol at 


A,(t) 


and where u, is defined by u(x)=>_5 tunx"/n!. And in either case a solution 
of (6b) is given by 


(14b) y(x) = — FO x) 


2ri t 


* The right member of (k) is seen to be of exp. val. <R, so that by our hypothesis on D(#), a 
solution exists. 


q 
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7. Partial differential equations of infinite order, constant coefficients. 
The equivalence between linear differential equations of infinite order and 
contour integral equations, such as has been established in the preceding 
sections, can be extended to other equations. In this section and the following 
one we consider two such extensions. 

Denote by A.,[2z(x, y)] the partial differential operator in two* indepen- 
dent variables 


(28) = > 
y” 


where 
te) = . 


m 


DeriniTi0n. If to the function 2(x; y), entire in x and y, there correspond 
two positive numbers A, Az such that for every «>0, 
a™tnz(0, 0) 


< M(e)(A1 + €) + €)", 


then z(x, y) will be said to be of finite exponential value; and if Xi, \2 are the 
smallest numbersf for which this inequality holds, then 2(x, y) is of exp. val. 


(1, de). 


Lemma 6. If A(t, t2) is analytic in |t|<Ri, |t|<Re, and 2(x, y) is of 
exp. val. (Mi, Az) with i<Ri, 2<Re, then Az,[z] exists and is of exp. val. 
(u1, M2) where Se. 


By hypothesis we have |amn|<N(e)(Ri—)-™(R2—€)-*, where 
A(ti, t2) = ; 
and 
2(x, y) K M(e) +) + = 


Therefore 


and for ¢ sufficiently small the series on the right converges. The lemma now 
follows from the fact that e’**+v is of exp. val. (|r|, |s|), and from the fact 
that e>0 is arbitrary. 


* The extension of the theory to k independent variables is immediate. 
t If zis of finite exp. val. then two “smallest numbers” exist. 
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Lema 7. If A(t, t2), B(ti, t2) are analytic in |t,|<R:, |t2|<Re, and 2(x, y) 
is of exp. val. (A1, Az) <(Ri, Re),* then 
Biy[A zv[2)] A zy[Bzy[z]] Czy[2] 
where C(t, tz) =A(h, t)B(h, te). 


The identities are seen to be formally true, and the convergence of all the 
series involved can be established by the method of Lemma 6. 


Lemma 8. Let 2(x, y) => Amnx™y"/(m'n!) be of exp. val. (Ar, Ac) <(Ri, Ra), 
and set Z(x, Then Z(x, y) is analytic in |x|<1/, |y|<1/ds, 
and 


Z(t, te) 
(29) 2(x, y) = f f tsdtidte, 
c, Jo, bile 


Ci, C2 being contours in the t, te planes respectively, surrounding =0, h=0 
and lying in 1/Ri< |ti|<1/Mu, 1/Re< 


That Z(x, y) is analytic in the region given follows at once. The integrand 
of (29) is then analytic on Ci, C2, so that we may integrate, say first with 
respect to #,, then ¢2. Formula (29) results if we use relation (7) of §3. 

If (Ai, A2) <(Ri, Re) it is permissible to operate with A., under the integral 


sign, so that we have 
TueoreM 10. If te) is analytic in |t,|<R:, and f(x, y) is 
of exp. val. (A1, \2) <(Ri, Re), then the partial differential equation 
(30) = f(x, y) 
is equivalent to the contour multiple integral equationt 


Z(t, ts) 1 
(31) f(x,y) = J. tite a(— diydte, 


Ci, C2 being the contours of (29). 


The sense of the equivalence is as in Theorem 1: To every solution 
a(x, y) => Amnx™y"/ (mn!) of (30), of exp. val. (m1, m2) <(R:, Re), corresponds 
a solution Z(x, y)=>-Amax™y” of (31), analytic in |<1/my, |te|<1/me; 
and conversely. And each such solution is equivalent to a proper expansion} 


* The notation (A;, \2)<(Ri, means that Re. 

t We use the identity A.,[e*+~]=A(r, s)e**, (|r|, |s|)<(Ri, 

t For two variables a proper expansion is defined as one for which e>O exists such that 
| 


if 
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(32) fe, 9) = 


m,n=0 
where {Gmn(x, y)} is the set of Appell polynomials in two variables defined by 
(33) A(t, te) = D> Gan(x, 
m 
As in the case of one independent variable, a solution of (30) can be 


obtained as a contour integral: 


THeEorEM 11.* If te) is analytic in |t,|<Ry, |t|<Re, and f(x, y) is of 
exp. val. \2) <(Ri, Re), then a solution 2(x, y) of (30), of exp. val. 
is given by 


F(t, to) ez/trtults 
34 
(34) a(x, y) = J. hte 


Here C,, C2 are the contours of (31) and (29), and F(t, te) is the function related 
to f(t, te) in the same way that Z(x, y) is related to 2(x, y). 


Corotiary. f(x, y) is of exp. val. \2) <(Ri, Re) it possesses the proper 
expansion 


m,n=0 


where 
1 \2 t di,dt 
2rt A(1/t1, 1/tz) 


It is clear that the results of this section carry over at once to any number 
of independent variables. 

8. “Laurent” differential equations of infinite order, constant coefficients. 
Let A(t)~>-*. ant" be a formal Laurent series, and denote by Ax[y(x)] 
the “Laurent” differential operator 


Arly] = any™(z), 


= f f y(x)dx---dx, k>O. 
0 (k-fold) 0 


* The proof is immediate, using the relation (29) with f, F in place of z, Z. 
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Then we term 
(37) Axly] = f(x) 


a “Laurent” differential equation of infinite order. 
We make the following assumptions: 
(a) A(t) ant converges, 0< |t| <R; 
(b) f(x) is of exponential value less than R. 


Lemma 9. We have 


a cee e z 
0 (n-fold) J9 (n 1)! t (n 2)! 

1 


+—}. 
t 
Lema 10. For every tin 0< |t|<R, 
(39) = — O(¢ ; x) 


where 


= 


n=1 i” 


tx 


and @(t; x) is analytic for every x and for every tin |t|>0. 


(39) is a consequence of (38). We need then only consider O(¢; x). Sup- 
pose 0< |¢|. Then 1+¢”/1!+ - - - so that x) 
«el=!t ¥°* |a_,|/t, and since this last series converges for all |t|>0, @ is 
analytic for all |¢|>0 and for all x. 

On using (7) of §3, and (39), we can express (37) as a contour integral 
equation: 


and (37), (41) are equivalent in the sense given by Theorem 1 for equations 


(6), (9). 


Equation (41) can however be simplified. For from the definition of @ 
we find that 


Lemma 11. @(1/t; x) is analytic in t at t=0, and vanishes there. 
We have 


279 
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Now |a_,|<M, so that O(1/t; } 
-(1—2)—'; and this proves the lemma. 

CoroLitaRy. ©(1/t; x) is an entire function in both x and t. 


Since 0(1/t; x) =0 for ¢=0, it follows that 


if Y(¢) is analytic in and on C. Consequently we have 


THEOREM 12. The “Laurent” equation (37) is equivalent (in the sense of 
Theorem 1) to the contour integral equation 


1 1 vi 
(42) ide ~A(—)e dt. 


THeEoreM 13. If Anx”/n!, of exp. val. <R, is a solution of (37), 
then f(x) possesses the proper* Appell function expansion 


(43) fan = 


and conversely.| H ere G,(x) is defined by 


(44) e*A(t) = > G,(x)t*. 


* That is, lim sup |A, |"/"<R. 
t The proof is immediate. 


UNIVERSITY OF CHICAGO, 
Cuicaco, ILt. 
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SYSTEMS OF INFINITELY MANY LINEAR 
DIFFERENTIAL EQUATIONS OF INFINITE 
ORDER, WITH CONSTANT COEFFICIENTS* 


BY 
I. M. SHEFFERT 


1. INTRODUCTION 


The writer has given existence theorems governing a finite system of 
linear differential equations of infinite order, with constant coefficients.f 
There, the method of attack was one of operators, and by means of suitable 
differential operators the system was first reduced to a single equation of 
infinite order, after which certain solutions of this one equation were shown 
to be solutions of the original system. 

Let us adopt the following notation for a differential operator: 


A[y] = aoy(x) + ary'(x) + + + 


where the a,’s are constants. The system of equations of which we speak 
has then the form (homogeneous and non-homogeneous) 


(1) Aaly:] + +--+ + Ainlyn] = 0 (¢=1,2,---, #); 
(II) Aal[y] + Ai2[ye] Ainlyn] = fi(x) (i 1,2, n). 


There are 7 equations in the m unknown functions y,(z). 
Our assumptions, on the basis of which the existence theorems follow, 
are these: 
(i) The A;,(#) are analytic§, |#|<R. 


(A) (ii) 
Ani(é) Aann(t) 
(iii) The f;(x) are of exponential value<R. (For short: of exp. val. <R.) 


And the solutions sought are those functions y;(x) of exp. val.<R. We define 
exponential value as follows: 


* Presented to the Society, September 7, 1928; received by the editors in December, 1928. 

t National Research Fellow. 

t Sheffer, Systems of linear differential equations of infinite order, with constant coefficients, to ap- 
pear in the Annals of Mathematics. We shall refer to this as Annals Paper I. 

§ That is, A;;(#) converges, lt | <R. 


281 


; 
a 
ay 
| 


I. M. SHEFFER 


f(x) is of exp. val. d if f(x) is entire and lim | f(0) |!" =X. 


In the present paper we consider the extension to systems of infinitely 
many equations, and show how such systems can be thrown into the form of 
systems of contour integral equations in the complex plane. These integral 
equations are then inverted: we obtain solutions which are themselves 
contour integrals.* The method employs the Laplace transformation. f 

In §2 we take up the non-homogeneous equation for an infinite system, 
and in §3 we consider the homogeneous case, where solutions are also obtained 
as contour integrals. 


2. THE NON-HOMOGENEOUS CASE, INFINITE SYSTEM 


We consider a system of infinitely many equations in infinitely many 
unknown functions:f 


(III) Aaly:] + + + + = (6 = 1,2,---, 0). 
We assume that the following conditions are fulfilled: 
(i) Aj;(u) is analytic, |u| <R; 
(B) (ii) fi(x) is of exp. val. A;<A<R; 
(iii) | uniformly in i and in u, where u ranges over |u| <1/; 


and 


is of normal form for every uin |u| <R;i.e., 


* The finite case is of course a particular case. 

+ The Laplace transformation has been used in the complex domain by S. Pincherle, Sur la 
résolution de I’ équation fonctionnelle > hyp(x+-ay) =f(x), Acta Mathematica, vol. 48 (1926), pp. 279- 
304; and in the domain of reals by F. Bernstein and G. Doetsch in a series of papers, of which we 
cite only two: F. Bernstein and G. Doetsch, Probleme aus der Theorie der Warmeleitung, Mathe- 
matische Zeitschrift, vol. 22 (1925), pp. 285-292; G. Doetsch, Die Integrodifferentialgleichungen 
vom Faltungstypus, Mathematische Annalen, vol. 89 (1923), pp. 192-207. 

t We can equally well consider the system 


putting on the functions A;;(u), f:(x) the same conditions as we shall lay down for system (III). 
We arrive at a like existence theorem. For the properties of two-way infinite determinants see 
von Koch, Sur les déterminants infinis et différentielles linéaires, Acta Mathematica, vol. 16, pp. 
217-249. 
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II | Ass(u)| converges and Acj(u)| converges;* 
i=1 


(ii) the convergence of the above product and series is uniform in every 
closed region lying in |u|<R; 
(iti) A(u) 40. 


To discuss system (III) we require some preliminary lemmas. 


Lemma If fax” is of exp. val. and F(x) where 
F,,=n!fn, then F(x) is analytic in |x|<1/\, and 


1 F(u) 
(1) fla) = 
Cc u 
where C is a contour surrounding the origin and lying in |u| <1/d. Conversely, 
if F(x) has the radius of convergence 1/r, and f(x) is given by (1), then f(x) is 
of exp. val. 


Let us agree, in what follows, to denote by a capital-letter function that 
function which is related to the corresponding small-letter function as F(x) 
is to f(x) in Lemma 1. 


Lemma 2.t If A(t) is analytic, |t|<R, and f(x) is of exp. val. \<R, then 
A|f] is entire and is of exp. val. Si. 


Lemma 3.§ If is analytic, |t|<R, and is in |&|<R, then 
(2) A = A(é)ef. 
Lemma 4. If A(t) is analytic, |t|<R, and y(x) is of exp. val. \<R, then 
1 Y 1 
(3) Aly] = — (-) 
Cc 


u u 


where C is a contour surrounding the origin and lying in 1/R< |u| <1/.. 


We see that (3) follows from (1) formally if we use (2). It remains to 
justify taking the operator A under the integral sign. Now 


* It follows that A(u) exists for all win |u|<R. See F. Riesz, Les Systémes d’ Equations Lintaires 
a une Infinité d’ Inconnues (Borel monograph), pp. 24-25. 

t Sheffer, Linear differential equations of infinite order, with polynomial coefficients of degree one, 
to appear in the Annals of Mathematics. 

} Sheffer, Annals Paper I. 

§ Sheffer, Annals Paper I. 
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1 Y(u)e*/* 
Aly] = = Dore f 
0 0 c 


and since >., @,/u" converges uniformly to A(1/u) on C, term-by-term in- 
tegration is permissible. This gives (3). 


Lemma 5. If M(u) is continuous on the contour C surrounding the origin, 
then 


1 
y(x) = rot | M(u)e“*du 


is of exp. val. < maximum value of |u| on C. 


We have |M(u)|</ (constant) on C. Now use the fact that the power 
series for e“* is uniformly convergent on C. 

We consider solutions (1, ye, - - - ) of (III) which are of exp. val. <u<R. 
If we apply Lemmas 1-4 to (III) we obtain . 


(a) in (-) e7/“du = f(x), 


n=0 


and on integrating term-wise (formally, as yet) we arrive at the system of 
contour integral equations 


TiJc 


(i =1,2,---), 


where C is a contour, surrounding the origin and lying in 1/R< |u| <1/u.* 


Now equations (III’) represent the f,(x) as linear expressions in the 
Y,(x)’s (under an integral). We may then hope to solve by interchanging 
the réles of f, Y (and consequently using F, y). We look, then, for a solution 
of (III) in the form 


* If we deal with the case of a finite system: (b) }-j-1Ag[y;] =fc(x), i=1, + + + , m, the step from 
(a) to (III’) is no longer merely formal, and we have the following theorem of equivalence: 
THEOREM. + Yn) of exp. val. Su<R is a solution of (b), then (Y1,+++ , Yn) is a solution 
1 n 
(b’) sal. Y;(u)A¢j(1/u) = fi(x) (Gi =1,+-+,m) 


j=l 
if the contour C, surrounding the origin, is chosen to lie in 1/R< |t|<1/p. Conversely, if (Y1,+++, Yn); 
analytic in |t|<1/u (where u<R), is a solution of (b’), then (y1, +++ , Yn) is a solution of (b) and is of 
exp. val. Su. 


DIFFERENTIAL EQUATIONS OF INFINITE ORDER 


(4) (i =1,2,---), 


the contour I and the functions A;,;(u) to be determined. 
If we substitute the values (4) into (III) formally, we find the equations 


fda) = —f n(—) 


+ F,(u) aw. 


A sufficient condition (see Lemma 1) that these relations hold, i=1, 2, - - - , 
is that the coefficient of F,,(u) be identically unity or zero according as n =i 
or ni. This gives rise to the following infinite systems of linear equations 
in the unknowns Aj_(u): 


(5) DA = bn, = 


Here i=1, 2, - - - , while m may be given a fixed value. As we vary we ob- 
tain different systems of equations, but they all have the same determinant: 


(6) A(u) = 


On solving systems (5) in the customary way (by determinants) we find 
that 


(7) Ajn(u) = 


where 


A jn(u) 
A(u) ’ 


Ai, j-1 0 Ai, 441 eee 


| 
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Returning to (4) we see that the brace in the integrand can be written 
as a determinant, so that we have 


1 = “ee 
(9) yi(x) = Jr Au;F)du (i= 1,2, 


We choose the contour I’ to surround the origin and to lie in 1/R< |u| <1/d. 

The above work has been formal. It can be made rigorous on the basis 
of our groups of assumptions (B) and (C). But we need only the final result 
(9). In fact, we have 


TuHEeoreM. The functions y;(x) given by (9) satisfy system (III) and are of 
exp. val. < R’ <R. 


From conditions (B) and (C) it follows that A(1/u), A:(u; F) converge 
uniformly* and absolutely on I’. The functions y,(x) as given by (9) are then 
of exp. val. < R’ =1/r where r is the minimum distance of the origin from T 
(Lemma 5). Then, R’<R. Now 


ez/iu 


1 


so that 


j=1 


provided the series in the brace is uniformly convergent on I’. Let us establish 
this result. We can write 


(11) Adu;F) = 


j=l 


where A,; is given by (8), and this series is absolutely and uniformly conver- 
gent on I’; furthermore, the sum of the series of absolute values is bounded 


* With respect to uniformity, here and later, see von Koch, loc. cit., pp. 238-244, and Riesz, 
loc. cit., pp. 39-40. The absolute convergence is a well known result: Riesz, loc. cit., p. 26. 


where 

= 


1929] DIFFERENTIAL EQUATIONS OF INFINITE ORDER 287 


uniformly* in i: S>Fo1 |Ai(1/u)F;(u)|<K, independent of i. From this 
follows the convergence, and uniform convergence on I, of the series 
|Aje(1/u)A ij(1/u)F,(u) |. For 


D | = { D | Fidin| \ |Aul, 
i,k i k i 


and this last series converges. We may then sum the double series 
> ;.24jn(1/u)A i(1/u)F,(u) in any manner, and one such summation yields 


= DA F). 


The uniformity of convergence is not destroyed, so that (a) is established. 
But another mode of summing gives )).F.{>_;A«;Ajx}, and for the brace 
we have the well known relationTt 


0, tied. 


F) = F,(u)A(1/u), 


Hence 


so that we can rewrite (a) to give 


1 
(8) f Fi(u) 


j=l 


ezlu 
du. 


By Lemma 1 the right hand member is precisely f;(x). That is, (yi, -- -, 
Yn, ) is asolution of (III). 

Let us return to the system of contour integral equations (III’). The set 
(Y;,---, +) which corresponds to (1,---, Ya, *) as defined by 
(9) is given byt 


1 Ai(u; F)du 
(12) 


1,2,---). 
Corotiary. The functions Y (x) defined by (12) satisfy system (III’). 


Equations (a) follow from system (III), since the y:(x) are of exp. val. 
<yu<R, where p is properly chosen. If now we substitute (12) into (a) we 
obtain 


* Riesz, loc. cit., p. 26. 
t Riesz, loc. cit., p. 27. 
¢ For »; and Y; are related in the same way that e*/* and 1/(1—/u) are related. 
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x(;5) f f u(t — F)dudt = fi(x). 


But >>, Ain(1/u)A,(t; F) converges uniformly on C, I’, so that we can 
integrate term-wise. This gives (III’). 

Remark. The assumptions (B) and (C) have been used only to establish 
the validity of the formal processes. These hypotheses may be replaced by 
others. In fact we have the* 


THEOREM. The functions y;(x) of (9) satisfy system (III) and are of exp. 
val. < R’ <R, when assumptions (B), (C) are replaced by 
(i) Aj,(t) analytic, |t|<R; 
(B’) (ii) fi(x) is of exp. val. \;<X<R; 
(iii) |Fi(u) |? converges uniformly in |u| <1/d; and 
(i) in the determinant A(u), the series 


(C’) | Ass(u) | 


and the product [J;~; |Ai(u)| converge for every u in |u|<R (it follows 
that A(u) is absolutely converentt) ; 
(ii) the convergence of the above product and series is uniform in every 


closed region lying in |u| <R; 


(iii) A(u) #0. 


It is only necessary to go over the proof of the preceding theorem, ob- 
serving that each step can be justified under the new hypotheses. tf 


3. THE HOMOGENEOUS CASE 


We consider now the homogeneous system 


(IV) Aaly1] + + +--+ = 0 (¢=1,2,---), 


with assumptions (B), (C) or assumptions (B’), (C’), and look for a solution 
similar to the expressions (9). We set 


* I owe to Professors Hille and Tamarkin the observation that the methods already employed 
will be valid under the conditions (B’), (C’). 

t See H. von Koch, Sur le convergence des déterminants infinis, Rendiconti del Circolo Mate- 
matico di Palermo, vol. 28 (1909), pp. 255-266. 

t For the theory of determinants which are absolutely convergent, see the paper of von Koch 
which has just been cited. 
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(13) = 


ezlu 


1 


( 


where I’ is a small contour surrounding t=1/, with A(é)=0 and |t|<R, 
and P;(u), P2(u), - - - are arbitrary polynomials* which vanish at u=0. 
On making the transformation ¢=1/u we obtain 


1 ett 


where I is a small contour surrounding ¢=é and containing no other zero of 
A(i). We find 


Aaly:] + Ain[yn] + 


and this is zero since the integrand is analytic in and on I. Consequently, 


(v1, ¥2, - - - ) as given by (14) is a solution of system (IV); and to each zero 
t=£ of A(é) (in |t|<R) there corresponds one or more solutions of (IV).t 


* They are also subject to the condition that they make the determinant in which they appear 
uniformly convergent on I’. This will be the case if |Ps(u) | SN uniformly in ¢ and u, where u ranges 
over any closed region in |u|<R (case (B)) or if )-¢-1|P;(u) |? converges uniformly in every closed 
region in |u|<R (case (B’)). 

t Convergence questions are treated as in §2. 

t In Sheffer, Annals Paper I, we show that for a finite system there are precisely s(¢) linearly 
independent solutions corresponding to the zero #=£ of A(t) (in |t|<2), where s(¢) is the order of 
the zero. 
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ON GENERAL TOPOLOGY AND THE RELATION 
OF THE PROPERTIES OF THE CLASS OF 
ALL CONTINUOUS FUNCTIONS TO THE 

PROPERTIES OF SPACE* 


BY 
E. W. CHITTENDEN 


INTRODUCTION 


Successive generalizations of the theory of sets of points based in turn 
on the concepts distance, limit of a sequence, neighborhood, and limiting 
point or point of accumulation led to the recognition of the concept point of 
accumulation as fundamental for the general theory of abstract sets.| The 
first writer formally to suggest founding the theory of abstract sets on this 
basis was F. Rieszt who proposed a set of postulates characteristic of a very 
general type of abstract set. The existence of a definition of point of ac- 
cumulation for the subsets EZ of an aggregate P is logically equivalent to the 
existence of a single-valued function 


E’ = K(E) 


whose argument E ranges over the class © of all subsets E of the class P and 
whose values are likewise elements of S. Thus the theory of abstract sets 
is a phase of the study of set-valued set-functions, in fact of those functions 
which transform an aggregate © of sets of elements of a class P into an 
aggregate S’ of the same character. 

Since analysis situs or topology is primarily concerned with invariants 
under homeomorphic transformations of a space into itself the general 
theory of abstract sets provides a basis for the most general treatment of 
topological problems. For this reason F. Hausdorff§ called a very general 


* Presented to the Society, December 28, 1923, April 15, 1927, and April 7, 1928; received by 
the editors August 18, 1928. 

t M. Fréchet: (I) Sur la notion de voisinage dans les ensembles abstraits, Bulletin des Sciences 
Mathématiques, (2), vol. 42 (1918), pp. 1-49; (II) Esquisse d’une théorie des ensembles abstraits, 
Sir Asutosh Mookerjee’s Commemoration Volumes, II, Calcutta, 1922, pp. 333-394; (III) Sur les 
ensembles abstraits, Annales Scientifiques de l’Ecole Normale Supérieure, vol. 38 (1921), p. 342; 
(IV) Les Espaces Abstraits et leur Théorie considérée comme Introduction a l Analyse Générale, Paris, 
Gauthier-Villars, 1928. 

t Stetigkeitsbegriff und abstrakte Mengenlehre, Atti del 4 Congresso Internationale dei Matematici, 
Roma, 1910, vol. 2, p. 18. 

§ Grundziige der Mengenlehre, Leipzig, Veit, 1914, p. 213. 
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type of abstract set a topological space. For the same reason Fréchet* 
has proposed that the term topological space refer to the most general form of 
abstract set, the case in which the points of accumulation are defined by an 
arbitrary set-function. This terminology will be used throughout the 
following discussion. A topological space of the Hausdorff type will be 
referred to as a Hausdorff space. 

The first part of the present paper may be regarded as a discussion of the 
following problem: Determine the extent of the general theory of topological 
spaces.{ It is also a study of various set-valued set-functions which may be 
defined in terms of a postulated arbitrary set-function K(Z). By the aid of 
suitable definitions many important theorems of the theory of sets of points 
are extended to the most general topological space. 

Several of the set-functions defined by a given set-valued set-function 
K(E) are of particular interest. The function V(Z) of §9 is associated with 
the concept neighborhood and defines a neighborhood space associated with 
the given topological space. The class of proper nuclear points{ of a set E 
defines a set-function discussed in §11. The importance of this set-function 
was first recognized by C. Kuratowski and W. Sierpinski§ who used it in the 
solution of the following problem of Fréchet: Determine the most general 
class (L) in which the theorem of Borel is true. 

It is of interest to observe that while the Hedrick property,]|| the derived 
set of every set is closed, may not be present in a topological space, it is 
present in associated spaces discussed in §§8 and 12. This fact permits the 
generalization to general topological spaces of many classical theorems. 

The second part of the paper is devoted to a study of covering theorems 
in general topological space.{ Of particular interest is the formulation in §20 
of two sets of necessary and sufficient conditions that a set possess the 
“any to finite” form of the property of Borel. 


* Congrés des Sociétés Savantes, Dijon, 1924, and Comptes Rendus, vol. 180 (1925), p. 419. 
See IV, p. 166. 

¢ The results presented in this part of the paper were obtained prior to the appearance and 
independently of the article La notion de dérivée comme base d’une théorie des ensembles abstraits, 
by W. Sierpinski, Mathematische Annalen, vol. 97 (1926), pp. 321-337. An examination of the work 
of Sierpinski shows that his article duplicates the results here presented in part only. 

} In a Hausdorff space these points coincide with the complete limiting points of P. Alexandroff 
and P. Urysohn, Mathematische Annalen, vol. 92 (1924), p. 258, and in general topological space 
with the complete interior limiting points of T. H. Hildebrandt, Bulletin of the American Mathematical 
Society, vol. 32 (1926), p. 469. 

§ Fundamenta Mathematicae, vol. 2 (1921), pp. 172-8. 

|| E. R. Hedrick, these Transactions, vol. 12 (1911), pp. 285-294. 

T. H. Hildebrandt has given (loc. cit) an excellent résumé of the literature on covering theorems 
entitled The Borel theorem and its generalizations. 
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In the third part of this paper we consider the relationship between the 
properties of the class C of all continuous functions on a topological space and 
the properties of the space. It is usual in the theory of abstract sets for writers 
to impose conditions on the space and deduce the properties of the class C 
which result. It is evident, however, that many properties of the class C 
cannot be present in spaces of unrestricted generality. For example, if the 
space is enumerable and connected every continuous function is constant. 
Thus the assumption of the existence of a non-constant function restricts 
the character of the space. Fréchet has proposed, in correspondence with 
P. Urysohn and myself, the following problem: Characterize the most 
general space in which there exists a non-constant continuous function. 

The solution of this problem presented in §21 is a generalization of a re- 
sult of P. Urysohn* stated for Hausdorff spaces. 

A. D. Pitcherf has shown for the space of a symmetric écart{ that if 
the class C of all continuous functions is uniformly proper§ the space is com- 
pact, connected, and metric. In this paper we consider a group of funda- 
mental properties possessed by the class C of all continuous functions on a 
metric space, and obtain a number of topological conditions which are 
necessary for the presence of combinations of these properties in the case 
of a topological space. “These results extend and supplement those obtained 
by Pitcher. 


It is important to note that the definition of continuous function on a 
topological space given by Fréchet!|] is in fact a neighborhood definition, and 
that in consequence the theory of continuous functions on the classes (V) 
is as general as that obtained in the case of the most general topological space. 


I. DERIVED SET-FUNCTIONS 


1. Set-functions. Throughout the following discussion the term space 
or topological space will be used to denote a system (P, K) composed of an 


* Mathematische Annalen, vol. 94 (1925), p. 290. 

+ These Transactions, vol. 19 (1918), pp. 73-76. 

t A symmetric non-negative function of pairs of points p, g, which is defined for all pairs of 
points of the class P, and vanishes if and only if p=g. Cf. Fréchet, these Transactions, vol. 19 
(1918), p. 53-65. 

§ A class of continuous functions is uniformly proper if every function of the class is bounded, 
uniformly continuous, assumes every value between its bounds, and has the following further 
properties: if p and g are distinct points there is a function f(p) of the class such that f(p) ¥f(g); 
if A and B are any two sets such that the écart of pairs of points one from each set has a positive 
minimum, there is a continuous function f(p) such that f(p) =0, if p is in A, =1, if p is in B, and 
OSf(p) S1, for all other points. 

|| Loc. cit. III, p. 363. 
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abstract aggregate or set P and a relation E’KE between subsets E, E’ of P. 

The set E’ is assumed to be unique and determined for each subset E 
of the fundamental set P. Thus the relation E’ = K(£) defines a single-valued 
set-valued set-function, whose range is the class of all subsets of P, and whose 
values are also subsets of P. Different set-functions K(Z), H (E), relative to 
the same set P determine different spaces. 

2. Properties of sets of points. The elements of the class P in a space 
(P, K) will be called points. The elements, if any, of the set E’=K(£) 
will be called points of accumulation of the set E with reference to the function 
K(E), relation K, or space (P, K). The terms of the theory of sets of points 
retain their usual significance in relation to the points of accumulation de- 
fined by a set-function. 

In case several set-functions are to be considered simultaneously we 
indicate the function of reference by writing K-point, K-closed, K-interior, 
etc. 

3. Derived set-functions. In this and following paragraphs we consider 
a number of set-functions which may be defined in terms of a given set func- 
tion K(£), together with the corresponding spaces and types of points of 
accumulation. 

The complement P —E of a set E may be represented by the set function 
C(£). In this notation the definition of interiority may be stated as follows. 
A point p is K-interior to a set E if it is not a K-point of any subset of C(E).* 
The set J(£) of all the K-interior points of a set E is of great importance. 

The function J(£) is easily seen to be monotonic increasing. That is, 
if E is a subset of a set G, J(EZ) S$I(G). 

Open sets are defined by the equation E=/(£), that is, they consist en- 
tirely of interior points. It is quite easy to show that the sum of a finite or 
infinite number of open sets is open. The corresponding proposition regarding 
the product of closed sets cannot be extended to general space. 

The frontier of a set EZ, F(Z), is given by the formula 


F(E) = E-K[C(E)] + C(E)-K(£). 


The isolated points of a set E define the function S(£). 
4. Iteration of set-functions. By finite iteration we obtain from a given 
set-function K(£) the derived sets and derived functions of finite order 


E@ = K(f), 
Then for ordinals of the second kind we define 
E@ = K@(E) 


* M. Fréchet, loc. cit. IT. 
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as the outer limit of E® where f varies over the set of all ordinals preceding a. 
Finally we set 
E@) = K@+)(E) = K[K@(B)]. 


Since the function K is general we have defined the iterates of finite and 
transfinite order for all set-valued set-functions. 

A set-function may be cyclic under iteration. For example, the function 
C(£) =P —E is cyclic of period two. 

5. Composition of set-functions. From two set-functions G, H we may 
derive others by various forms of composition. For example, the sum G+H 
and the product GH are defined by the equations 


G + H(E) = G(E) + H(E), GH(E) = G(£)-H(£). 


We may also consider functions of functions, as G[H(E) ]. 

6. Fundamental properties of set-functions. For convenience of refer- 
ence we present a list of the properties of set-functions which are fundamental 
for the present study.* 

I. (Monotonic.) Jf a set A is a subset of a set B, then K(A) is a subset of 
K(B). 

Il. If E=A+B, then K(E)<K(A)+K(B). 


III. For every set E, K'’(E) =(K’E).f 

IV. A set of one element has no K-point. 

V. Each point of a set E is uniquely determined by the family of subsets of E 
of which it is a K-point. 

If a set-function has both of the properties I and II it is additive, that is 


K(A + B) = K(A) + K(B). 


It follows readily from the third property (III) that all the iterates of the 
function K(Z£) have the property, and furthermore, that for any two ordinal 
numbers a, 8 (a<§), 


K@(E) < K®(E). 


Properties I and IV together imply that the null set has no K-point. 


7. Monotonic set-functions. From every set-function K(E) we derive a 
monotonic set-function L(Z) of considerable interest. The L-points of a 


* Of these properties, I, II, IV, V are equivalent to the four properties of F. Riesz, loc. cit. The 
third corresponds to the Hedrick property (ioc. cit.). 
t Aspace with this property is said to be accessible. Cf. Fréchet, loc. cit. I. 
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set E are defined to be those points of the space (P, K) which are K-points 
of some subset of Z. Obviously 


K(E) s L(E). 


It is also evident that the function L(Z) is monotonic. If the function K(E) 
is monotonic, K(E) =L(E) for every set E. 

The terms K-interior and L-interior are equivalent. Hence every open set 
in the space (P, K) is open in the derived space (P, L), and vice versa. 

The property L-closed is stronger than the property K-closed. The 
complement of an open set in the space (P, K) is L-closed, and the comple- 
ment of an L-closed set is open in both spaces. Because of these facts we 
shall in considering general topological spaces refer to the sets which are L- 
closed as completely closed. The notation F is reserved for the completely 
closed sets, preserving the usual formulas, 


C(O) =F, C(F) 


Since the sum of a family of open sets is an open set it follows at once that 
the product of a finite or infinite family of completely closed sets in a general 
topological space is completely closed. 

8. A derived set-function with the Hedrick property. Let M°(E) denote 
the set common to all completely closed sets containing the set E as subset. 


This set exists (since the set P is completely closed) and is completely closed. 
The function M°(£) has the fundamental properties I and III. It will now 
be shown that this function may be defined in terms of the function L(Z) 
and the process of iteration. 

Let a set-function M(£) be defined by the equation 


M(E£E) = E+L(£). 
By iteration we obtain 
M'(E) = M(E£E) + LM(E£). 


The series of functions M@(E£) derived from M(E) by iteration has the 
property that if a precedes 8 then M@ (E£) is a subset of M® (£). If we ac- 
cept the theory of well ordered series in general, there must exist an ordinal 
for which 

M‘+)(E) = M@(E). 


The set M°(E) = M “ (E) so defined is the least completely closed set contain- 

ing E. Evidently the iterates of the function M°(E) are identical to M°. 
But M°(Z) will in general contain points of E which are not points of 

accumulation in the usual sense. However we may say that a point p is a 
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point of accumulation of a set E of degree a provided a is the least ordinal for 
which the point p is an L-point of M@ (EZ). The set of all points which are 
points of accumulation of E of degree a for some value of a will be denoted by 
LE). This set is also completely closed. We have thus obtained the closure 
of derived sets in another manner. 


THEOREM. Every topological space (P, K) determines an accessible space 
(P, L°). The spaces coincide if the function K(E) has properties I and II. 
For all values of the ordinal a 

K@(E) LE). 


If a set E is closed or open in the space (P, L°) it is completely closed, or open, 
in any of the spaces (P, K), (P, L), (P, K@), a=1, 2,3,---. 


The significance of this theorem in the case of certain singular set-func- 
tions is illustrated by the example K(Z) =C(Z). Then L°(£) =P. 

9. Neighborhood spaces. Any set V of points of a space (P, K) which 
has a point # for an interior point will be called a neighborhood of p. Then the 
set function V(Z) may be defined by the set of all points p such that every 
neighborhood of # contains a point of E distinct from p. The function V(£) is 
monotonic increasing and has the further property 


Ila. If a point p is a V-point or neighborhood point of a set E, it is a neigh- 


borhood point of the set E—p. 


The space (P, V) so defined is a class (V) of Fréchet.* It has been shown 
by Fréchet that properties I and Ila are together a necessary and sufficient 
condition that a function K(£) be identical to the derived function V(£). 

Every neighborhood point of a set £ is an Z-point. If a point p is a K- 
point of the set E— ? it is a neighborhood point of Z. If a point p is a K- 
point of a set E, but is not a K-point of the set E—? or any subset of that set, 
it is not a V-point of E. The K-points which are not neighborhood points are 
virtually isolated, and will be called singular points of accumulation. 

The neighborhoods derived from the function V(£) are identical to those 
derived from the function K(£). 

If the null set has no L-point, then each point has one neighborhood at 
least (which may be the aggregate P) and every neighborhood of a point 
p contains ~. This is property A of the Hausdorff postulates for a neighbor- 
hood space.t 

If in the definition of the function V(Z) we replace the’ family of all 


* Loc. cit. I. 
t Loc. cit., p. 213. 
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neighborhoods of a point p by the family of all open sets O which contain p 
we obtain a function O(£). Clearly V(Z)=O(E). The function O(£) has 
properties I, IIa, and III. A necessary and sufficient condition that the 
functions V(Z) and O(E) be identical is that for each point p there exist a 
neighborhood V such that M%P—V) does not contain the point p. It is 
quite easy to show that this is the case if the function K(£) has the properties 
I, II, and III. 

10. Nuclear points. Hausdorff* has introduced the class £, of all points 
p of order yp at least relative to E; that is, the class of all points such that 

* every neighborhood contains a subset of E of power uw. It is evident that if 

u<y then E,=£,. This definition defines a series of functions denoted by 
V,(E) (u=1, 2, 3,---). A point of order yp will be called a u-point. If it is 
necessary for the sake of clearness, we may write K,-point, L,-point etc. 

If a set E contains the set V,(£) it is u-closed. 

Since each neighborhood of a point p contains p we have at once 


E+ K\(£) = Ki(E) = Li(£) = Vi(£). 


If every u-point is an L-point. The case = 0 is trivial. 

The y-points of a set E of order »= |E|, the cardinal number of E, are 
called nuclear points since they are V-points of the nucleus of £, the set of 
all points of E which are of order |E| relative to E. Every nuclear point of a 


set of more than one element is an Z-point. 

If every infinite subset of a set EZ has a nuclear point in E, the set EZ is 
said to be self-nuclear. Every self-nuclear set is self-compact relative to the 
function L(E). 

11. Proper points of accumulation. A point p is a proper point of ac- 
cumulation of a set EZ if for every neighborhood V of p there is a point g of £ 
interior to V.{ Every proper point of accumulation is a V-point. A K-point 
which is not a proper point of accumulation is said to be improper. 

If the system of neighborhoods is equivalent to a family of open sets 
every point of accumulation is proper. 

Among the proper points of accumulation are the points of power u§ which 
are related in an interesting and remarkable manner to the covering theorems. 


* Loc. cit., p. 219 ff. 

t E. W. Chittenden, Bulletin of the American Mathematical Society, vol. 30 (1924), p. 514. 
They correspond to the complete points of accumulation of Alexandroff and Urysohn in the case of a 
Hausdorff space (loc. cit.). 

t Cf. T. H. Hildebrandt, loc. cit. 

§ The terms “order” and “power” are due to Hildebrandt, loc. cit. 
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A point p is of power pu at least relative to a set E if every neighborhood of p 
contains a subset of E of power uy in its inferior. 

If u>0, the points of power yu are also of order u, and may therefore be 
called proper u-points. The class of all proper u-points of a set E is denoted 
by H,(£). A proper V-point is therefore an H;-point. 

The points of power |E| relative to E are called proper nuclear points.* 
If a set E contains a proper nuclear point of every infinite subset of Z, E 
is said to be properly self-nuclear. 

If every infinite subset of a set E determines a proper K-point in E£, E is 
properly self-compact.} In a space (P, L) every properly self-nuclear set E is 
properly self-compact. 

A set E is properly closed if it contains all its proper points of accumulation. 
This closure is understood to be relative to the type of point of accumulation 
under consideration. 


THEOREM. The class H,(E) is properly closed in the space (P, L). 


A point p is a proper interior point of a set E in case every set A which 
has p for a V-point contains an ordinary interior point of E which is distinct 
from p. Let D(Z£) denote the set of all proper interior points of E. The 
points of /(Z)—D(E£), if any, are K-points of some subset of P—J(£), but 
not of P—E. They may however be points of accumulation of the set C(Z) 
of some degree greater than the first. 

We note the following evident propositions: 

Every point of an open set is a proper interior point. 

The set D(E) is interior to I(E). 

In the space (P, H;) the set I(E) is open. 

12. Other set-functions. In case yu is equal to the cardinal number of the 
positive integers the function H,(Z) has the first four of the fundamental 
properties listed in §6. The corresponding space is therefore a class (H#) of 
Fréchet.{ For this reason we denote the set H,(£), when w= No, by H(E£). 
It follows that all the theorems which have been established for classes (H) 
may be extended when suitably modified to general topological space. 

Another set-function of this kind determines an accessible space. A point 
p will be called a J-point of a set Z if the interior of each neighborhood of p 
contains at least two points of E£. 


* In the article cited above I called this type of point hypernuclear. 

t On page 195 (loc. cit. IV) Fréchet introduces the concept compact in “sens trés strict” which 
is equivalent for classes (V) to properly compact. Many of the theorems stated by Fréchet are ex- 
tended in following sections to general topological space. 

t Esquisse, p. 354 and p. 366. 
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It follows at once that J(Z)=V(Z£), that is, that every J-point is a V- 
point. But the space (P, J) does not in general satisfy the condition IIa, and 
so need not be a neighborhood space. However, the function J(£) has the 
fundamental properties I, III, and IV. But a function K(£) with these prop- 
erties is not necessarily equivalent to the corresponding derived function 
J(£). The following proposition which is an immediate consequence of the 
definition of the function J(£) is of interest. 

The interior I(E) of a set E in a general topological space is an open set in 
the derived space (P, J). 


II, COVERING THEOREMS IN GENERAL TOPOLOGICAL SPACE 


13. Properties of coverings. A family § of sets G in a space (P, K) is a 
covering of a set E if every point p of E is an element of some set G of §; a 
proper covering in case each point is interior to some set G. More generally 
a covering § is of type T if each point is in a relation T to some set G of §. 
From the axiom of choice we may conclude that every covering § contains a 
covering § of the same type and of cardinal number |£| at most. 

A covering § of a set E is reducible if it contains a covering of the same 
type and of lower cardinal number, otherwise it is irreducible. 

A covering § of type T and power yu is normal if it can be arranged in a 
normally ordered series 


Gi, Gz, G3, --- (a 


where 2, is the first ordinal of power yw, and there is for each of the ordinals 
aa point g, of E in the relation T to G,, which is not in that relation to any 
Gs, where B<a. The set = [q.|a< Q,] will be said to be associated with the 
normal covering §. Every normal covering is irreducible. It is evident that 
the set of points of Q in the relation T to G, is of power less than yu for every 
a< Q,. 


THEOREM. Every covering § of a set E contains anormal covering of E of the 
same type. 


Let §: be any irreducible subfamily of § which covers a given set E 
and let 


(1) Gi, G2, G;, Ga; (a < Q,) 


represent any arrangement of the sets G of the family §; in a well ordered 
series of type 2,. Let a; be the first of the indices a for which there is a point 
p: of E in the relation T to G,. In general G., contains a point fs of E not in 
the relation T to G,, if y<f8. The index 8 must range over an ordinal series 
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coterminal with that of a, therefore ordinally similar to that series, since the 
family §: is irreducible. The family 


= G., | 6 < 2, ] 
is easily seen to be a normal covering of E of type T and power yp. 
14. The theorem of Borel in a Hausdorff space. P. Alexandroff and P. 


Urysohn* have formulated for Hausdorff spaces the following elegant gene- 
ralizations of the classical theorem of Borel. 


THEOREM Iy. In a Hausdorff space the following properties of a set E are 
equivalent. 

Ao. Every enumerable subset of E has a nuclear point. 

Bo. The product of every enumerable decreasing sequence of non-null closed 


subsets of E contains a point of E. 
Co. Every enumerably infinite family of open sets which covers E is reducible. 


A necessary and sufficient condition that a set E possess these three properties 
is that it be self-compact. 


THEOREM II. In a Hausdorff space the following properties of a set E are 
equivalent. 

A. Every infinite subset of E has a nuclear point in E. 

B. The product of every well ordered decreasing sequence of non-null closed 


subsets of E contains a point of E. 
C. Every infinite family of open sets which covers E is reducible. f 


A set E with one of the properties A, B, C has them all and is called 
bicompact by Alexandroff and Urysohn. 

Alexandroff and Urysohn have shown that the properties Ao, Bo, Co are 
the first of a series of sets of equivalent properties A,, B,, C,, obtained by 
replacing the word “enumerable” in the statement of Theorem I, by the 
phrase “of power uv at most.” If wis the power of the set Z we obtain property 
A, etc. 

This generalization may be regarded as involving a raising of the upper 
limit of the powers of the sets entering the conditions Ao, Bo, Co. A different 
generalization is obtained by raising the lower limit. Thus property Co 
might be changed to read as follows. 


* Mathematische Annalen, vol. 92 (1924), p. 259. For a detailed discussion of this and related 
theorems see the article by Hildebrandt already cited. See also Tychonoff and Vedenissoff, Bulletin 
des Sciences Mathématiques, vol. 50 (1926), pp. 15-37. 

t Because a finite covering of EZ results after a finite number of steps this statement of property 
C is equivalent to that usually given. 
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C,. Every family of open sets of power u which covers E is reducible. 


These considerations may be made still more general by limiting the 
range of powers above and below. For example if \<u<Xv are infinite car- 
dinals we may consider the property 


C(ASusv). Every family of open sets of power up, \SuSv, which covers E 
is reducible; therefore contains a subfamily which covers E and is of power less 
than x. 


The property of Lindeléf, Every infinite family of open sets which covers E 
contains an enumerable subfamily which also covers E,* is a special case of the 
property C(A<ySp). 

We proceed to extend the foregoing considerations to topological spaces 
in general. In this investigation properties analogous to A, B, C are funda- 
mental. We first develop a series of propositions relative to coverings of an 
abstract type T. 

15. A theorem on reducibility of coverings. Let uw be any cardinal 
number and let § = [V.| a<@,] be any infinite normal covering of E of type 
T and power wu. Denote the corresponding associated subset of E by Q= [qa]. 
Then |Q|=y, and the sequence 


IG.], G. = D4, 
p2a 


is of power uw. Furthermore there is, by the definition of Q, no set V of § in 
the.relation T to gs if 8>a. Consequently no set V, can be in the relation T 
to a point of every set G, of S. 

The result just obtained is formulated in the following lemma. 


Lemma. [f T is a relation between a set V and an element of V, wis a.cardinal 
number, and § = [V | is an irreducible covering of a set E of type T and power u, 
then 

‘ (A) there is a subset of Q of E of power wu such that no set V of the family 5 
is in the relation T to wu elements of E. 

implies further that 

there is a decreasing sequence = [|G] of subsets of E such that |S| =p 
and no set V of & is in the relation T to an element of every set G of S. 


From this lemma we readily conclude the following fundamental theorem: 


* Called the property of perfect separability by Fréchet. See Tychonoff and Vedenissoff, loc. 


cit., for a discussion of spaces (P, V) with this property. 
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THEOREM. Jf uw is any cardinal number, T any relation between a set V and 
one of its elements, § = [V | any covering of a set E of type T, the property 

(A) there exists for every subset of Q of E of power p a set V of & in the 
relation T to u points of Q, 
is implied by the property 

(B) there is for every decreasing sequence S =[G] of subsets of E, such that 
|S| =p, a set of V of § in the relation T to an element of every set G of ©, 
and both properties imply 

(C) the covering § is either reducible or of power less than p. 


16. Decreasing sequences of sets. The réle of decreasing sequences of 
sets of points in the analysis of covering theorems was first exhibited for the 
classes (L) of Fréchet by R. L. Moore.* The symbol S = [G] will be adopted 
as a fixed notation for a decreasing sequence of sets G of elements. The 
sequence © is subject to the condition that given any two sets of GS, one is a 
proper subset of the other. Suppose the sets G of © are arranged in normal 
order. Evidently there will exist well ordered sequences in © of the form 


So = [Ga | « < 


with the following property: every set G of S contains all the elements of 
some set G, of So. The sequences S and ©, are said to be equivalent. 

Among all the well ordered sequences Gp equivalent to a given sequence 
S is a class of sequences of minimal cardinal number yp. This cardinal is 
regular, as the contrary hypothesis permits the existence of an equivalent 
sequence of lower cardinal number. The cardinal yw so determined will be 
called the regular cardinal belonging to the sequence ©. 

Let T be any relation between a set V and one of its elements. A sequence 
©=[G] is closed in a set E with respect to a relation T if there is a subset V 
of E which is in the relation T to an element of every set G of S. 

It is evident that if a sequence © is closed the corresponding minimal 
sequences Gp are also closed and vice versa. 

If p is point of E common to every set G of a sequence © and there is a 
set V in the relation T to p, then © is closed in E by definition. For this 
reason we restrict the term open sequence to the case in which no element of 
E is common to all the sets G. 

Let S=[G] be an open sequence in a set E. There is a set = [ga] of 
regular power u such that for every a<Q, there is a set G which does not 


* Proceedings of the National Academy of Sciences, vol. 5 (1919), pp. 206-210. 
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contain ga. Furthermore there is no set V in the relation T to uw points of the 
set 0. Otherwise V would be in the relation T to an element of every set G 
of the sequence ©. This proves the following theorem: 


THEOREM. If for every set Q of elements of a set E of regular cardinal 
number wu there is a subset of V of E in the relation T to u elements of Q then 
every decreasing sequence © of subsets of E whose regular cardinal is pu is closed 
in E. 

This theorem has the following corollary: 


THEOREM. If for every infinite set Q of elements of a set E there is a subset 
V of Ein the relation T to |Q| elements of Q, then 

(B) every infinite decreasing sequence of subsets of E is closed in E with 
respect to the relation T. 


17, Decreasing sequences derived from normal coverings. Let 
§=[V.|a<Q,] be an irreducible normal covering of a set E of type T 
and power wu. Let Q, be the ordinal series of least cardinal number » coter- 
minal with Q,. The regular cardinal v is said to be the regular cardinal of 
the series Q,, or of the cardinal uw. If wu’ is a cardinal whose ordinal series 
Q,: is coterminal with Q, it is easy to see that v is the corresponding regular 
cardinal. 


There is a subset Q = [gs|8<Q,] of E such that g is in the relation T to 
V., and not in that relation to V. for any a<ag. The indices ag form a series 
coterminal with the series a<Q,. The cardinal number of Q is v. Consider 
the decreasing sequence of subsets of E£, 

S= [Gs| < 2,], G3 = 


Since no set V, can contain an element of every set Gs we have the following 
theorem: 


THEOREM. If § és an irreducible covering of a set E of type T and if v is the 
corresponding regular cardinal there exists a decreasing sequence ©=[G] of 
subsets of E such that |S| =v, and no set V of § is in the relation T to an element 
of every set G. 


The following two propositions are immediate consequences. 


THEOREM. If § is an irreducible covering of a set E of type T, v is a regular 
cardinal number, and if for every decreasing sequence 6 =[G] of subsets of E 
such that |S | =v there is a set V in § which is in the relation T to an element of 
each set G of S, then v is not the regular cardinal determined by the cardinal 
number of §. 
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THEOREM. If § is any infinite covering of a set E of type T, and if for every 
infinite decreasing sequence S = |G] of subsets of E there is a set V in § which is 
in the relation T to an element of each set G of the sequence S, then § is reducible 
to a finite covering. 


No set V of the family § can contain v elements of the set Q. For by the 
definition of gs, V_ is not in the relation to ga, if a<as. Hence the elements 
of Q in the relation T to V., form a subset of Q—Gg which is of power less 
than v because v is a regular cardinal. This result is formulated in the 
following theorem. 


THEorREM. Jf §=[V] is an irreducible covering of a set E of type T, v is 
any regular cardinal number, and if for every subset Q of E of power v thereisa 
set V of § in the relation T to v elements of Q, then the cardinal v is not the regular 
cardinal determined by the cardinal number of the family §. 


From this theorem we obtain as a corollary the following fundamental 
proposition: 

THEOREM. [f § is any covering of a set E of type T and if for every infinite 
subset Q of E there is a set V in the family § which is in the relation T to 
|Q | elements of Q then § may be reduced to a finite covering. 


18. On the power of an irreducible covering. The following conditions 
are sufficient to ensure that the irreducible coverings of a given type T shall 
be of power less than a given infinite cardinal. 


TuHEorEM. Let §=[V] be any irreducible covering of a set E of type T, and 
let X be any infinite cardinal. Then if 

(A) for every subset Q of E of power d at least there is a set V of & in the 
relation T to |Q| points of Q, 
or if 

(B) for every decreasing sequence S = [G] of subsets of E for which |S|=d, 
there is a set V of § in the relation T to an element of each set G of S, 
it follows that the power of § is less than . Furthermore, property B implies 
property A. 


The conclusion will read |§|<A if we replace the conditions |Q| =), 
|S|2a, by |Q|>A, |S] >a. 
The family § may be assumed to be in the irreducible normal form 


= [Ve], 


where the index a ranges over the first well ordered series of cardinal number 
Let Q=[ga] be the subset of E associated with §. Then |Q|= |§|. 
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If |Q | =) there is by (A) a set V. of § which is in the relation T to |Q| points 
of Q. As this is contrary to the definition of Q as an associated set for the 
irreducible family § it follows that the power of Q, and therefore of §, is less 
than X. 

To establish the second part of the theorem let 


Ga 


The sequence S = [G,] cannot be of cardinal number A or greater since there 
must exist in that case a set V,., of § which is in the relation T to an element of 
every G,, therefore to an element of Gs for 8<ap. But gg is by definition not 
in the relation T to any set V, fora<f. 

That property (B) implies (A) can be shown quite easily by assuming 
that the elements of a set Q of power d at least are arranged in a well ordered 
series of minimal ordinal type. From this series we obtain a sequence S 
as in previous arguments. The set V of § which contains a point of every set 
G of S must contain |Q| points of Q. 

19. Necessary and sufficient conditions that every infinite covering of 
type T be reducible. In the preceding paragraphs we obtained sufficient 
conditions for the reducibility of coverings of power A at least. The conditions 
become necessary if A= No. 


THeEorEM. I[f E is any aggregate and § =[V] is any normal covering of E 
of type T. the following properties are equivalent: 

(A) Every infinite subset A of E contains a subset B of power |B|=|A | 
such that every element of B is in the relation T to a single set V of §. 

(B) For every infinite decreasing sequence S = |G] of subsets of E there is a 
set V of § in the relation T to an element of each set G of S. 

(C) The covering § is finite. 


From the theorem of §15 we have at once B—A--C. It is therefore suffi- 
cient to prove that CB. 

Let G=[G] be an infinite decreasing sequence of subsets of E and let 
& = [V:, V2,---, Va] be a finite covering of E of type T. Let G, denote 
a set of S which has no element in the relation T to a set V; of §(¢=1, 
2,---,). Since the sets G; form a finite monotone sequence they have a 
common element ~. Since this element cannot be in the relation T to any 
set V; of § we have contradicted the hypothesis that § covers E of type T. 

20. The theorem of Borel in general topological space. If we consider 
the special case in which the relation T means “interior to” in the sense of 
the foregoing discussion, it is at once clear that the family § of all possible 


j 

| 

4 

i 

q 


306 E. W. CHITTENDEN [April 


neighborhoods of the points of E is a covering of E of type T. In this case 
the theorem of the preceding section assumes the following form: 


THEOREM. If E is any set of points in a topological space and § is any 
infinite proper covering of E the following properties are equivalent: 

(A) Every infinite subset A of E contains a subset B of power |B|=|A| 
such that B is interior to some set V of §. 

(B) For every infinite decreasing sequence S = [G] of subsets of E there is a 
set V of § which has an element of every set G of S in its interior. 

(C) The covering § is reducible. 


From this proposition we easily obtain the following generalization of the 
theorem of Borel. 


THEOREM. In a general topological space the following three properties of a 
set E are equivalent: 

(A) Sierpinski-Kuratowski. Properly self-compact. Every infinite subset 
of E has a proper nuclear point in E. 

(B) R.L. Moore. Perfectly properly self-compact. Every infinite decreasing 
sequence of subsets of E is closed in E. 

(C) Borel. Bicompact. Every infinite proper covering of E is reducible. 


With this proposition the second theorem of Alexandroff and Urysohn 
cited in §14 above receives a final generalization. 

21. Perfectly compact sets in a topological space. We have shown that 
the generalization of the theorem of Borel to topological space leads to the 
introduction of the property perfectly properly self-compact instead of the 
property perfectly self-compact. The two properties coincide in any V-space 
in which derived sets are closed, in particular in a Hausdorff space. The 
following results are presented for comparison with those of the preceding 
section. 


THEOREM. Every perfectly compact set in a topological space is compact. 


Let E be a perfectly compact set in a topological space and let A be any 
infinite subset of E. Assume the elements of A arranged in an irreducible 
ordinal series: 


(1) Po, Pi, 5 Pay *** (a <Q), 


and let 
Ga = Dips. 


B>a 


The sequence © = [G.|a<Q] is decreasing and IIG,=0. By hypothesis the 
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sequence © is closed in the space (P, K), that is, there is a point common to 
the sets K(G.), a<2. Since Go=A, p belongs to K(A). Hence E is compact. 


THEOREM. If a set E in a topological space is perfectly compact every 
infinite subset of E of regular cardinal number has a nuclear point. 


Let H be a subset of £ of regular cardinal number and let 2 be the least 
ordinal corresponding to the cardinal |H |. Let a series of the type (1) above 
denote a representation of H as an ordinal series. The corresponding decreas- 
ing sequence © is closed in E, that is, there is a point g of E which is common 
to all the sets K(G,). 

Let V be any neighborhood of the point g. There is an ordinal a» such 
that for all a>ao, G, does not contain g. For each a>a, there is a point 
ga 0f G,in V. Let Q be the set of all distinct points g. so defined. For a given 
element g. of Q let 8 denote the index such that gq. is in Gg but not in Gg4:. 
The index £ is in fact that index a which corresponds to gz regarded as an 
element of H and determined by the correspondence (1). These indices 8 are 
such that for every a there is a 8>a. Since the cardinal |H | is regular it 
follows that |Q|=|H|. Therefore the point q is a nuclear point of the set H. 

Sierpinski has shown by an example for the case of spaces (P, V) that this 
theorem cannot be extended to sets of irregular cardinal number.* 


THEOREM. If every infinite subset H of regular cardinal number of a set E 
in a topological space has a nuclear point and S=[G] is an open decreasing 
sequence of subsets of E, then there is a point common to the sets L(G). 


This theorem can be deduced from the results of §16. It is sufficient to 
state that a point # is in the relation T to a set V if V contains p. 

Since every space (P, L) is a space (P, V) it will be seen that we have 
obtained a generalization of a theorem which I demonstrated in an earlier 
article for sets of regular cardinal number.t 


THEOREM. A necessary and sufficient condition that a set E in a space (P, L) 
derived from a topological space be perfectly compact is that every infinite subset 
of E of regular cardinal number have a nuclear point. 


The following example of a non-monotonic set-function K(£) shows that 
this theorem admits no further generalization. 

22. Example of a space (P, K) which is nuclear but not perfectly com- 
pact. Let P be the class of all positive integers. Let 


(1) Si = pi, p2, ps, 


* Bulletin of the American Mathematical Society, vol. 32 (1926), pp. 649-653. 
t Bulletin of the American Mathematical Society, vol. 30 (1924), p. 511. 
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be the sequence of all prime numbers. Let 
(2) Sn = PnPnts, * 


Let 

G,, = S, + + + 
The function K(£) is defined as follows. If £ is finite, K(Z)=0. If E is 
infinite and 7 is the least integer for which E contains all but a finite number 
of elements of S,, K(E)=),. If E isinfinite and does not satisfy this con- 
dition, K(£) =1. 

The sequence G;, G2, G3,--- is decreasing and K(G,)=p,. Thus the 
space is not perfectly compact, although it is perfectly L-compact. 

The space is nuclear. Let g be a K-point of a set E, and let Q be any set 
containing only a finite number of points of EZ. Then by definition, g is a 
K-point of E— EQ and cannot be interior to Q. Thus Q is not a neighborhood 
of the element g. The function K(£) is obviously not monotonic. This 
example may be extended to include the case of nuclearity of any order. 

23. Perfectly self-compact sets in a topological space. The following 
theorem generalizes a result of Sierpinski.* The method of proof was sugges- 
ted by W. L. Ayres. 


THEOREM. Every perfectly self-compact set E contains a nuclear point of 
itself. 

Suppose the theorem is not true. Then for every point p of E there exists 
a neighborhood V, such that 


| V,-E| < | E| 
The family § of neighborhoods V, so defined is a proper covering of E. Let 


where 4S |E|, be the corresponding normal subfamily, and let Q= [gq] 
be the corresponding associated set. 
Consider the decreasing sequence 


B<a 


Since E is perfectly self-compact, there exists an element p of EZ which, for 
every a, belongs to K(G,). But p is interior to some set V., of §:. And if 
Bo>ao, then Gs,=E—E-(>-s<s,Vs) has no point in common with V,,. 
Hence p does not belong to K(Gg,), the desired contradiction. 


* Bulletin of the American Mathematical Society, loc. cit. 
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III. PROPERTIES OF THE CLASS OF ALL CONTINUOUS FUNCTIONS ON A 
TOPOLOGICAL SPACE 


24. Continuous functions on a topological space. Let M(f, V), m(f, V) 
denote the upper and lower bounds of a real valued single valued finite func- 
tion f=f(p) on a set V. Then 


w(f, M(f, V) 


is the oscillation of the function f on the set V if these bounds are finite. 
If one or both of the bounds are infinite the oscillation is infinite. 

If the oscillation of a function f has the minimum zero on the family of all 
possible neighborhoods of a point ~, the function is continuous at p.* A 
function is continuous on a set E if it is continuous at every point of E. Con- 
tinuity relative to a set E is defined by means of the oscillation on the set EV. 

Denote by A, the set of all functional values of a function f(p). Let 
M, m (finite or infinite) be the upper and lower bounds of A,. 

The notation E(f<a) refers to the set of all points at which the value of 
the function f is less than a. The meaning of the notations E(f Sa), etc., is 
evident. 

For every continuous function f(p) on a topological space, the sets 
E(f<a), E(f>a) are open, and the sets E(f<a), E(f2a) are completely 
closed. 

25. Continuous functions on a neighborhood space. It is important to 
observe that the preceding definition of continuous function is a neighbor- 
hood definition. It follows readily that if (P, V) is the neighborhood space or 
class (V) derived from a topological space (P, K), then the class of all con- 
tinuous functions is the same for both spaces. This implies that under this 
definition the theory of continuous functions attains its greatest generality 
in the classes (V). 

26. Linear series of closed sets. Let f(~) be any function on a class P. 
The set L,=E(f=x), of all points p such that f(p) =<, will be called the 
x-level of the function f. If x¥x’ then L,L.-=0. If the function f is contin- 
uous, the set -L, is completely closed. Furthermore, if we set m;=a, M;=), 
we obtain for each value of x in the interval a<x<b a set L. (which may be 
null) and the set 


F, pa 


is completely closed for each value of x. A series of closed sets of this type 
will be called a linear series. 


* Fréchet IT, p. 363. 
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A necessary and sufficient condition that a linear series L.(a<x<b) 
correspond to a continuous function f(f) on a topological space (P, K) is 
that the set 


be completely closed for every pair of values of x’, x’’. 

27. Conditions for the existence of non-constant continuous functions. 
It is evident that the theory of continuous functions on a space is barren in 
case all continuous functions are constant. This is true, for example, for all 
enumerable connected spaces. Fréchet has proposed, in correspondence with 
Urysohn and myself, the following problem: characterize those spaces in which 
there exists a non-constant continuous function. This problem has been solved 
for the spaces of Hausdorff by Urysohn.7 His solution is easily extended to 
topological spaces in general. 

A family of open sets G is normal provided 

(a) there exist two sets Go, G; of the family which are distinct and such 
that Go < G; ; 

(b) if Go, G; are any two sets of the family such that G.* <G,,f there is a 
set G such that : 


Go* <G* 


THEOREM (Urysohn). A necessary and sufficient condition that a topologi- 
cal space admit the existence of a non-constant continuous function is that it 
contain a normal family of open sets. 


As the proof of this proposition given by Urysohn for Hausdorff spaces 
can be extended without serious changes to the general case the demonstra- 
tion is omitted. 

It should be noted that the requirement of normality is significant only in 
connected spaces. The preceding theorem has the following corollary: 


THEOREM (Urysohn). Every connected topological space which contains 
a normal family of open sets has the cardinal number of the continuum at least.§ 


t Uber die Méchtigheit der su hiingenden Mengen, Mathematische Annalen, vol. 94 
(1925), p. 290. 

t The set G* is the least completely closed set containing G. See §8 above. 

§ Urysohn (loc. cit.) has given an example of an enumerable connected set on which every 
continuous function is constant. The following space illustrates this possibility very simply. Let P 
be the class of all positive integers. For each integer p the mth neighborhood V»,m is the set 
[p; m+1, m+2,--- ]. 
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28. Another form of the problem of the existence of non-constant con- 
tinuous functions. Fréchet has proposed the problem of the existence of 
non-constant continuous functions in the following form: characterize the 
spaces such that for every subset E there is a continuous function on the space 
which is not constant on E. 

In this case it is both necessary and sufficient that there exist for every 
two distinct points ~, g a function f, continuous on P, such that f(p) =f(q). 
And as in the preceding article it is necessary and sufficient that there exist 
for each pair of points ~, g a normal family of open sets G, and in this family 
two sets Gp, Gi, such that 


and q is not an element of G,*. 

29. The neighborhood space defined by the class of all continuous func- 
tions on a topological space. In terms of the class C of all continuous func- 
tions on a topological space we define a neighborhood space (P, W) in which 
the set-function W is defined by the family of all possible sets 


W = <g <1/n), 


where g denotes a non-negative continuous function. 

The space (P, W) is easily seen to be monotonic, accessible and regular. 
It has the properties A and B of Hausdorff. It is at once evident that the set- 
functions V and W derived from a postulated set-function K will not be 
equivalent in general. Since every neighborhood W is a neighborhood V, the 
condition for the equivalence of the two systems of neighborhoods reduces 
to the following: every neighborhood V contains a neighborhood W. Hence 

A necessary and sufficient condition that the set-functions W(E), V(E) 
derived from a set-function K(E) be equivalent is that there exist for every point 
p and neighborhood V of p a non-negative continuous function g such that for 
some value of n the set W =E(g<1/n) contains p and is a subset of V. 

The following theorem is equally evident. 


THEOREM. The space (P, K) is equivalent to its derived space (P, W) with 
respect to continuity. That is, every function which is continuous on one space is 
continuous on the other. 


30. Analysis of the properties of the class of all continuous functions. 
Certain properties of the class C of all continuous functions on a topological 


t Aspace is regular provided there exist, for every point » and completely closed set B not con- 
taining , a pair of disjoined open sets U>p, V>B. Since p is not a W-point of B there is a function 
g and an integer m such that the set U = [0<g<1/n] contains p and no point of B, while V=[g>1/n] 
contains B. This does not imply that every pair of points is separated by open sets. 
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space (P, K) hold for all topological spaces. Among these properties are the 
following: 

The class C contains all constant functions. If a function f belongs to C and 
g is a constant, f +g belongs to C, likewise fg. 

If f is a continuous function of a real variable x and g belongs to C, then 
f(g) belongs to C. 

The following simple example shows that the sum or product of two 
continuous functions may be discontinuous. Let P= [a, b, c] be a space of 
three elements. The only point of accumulation is a which is a K-point of 
E=[b, c] only. Let f(a) =f(b) =1, f(c) =2; g(a) =g(c) =3, g(b)=4. Then f 
and g are continuous on P while their sum and product are both discon- 
tinuous. 

It is quite easy to show that if the class C is additive it is multiplicative. 


THEOREM. I[f C is multiplicative it is additive. 


Suppose C is not additive at a point p. Then functions f, g exist such that 
h=f+g 


is discontinuous at p. We may assume that |f| <1 and that g(p)=0. Since 
for every e there is a neighborhood U of # on which osc g<e and therefore 
|g | <e we have, at once, fg vanishes and is continuous at p. But the function 


is certainly the discontinuous product of continuous functions. 

Thus the algebraic closure properties of C are of two kinds; those that 
condition the space and those that do not. The fundamental property of the 
first kind is the additive property: 

(1) The sum of any two functions of the class C is a function of class C. 

It will be noted that the statement of the property is in no way related 
to the property of continuity assumed for the functions of the class C. In 
attempting to characterize a class of functions which is the class C this pro- 
perty would naturally be assumed in spite of the restriction on the space 
(P, K) which it involves. The problem of characterizing the class C varies 
with the space P. For example on a space of one element all functions are 
continuous. In the space of the previous example the class C is characterized 
by the fact that there is a point (=a) such that every function of f which has 
the value {(p) at some other point of P is a function of C. It is evident that 
both of these characterizations involve properties not normally possessed by 
the class of all continuous functions. 

Many of the classic properties of the class C of all continuous functions 
on a closed finite linear interval are in fact properties of the set A of functional 
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values. Thus A is itself a closed finite interval. This statement is implied by 
the statement that a continuous function f is bounded, attains its bounds, 
and every value between. It will be shown in §§32, 33 that these three 
properties are consequences of the following two: 

(2) For every function f of the class C the set A; is closed. 

(3) For every function f of the class C the set Ay is dense on an interval. 

The separation of the points of space is implied by the property 

(4) If p and q are any two distinct points there is a function f of C such that 
f(b) 

The class C should possess the fundamental property of Weierstrass: 

(5) There exists in C a finite or enumerably infinite family G of linearly 
independent functions 


such that each function f of C is the limit of a uniformly convergent sequence of 
functions of G. 

It will be shown that the five properties so far stated are independent. 
The question of their complete independence has not been attacked. 

The property of uniform continuity is easily defined for metric spaces in 
terms of the distance between two points. Since the distance f(p) = 4(9, q) 
between a fixed point p and a variable point g is a continuous function of p 


it is evident that uniform continuity is essentially a relationship between the 
class C and a subclass of C. The property of uniform continuity thus takes 
the following form: 

(6) There exists in C a family of functions u(p), with the following properties: 

(a) if pis a point there is a unique function u, associated with p; 

(b) af f is a function of C and e is a positive number there is a number 
d(>0) such that for each point p and corresponding function u, |f(p)—f(q) | <e 
whenever |115(p) —u9(q) | <d. 

If this property is present the functions of C will be said to be uniformly 
continuous relative to the family [u]. The relation between this property and 
its predecessors has not been exactly determined. It is however quite easy to 
see that a class C with this property is also (1) additive. 

In §29 we called attention to the derived space (P, W) defined by the 
class C and found the condition that this space be equivalent to the space 
(P, V) derived from a postulated space (P, K). This condition is the seventh 
of our list of fundamental properties. It is the first to utilize explicitly the 
given limiting relations. 

(7) For every point p and neighborhood V of p such that C(V)=P—V is 
not null, there is a function g of C which is bounded from g(p) on C(V). 
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Here the function g is dependent on the neighborhood V. In case it is 
uniformly independent of V we obtain a property denoted by (7’). 

Since the property (7) implies the equivalence of the spaces (P, K) and 
(P, W), all properties of the latter space become properties of the space 
(P, V) in the presence of (7). 

The property of points expressed in (7) provides a basis of classification. 
A point for which this condition fails involves an interesting singularity of 
the function K(E£). 

If the class C has this property (7) the space (P, V) must be regular and 
accessible. 

It is easily shown by extending the proof of a theorem of Urysohn* 
to topological spaces in general that if the space is normal the following 
property is present: 

(8) If A and B are any two completely closed disjoined sets there exists a 
function f of C,O<f <1, such that f=0 on A, f=1 on B. 

The following sections are devoted to a detailed study of the relationships 
between these eight fundamental properties of the class C and the correspond- 
ing properties of the underlying space (P, K). The following relationships 
are quite easily established. The first property is implied by the sixth and 
seventh respectively, the seventh is a consequence of the eighth. 

31. Spaces for which the class C is additive. If the class C is additive it 
must be additive at each point of space. If a point p is such that every con- 
tinuous function is constant on some neighborhood V of #, the class C is 
additive at P. Points of this character will be called level points of space. 
A level L of a space P is a set such that every continuous function is constant 
on L. The levels of a space P are completely closed sets. 

If a point # is not a /evel point, there is for every neighborhood V of pa 
continuous function f which is not constant on V. From the result of §27 
we see that the function f determines a normal family of open sets V each 
containing ». A point which is not a level point will therefore be called a 
normal point. It is evidently a regular point. 


* Loc. cit. See also E. W. Chittenden, Bulletin of the American Mathematical Society, vol. 33 
(1927), pp. 17-18. 

+ A space is normal in case for every two completely closed disjoined sets A, B, there exist 
disjoined open sets V, U such that ASV, BSU. 

t The following example shows that a level need not be connected. Let P be the set of all positive 
integers and let the points 1, 2 be points of accumulation of every infinite subset of P. Then the 
disconnected set 1, 2 is a level of P. It is, however, necessary that P be connected relative to a level 
L. That is, if P=A-+B where H(A, B) =0, then one of the sets A, B must contain L. For any point 
p the associated level L is the set common to all the sets E(f=f(p)) for a continuous f. 
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THEOREM. The points of a topological space fall into the two classes, level 
points and normal points. 


A point ~ at which the class C is not additive is normal. There must exist 
continuous functions f, g, such that their sum {+g is discontinuous at p. It 
follows from the definition of continuity that the minimum of the oscillation 
of f+g on the neighborhoods of # is positive. Since open neighborhoods V, W 
of p exist on which the oscillations of f and g respectively are arbitrarily small 
it follows that in general the product VW will not be a neighborhood of p. 
The following theorem can be easily inferred. 

THEOREM. A necessary and sufficient condition that the class C be additive 
at anormal point p is that there exist two normal families of open sets containing 
p such that if U is a set of one family and W a set of the other, then the sete UW 
is an open set. 


The following theorem is now evident. 


THEOREM. In a topological space satisfying the second axiom of Hausdorff, 
that is, the condition that the product of open sets is an open set, the class C is 
additive. 

In particular, if the neighborhoods of each point can be defined in terms 
of an écart 5(p, g), this condition is satisfied. From §36 we see that property 


(6) implies property (1). 


THeEoREM. [f the class C is (1) additive the associated derived space (P, W) 
has the second property of Hausdorff, the function W(E) has the fundamental 
properties I, II, III, and the space (P, W) is both accessible and regular. 


32. Spaces for which every continuous function is bounded. It is easy 
to see that if every continuous function is bounded, every continuous function 
attains its bounds. For if a real number a is a bound of a continuous function 
f and is not attained it must be a limit of functional values. Hence the func- 
tion 1/(f—a) is both continuous and unbounded. Likewise the set A, of 
functional values of a continuous function f must be closed. Conversely, if 
the set A, is closed for every continuous function f, every continuous function 
must be bounded. Otherwise for some continuous function f, the continuous 
function 1/(1+ |f|) would fail to attain its lower bound zero. 


THEOREM. A necessary and sufficient condition that every continuous 
function on a topological space be bounded is (2): the set of functional values of 
every continuous function is a closed set. 


If a topological space admits an unbounded continuous function f there 
exists a corresponding normal series of open sets (coterminal with a series of 
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type w) which have no common element. Conversely the existence of a 
normal series of this type permits the definition, by an obvious modification 
of the method of Urysohn referred to in §27, of an unbounded continuous 
function. 


THEOREM. A necessary and sufficient condition that for every function f of 
the class C of all continuous functions the set As be limited or closed is that every 
normal series of open sets which is coterminal with a series of type w determine 
at least one point common to the sets of the series. 


If the space (P, V) derived from a topological space is compact every con- 
tinuous function is bounded. But there exist non-compact spaces on which 
every continuous function is bounded, for example, in case a fixed point po 
is an element of every neighborhood of every point. 

33. Spaces for which the set of functional values of every continuous 
function is dense on an interval. Suppose that the set A; is dense on an 
interval J for some continuous function f, but that A; is not a continuum. 
Then As=A+Az, where neither of the sets A; or Az contains a point or limit 
point of the other. Let P,, P2 be the subsets of P on which the functional 
values of f lie in A, Az respectively. The function equal to 0 on fi, 1 on P; 
is continuous, and its set of functional values is not dense on an interval. 


THEOREM. A necessary and sufficient condition that the set Ay be dense on an 
interval for every continuous function (f) is that the space be connected. Under 
either hypothesis every continuous function attains all values between its bounds. 


34. The property (4). In this section we consider spaces for which the 
class C has the property 

(4) If p and q are distinct points there is a function f of C such that 
f(b) #f(q).* 


THEOREM. A necessary and sufficient condition that the class C on a topologi- 
cal space have the property (4) is that for every pair of points p, q there is a 
normal series of open sets containing p of which q is not a common element. 


If a single function is effective for all pairs of points the space is homeo- 
morphic with a subset of the linear continuum. The property (4) is satisfied 
vacuously if there is but one point in space. It is present in any space which 
is disconnected between every pair of points. 


* Because of the close relationship between properties (4) and (7) the following example is of 
interest. Let P=[p+{pn}+{{Pmn}}]. Let p be the sequential limit of p,, and p, the sequential 
limit of Pmn. There are no other limit relations in P. No subset of the set E={ { Pam} } has p fora 
point of accumulation. Hence the set V= (p+ { pn} ] is a neighborhood of p. But the values assumed 
on E by any continuous function on P must have f(p) for a limiting value. In this case the class C 
has property (4) but not property (7). 
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The Hausdorff property (D) (for every two points p, g there exist dis- 
joined neighborhoods V,, V,) is implied by property (4). The third and 
fourth conditions of F. Riesz, a finite set has no point of accumulation, and 
a point is uniquely determined by the sets of which it is a point of accumula- 
tion, are satisfied in the derived space (P, V) when property (4) is present. 

If the function f of property (4) is independent of the point g we obtain a 
property (4’) which appears to be topologically independent of (4), although 
the exact nature of the difference is not evident. If the space is compact and 
has property (4’), it is easy to show that it has the properties (A), (B), (D) 
of Hausdorff and also satisfies the first axiom of enumerability. 

35. The fifth property. This property is suggested by the Weierstrassian 
theorem that a continuous functionof a real variable is the limit of a uniformly 
convergent sequence of polynomials. This property is present in every 
space which can be represented as the sum of a finite number of distinct 
levels. 

Let Cy be the family of functions 


81, 82, 83, - 


Let b, be the lower bound of g, and set 
= E[bn S | gn| < bn + 1/R]. 


The family of all sets Q,, obtained by varying the integers m and & is enumer- 
able and equivalent to the family of neighborhoods W determined by the 
class C. In fact, if g is any continuous function, and W =E[|g—g(p) | <a], 
we may, because of the uniform convergence of a sequence of functions 
8nm Of Co to the continuous function f=g—g(p), find an integer m for which 
\gnm —f |<a/2. Consequently the points of the set Q,,,.0n which |g,,,|<a/2 
belong to the set E. Thus every neighborhood W contains a set Q,,,. The sets 
Q,,, are by definition open sets. It follows that the space (P, W) is perfectly 
separable. 


THEOREM. If the class C has the property (5) the corresponding space (P, W) 
is perfectly separable. 


That the Weierstrassian property (5) is present in any separable metric 
space follows readily from the theorem of Urysohn that every such space 
is homeomorphic to a subset of the Hilbert space.* 

36. On uniform continuity relative to a family of continuous functions. 
The sixth property. In the sixth fundamental property of the class C we 
assume the existence of a family of continuous functions “,, one for each point 


* Mathematische Annalen, vol. 92 (1924), p. 302. 
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of space, such that for every continuous function f and positive number e 
there is a number d such that if | <d then |f(p)—f(q)|<e. It 
will be convenient to introduce the distance function 


5(p,9) = | up(p) — | 


which is continuous in g for fixed values of p.* The sixth property is possessed 
by all spaces which are composed entirely of isolated elements, since in this 
case all functions are continuous, and also uniformly continuous relative 
to an arbitrary class of functions u,. If a space of this type has infiftitely 
many points, we obtain unbounded uniformly continuous functions. 

The space (P, 6) defined by this distance function 6(p, g) is equivalent 
to the space (P, W) determined by the entire classC. For since u, is a con- 
tinuous function its oscillations on the neighborhoods W of p have zero for 
their minimum. Likewise the oscillation of a continuous function f on the 
neighborhood V,, = [4(p, g) <1/n] has the minimum zero because of uniform 
continuity. 


TueoreEM. If the class C has the property (6) it is (1) additive and there is an 
écart 5(p, q), continuous in q, such that the spaces (P, 5) and (P, W) are 
equivalent. 


37. The seventh property. Consider the property (7): for every point 
p and neighborhood V of # such that the complementary set C(V) =P—V 
is not null, there is a continuous function f which vanishes at p and is bounded 
from zero on C(V). 

It is shown in §29 that this property is the condition that the spaces 
(P, V) and (P, W), where the set function W is defined by the class C, be 
equivalent. Thus a space (P, V) in which (7) is satisfied is required to be both 
accessible and regular. 

A necessary and sufficient condition that a space with the property (7) 
be a regular Hausdorff space is that it satisfy the first axiom of separation, 
that is, that every pair of distinct points lie in disjoined open sets, and that 
the class C be additive. 

In particular if the class C has the properties (1), (4), (7), the space (P, V) 
is a regular Hausdorff space. 

From properties (6), (7), we may conclude that the space (P, 6) of §36 


* In general the function 6(p, g) is unsymmetric. It does not appear to have been previously 
observed that the assumption of a uniformly continuous symmetric écart 5(p, g) is essentially equiva- 
lent to the assumption of the axiom of the triangle, 5(p, g) $6(p, r)+4(r, g). Note added during 
correction of proof: This proposition was established by Menger, Mathematische Annalen, vol. 100, 
Nos. 1-2, August 28, 1928, p. 145. 


1929] ON GENERAL TOPOLOGY 319 


is equivalent to the space (P, W) of §29. The results of this section are 
summarized in the following theorem. 


THeEorEM. If in a space (P, V) the class C of all continuous functions has 
the property (7), the space is accessible and regular. If properties (1), (4) are 
present the space is regular Hausdorff space. Properties (5), (7) together ensure 
that the space be accessible, regular and perfectly separable (therefore normal). 
Properties (6) and (7) together imply that the space (P, W) is equivalent to a 
space (P, 5) where 5(p, q) is continuous in q. 

38. A stronger property. We consider some consequences of the pre- 
sence of the property (7’) obtained by making the function g of (7) indepen- 
dent of the neighborhoods of p. 

(7’) For any point p there is a function g which is bounded from g(p) on 
C(V) for every neighborhood V of p whose complement is non-null. 

Since (7’) implies (7) it follows at once that the space is regular and ac- 
cessible. But it is quite easy to see mot the product of any two open sets is 
an open set. 

This property permits a statement of the converse of the proposition, 
every continuous function on a compact space is bounded. It is possible to 
show that if a space (P, V) with the property (7’) is not compact there exists 
an unbounded continuous function. 

Since the space is not compact there exists an infinite set A of points with 
no point of accumulation. For any point p the set V =P — A — pis a neighbor- 
hood, and C(V)=A— > is not null. Then by hypothesis there is a function 
which vanishes at p and at no other point. Let Q = [¢,] be an enumerable set 
which has no V-point. Then for each point g, we have a continuous function 
£n, 0S gn(gn) $1, which vanishes at g, and at no other point. Let us choose a 
closed neighborhood V,, which contains no point of Q—qm. On C(Vn), 
&m2d,>0. It is possible by a well known process to define integers km so 
that the infinite product 

tn = TIgne™, 


Ym = 1 — gm + (1 — gm)?/2 + (1 — gm)*™/km, 


converges uniformly in some neighborhood of every point p. It is sufficient 
to choose km equal to the larger of 1/d, and m|(log 2)/log (1—dm)|. The 
function f, so defined is continuous, vanishes at gn, Qn41,°°-*, and at no 
other points. The function s,,=f,, if f.<1, and =1, if f,=1, is continuous. 
The function 


where 
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is continuous, does not vanish, and satisfies the inequality 


1 1 1 
h(qn) = + Qn) + s 


Therefore the continuous function 1// is unbounded. 


THEOREM. In a space with property (7') a necessary and sufficient condition 
that (2) every continuous function be bounded, is that the space be compact. 


It would be of interest in this connection to determine the most general 
topological space in which compactness is equivalent to property (2). 


THEOREM. [f the class C of all continuous functions on a neighborhood 
space (P, V) has the property (7'), then the space is regular and satisfies the 
Hausdorff axioms (A), (B), (C). The class C is additive. If every continuous 
function is bounded the space is compact. 


39. The property of Hahn. The eighth of the series of properties dis- 
cussed may be called the property of Hahn because it appears as part of 
Hahn’s proof of the existence of non-constant continuous functions in a 
space admitting a uniformly regular écart (originally called “voisinage” by 
Fréchet). The class C on a space (P, V) has the property (8) if for every pair of 
disjoined closed sets, A, B, there exists a continuous function f, OSf <1, which 
vanishes on A and is equal to 1 on B. 

This property stated for (P, V) is equivalent to the property defined for 
spaces (P, K) by replacing the word closed by “completely closed.” Proper- 
ties (7) and (7’) are immediate consequences of (8). The importance of this 
property can be inferred from the following theorem which is essentially due 
to A. D. Pitcher: 


THEOREM (Pitcher). If the class C has the properties (2), (4), (6), (8), the 
space (P,K) is a compact (separable) metric space. The class C has the additional 


properties (1), (2), (S), (7), (7’). 

This theorem follows from the fact that (8) implies (7), the preceding 
theorem, a theorem of A. D. Pitcher,* the equivalence of “distance” and 
“regular écart,” the well known fact that every compact metric space is 
separable, and the fact that all the properties mentioned are present if 
P is a metric space. 

40. Independence. The following list of examples shows that the pro- 
perties (1)-(5) of the class C are independent. That property (7) is indepen- 


* A. D. Pitcher, loc. cit., p. 76, Theorem 19. 
+ Fréchet, Palermo Rendiconti, vol. 30 (1910), p. 1-26. 
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dent of (1)-(6) is also established. Similarly (7’) is independent of (1)-(7). 
We have no example showing that (8) is independent of the remaining eight 
properties, and there are reasons for thinking it is not. While properties 
(2) and (6) are independent, as is shown by examples (5) and (8), we have no 
example showing that (6) is independent of (1)-(5). It would be interesting 
to determine the exact relationship between boundedness and uniform 
continuity. 

In the following examples the properties not present are indicated. The 
proofs will be left to the reader. 

1. (1), (6), (7), (8). Let P=[0<p<1; 2]. Limit is defined as usual for 
the points of the interval, O<p<1. Let pon=1/m, ponyi=1—1/n(m=1, 
2,3,--+). The neighborhoods of the point 2 are Von=([2; Pon, Pani, |, 
Vons1= Ponti, J. 

2. (2), (6). The class P is the segment 0<x<1, with limit defined as 
usual. 

We have no example of a space with all of the properties except (2). 

3. (3). P is composed of two isolated points. 

4, (4). P is the interval 0<p<1, together with the point p=2. Limit is 
as usual, except that the point p=2 is in every neighborhood of p=0. 

5. (5), (6). The class P is the space defined by Hausdorff* composed of a 
non-enumerable well ordered set with the interstices filled by linear continua. 

We have no examples of the class (5) or (6).T 

6. (7), (7’), (8). The class P is the interval 0< <1, limit is defined as 
usual except that the point p=0 has its neighborhoods defined by the for- 
mulas [all irrational numbers p<1/n], [all rational numbers p<1/n] 
(n=1, 2,3,°- +). 

7. (7’), (8). Let P be the interval OS p<1. The neighborhoods of all 
points p>0 are as usual. From each neighborhood of zero remove its middle 
point. Then the space P is not compact, for the sequence of points 
1, 1/2, 1/3, --- has no point of accumulation. The class C of all continuous 
functions is unaffected by this modification of the neighborhoods of zero. 

8. (2), (3). The class P is the class of positive integers, with each point 
isolated. 


* Tietze, Mathematische Annalen, vol. 91 (1924), p. 218, Example Bs. 
{ Examples 2 and 5 show the independence of properties (2) and (6). 
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PROPERTIES OF FUNCTIONS REPRESENTED BY THE 
DIRICHLET SERIES avy +)-", OR BY LINEAR 
COMBINATIONS OF SUCH SERIES* 


BY 
J. I. HUTCHINSON 


Introduction. The following paper deals with the functions 


(1) Z(a, b, s) = Z(s) = 


in which a and b( Sa) represent real, positive numbers, and s=o+it. They 
include as a special case (4 =b=1) the Riemann function ¢(s), characterized 
by Gram as “une des plus remarquables acquisitions de l’analyse moderne”’; 
while simple linear combinations of Z(a, 6, s) for b=1,2,---,a—1, whena 
is a fixed integer, give the Dirichlet Z-functions. All of these special functions, 
particularly ¢(s), are of the highest importance in the modern analytic theory 
of numbers and an immense amount of investigation has been lavished upon 
them. 

Moreover, since Z(s) =a~* ¢(s, b/a), the close relationship of Z(s) to the 
generalized ¢-function {(s, w)f lends an additional importance to these 
functions. Accordingly, §§1-8 may be regarded as a contribution to the 
theory of {(s, w). The function Z(s), however, is more convenient for the 
purposes of the present paper. 

The great value of the above mentioned and other functions for the theory 
of numbers has stimulated much activity during the past twenty years in 
the general theory of functions represented by Dirichlet series, quite apart 
from any question of applications, although, no doubt, with the idea of throw- 
ing more light on the properties of functions having such use. This is the 
point of view in what follows. 

The main object of §§1—8 is to determine the real zeros of Z(s) (formula 
(7))t and, approximately, the region of the plane in which the complex zeros 
are located (§4). 

* Presented to the Society, September 7, 1928; received by the editors in May, 1928. 

t For ¢(s, w) see Bohr and Cramér, Die neuere Entwicklung der analytischen Zahlentheorie, 
Encyclopiidie der Mathematischen Wissenschaften, II C 8, 1922, pp. 777-779. Recently ¢(s, w) 
has been adopted into the analytic theory of numbers as a basis of comparison. See E. Landau, 
Vorlesungen tiber Zahlentheorie, vol. 2, 1927, p. 9 ff. 

oro are in striking contrast to the real zeros of ¢(s) which occur at s=—2, —4,- 


—2n, +++ ,s0 that ¢(s) contains the factor 1/I'(1+5/2). For this reason these are called the 
zeros” of ¢(s). The L-functions, likewise, have trivial zeros on the negative real axis. 
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That complex zeros do occur is established (§5) by the actual calculation 
of these zeros for Z(3, 1, s) and Z(3, 2, s) between the limits 0<#<50. The 
interesting fact is revealed in these two cases that the complex zeros (as far 
as determined) are scattered about irregularly in the narrow strip 0<a<1 
and do not lie on a straight line as is presumably the case with the {- and L- 
functions.* 

In §6 the formulas for numerical computation are developed arid dis- 
cussed, and in §7 the curves C=0, S=0, along which the real and imaginary 
parts of Z(s) =C(e, 4)+iS(¢, t) vanish, are investigated. It is found that all 
these curves, excepting the curves C for which )=1, have a series of right- 
hand (¢>0) asymptotes occurring at equal distances, a result which is very 
useful in numerical calculation and in the determination of the number of 
imaginary zeros in the region 0<#<7(§16). The behavior of these curves 
for ¢ <0 is much more complicated, the approximate variations of C and S 
being given by (18), and of Z(s) by (19). 

The remainder of the paper is devoted to the problem of determining 
linear combinations of Z(a, b, s) which satisfy functional equations of a 
type similar to that of which ¢(s) is a solution. This problem, which was 
solved by Cahenj for a a prime, is completed for all integer values of a 
(Theorems 3 and 4). The functions f(s) thus determined include the L-func- 
tions as very particular cases and form a large class of new functions which 
seem to be worthy of further study. The problem of functional equations is 
somewhat generalized (§18) so as to include the L-functions with imaginary 
characters. 

In §15-17 we deal very briefly with the complex roots of the functions 
f(s), the number of such roots being infinite (§17). It can be proved that 


* The famous and as yet unproved “Riemann Hypothesis” (1859) supposes that all the complex 
zeros of {(s) lie on the line s=4. Confidence in this hypothesis was first put on a solid basis by the 
aid of numerical computation. In particular, J. P. Gram, Note sur les zéros de la fonction {(s) de 
Riemann, Acta Mathematica, vol. 27 (1903), pp. 289-304, calculated the roots on o=} as far as 
t=65; and R. J. Backlund, Ueber die Nullstellen der Riemannschen Zetafunktion, Dissertation, 
Helsingfors, 1916, located within narrow limits all the remaining zeros up to #=200 and proved that 
all the roots within the limits 0<#<200 lie on o=4. Bohr and Cramér (loc. cit., p. 773, foot-note 133) 
remark that “this result is one of the most powerful arguments for the belief in the Riemann hy- 
pothesis.” More recently the proof of this hypothesis has been extended as far as #=300 by J. I. 
Hutchinson, On the roots of the Riemann zeta function, these Transactions, vol. 27 (1925), pp. 49-60. 
Similar results have been obtained for some of the Z-functions ky Grossmann. The importance 
of this question is testified to by the increasing number of theorems in the theory of numbers whose 
proofs depend on an assumption of the Riemann hypothesis. See, for example, the long paper by 
Hardy and Littlewood quoted in the first foot-note to p. 343. 

Tt See footnote, p. 329. 
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some of these functions have an infinity of roots on the line o=}.* 
1. Fundamental formulas. The series (1) is absolutely convergent for all 
values of s satisfying the inequality 


(2) 3. 


To convert (1) into a series valid over a larger part of the s-plane, we start 
with the formula 
1 (an + oi(x)dx 
3) 2s) = b)-* 
in which $;(x) =x— [x]—3; that is, $:(x) is a periodic function, with period 1, 
which coincides with the values of x —3 in the interval 0<x<1. 
To prove (3), denote the right member by F(s, ). Separate the integral 

into and substitute x in the first of these, giving 


— 3)dé 
0 (af + an 


which may be integrated by parts. After substituting the result in the right 
member of (3) we obtain 


F(s, n) = F(s,n+1) =F(s,n+2) =--+- = limF(s, n) = Z(s). 


In taking the limit we must restrict s by (2); but having established the 
relation for ¢ >1 we extend it to other values of o by the principle of analytic 
continuation. 

Formula (3) shows that Z(s) has a pole of the first order at s =1 with resi- 
due 1/a. By successive integration of the last term by parts we obtain the 
more general formulat 

mt 1 (an+b)-* 


(4) Z(s) (ar +b) a(s — 1) + LT, + Re, 


* This was first proved for ¢(s) by G. H. Hardy, Sur les zéros de la fonction ¢(s) de Riemann, 
Comptes Rendus, vol. 158 (1914), pp. 1012. Hardy’s theorem was extended to the Z-functions by E. 
Landau, Ueber die Hardysche Entdeckung unendlich vieler Nullstellen der {-Funktion mit reellem Teil 
3, Mathematische Annalen, vol. 76 (1915), pp. 212-243. 

t This formula (excepting the inequality for Rx) is given by J. Grossmann, Ueber die Null- 
stellen der Riemannschen ¢-Funktion und der Dirichletschen L-Funktionen, Dissertation, Gottingen, 
1913. The inequality is derived by a method similar to that employed for the ¢-function by E. 
Lindeléf, Quelques applications d’une formule sommatoire générale, Acta Societatis Scientiarum 
Fennicae, vol. 31 (1903), and extended by R. J. Backlund, loc. cit., p. 18. The formula for |Re| 
is given here for the sake of completeness but is not used in the present paper. 
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(— 1)""B,a”—! s(s + 1) ---(s + 2» — 2) 
at*+2s(5 + 1)--- (s+ 2k +1) Porso(x)dx 
(2k + 2)! n (ax + b)*t24+2 
P:,(x) being a periodic function with period 1, 
|s+2k+1| 
o+2k+1 


Formula (4) is valid for the half-plane o >1—2k. 
2. Functional equation for Z(s). By starting with the expression for 
Z(s) as a definite integral 


T, 
(S) 


| Ri] < | 


1 y 
Z(s) = 
T(s) Jo — 1 
and proceeding exactly as Riemann does with the {-function, we obtain the 
functional equation* 


6) Z(s) = 


ni-* 


3. The real zeros of Z(s). Suppose that s = —p (p a real positive number) 
is a zero of Z(s). If we substitute s= —p in (6), the factor [(1—s) does not 
vanish. When p is sufficiently large the sign of the series is determined by 
its first term and this term must be numerically small, if the series is to 
vanish. Hence, in order that Z(—p) may be zero it is necessary for the angle 
(—p/2+2b/a)m to take the form (—4¢e—A)z, € being a small positive or 
negative number and X an integer. From this follows 


THEOREM 1. The real roots of Z(s) are given by the formula 
4b 
(7) —s=p=2+—+e(d), as 
a 


in which d takes all positive integral values, including 0, and such negative 
integral values as will make the right member of (7) positive. 


It is obvious that Z(—p) will change sign when p passes through one of 
the values given by (7). 


* This formula was given, for integral values of a and b, by Ad. Hurwitz, Einige Eigenschaften 
der Dirichletschen Funktionen etc., Zeitschrift fiir Mathematik und Physik, vol. 27 (1882), p. 86. 


| 
s  2bn 
sin (<+—): 
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For sufficiently large values of \ (say A>5), a very good approximation 
for €(A) is obtained by using the first two terms of the series in the right 
member of (6). Substituting s=—2A—4b/a—e and replacing sin (ex/2) 
in the first term by er/2, dropping ¢ in the second term, equating the result 
to 0, and solving for e, we obtain 
sin (2b7/a) 


This shows that when d increases by 1, e(A) is multiplied by } (approximate- 
ly). Hence, as \ increases by unit increments, the function €(d) decreases in a 
geometric series (approximately and asymptotically) with 4 as the common ratio. 

To illustrate the preceding and to give some clue to the rate of change of 
(A) for small values of \, the following real roots have been calculated. 

Roots of Z(3,1,s): —1.401, —3.357, —5.340, —7.335, —9.334, —11.3334, 
— 13.33336,--+-. 

Roots of Z (3, 2, s): —.535, —2.630, —4.657, —6.664, —8.666, — 10.6665, 
—12.666625,---. 

4. The imaginary zeros of Z(s). When a and 3 are real, the imaginary 
roots of Z(s) occur in conjugate pairs. In order to determine the region of 
the s-plane in which such zeros are situated, we note that I'(1—s) cannot 
vanish or become infinite for complex values of s. Hence the imaginary zeros 
of Z(s) are also zeros of the function 


tae > sin (s/2 + 2bn/a)x 


In this substitute s=o+it=1—p+it, p>1,¢>0. Then we have 


P (< ~") 2bn 
sin | — + — }@ = cosr{ — — — — 
2 a 2 


etl? =cosé, + ising, 0, = 


Hence 


= 1 


From the relation 


1 
An + = (1 + 2r-*? cos 20, + r~*)!/2 
Aur? 


we deduce 


22A+4b/a 
50-3) 
2 2 har? 
a 
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s1+r-?. 

Ant 


(8) 


From (8) follows the inequality 


2. 1 r?+ 1 
~ 


1 


| ¢(s)| < 


This gives the following theorem: 


THEOREM 2. A necessary condition that Z(s) may have imaginary zeros 
for t>0 is 


241 
r?— 1 


that is, the zero points s must be to the right of the curve 
2 


i + A, o< 0. 


(9) = 

In graphing (9) we assume the real axis ¢=0 to be horizontal and directed 
to the right. The graph starts at ‘=0, s=—© and rises slowly to ¢=1, 
o=—.722. From there on it rises very rapidly and practically coincides with 
the line 


(10) o = — .7143 


for ¢ varying from 5 to +. 

In the same way we find that the critical strip for <0 (the strip in the 
s-plane in which imaginary zeros may occur) is bounded on the left by the 
image of (9) below the real axis. 

The right hand limit for the critical strip cannot be determined so pre- 
cisely as the left hand boundary (9) and (10). 

It is obvious that the right hand limit for all roots is ¢=a0, in which oo 
is not greater than the value o; of ¢ determined by the equation 


Substituting a=bp, (11) becomes >>2; (pv+1)-"=1. It is easy to see from 
this equation that o; varies from 1 to © as p(=a/b) varies from © to 0, 
or as b/a varies from 0 to ©. When b=a, (11) reduces to ¢(¢) =2, from which 
o,=1.645. Hence for b<a we have oo 50; <1.645. 

5. The imaginary zeros of Z; and Z;. In order to obtain some clue to the 
distribution of imaginary roots, I have calculated several of them for each 
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of the functions Z;=Z(3, 1, s), Z2=Z(3, 2, s) whose real roots have already 
been determined. Formula (11) shows that all of these zeros must be to the 
left of the line = 1.26, for and to the left of the line o=1.5 for De- 
noting the codrdinates of the zero points by (¢, #) the results obtained are as 
follows. 

Roots of Z;: (.3, 11.45), (.25, 15.2), (.6, 20.7), (.25, 23.9), (.3, 28.55), 
(.4, 30.6), (.5, 33.65), (.5, 37.6), (.5, 39.7), (.15, 42.25), (.35, 43.65), (.6, 
47.75). 

Roots of Zz: (.15, 10.8), (.6, 16.6), (.8, 24.3), (.7, 30.8), (.37, 34.13), 
(.46, 37.6), (.7, 42.9), (.35, 45.34), (.1, 47.67). 

6. Numerical computation. The imaginary zeros of functions we are 
dealing with are comparatively easy to calculate for values of ¢ not too great. 
For this purpose we separate (4) into real and imaginary parts and denote 
them respectively by C=C(e, 4), S=S(¢, #). Introducing (for §6 only) 
the abbreviations 4 =an+), s=sin (¢ log u), c=cos (¢ log uw), we have 


_ cos [tlog (av +5)] cos (¢ log 
+ (1 — o)c] a(st + oc) 


1 


+CotCit:::-, 


Co = 


sin [¢ log (av + b)] _ sin (¢ log 
S 
(13) S (av + + Sot Sit 


— o)s — ct] a(ct — os) 
If ¢ is fairly large in comparison with o, the terms C, and C; in (12) may 
be computed by the simpler approximate formulas 


t\? a*/t\? 
14 —}C:i, Cs=—(—)C2, 
(14) (-)a, 
which are equally good for Sz and S; in (13). 
From (5) we obtain 


+ 2k — 1)(s + 2k) 


By(2k + 1)(2k + 
The factor rapidly approaches the limit 1/(47?) 
as k increases. If ¢ is not too small, a good approximation for the ratio 


T is (at/(2mp))?. Consequently the terms in are decreasing nu- 
merically, if |a¢|<2m. In the computations made in connection with the 


So 
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present paper and carried out with three decimals, the value of m has been 
chosen in (12) and (13) so that at<ym. The terms C, (or S,), v=1, 2, 3, then 
diminish very rapidly and it is unnecessary to use any other of these terms 
to secure a sufficient degree of approximation for the values of C and S. It 
is also unnecessary to calculate the remainder (a laborious process), which 
will be in general too small to affect materially the few decimals used. In 
case of doubt, the value of C (or S) has been recalculated by using an in- 
creased value of m. This can be quickly done and furnishes a good idea of 
the error introduced by the approximate formulas and has justified their use. 

7. The C and S curves and their right-hand asymptotes. In calculating 
the roots given in §5, certain properties common to all the curves 


(15) C(c,4) = 0, S(c,t) =0 


were found very helpful. Consider first the case b=1. The values of C and S 
are readily computed by (12) and (13), the curves (15) roughly sketched, and 
their points of intersection located. 

In order to reduce the work to a minimum, we consider what means there 
are of estimating where a horizontal line /, =k, will intersect either curve. 
From (12) we observe that all the terms in C, excluding the first which is 
1, diminish as o increases and their sum becomes and remains less than 1. 
Accordingly, there is a point «=a» on the line / such that for all o>a, 
t=k, the function C is positive. We will speak of points on this part of / 
as being to the right of the curve C=0. I have found it most convenient (un- 
less there are indications to the contrary) to take o=.5 and integral values 
of ¢. Having calculated C for these values, the sign of C determines on which 
side of the vertical line o =.5 the graph is situated and the numerical magni- 
tude of C gives some rough indication (as a rule) as to how far away the graph 
is. 


While the portion of the s-plane to the right of the curve C =0 is a region 
of positive values for the function C, it is quite otherwise with the function S 
whose first term is —sin [¢ log (a+1)]/(a+1)-*. As in the case of C, S has 
an invariable sign on the line / to the right of a certain point ¢ =o, but when 
t passes through a value determined by the equation 


(16) tlog (a+ 1) = nz, 


n an integer, the sign of S is reversed on that part of the line / to the right 
of the graph. In other words, the lines (16) are right-hand asymptotes for in- 
finite branches of the curve S=0 extending toc=+. 

If b#1, then both the curves (15) have an infinity of branches extending to 
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a=-+0 in the direction of the asymptotes t=(2n+1)x/(2 log b) for C =0 and 
t=nr/log b for S=0. 

8. The behavior of C and S on the line t= k,7 <0. In equation (6) put 
o=—p, p>0O. Let é(>0) have an arbitrary, fixed value and let p increase 
without limit. The sum in the right member of (6) may be written 


fas 2b 
sin( + —) + as poo, 


Discard ¢(p), replace the sine function by its exponential form, and drop the 
term containing e~*‘/? which becomes very small for moderately large values 
of ¢. Writing ['(1+—it) =y:1+772, we finally obtain from (6) the approxi- 
mate formula 
2 —ptit 
a 2r 
From the theory of the Gamma function we have* 


yt ive = + Pte tio 


1 
tog [1+ = O(1 + p, — + 9), 


=C+iS. 


2 
dlog T(1 + p) _ p 
= 
dp 


y = Euler’s const. 


From these formulas we deduce 
P(ii+ and O(1+7,-8-0 as poo. 
Dropping the functions P and Q, we obtain 
C = Rocos@, S = Rsin@, 


+ P) 0 =f log “(> + — +p). 
a 2 2 a 


Replacing ['(1+ ) by Stirling’s formula we see that as As to 
the angle 0, the terms containing » may be written 


1 


* See Nielsen, Handbuch der Gammafunktion, p. 23. 
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The positive function f(p) evidently decreases to 0 as a limit as p increases. 
Hence @ eventually takes the form rp/2+r1, 


(17) r= t(y + log 0. 


We arrive finally at the formulas 
(18) Roos +7), $= Rsin(Z +, » P> po, 


fo being a positive number sufficiently large. 

These formulas show that, when k(>0) is not too small, the curves (15) 
cross the line ‘= an infinity of times as o approaches — ©, the functions 
C and S oscillating between positive and negative values that increase 
numerically without limit. 

The function Z(s) may be replaced by the simpler asymptotic expression 


(19) Z(s) = Reir-en/2) 


in the part of the plane that we are considering. 

If ¢ is negative, we derive in the same way formulas exactly similar 
to (18) and (19), with appropriate changes of sign. 

9. Conjugate functions. The two functions Z(a, b, s) and Z(a, a—b, s) 
will be called conjugate. Their sum and difference satisfy seapoctively the 
simpler functional equations 


oud 


2 (2x\* _ as 

(=) sin —TI(1 — s), 

r\a 2 
sin(2bn7/a) 


=(=) cos —s). 


It is obvious that all functions % vanish for s = —2, —4, »—2n,+++5 
and that all functions y, are integral functions (acing niles at s=1) ond 
vanish for s=—1, —3, , —(2n—1),---. Hence x, has the factor 
1/T'(s/2+1) and has the factor 1/T((s-+1)/2). 

On account of the simplification of the real zeros of x, and y, as compared 
with those of Z(s), the question arises as to whether there is also a simpli- 


| 
| 
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fication in the positions of the imaginary zeros, as, for example, if they may 
lie on a vertical line o =o». That this is not the case in general may be shown 
by a single illustration. Namely, the first two imaginary zeros of Z(5, 1, s) 
—Z(5, 4, s) are found by computation to be at the points (¢, #) = (.63, 8.94) 
and (.3, 12.15). 

10. Linear functions of x, or y:, and their functional equations. Sup- 
pose, now, that a is a fixed, positive integer. We propose to consider the 
different functions 21, %2, - %m (Or Vi, Ym), m=4}(a—1) or 3(a—2), 
according as a is odd or even. Let 


(22) f(s) = + + 


be any linear function with constant coefficients. On account of (20), f(s) 
satisfies the relation 


(23) f(s) = > a; cos(2an/a) + a2 cos(4mn/a) + + Gm cos(2rmn/a) 


n=1 


The question that we now propose to consider is this: Can we determine 
the constants a;, , dm So that the sum in (23) takes the form 


R(aixt + +°+++Gmim), = —s)? 


When this is possible the functional equation reduces to the very simple 
form 


(24) f(s) = — s). 


Three essentially distinct cases need to be considered: 

1. a even, a=2p, p odd; 

2. a even, a=4q; 

3. aodd, a=2m+1. 

11. Case 1. Use the abbreviation c,=cos (27u/a). Then the equations 
of condition for (24) are: 


+ Coda + + Cmdm = kai, 


(A;) Cody + + ++ + Comdm = kaz, 


+ + + = ; 


Q— 1)"—2,, 


= 0. 
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In the present case m=p—1. In order to handle these equations we use 
the following trigonometric relations which hold for p< p: 
{ 0, » odd, 


Cut Cyt + = 
—1, even, 


1, odd, 


a 


C2 + = 4 


These are easily verified by first observing that, if w =e***/*, any odd power of 
w satisfies the equation 1—w*+w*— -- - —w?-)#=0, and any even power 
satisfies 1+" + --- +7) =0. Again, group the terms thus, 


(Cu Coun) + (Cop + + (upper, or lower, signs together). 


The sum of the subscripts in each pair is pu and hence the two cosines in the 
same group are equal, if is even, or opposite in sign, ifisodd. The last ex- 
pression in (25) may be put in the form 4[(1—c2,)+(1—cs,)+ - - -]=a/4—1. 
The characteristic equation for the system (A) is 
C2 5° ** Cpt 
C2 ; Co — ky Cops 


(26) D(k) = 


Cp-1, Cop2,°**, 


I shall speak of this relation, and similar relations elsewhere, as the necessary 
and sufficient condition for a solution of the given system of equations, 
meaning, thereby, a solution different from a;=a.= --- =0. 

We first prove the relation D(—k)=D(k). For this purpose write D(k) 
in the form 


— Ry 9° Coun 


C(p—1) (p—2) » C(p-2)(p-2) — Cpe 


(27) 


Cp-1 » Cp-2 


obtained by writing rows and columns in the reverse order. The vth element 
of the uth row satisfies the relation 


(28) (p—n) = = (— 


By means of this, (27) takes the form 


| 
| 
| 
| 
| 
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This reduces to D(—k) by changing the signs of all the elements in the odd 
numbered columns and the even numbered rows. 

Consider now the product determinant D(k) D(—k). If u¥v, the element 
of the wth row and the vth column is 


1 


p—1 1 2! 
D + = +(x: + 
bel 


2 


If u—v is odd, so also is and each sum or is 0, according to (25). 
If u—v is even, each sum is —1. If u=v, we obtain an element of the main 
diagonal of D(k)D(—k), viz., 


p—1 a 

b=1 4 

The result is 5 


D(k)D(— k) = 


A 


To reduce this determinant, add to the first column the sum of all the 
other columns. The elements of the first column will then all be equal to 
A—3(p—3) =}—k?* and we have D(k) D(—k) =(3—k*)D,, 

1 0-1 0 —-1---—1 0 
1 A oO-1 O--- 
1 0 A 0 —1----1 0 


1-1 0-1 O0--- A 


Now subtract the first row frora each of the others and D, reduces at once 
to (A +1)-*/2 D,, 
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A, 0, -1, 0, -—1,---,-1, 0 
0, A, 0, 0, 1 
0, A, 0, O}. 
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A —1;---1 
A 


Dz = 


-1 A 


Add to the first column of D, the sum of the other columns, take out the 
common factor }—?, and modify the resulting determinant by adding the 
first column to each of the others. It then reduces to (A +1)‘?-*/2, Collecting 
the results we have 


D(k)D(— k) = Dk) = (> (+ 


The solutions k= +1/2'/? must be discarded, since the complete system 
(Ai) and (Az) has no solution for these values of k. For, adding the p—1 
equations (A,) we obtain 


(29) — (a2 + ag + = + + 


Again, changing the signs of every other equation of (A,) beginning with the 
second, and adding, we have 


(30) ai + + ap2 = h(a; — a2 +43 — Gps). 


Denoting the left members of (29) and (30) by —az and a; respectively, these 
equations may be written 


and hence 


kay + (k + 1)ae = 0, 


(31) (k + = 0. 


The condition for a non-vanishing solution of (31) is k2=}. We have thus 
separated out the two roots k= +1/2/? of (26). 
Suppose now the system (A), consisting of (A;) and (Az), be subjected to 

the linear transformation 

=a, 

+ = ae, 

= pw 3,4,---,p—1. 

Suppose, further, that the system (A;) in the new unknowns au, a», - - - be 
replaced by the two equations (31) together with p—3 of the equations 
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(A;) so selected that the new system (Aj ) of p—1 equations in a, - - - , a1 
are linearly independent. The two equations (A:) may be replaced by a, =0, 
a,=0. Consequently, if we drop the terms containing a and a in the new 
system (Aj), it is obvious that the p—3 equations other than (31) will have 
as characteristic determinant one of degree p—3 in k whose roots will be 
k= +4a'/2 since the characteristic equation is unaltered by linear trans- 
formation. These p—3 equations of (Aj ) will consequently have no solution, 
if k= +1/2%/2, and hence the complete system (A) has no solution for these 
values of k. 

Since each of the roots +}a'/? of (26) is of multiplicity 3(p—3), it follows 
that for either of these values of k the system (A;) has only p—1—}3(p—3) —2 
= 4(p—3) linearly independent equations, since there are two relations (29) 
and (30) that are satisfied by (Az). We accordingly obtain the following 
result: 


THEOREM 3. There are 3(p—3) linearly independent functions f(s) that 
satisfy the functional equation 


2n\? as TU 


and likewise 3(p—3) linearly independent functions that satisfy the equation 


(II) fils) = (=) sin 


12. Case 1, the y-relations. We next consider the function 
(32) = biya + baye + + 
and seek to determine Ji, - - - , bm so that formula (21) reduces to 
(33) f(s) = d-kf(l — 5). 
Using for brevity s,=sin (2ua/a), the equations of condition are 
+ Sobg + +++ + Smbm = di, 


Sebi + Sabo + = 
(B) 


Smb1 + Somb2 + + = kbm. 


Denoting the determinant of this system by D(k), we prove, just as in §11, 
D(—k) =D(k), since satisfies (28). Using the relations 
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m m 
Do = | =0, we», 
b= bel 


(34) = D1 — co) = 


b=1 
the product D(k)D(—k) =D*(k) reduces at once to (a/4—*)?-'. From this 
we deduce the following result: 


THEOREM 4. There are 3(p—1) linearly independent functions (32) 
satisfying the relation 


(III) f3(s) = a)? (=) —s), 


and 3(p—1) linearly independent functions that satisfy 
as T(1 — s) 


2x 


(IV) fils) = cos —s). 


13. Case 2, a=4g. Consider first the function (32) and the conditions 
(B) with m=2qg—1. We find, just as in §12, D(k)D(—k) =(a/4—k?)*-!, 
by using (34) which holds in this case on account of (35). But we no longer 
have the relation D(—k) =D(k) to determine the multiplicity of each root. 
The fact appears to be that 3a'/? is a root of D(k) of multiplicity g, and 
—}a'/? is of multiplicity g—1. I have not succeeded in obtaining a complete 
proof for this statement, but the following considerations will indicate the 
reasons for it. 

Denote by (B:), (Bz), - - - , (Bm) the separate equations of (B) in the order 
in which they are written. Multiply these by 5,, So, Sms respectively 
and add. We obtain 4ab,=k(s,bi+ - - - +5mybm), which, by using (B,) in 
the right member, reduces to 


(By) (= - (wu =1,2,---,q—1). 


It further seems to be always possible to form, by additions or subtrac- 
tions, a linear combination of the odd numbered equations (B,) in case 
qg=1 or 2 (mod 4), or of the even numbered equations in case g=0 or 3 
(mod 4), which reduce to the form 


(e181 + €353 + — + + ---) = 0, 
or 
+ €454 — + +--+) = 0, 
the e’s having the values 1, —1, or 0 (€,= +2, or 0), such that the first 


(By) 
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factor reduces by Gauss’ sums (or otherwise) to (}a'/?—k). The system of 
equations (B,), (B,), (B/),u=1, - - - ,g—1, appears to be equivalent 
to the original system (B) and evidently has a determinant whose factors 
in k are (a/4—k?)2-! (a1/2/2—R). 


To each of the two values of k correspond functions f(s) having as many inde- 
pendent parameters b, as the multiplicity of the corresponding root k and satisfy- 
ing one or the other of the relations (III), (IV). 


Consider now the functions (23) and the system (A) that their coefficients 
must satisfy. In evaluating the product D(k)D(—k), in this case, we use the 
relations 


0, » odd, 
—1, even, 
0, mw odd, 


1, w even, 


2 2 2 a 


{ 0, — vodd, 


= 


bal —1, uw — even. 


The product D(k)D(—k) is of the same form as in §11 except that, the 
determinant being of odd order, the elements 0, —1 in the last row and 
column will interchange. 

To reduce this determinant, add all the remaining odd numbered columns 
to the first column, and all the other even numbered columns to the second 
one. We can then divide k?(k?—1) out of the first two columns. The resulting 
determinant at once reduces, after adding the first column to each of the other 
odd numbered columns and the second column to each of the other even 
numbered columns, and we obtain 


D(k)D(— k) = k?(k? — 1)(Za — 


Continuing with the methods of Case 1, it is easy to show that D(k) has 
the roots 0 and —1, which must be excluded. The remaining 2¢—3 roots, 
apparently of multiplicity g—1 for 4a'/? and g—2 for —4}a'/?, determine 
functions f(s) having as many independent parameters a, as the multiplicity 
of the corresponding root & and satisfying (I), or (II). The facts that indi- 
cate the degree of multiplicity ave similar to those given at the beginning of 
this article. 


1929] FUNCTIONS REPRESENTED BY DIRICHLET SERIES 339 


14. Case 3, a=2m-+1. Considering first the conditions (B) that the 
function (32) shall satisfy (33), we readily find D(k)D(—k) =(a/4—k?)™. 
The same considerations as in the preceding case lead to the belief that D(k) 
has the two roots +43a'/? with the same degree of multiplicity, if m is even, 
and the root 3a'/? with multiplicity one higher, in case m is odd.* 

When m is odd, the relation corresponding to (B/) of §13 is more easily 
found as it consists of a sum of the equations (B,) multiplied by ¢,=1, —1, 
or0,u=1,---,m. 

The conditions that the function (22) shall satisfy (24) are the same as for 
Case 1, except that (Az) has only one equation a;+a.+ --- =0. The trigo- 


nometric relations in this case are 
1 


Cat 


The product D(k)D(—k) consists of a/4—3—k? for each element in the 
main diagonal and —3 for every other element. By adding all the other rows 
to the first, the common element }—k? divides out. By adding one-half the 
elements of the first row of the resulting determinant to each of the other 
rows we obtain 


D(k)D(— &) = (— 


By adding all the equations (A;) we get (—3—)(ait+a2+ - - - +@m)=0, 
which shows that D(k) has the root —}. This root does not satisfy the com- 
plete system (A). 

Apparently k = 3a'/? is a root of D(z) of multiplicity one greater than that 
of the root —3a'/?, if m is even, and of the same multiplicity if m is odd. 
The results of Cases 2 and 3 may be thus summarized: 


The number of linearly independent functions satisfying (1) and (III), or 
(II) and (IV), is equal to the multiplicity of the root 4a‘'? or —}a‘!?, of the 
determinant of the corresponding system of equations (A;) and (B). 


15. The argument of f,(s) on the line ¢=}. The functional equation (I) 
may be put in the form 


* Case 3, for a a prime number, has been completely solved by E. Cahen, Sur la fonction {(s) 
de Riemann et sur des fonctions analogues, Annales de l’Ecole Normale Supérieure, 1894, pp. 75-164 
His method, which is particularly suitable when a is a prime, does not seem to be applicable to any 
other case. We might notice here some errors in Cahen’s memoir. On p. 151, last line, the coefficients 
of the functions that we have denoted by 4, and 2 should be interchanged. A similar interchange 
should be made in line 4, p. 152. 
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1— 2 
(36) fl — s) = cos T(s) 

fils) 29 2 
Let s=}+it and write =p, (é)e*. If we take the logarithm of (36), 
the left member becomes —2¢,(é). By using the procedure of Gram* as 
developed for ¢(s), we obtain 


The functional equations (II), (III), (IV) yield similar formulas in which 
¢: is replaced by ¢o, $3, os respectively, and the term —} is replaced by 3, 
3, respectively. 

Let f(s), without subscript, denote any one of the functions f,(s). Write 
f(4+it) in the form 


+ it) = + ipsing = C(t) + iS(é). 


Denote by y any value of ¢ for which sin ¢(#) is 0, and by 8 any value of ¢ 
for which cos ¢(#) is 0. If there are any real values t=a+v which make S(é) 
vanish, they must be zeros of p(#) and hence zeros of {(}+7#) as well as of 
C(t). The result obtained by Gram for ¢(3+#t) holds equally well for our 
functions {(}+7#), viz.: 


THEOREM 5. If yn(>22/a) and Yn4: are two consecutive roots of sin $(t), 
and if C(n) and C(Yn4:) have the same sign, then an odd number of roots a of 
S(4+it) occur between yn and Yn4: on the line o =}, and hence there is at least 
one root in this interval. Similarly, if S(B,) and S(Bn4:) have the same sign, 
there is at least one root x in the interval (Bn, Bn41)- 


A simpler proof of Theorem 5 than that given by Gram would be this. 
Since y, and n+: are two consecutive roots of sin ¢(#)=0 and since —¢(#) 
is an increasing function for at>27, then ¢(7y.) and $(7n4:) are two consecu- 
tive multiples of 7 and hence cos ¢(#) takes opposite signs at ¢=y, and Yn41. 
Hence, if C(#)=p(é) cos $(#) preserves the same sign for two consecutive 
values of y, the factor p(#) must change sign in the interval (7n, Yn4+1)- 

16. The number of imaginary zeros of f(s). The functional equations 
(I), - - -, (IV) may be written 


(I’) x1(s) Ss), 
= 


* J. P. Gram, loc. cit., pp. 298-304. 


(II’) x2(s) = — x2(1 — 5), 


[April 
) w=1,2; 
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(HI) xa(s) = — 8), 1+s\/a\*2 

xu(s) = , w=3,4. 
(IV’) xa(s) = — xa(1 — 5), 


We propose to determine an upper limit N(7) for the number of imagi- 
nary zeros of the functions f,(s), whose coefficients we assume to be all real, 
in the region 0<i<T. 

Consider first the function 


£,(s) 3s(s 1)x,(s), 1,2. 


The zeros of &,(s) (excepting s=4) are the imaginary zeros of f,(s), u=1, 2. 
They are symmetrical with respect to the lines s=0 and o=}. Let f(s) 
denote any one of the functions under consideration and write 


fs) = Siew, 


the c, all real. Let oy be the least positive value of o such that 


| > | can*| 


n=ngtl 


Then there are no imaginary zeros of f(s) in the half-plane o>» and, on 
account of the functional equations, none in the half-plane ¢<1—do. 

The method of evaluating N(T) is very similar to that employed for ¢(s). 
I follow as closely as possible the treatment of Backlund* and refer to 
his paper for details. 

Consider the rectangle whose vertices are at+iT, 1—a+iT, a real >oo. 
Then we have 


aN(T) = Aagpy arg é,(s), 


the right member denoting the increment that the argument of é,(s) acquires 
as s describes the broken line aBy, B=a+iT, y=43+iT. 

The only variations from the steps given by Backlund arise in the 
calculation of Aas, arg f(s). Denoting by C(c, #) the real part of f(s), then 
Aapsy arg f(s)/m will not exceed the number of times that C(c, ¢) vanishes on 
the broken line aBy. The results of §7 tell us that, if f(s) contains the term 


*R. J. Backlund, Ueber die Nullstellen der Riemannschen Zetafunktion, Acta Mathematica 
vol. 41 (1918), p. 348. 
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Z(a, 1, s), the curve C(¢, #) =0 has no right-hand asymptotes and the vertical 
line ¢ =a>@» does not meet the curve. In this case Aag arg f(s) <7/2. 

In other cases the lines 2¢ log m»=(2n+1)z are right-hand asymptotes 
of the curve C=0 and hence C(c, #) vanishes on the line ¢ =a at the points 


(2n + 1)x 


38 
(38) 2 log mo 


+ e(a,n), lim , = 0. 
Moreover, when a is sufficiently large, the change of sign of C(a, #), as ¢ in- 
creases through one of the values (38), is due solely to the first term 
Cn,[cos (¢ log mo) |nz* and this term obviously changes sign but once in the 
vicinity of each point (38). 
Let m be the largest value of m in (38) for which ¢<7. Then we obtain 
T log n 
and hence 


Aas arg f(s) < T log mo + be, 


b, and b, being constants. 
We obtain as the final result, 


any?T 


—-1+ |, lim ¢(7) = 0, 


(39) N(T) = E 
2r 

The functions x,(s), u=3, 4, are regular at s=0, 1. Treating them in the 
same way as £,(s), £(s), we arrive at (39) as before. 

17. Proof that the functions x,(s) have an infinity of roots. Denoting 
by p, the roots of any of the functions x,(s) which are situated in the half- 
plane ¢>0, we find from (39) (Backlund, p. 354) that >> |p,-!-*| is conver- 
gent, e being a fixed positive number as small as we please. Hence the ex- 
ponent of convergence* of the roots of x,(s) does not exceed 1. 

If we substitute s=}+7¢ in the functions é,(s), x,(s), the functional 
equations (I’), - - - , (IV’) show that the functions &/t, xs, are uni- 
form integral functions of ##=z. The argument of Hadamardf relative to 
¢(s) applies at once to these functions and shows that each of them is of 
genus zero as a function of z and hence has an infinity of zeros, since it is 
obviously not a polynomial. 

Moreover, we can prove the following: 


* E. Borel, Legons sur les Fonctions Entiéres, p. 18. 
t Borel, loc. cit., 2d edition, pp. 84-88. 
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THEOREM 6. Those functions f,(s) that contain the term Z(a, 1, s) have an 
infinity of roots on the line o =}. 


The proof will be omitted as it is very similar to the Hardy and Little- 
wood* proof for ¢(s). We have followed the details as given by E. Landau.t 
They apply with no change for the functions f,(s), u=1, 2, except in the 
values of some of the multiplying constants, and in using for f,(s) a series of 
the form 


(40) ~ 0, 


n=1 


absolutely convergent for ¢ = 1, in place of the series used for ¢(s). 

As to the functions f,(s), 1=3, 4, which we also represent by (40), on 
account of the presence of the factor '{3(1+8)} in the corresponding 
functional equations (III’) and (IV’), all the formulas depending on this 
factor must be subjected to a re-evaluation, the general effect of which is to 
increase the exponent of ¢ by 3 in all these formulas. This extra power of ¢ 
divides out when we come to solve formula (526) of Landau, giving the same 
result O(#7/*) as for ¢(s). 

It is to be remarked that &(3+72t) and x,(4+7¢) have the root =0 and 
accordingly the functions f2(s) and f,(s) have the real root s=} in addition 
to the infinity of real roots already determined in §9. 

18. Generalization of the functional equation. Instead of the forms as- 
sumed for (24) and (33) we could make a more general assumption in which 
f(1—s) in the right member is replaced by f(1—s), the notation f meaning 
that the coefficients a;, - - - , dm (or b;,---, bn) in f are replaced by their 
conjugate imaginary values 4, - - - 

Instead of the equations of condition (A) or (B), we would have similar 
equations (A) or (B) in which the letters a;, - - - in the right members are 
replaced by 4;,---. Each case could be treated as in §13. For example, 
half the (B) equations of Case 1 could be replaced by the equations obtained 
by multiplying the given equations by s,, sa, - - - , respectively, adding, and 
using the conjugate of the uth equation (B). This would give 


(a/4—kk)b, =0 (u=1, 2, (p—1)/2). 


From this we see that the system (B) is satisfied if k= }a'/e, @ arbitrary. 


* The Riemann zeta-function and the distribution of primes, Acta Mathematica, vol. 41 (1917), 
pp. 177-184. 
t Vorlesungen tiber Zahlentheorie, vol. 2, 1927, pp. 78-85. 
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It is obvious that the resulting functional equation, multiplied by its conju- 
gate, will give the relation 


F (s) = f(s) . 


Functions f(s) satisfying equations obtained in this way include as special 
cases the Z-functions with imaginary characters. 


Cornett UNIVERSITY, 
Iraaca, N. Y. 


CONCERNING ZERO-DIMENSIONAL SETS 
IN EUCLIDEAN SPACE* 


BY 
R. L. WILDER 


A point set M, lying in a euclidean space, £Z,, of m dimensions, is said to 
be zero-dimensional in the Menger-Urysohn sense, if for every point P 
of M and every positive number e there exists a separation of M into two 
mutually separated sets M, and M, such that M, contains P and the di- 
ameter of M, is less than e.f 

The present paper is intended to serve as a contribution to the study of 
zero-dimensional sets in E,, particularly with reference to the relations of 
these sets to their complements. The property of accessibility of a point set 
from all sides is introduced and it is shown that in £, (m>1) all zero-dimen- 
sional sets possess this property and in £, are characterized by it. An 
example is given to show that, in the definition of accessibility used, arcs 
cannot be employed instead of continua. The same example shows that if 
M is a zero-dimensional set in E2, then, although it is well known that M 


is homeomorphic with a subset of J2, the set of all points in E, both of whose 
coérdinates are irrational, there does not in general exist a one-to-one 
continuous transformation of £; into itself which carries M into a subset of 
In; i.e., M is not in general isotopic with a subset of J; A necessary and 
sufficient condition is then obtained under which M will be isotopic with 
a subset of J2, and by application of this condition it is found that every 
punctiform F, in £; is isotopic with a subset of J». 


1 


DEFINITION. In this paper, the term region will be used to denote a simply 
connected, bounded domain. 
It follows from a theorem of Sierpinski{ that zero-dimensional sets are 


* Presented to the Society, April 15, 1927, under the title Concerning zero-dimensional sets in 
the plane; received by the editors March 31, 1928. 

{ For a general summary of the Menger-Urysohn dimension theory and references, see K. 
Menger, Bericht tiber die Dimensionstheorie, Jahresbericht der Deutschen Mathematiker-Vereinigung, 
vol. 35 (1926), pp. 113-150. 

t W. Sierpinski, Sur les ensembles connexes et non connexes, Fundamenta Mathematicae, vol. 2 
(1921), pp. 81-95. 
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identical with those sets that are punctiform and homeomorphic* with linear 
sets. Mazurkiewicz has shown{ that if a; and a2 are points of a punctiform 
set A in E, which is homeomorphic with a linear set, and D is a domain of 
E, containing a, then there exists a continuum C which lies wholly in D, 
contains no point of A and separates a; from a2. Hence, if M is a zero- 
dimensional set in E2, P and Q are distinct points of M, € is any positive num- 
ber less than the distance from P to Q, and D is the set of all points whose 
distance from FP is less than e, there exists a set F which is a subcontinuum 
of D—DXM and which separates P from Q. If R is that componentt of 
E,—F determined by P, then R is a domain. Its boundary, B, is a con- 
tinuum by virtue of a theorem of Brouwer;§ hence R is simply connected]| 
and consequently a region as defined above, its boundedness being evident. 
That B contains no point of M is obvious, since B is a subset of F. 

If a point set M in £, has the property that for every point P of M and 
every positive number e there exists a region containing P every point of 
which is at a distance from P less than ¢ and whose boundary contains no 
point of M, then it is obvious that M is zero-dimensional. We have then the 
following lemma: 


Lemma 1. In order that a point set M in E, should be zero-dimensional it is 
necessary and sufficient that for every point P of M and every positive number « 


there exist a region containing P every point of which is at a distance from P 
less than ¢ and whose boundary contains no point of M. 


DeriniTi0n. If P is a point of a point set M in E2, then M will be said to 
be locally separated at P provided that for every positive number e there 
exists a region containing P whose diameter is less than ¢ and whose boundary 
contains no point of M. If M is locally separated at all of its points, then M 
will be called locally separated. 


* Two sets M and WN are said to be homeomorphic if there exists a one-to-one continuous cor- 
respondence between them. A set is called punctiform if it contains no continuum. (A continuum 
is a closed and connected point set containing more than one point.) 

+ S. Mazurkiewicz, Sur un ensemble Gs, punctiforme, qui n’est pas homéomorphe avec aucun 
ensemble linéaire, Fundamenta Mathematicae, vol. 1 (1920), pp. 61-81, Theorem IV. It is clearly 
intended that the word “punctiforme” appear in this theorem—thus: “A est un ensemble punctiforme 
de 

} If M is a point set and P a point of M, then that component of M determined by P is the set 
of all points {x}, of M, such that x and P lie in a connected subset of . 

§ Cf. L. E. J. Brouwer, Beweis des Jordanschen Kurvensatzes, Mathematische Annalen, vol. 
69 (1910), pp. 169-175, Theorem 3. 

|| Cf. R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, vol. 15 
(1922), pp. 254-260, Theorem 2. 
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Derinition. A sequence of regions, G, is said to close down on a point P 
if every region of G contains P and if for every positive number « all but a 
finite number of regions of G are of diameter less than e. 

DeriniTion. A set of regions, G, is said to cover a point set M in the 
Vitali sense provided that if P is any point of M there exists an infinite se- 
quence of regions of G closing down on P. 

DeriniTion. A set of regions, G, is said to have property H if for every 
positive number ¢ there exist only a finite number of regions of G of diameter 
greater than e. 

Derinition. A point P of a set M in E, will be said to be accessible from 
all sides provided that if D is a Jordan region* whose boundary contains P, 
then P can be joined to any point x of D by a continuum C which lies wholly 
in D except for P, and such that all points of C except P and possibly x 
are points of E,—M. If in this definition the words “a continuum” are re- 
placed by “an arc,” the point P will be called arcwise accessible from all sides. 

Derinition. If M is a set of points in Z,, then £, will be said to be 
accessible from all sides with respect to M if every point P of E; is accessible 
from all sides when P is added to M. An analogous definition for “arcwise 
accessible from all sides with respect to M” is obvious. 

DEFINITION. Two sets M and WN lying in spaces S and T, respectively, 
are said to be isotopic in case there exists a one-to-one continuous cor- 
respondence between S and T under which M and N correspond to one an- 
other. Obviously S and T can be the same space. 

Derinit10n. If P is a point of a point set M in E,, then M will be said to 
be simply locally separated at P provided that for every positive number ¢ 
there exists a region containing P whose diameter is less than e and whose 
boundary is a simple closed curve which contains no point of M. If M is 
simply locally separated at all of its points, then M will itself be called 
simply locally separated. 


Lemma 2. If M is a zero-dimensional set, and P is a point not belonging to 
M, then M+P is zero-dimensional. 


This lemma is an immediate consequence of a result due to Urysohn,{ to 
the effect that the set of points at which a set T is of dimension =0 is dense 
in itself. 


* A Jordan region is a bounded domain complementary to a simple closed curve. 
¢t P. Urysohn, Sur les multiplicités Cantoriennes, Fundamenta Mathematicae, vol. 7 (1925), 
pp. 30-137, and vol. 8 (1926), pp. 225-359. See vol. 8, pp. 272-273. 


348 R. L. WILDER . [April 


THEOREM 1. If M is a zero-dimensional set in E, there exists a sequence of 
regions G whose boundaries contain no points of M, which cover M in the 
Vitali sense, and such that G has property H.* 


Consider first a bounded zero-dimensional set M. Let M’ denote the set 
composed of M together with all its limit points. By Lemmas 1 and 2, if 
P is any point of M’, there exists a sequence of regions, G(P), closing down 
on P whose boundaries contain no point of M. Let G’ be the collection of all 
regions belonging to sequences of the type G(P). By the Borel Theorem there 
exists a finite set, Gi, of regions of G’ covering M’. From G’ omit all regions 
of diameter >1 and call the resulting set of regions G/. As Gj covers M’, 
there exists a finite subset, G2, of G{, which covers M’. From Gj omit all 
regions of diameter >} and call the resulting set of regions G/. In general, 
if G,’ consists of the set of all regions of G’ of diameter <1/n, there exists a 
finite subset, Grs1, of G,’ , which covers M’. 

Let G=)>-; G,. Then if ¢ is any positive number, only a finite number of 
regions of G are of diameter >e, and furthermore, since for every point P 
of M there exists a region of G, (n=1, 2,3, -- -) covering P, G covers M 
in the Vitali sense. 

Since every unbounded set in EZ, is the sum of a denumerable collection 
of bounded sets, the set M, if unbounded, is the sum of a sequence of bounded 
sets M,, Mz, M;,---. The set G’ can be selected as before; in general G, 
can consist of all regions of G’ of diameter <1/n and Gy; can be a finite set 
of regions of G,’ covering the set )-; M;, together with its limit points. 


THEOREM la. Jf M is a simply locally separated set in Ez, there exists a 
set of Jordan regions G whose boundaries contain no point of M, which cover M 
in the Vitali sense, and such that G has property H. 


THEOREM 2. If M ts a zero-dimensional set in Ez, then E, is accessible from 
all sides with respect to M. 


Let D be a Jordan region and P a point on the boundary, B, of D. Let Q 
be any point of D. There exists a simple closed curve J which contains P 
and Q and which lies, except for P, wholly in D. The curve J is the sum of two 
arcs, ¢, and &, which have in common only the points P and Q. 

Let z be a point of R, the region bounded by J, and let ¢ be an arc whose 
end points are P and Q, which contains z, and which lies, except for P and Q, 
wholly in R. Let M;, be the set of points common to M and J—(P+(Q). 

* Note added in proof-reading: Since I have recently shown (in my paper Concerning the 
Phragmen-Brouwer Theorem, presented to the American Mathematical Society, December 27, 1928) 


that the theorem of Brouwer referred to above extends to dimensions (n> 2), it is clear that Lemma 
1 and consequently Theorem 1 are true in Z,, for n>2. 
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As M is zero-dimensional, there exists, by Theorem 1, a set of regions G 
which covers M in the Vitali sense and has property H, and such that the 
boundaries of regions of G contain no points of M. 

If x is any point of M,, there exists a region of G, g(x), which contains x 
and such that g(x) together with its boundary lies wholly in D and contains 
no point of ¢. The set of all points contained in regions of the type g(x), 
together with their boundaries, denote by T. That the set of points T7+J is 
a continuum C is easily shown from the properties of G. 

Let that connected domain complementary to C, which contains z, 
be denoted by D(z). The boundary, F, of D(z) is a subset of C and that it 
contains P and (Q is easily seen from the fact that all of ¢, except P and Q, 
lies in D(z). That F is a continuum follows from the Brouwer theorem 
referred to above, and that it contains no point of M except possibly P and 
Q is obvious. Hence F is a continuum which contains P and Q, contains no 
point of M except possibly P and Q, and lies, except for P, wholly in D. 


THEOREM 3. If M is a zero-dimensional set in E, and P and Q are any two 
points of E2, then P and Q can be joined by a continuum K every point of which, 
except possibly P and Q, is in E,—M; and indeed, if J is any simple closed 
curve enclosing both P and Q, K may be selected so as to lie entirely within J. 


From the above it is evident that whereas, by a theorem of Sierpinski,* 
the complement of a punctiform set in EZ, is connected im kleinen,} the com- 
plement of a set having the stronger property of zero-dimensionality is 
strongly connected im kleinen. 

If, when considering space E,(>2), we define accessibility from all sides 
as above, except that Jordan regions are replaced by bounded domains 
complementary to -dimensional spheres, the above results are easily ex- 
tended to higher spaces. Thus, we have the following theorem: 


THEOREM 4. If M is a zero-dimensional set in E,(n>1) then all points of 
E,, are accessible from all sides with respect to M, and the complement, E,—M, 
zs strongly connected im kleinen. 


I shall merely indicate how the proof is given for Z;. Let S be a sphere, P 


* W. Sierpinski, Sur un ensemble punctiforme connexe, Fundamenta Mathematicae, vol. 1 (1920), 
pp. 7-10. 

t Aset M is called connected im kleinen provided that if P is any point of M and eis any positive 
number, there exists a positive number p such that if Q is a point at a distance from P less than p, 
there exists a connected subset N of M containing both P and Q every point of which is at a distance 
from P less than e. If N can always be taken to be a continuum, then M is called strongly connected 
im kleinen. 
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a point on S and Q a point within S. Let T be any plane passing through P 
and Q. The intersection of S with T is a circle C, and with M is a point set m. 
The set m is zero-dimensional, and by Theorem 3 there exists a continuum 
K lying entirely within C, on T, and containing P and Q but no points of m 
except possibly P and Q. The rest of the proof should be obvious. 


THEOREM 4a. If, in E,(n>1), D is a connected domain and M is a zero- 
dimensional set and P and Q are distinct points of D, then there exists, in D, 
a continuum C which contains P and Q but which contains no point of M, 
except possibly P and Q. 


I shall indicate the proof for Z;. (For EZ, use Theorem 3 and the notion 
of simple chain indicated below.) Every point x of D is the center of a sphere 
S, which lies wholly in D. Let G denote the collection of all such spheres. 
Then there exists, from P to Q, a simple chain, S;, Sz, - - - , S:, of spheres* 
of the collection G. For each i(i=1, 2, - - - , R—1) let P; denote a point of 
E;—M common to S; and S;4:. By passing a plane through P; and Pi41 
and proceeding as in the proof of Theorem 4, it can be shown that there 
exists a continuum Cj; which lies wholly in S;4:, contains P; and Pi, 
but no point of M. Similar continua C; and C; can be obtained, where 
C,; joins P and P, in S;, and C; joins Py; and Q in S,. The continuum 
C; fulfills the condition stated in the theorem. 


Corottary. In E,(n>1) the complement of a zero-dimensional set is 
strongly connected. 


THEOREM 5. Jn order that a set in E, should be zero-dimensional it is neces- 
sary and sufficient that it should be accessible from all sides. 


That the condition is necessary follows from Theorem 2. 

The condition is also sufficient. Let P be any point of M. I shall show that 
M is locally separated at P. If € is any positive number, let Ci, C2, C3, and 
C, be circles with centers at P with radii €/4, €/2, 3/4, and e¢, respectively. 
On a radius of C,, let the intersections with the circles C;(i=1, 2, 3, 4) occur 
in the order Plkji, and on the radius diametrically opposite let a and b be 


* If “region” be replaced by “sphere,” the definition of simple chain and Theorem 10 as given 
on pp. 134-135 of R. L. Moore’s Foundations of plane analysis situs (these Transactions, vol. 17 
(1916), pp. 131-164) will suffice for reference here. 

¢ It was shown by Urysohn (loc. cit., vol. 8, p. 355) that if M is an F, of dimension <n—1 
in E,(n>1) and D is a connected domain, then D—D XM is strongly connected. (As a matter of 
fact, as I have pointed out in my paper Concerning a theorem of J. R. Kline, not yet published, 
D—DXM is arcwise connected.) Theorem 4a shows that for the case »=2 the restriction that M 
be an F, is unnecessary. 
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the intersections with C; and C2, respectively. On C; let m, n, o be points in 
the order (counter-clockwise) /mnoa. Extend the radius Pn of C, to meet C; 
at c; and the radius Pm to meet C; and C; at d and gq, respectively. On C, 
let f and e be selected so that the order (counter-clockwise) kfedcb is obtained. 
Let a radius of C, through f cut C; and C,in g and 4, respectively, and a radius 
through e meet C; in s. Denoting straight line intervals by brackets, and 
arcs of circles by parentheses, define simple closed curves J; and J; as follows: 


J; = [Pab] + (bedef) + [fgh] + (ik) + [ikl] + (mno) + [oP], 


(th) being so chosen that J; encloses points of [nc]; 


J2 = [Pmdq] + (gigs) + [se] + (efkbc) + [cnP]. 


That arc jg on C; which does not contain s forms, with the portion 
[ji] + (ch) + [hg] of Ji, a simple closed curve J3. Let Q, be a point interior to 
J;, not belonging to M. As Q, is interior to J;, there exists a continuum K, 
containing Q, and P, and lying, except for P, wholly interior to J;, and con- 
taining, except for P, only points of E,—M. Let 


Js = [fg] + (gs) + [se] + (ef), 


where (gs) does not contain j, and (ef) does not contain k, and let Q, be 
a point of E,—M interior to J,. As Q: is also interior to Jz, there exists a 
continuum K; containing Q, and P, lying, except for P, wholly interior to Jz, 
and containing, except for P, only points of E.—M. 

The continuum K;, contains a continuum 7; which lies wholly within or 
on the boundary of the annular domain bounded by C;, and C;, and contains 
points on both C; and C;.* The points of 7; on C; lie on the arc jg of Js, 
and the points of T, on C; are on that arc ao of C; which does not contain n. 
The continuum K; contains a continuum 7; which lies wholly within or on 
the simple closed curve J; defined as follows: 


Is = [fg] + (gia) + [gdm] + (mn) + [nc] + (cbkf), 


where (mn) does not contain a, and such that 7; has points on both [fg] 
and (mn). 

The continuum T=7,+T, does not contain P and hence is a subset of 
E,—M. If D is that complementary domain of T determined by P, then D 
is a region whose boundary is a subset of 7, and such that D contains no point 
on or exterior to C,. The diameter of D is less than e, and hence M is locally 
separated at P. 


* Cf. Anna M. Mullikin, Certain theorems relating to plane connected point sets, these Transactions, 
vol, 24 (1922), pp. 144-162, Theorem 1. 
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If a set M in E, is accessible from all sides, then by Theorem 5 it is zero- 
dimensional; and hence, by Theorem 2, £, is accessible from all sides with 
respect to M and, by Theorem 3, E,:—M is strongly connected im kleinen. 
Hence the following corollary: 


Coro.iary. If a set M in E, is accessible from all sides, then E is acces- 
sible from all sides with respect to M, and E,—M is strongly connected im kleinen. 


Thus in £; accessibility from all sides of a set, and accessibility of E, from 
all sides with respect to that set, are equivalent properties. 

That ordinary accessibility of points of M, in the sense that if P is a 
point of M and Q a point of E,—M there exists a continuum K containing 
P and Q and such that K X M =P, is not sufficient, even where M is puncti- 
form and totally disconnected, to insure the zero-dimensionality of M is 
shown by the example of a quasi-connected point set in my paper A set 
which has no true quasi-components and which becomes connected upon the 
addition of a single point.* The set described in this paper is accessible by 
arcs. 

That in the definition of accessibility from all sides used above, arcs can- 
not be employed instead of unrestricted continua will be shown by the ex- 
ample given in §2 of a zero-dimensional set which is not simply locally 
separated. 


2 


It is known} that the set, Js, of all points in E, both of whose coérdinates 
are irrational is homeomorphic with the set, J,, of points in Z, whose abscissas 
are irrational. Sierpinski has shown that zero-dimensional sets are homeo- 
morphic with linear sets and hence with subsets of J;.[ Hence every zero- 
dimensional set is homeomorphic with a subset of Jz. This suggests the 
question: Is a zero-dimensional set in E, isotopic with a subset of J,? It is 
to be noticed, first, that any subset of J; is simply locally separated as 
defined above, and that any set isotopic with a subset of J, must accordingly 
be simply locally separated. Hence I shall first show that the above question 
cannot be answered affirmatively by giving an example of a zero-dimensional 
set in E; which is not simply locally separated at any point. 


* Bulletin of the American Mathematical Society, vol. 33 (1927), pp. 423-427. 

1 Cf. M. Fréchet, Les dimensions d’un ensemble abstrait, Mathematische Annalen, vol. 68 
(1910), pp. 145-168. See especially p. 154. 

¢ Cf. Menger, Bericht tiber die Dimensionstheorie, loc. cit., pp. 125-126, and references given 
therein. 
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Consider, first, a set M constructed as follows: Let T be a unit square, 
and for each positive integer » divide T into m? equal squares, letting T, 
denote the corresponding set of m* squares. For each square, t, of T,,, construct 
a continuum K(é) of which every subcontinuum is indecomposable* and 
which lies wholly within ¢ except that it contains four points on ¢, these 
being the mid-points of the four sides of ¢. For each m let M, denote the 
set of points obtained by adding together the point sets K(¢) for all squares 
tof T,. Let M=>-; M,. This set, M, was first constructed by R. L. Mooret 
as an example of a connected and connected im kleinen point set which 
contains no arc. The point set which I wish now to consider is the comple- 
ment of M within and on T. Denote this set by NV. 

The point set WV is a zero-dimensional G;{ and is everywhere dense in T 
and its interior. For if P is a point of N within T and C is a circle with 
center at P, there exists a positive integer m such that not only does a square 
tof T,,, within or on which P lies, lie wholly within C, but also all those squares 
of T, adjacent to ¢. The eight continua K, constructed relative to T, in 
these adjacent squares form a continuum F. That complementary domain 
D of F which contains P is a region which lies wholly interior to C and whose 
boundary contains no point of NV, being a subset of F and hence of M. Then 
N is locally separated at P. In case P is on T it can be shown in a similar 
way that N is locally separated at P. That N is everywhere dense in T and 
its interior is evident since every arc interior to T contains points of N. That 
N is a G; is evident since M is an F,. But it is obvious that N is not simply 
locally separated at any point and consequently N is not isotopic with J». 

By an extension of this example there can be obtained an example of a 
zero-dimensional set which is dense everywhere in E2, but which is not iso- 
topic with J;. This comment is of interest, perhaps, in that it relates to the 
analogue, for punctiform uncountable sets, of a theorem first given by 
Fréchet§ and later by Urysohn|] to the effect that all denumerable sets dense 
in EZ, are isotopic. If there exists any analogue of this theorem for uncount- 
able sets, the example just indicated shows that zero-dimensionality is not a 
sufficient condition for isotopism of such sets. 


* Cf. B. Knaster, Un continu dont tout sous-continu est indécomposable, Fundamenta Mathe- 
maticae, vol. 3 (1922), pp. 247-286. 

¢ R.L. Moore, A connected and regular point set which contains no arc, Bulletin of the American 
Mathematical Society, vol. 32 (1926), pp. 331-332. 

¢ A Gs isa set of points common to a denumerable infinity of open sets. 

§ M. Fréchet, loc. cit., p. 159. 

| P. Urysohn, Sur les multiplicités Cantoriennes, loc. cit., vol. 7, pp. 83 ff. Urysohn states that 
Fréchet’s proof seems to him insufficient. 
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I shall now proceed to establish a condition which characterizes those sets 
which are isotopic with subsets of J2. 


THEOREM 6. Let M be a point set in E,. Then in order that M should be 
simply locally separated, it is necessary and sufficient that E, be arcwise ac- 
cessible from all sides with respect to M. 


The condition is necessary. Let M bea simple locally separated set in E., 
and let P be any point of Z,. Let J be any simple closed curve containing P. 
Let D be the bounded domain complementary to J, and let Q be any point 
of D. 

There exists a simple closed curve K which contains P and Q, and which 
lies, except for P, wholly in D. Denote the interior of K by R. There exists 
an arc ¢ which has P and Q as end points, and which lies, except for these 
two points, entirely in R. 

Denote the point set M x [K—(P+(Q)] by M,. 

Since M is simply locally separated, there exists, by Theorem 1a, a se- 
quence, G, of Jordan regions, which covers M in the Vitali sense and has 
property H, and such that the boundaries of the regions of G contain no points 
of M. 

If x is a point of M,, there exists a region g, of the collection G which con- 
tains x and such that g/ lies wholly in D and contains no point of ¢. The set 
of all points which lie in regions of the type g, together with their boundaries 
denote by T. The set of points T+ is a continuum C. Furthermore, C is 
a continuous curve. To show this, I shall employ Sierpinski’s characteriza- 
tion* of a continuous curve; i.e., a bounded continuum JN is a continuous 
curve provided that for every positive number e, N is the sum of a finite 
collection of continua each of which is of diameter less than e. 

Let e be any positive number. Then K, being a continuous curve, is the 
sum of a finite collection of continua, Ci, C2, - - +, C,, each of which is of 
diameter less than e/4. Since G covers M in the Vitali sense, there is only 
a finite number of regions of G of diameter >e/4. Hence those regions of G 
which constitute part of T and are of diameter >e/4 are finite in number, 
and as a Jordan region together with its boundary forms a continuous curve, 
each of them together with its boundary is the sum of a finite number of 
continua of diameters less than e; denote the set of all such continua by G. 
If g. isa region which constitutes part of T and is of diameter less than e/4, 
and if C; (1<i<n) is a part of K which contains a point of g/, then Ci, 


* W. Sierpinski, Sur une condition pour qu’un continu soit une courbe jordanienne, Fundamenta 
Mathematicae, vol. 1 (1920), pp. 44-60. 
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together with all such regions g, and their boundaries forms a continuum C}. 
That C/ is of diameter less than e is obvious. Therefore C is the sum of a 
finite collection of continua, viz., C/, C/, - - - , C,’, and the continua of the 
collection G;, all of which are of diameter less than e, and hence is a continu- 
ous curve. 

If z is an interior point of ¢, denote by D, that complementary domain of 
C determined by z. Denote the outer boundary of D, by B. By a theorem due 
to R. L. Moore,* B is a simple closed curve. That B contains P and Q is 
easily seen, and clearly B lies wholly in D, except for P, and contains no 
point of M except possibly P and Q. As B is the sum of two arcs whose end 
points are P and Q, the condition stated in the theorem is proved necessary. 

To show that the condition stated in the theorem is sufficient a modifica- 
tion of the proof of Theorem 5 may be employed. 


THEOREM 6a. In order that a point set in E, should be simply locally sepa- 
rated it is necessary and sufficient that it be arcwise accessible from all sides. 


Corotuary. If a set M in E, is arcwise accessible from all sides, then E, 
is arcwise accessible from all sides with respect to M, and E,—M is arcwise 
connected im kleinen; and if P and Q are points of a connected domain D in EF, 
there is an arc from P to Q which lies wholly in D and contains no point of M 
except possibly P and Q. 


The proof of the latter part of this corollary can be obtained by use of the 
simple chain idea (see proof of Theorem 4a), the arcwise accessibility of E; 
with respect to M, and of the fact that if C is a circle enclosing two points 
A and B there exists a simple closed curve within C which contains A and 
encloses B. 


THEOREM 7. In Ez, let M be a point set and let I, denote the set of all points 
both of whose codrdinates are irrational. Then in order that M should be iso- 
topic with a subset of Iz, it is necessary and sufficient that it be simply locally 
separated. 


That the condition stated in the theorem is necessary is obvious, since I, 
is itself simply locally separated. 

To prove the condition sufficient, I shall proceed by methods based on 
R. L. Moore’s Concerning a set of postulates for plane analysis situs.{ I shall 
therefore first state a series of lemmas which are adaptations, as signified 


* Concerning continuous curves in the plane, loc. cit., Theorem 4. That the boundary of D, is 
itself a continuous curve is demonstrated by Moore in the proof of Theorem 4. 
¢ These Transactions, vol. 20 (1919), pp. 169-178. 
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in each case, of Moore’s theorems B-G. It will be understood that when a 
theorem is designated by letter it is one of Moore’s theorems, and that when 
a theorem is designated by number it refers to a theorem in the present 
paper. Wherever a proof is not indicated it will be understood that the proof 
is only a slight modification of Moore’s proof with the use of Theorem 6. 


Lemma 3 (Adaptation of Theorem B). Jf J and L are two simple closed 
curves and A and B are two distinct points of JX(E:—M) each of which is 
either not on L at all or on some segment that is common to J and L, then there 
exists an arc from A to B which lies entirely in E,—M and, except for its end 
points, within J, and has not more than a finite number of points in common with 
L. 

The proof of Lemma 3 is similar to that of Theorem B, except that use is 
made of Theorem 6 (a) in establishing the existence of the arc AB in E,—M, 
in the first sentence of the proof as given by Moore, and (b) in establishing 
the existence of the arcs A,Z,B, of lines 10-12, page 172, so that these have, 
in addition to the properties outlined there, the further property that they 
lie in 

Lemma 4 (Adaptation of Theorem C). Jf the closed curve g lies in E,—M 
and has only a finite number of points in common with the closed curve ABCDA 
and does not contain A, B, C, or D, then the interior of ABCDA can be divided 
by double ruling* such that (1) the arcs of this ruling lie in E,—M, (2) the arcs of 
one of its single rulings are parallel to AB and CD and those of the other are 
parallel to AD and BC, and (3) the subdivisions of ABCDA made by this ruling 
are such that the interior of each one of them is either wholly within or wholly 
without g. 

Lemma 5 (Adaptation of Theorem D). Jf ABCDA is a simple closed curve 
and G is a set of simple closed curves which lie wholly in E,—M and each point 
on or within ABCDA is within some curve of the set G, then the interior of 
ABCDA can be divided by a double ruling such that (1) the arcs of this ruling 
lie wholly in E,—M, (2) the arcs of one of its single rulings are parallel to AB 
and CD and those of the other are parallel to AD and BC, and (3) the subdivi- 
sions of the interior of ABCDA formed by these rulings are such that each lies 
within some curve of the set G. 


Lemma 6 (Adaptation of Theorem E). Jf ABCDA is a simple closed curve 
there exist two sets of arcs, a, and a2, such that (1) each arc of a lies wholly 
within ABCDA except that its end points are on AB and CD, (2) each arc of 


* For definitions see Moore’s paper, loc. cit. 
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az lies wholly within ABCDA except that its end points are on BC and DA, 
(3) a(i=1, 2) is the sum of two collections of arcs, a; and b;, such that (i) if d 
is an arc of b;, then d is the sequential limiting set of a sequence of arcs of the 
set a; and a;is a denumerable set, (ii) the arcs of a; contain no points of M, (4) 
each point on ABCDA, with the exception of A, B, C, and D, is an end point of 
either just one arc of o or just one arc of a2, (5) through each point within 
ABCDA there is just one arc of co and just one arc of a2, (6) each arc of o has 
just one point in common with each arc of a. 


The proof of Lemma 6 is the same as that of Theorem E, the curves in 
each set 6, being selected in E,—M, however. 


Lemma 7 (Adaptation of Theorem F). There exists a denumerably in- 
finite sequence of simple closed curves Ji, J2, Js, such that every point of 
lies within at least one of them and such that for every n, Jn4: encloses J,,, and J, 
lies wholly in E,—M. 


The proof of Lemma 7 is either a modification of the proof of Theorem F 
or an application of Theorem 6 to a series of annular domains. 


Lemma 8 (Adaptation of Theorem G). There exist in E, two sets, G, and 
Ge, of open curves such that (1) through each point there is just one curve of Gy 
and just one curve of G2, (2) each curve of G; has just one point in common with 
each curve of Ge, (3) Gi(i=1, 2) consists of two sets of open curves Gi and Giz 
such that (a) no curve of the set Gi, contains a point of M, (b) the set Ga is de- 
numerable, (c) every curve of the set Giz is the sequential limiting set of a sequence 
of curves of the set Gir. 


To establish the sufficiency of the condition stated in Theorem 7, proceed 
as follows on the basis of Lemma 8: Let g; and g, be particular open curves 
of the collection Gj, and Ga, respectively. Between the points of g; and the 
points of the x-axis there is a one-to-one continuous correspondence in which 
the intersections of g,; with curves of the set Ga correspond to points on the 
x-axis whose abscissas are rational and the intersections of gi with curves 
of the set Gz2 correspond to points on the x-axis whose abscissas are irrational, 
and in which the intersection of g, with gz corresponds to the point of the x- 
axis whose abscissa is zero. Similarly, between the points of g. and the 
points of the y-axis there exists a one-to-one continuous correspondence in 
which the intersections of g. with the curves of the collection Gi, correspond 
to the points of the y-axis whose ordinates are rational and the intersections 
with the curves of the collection Giz: correspond to the points whose ordinates 
are irrational and in which the intersection of g,; and gz corresponds to the 
point whose ordinate is zero. 
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Let 2, denote the ordinary cartesian system of codrdinates, and let 2, 
denote a system of coérdinates defined as follows: If P is any point of F., 
the intersection of that curve of the collection G, which contains P with g, 
corresponds, in the correspondence outlined above, to a point of the x-axis 
whose abscissa is, say, 2; and the intersection of that curve of G,; which con- 
tains P with g, corresponds to a point of the y-axis whose ordinate is 2; then 
the codrdinates of P in the system  , will be (2, yz). Then there exists a 
one-to-one continuous transformation of £, into itself in which two points 
correspond if and only if their respective coérdinates in the two systems 
~, and 2; are identical, each to each. Since points of M lie only on curves of 
the sets Gz: and Gz, it is evident that these points correspond to points both 
of whose coérdinates are irrational in the system 2}; i.e., the points of M 
correspond to a subset of J2. 

As a consequence of Theorems 6a and 7 we have 


THEOREM 7a. In order that a set of points in E, should be isotopic with a 
subset of Iz, it is necessary and sufficient that it be arcwise accessible from all 
sides. 


THEOREM 8. In E2, let M be a punctiform F,;* then E, is arcwise accessible 
from all sides with respect to M. 


In my paper Concerning a theorem of J. R. Kline, I have shown that if, 


in Z,, D is any connected domain and N is a punctiform F,, then the set 
D—DXvN is arewise connected. Accordingly, if J is any simple closed curve 
and P is a point of J, and Q is a point of the region, R, bounded by J, it is 
easy to prove that there exists an arc from P to Q which lies, except for P, 
and possibly Q, wholly in the set DX (£,—M). 

As a consequence of Theorems 6 and 8 we have 


THEOREM 9. In E, every punctiform F, is simply locally separated. 
As a consequence of Theorems 7 and 9 we have 
THEOREM 10. In E, every punctiform F, is isotopic with some subset of Iz, 
the set of all points both of whose codrdinates are irrational. 
3. SOME PROBLEMS 


1. Under what conditions is a zero-dimensional set in E, (m>2) isotopic 
with a subset of J,, the set of points all of whose codrdinates are irrational? 


* A set is an F, if it is the sum of a denumerable collection of closed sets. Cf. F. Hausdorff, 
Grundstige der Mengenlehre, Leipzig, 1914, pp. 304 ff. 
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2. If M is a punctiform F, in E, (n>2), is M isotopic with some subset 
of 

3. When is a zero-dimensional set M in E, (n>2) arcwise accessible from 
all sides, and when is E, arcwise accessible from all sides with respect to M? 
Are the two properties equivalent? 

4. If M is a zero-dimensional set in E, (w>2) under what conditions 
is the complement of M arcwise connected? More generally, if D is a con- 
nected domain, when is D—DXM arcwise connected; when are any two 
points of D, say P and Q, the end points of an arc of D which contains no 
point of M, except possibly P and Q? 

Problems 3 and 4 are obviously closely related, for it is easy to show 
that if any set M (zero-dimensional or not) is such that E, is arcwise acces- 
sible from all sides with respect to M, and D is a connected domain and P and 
Q are points of D, then D contains an arc from P to Q which contains no point 
of M except possibly P and Q. 

5. What is the maximum dimension of a point set which is accessible 
from all sides in E,? 

The solution of Problem 5 for »=2 is obviously given by Theorem 5. 

6. Let M be an arbitrary point set and D a connected domain in £,,. 
Is there a more general condition than that given by Urysohn (see footnote 
accompanying Theorem 4a) sufficient to ensure the strong connectivity of 
D-DXM? 
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ON THE LINEAR PARTIAL q-DIFFERENCE EQUATION 
OF GENERAL TYPE* 


BY 
C. RAYMOND ADAMS 


Introduction. In a paper published some time agof the author defined 
the linear partial g-difference equation and examined a class of such equa- 
tions. The general methods employed were those introduced by Birkhoff{ 
in studying the linear ordinary difference equation. It is our purpose here to 
investigate the general problem of the partial g-difference equation, to which 
the methods of Birkhoff, based primarily on iteration, are not applicable. 
We propose to establish existence theorems by direct convergence proofs. 

The equation considered is§ 


(1) ai;(x, 0, 

#,7=0 
in which the a;;(x, y) are known functions of the complex variables x and y, 
analytic at the place (0, 0); g and r are constants, not zero and of moduli 
~1;and f(x, y) is the function to be determined. We may write 


(2) = aijzoo + + aijxy for | x| < Ri, 
ly| <Rs (i,j =0,1,---,m), 


and without loss of generality we may and do assume |gq| and |r| both greater 
than 1. 
For convenience in notation we define 


g(p,o,k,l,m, p) = 


t,j—0 


t,j=0 


n 
i,j—0 

* Presented to the Society, September 7, 1928; received by the editors August 24, 1928. 

t Adams, The general theory of a class of linear partial q-difference equations, these Transactions, 
vol. 26 (1924), pp. 283-312; this paper will hereafter be referred to as I. 

t Birkhoff, General theory of linear difference equations, these Transactions, vol. 12 (1911), pp. 
243-284. 

§ It is clearly possible to write equation (B) of I in this form. 
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Then the algebraic equation 
(4) g(p,0,0,0,0,0) 0 


is called the characteristic equation of (1) for (0, 0). We speak of a pair of 
values po, oo satisfying (4) as the characteristic number-pair (po, oo); it is said 
to be simple if g(p, ao, 0, 0, 0, 0) =O has po as a simple root and if g(po, o, 
0, 0, 0, 0) =0 has op as a simple root. 

We term (0, oo) a regular characteristic number-pair when the following 
assumptions are fulfilled: (a) both pp and a» are finite and different from zero; 
(b) (0, oo) is simple and satisfies none of the equations 


(S) g(p,0,k,1,0,0) = 0, 


where & and / are positive integers or zero but not both zero; (Cc) dnnoo is not 
zero; (d) po satisfies none of the equations 


ainoop'g** = (k=0,1,---,K-—1); 
i=0 


(e) oo satisfies none of the equations 


Yan = 0 ---,L—1). 
j=0 
K and L are integers presently to be determined. 

We direct our attention first, in §§1, 2, to the case of a regular charac- 
teristic number-pair, exhibiting a corresponding series that formally satisfies 
(1) and by proof of convergence demonstrating the existence of a solution 
analytic in the vicinity of (0, 0). In §§3, 4 we examine, with similar results, 
the case of an irregular characteristic number-pair whose irregularity is 
due to the failure of assumption (b) alone. §5 is devoted to the cases of other 
irregular characteristic number-pairs. We conclude in §6 with a brief con- 
sideration of the non-homogeneous equation obtained by adding to the left- 
hand member of (1) a known function. 

It is of interest and importance to observe (i) that §§1, 2 provide a simple 
and brief derivation of the fundamental existence theorem of §2 of I; (ii) that 
if the coefficient functions a;,(x, y) are analytic at the place (©, ), or at 
the place (0, ©), or at the place (oo, 0), the situation with regard to solutions 
in the vicinity of this place is entirely parallel to that described in detail 
here; and (iii) that the methods employed here are applicable at once to 
the linear partial g-difference equation of general type in N independent 
variables. 
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1. Regular characteristic number-pair; formal series. Corresponding to 
a regular characteristic number-pair (po, oo) there exists a formal solution 
of (1), 


(6) s(x,y) = x%y*(soo + Siox + sayt---), 
where* 


] 
and 


log g log r 


The coefficients in (6) may be calculated by substitution of the series in (1); 
Soo is arbitrary, but the subsequent coefficients are determined uniquely in 
terms of it by the relation 


k 


> Sig(p0,00, k— i,0)+ > siig(p0,00, i,j, k—i,l—j) 
t=0 


j=0 


&(p0,70,k,1,0,0) 


It may be remarked that assumptions (c), (d), and (e) are not needed for 
this section. 

2. Regular characteristic number-pair; existence of an analytic solution. 
For convenience we assume that the associated radii of convergence of the 
series (2) are all greater than 1. It can readily be shown, as in the case of the 
linear ordinary q-difference equation, that this hypothesis is no real restric- 
tion. 

We seek to prove the convergence of the series (6) by finding a conver- 
gent dominant series. Let us first examine the denominator of (7) with a view 
to establishing the inequality 


(8) | 8(p0,00,k,1,0,0) | > c| | (Cc > 0) 
for k, 1,--~- but not both zero. After the factor is 
removed from |g(po, ao, &, /, 0, 0) |, the remaining factor is 


Qn n—1,00 @n000 An—1,n00 ,n—1,00 


(9) 


Gn—1,000 2on00 20 ,n—1,00 20000 
griatk) gnlatk)ybtt |" 


* Throughout the paper we take, for definiteness, those determinations of log x, log y, log po, 
log oo, log g, and log r in which the coefficient of (—1)1/? is positive or zero and less than 27. 

t Adams, On the linear ordinary q-difference equation, Annals of Mathematics, (2), vol. 30 (1929), 
No. 2; we shall refer to this paper as II. 
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Since @nanoo is not zero, a value of J, which we denote by L, can be found to 
make 


n—1,00 2n000 | @nno0 | 
< n+2 for be L. 


Then we have 


,n—1,00 
oth 


,n—1,00 24000 


Ginoo + S | ainoo| + 


(ot+l) 


+ ~1) 


and a value of k, which we denote by K, can be found to yield the inequality 


n—1,00 
pr(o+L) | | 
< 


| (ork) | n+2 


| Ginoo | + 


fo R2AK,12L 


(i =0,1,---,n—1). 


Thus for k=>K,/=L the quantity (9) is greater than |@nnoo|/(#+2). 
For any particular /<Z we can, by virtue of assumption (e), choose k; 
so large that the sum of terms containing q in (9) is in absolute value less than 


n—1,00 @n000 


1 
(10) 2 2nn00 for k= ki, 


and the quantity (9) is then greater than (10). 
For any particular k<K we can, because of assumption (d), choose /; so 
large that the sum of terms containing r in (9) is in absolute value less than 


Gn—1,n00 Zon00 


and the quantity (9) is then greater than (11). 

Now there are only a finite number of pairs of values k, / not included in 
the three classes K, l= L; k<K, l2l,; 1<L, R2=k:. For each of these 
pairs, by assumption (b), the quantity (9) has a positive value Cy. If then 
we take for C the smallest of the constants 


| | 
n-+2 
the inequality (8) will be satisfied. 


; (10) for? = 0,1,---,2—1;(11) fork =0,1,---, 
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Turning to the numerator of (7) and recalling that the series (2) converge 
for x =y=1, we have 


| asimp| < M’ (i,j = 0,1,---,;m,p=0,1,---), 
M’ being a suitable positive number. Let the largest of the quantities 
7 =0, 1, - - - , m) be denoted by M’’. Since |g| and |r| are greater 


than 1, we then have 


1 
| | + 1)2M’M" | | (x | sia| 


t=O 


k 
t=O 


Defining as |soo| and setting 
(m + 1)?M’M” 


C| | 


we obtain the following bound for s,:: 


(12) Se = ul Gio +t 5a +5) + +504], 


k and / being any positive integers or zero but not both zero. From this 
formula follows at once the recurrence relation 


k-1 
(13) Se = M D5 + (M+ 51, 


in which $,,: and 5_,,, are to be interpreted as zero. 
It is possible to show directly that the series 


(14) 


k,l=0 


has associated radii of convergence greater than zero. For simplicity and 
for convenience in our later work, however, we prefer to establish this fact 
indirectly, by proving the same property for the dominant series 


(15) Suxty', 
k,l=0 

where Soo =5o9 and S;: is determined by the recurrence formula 
k—1 

(16) Si = (M+ DSi: +510] = = 0). 


The basis of our proof is the rather obvious 


= 
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Lemma. A sufficient condition that a power series in two variables with 
positive coefficients have associated radii of convergence greater than zero is that 
the simple power series which it becomes upon setting y=x have a positive radius 
of convergence. 


From (16) we have* 
Ser S (M + + Set) + S (M + + Sen). 
The series (15) is therefore dominated by 
(17) 12,9) Tusty', 
k,l=0 
in which T 99 = Soo and is given by the relation 
Tir = (M + + Tew) (Te -1 = T-1,.. = 0). 


In the simple power series 


T(x,x) = 


the coefficients are 


T, = >> Te = 2) Ter = 2(M + 2)T-1. 
Hence T(x, x) converges for |x|<1/[2(M+ 2)] and the series (17), (15), 
(14), and (6) all have associated radii of convergence that are positive. Thus 
we obtain 


THEOREM I. Corresponding to each regular characteristic number-pair 
(po, Fo) there exists a solution of the equation (1) which is analytic in the vicinity 
of the place (0, 0) and is expressed there by the series (6). 


It may be added that if ain(x, y) [ani(x, y)] vanishes identically for 
i=0,1,---,n-—1, the region of analyticity of the solutions can be extended 
away from the origin in the x-plane [y-plane] by repeated use of the equation (1) 
itself; if both of these conditions are satisfied, each of the series (6) converges out 
to the nearest place which is a singularity of the coefficient functions a;;(x, y) 
or a zero of Ann(x, y) and represents an analytic solution of (1) thus far out from 
(0, 0); if, further, the a;; (x, y) are all rational functions, these solutions analytic 


* The proof of convergence of (15), as originally constructed by the author, is based on a com- 
parison of >~x41-» Ser with Soo(1+1+1)7, by which it is dominated. The particularly simple discus- 
sion given in this paragraph follows the lines of a suggestion by J. D. Tamarkin. 
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near (0, 0) are analytic except for poles over the entire finite x- and y-planes, 
except perhaps for x =0 and y=0. 

3. Irregular characteristic number-pair, the irregularity arising from 
failure of assumption (b) only; formal series. Let us consider first a charac- 
teristic number-pair (po, 9) which is of multiplicity u(=1) in p(i.e., g(p, oo, 
0, 0, 0, 0) =0 has po as a root of multiplicity 4) and which satisfies exactly 
v(=0) of the equations (5), each equation being counted a number of times 
equal to the multiplicity in p of the solution (go, oo). To this number-pair 
there correspond, whether (po, oo) is simple or multiple in ¢, » formal solu- 
tions of (1), 


where 


and (P.S.) is used in a generic sense to denote a power series in x and y. 
The coefficients in (18) may be calculated by substitution of the series in(1). 
In the power series in s;(x, y) there are in general* »+7 coefficients whose 
values may be assigned arbitrarily; all of the other coefficients are then 
uniquely determined. © 


It is now quite evident from symmetry that if (po, oo) is of multiplicity 
nino and satisfies exactly v of the equations (5), each equation being counted 
a number of times equal to the multiplicity in o of the solution (po, ¢9), 
there correspond, whether (9, oo) is simple or multiple in p, » formal solu- 
tions precisely like (18) except that ¢ is replaced by 


The two foregoing paragraphs suggest an interesting question. One 
might rather naturally expect, if v is zero and if (po, oo) is of multiplicity wy 
in p and of multiplicity uz in o, that there should be u:-ye2 solutions corre- 
sponding to this number-pair. Only u:+p2—1 independent solutions, how- 
ever, have been exhibited here. Are there other solutions, and if so of what 
form are they? 

A second point of special interest arises when v is 21. Let us suppose, 
for simplicity, that (po, oo) is simple; then one might expect only one formal 
solution corresponding to it. Yet the condition (5) does not favor x and q 


* Under special conditions there may be more. 


log po log oo log x 
@ 6 = ——» 
log g log r log q 
log y 
log r 
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over y and ¢, and it is fairly clear that there must be a second independent 
solution like (18) except for the replacement of ¢ by 7. In fact not only is 
this true but it can readily be verified also that in general there are still 
other independent formal solutions containing powers of both ¢ and r, 


(19) x*y*[(P.S.) +4(P.S.) +---+e(P.S.) +7(P.S.)+ ---+7(P.S.)]. 


If (po, ¢o) is multiple, the situation is analogous. 
As in §1, the assumptions (c), (d), and (e) are not needed for this section. 
4. Irregular characteristic number-pair, the irregularity arising from 
failure of assumption (b) only; existence of analytic solutions. We con- 
sider in detail the case in which the equation (1) is satisfied formally by the 
series (18). Let us examine 


(20) si(x,y) = x y®[(s@ + sx + +. -) + 


assuming for the sake of generality that v is positive; the methods employed 
are then clearly applicable to s;(x, y) (¢=2, 3, - --,). Asin §2 we make no 
real restriction in assuming the associated radii of convergence of all the 
series (2) greater than 1. 

In order to prove the power series in s(x, y) convergent in the vicinity 
of (0, 0) we observe first that the coefficients s‘f in these series satisfy the 
following relations (cf. (3)): 


= g(p0,0054, I, ,0) + >> t,j,k— i,l—j) 


j=0 
i=0 j=0 1 
v—m+2 
+( 


v 
+ ) i,l a}} > g(p0,00, k,1,0,0) 
(m= 0,1,--- » 


Whenever g(po, a0, &, 1, 0, 0) vanishes, the numerator of this quotient is of 
course also zero. Bounds for the quantities sf are determined here as they 
were for the s;,: in §2. We let M’ and M”’ have the same significance as before, 
let B stand for the largest of the binomial coefficients appearing in any one 
of the expressions (21), and redefine M as follows: 


| 
(21) 


C. R. ADAMS 


+ 
C | | 


=(m) 


0 0 
Thus, defining as | and in fact 5% whenever is arbitrary as |s‘%) 


we obtain a bound for (21): 


k I-1 
= ul 3 + 
(22) t=0 t=0 
For m=0 the right-hand member reduces precisely to that of (12); we 
therefore infer at once the convergence, in the vicinity of (0, 0), of the last 
power series in (20). For m=1 equation (22) becomes 


i=0 j=0 i=0 j=0 


Taking account of the obvious relations 5) <5{)< - - - <5}, we have 


k 
= M 4M + (M + 


M + 5) + ul + (M+ | + (M + 


i=0 


k-1 


i=0 


The S‘j}, thus defined by a recurrence relation exactly like (16), are the 
coefficients of a power series convergent in the vicinity of (0, 0); we therefore 
infer the same property for the next to the last series in (20). It is now easy 
to establish by induction the inequality 


k-1 
< (M+ Lat +5, |. 


from which follows at once the convergence, in the vicinity of (0, 0), of all 
the remaining power series in (20). 

If there correspond to (po, ao) series like (18) except for the replacement 
of ¢ by r, or series of the type (19), their convergence may be proved in like 
manner; in each of these cases the gos(p0, oo, k, 1, m, p) (cf. (3)) play a réle 
like that of g,o(p0, 70, &, 1, m, p) above. Hence we conclude 
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THEOREM II. Corresponding to each irregular characteristic number-pair 
(p0, 70) whose irregularity is due to the failure of assumption (b) alone, there 
exist a certain number of solutions of the equation (1) which are analytic in the 
vicinity of the place (0, 0) and are expressed there by the series exhibited in §3. 

The italicized additional statements following Theorem I also apply here. 


To complete the discussion of this and the preceding section we observe 
that g(p0, oo, k, 1, 0, 0) can vanish for at most a finite number of pairs of 
values k, 1] when assumption (b) alone fails. This follows immediately since 
(i) for k= K and /lZ2L, g(po, a0, k, 1, 0, 0) is not zero; and (ii) for any particular 
k[1] less than K[L], g(p0, a0, &, 1, 0, 0) is a polynomial of degree n in r'[g*] 
and so can vanish for only a finite number of values of /[k]. Therefore 
only series with a finite number of logarithmic terms can occur. 

5. Other irregular characteristic number-pairs. It is clear that in certain 
cases of irregular characteristic number-pairs due to the failure of assump- 
tions (a) or (c) the method employed by the author in II can be used to bring 
the equation (1) into a form to which the work of the preceding sections is 
applicable; these cases occur when the coefficients (2) are of the form 


a;;(x, y) =xsiy8s- [convergent power series in x and y] (i, 7=0, 1,---, m), 


the a;; and 6;; being integers 20. 

Let a;(i=0, 1, - - - , m) denote the least of the +1 exponents a;;(j =0, 
1,---, m); similarly let 1, - --, m) represent the least of the ex- 
ponents 1, ---,). First consider the case of bb) =b,=0. We plot 
the points a; in the za-plane and draw a broken line above or upon which all 
these points lie and of which each vertex and end point is a point of the set. 
Then to a segment of slope yu’ there corresponds in general an appropriate 
number of formal solutions like (6) or those of §3 except for the additional 
factor 


(23) | 


Secondly, in the case of a)=a,=0 the situation is entirely parallel, the 
additional factor in the solution being 


(24) 


If neither of these conditions, 6) =b, =0 and a,=a,=0, is satisfied, a combi- 
nation of the two processes here indicated may be used, the solutions ob- 
tained containing factors of both types (23) and (24). The solutions can be 
shown to converge in tie vicinity of (0, 0) if after subjecting (1) to the trans- 
formation 


| 
| 
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f(x,y) = g(x,y), 


the resulting equation has a characteristic equation whose solutions satisfy 
assumptions (a), (c), (d), and (e). 

It is quite clear that assumptions (c), (d), and (e) are essential to the con- 
vergence proofs only, not to the existence of formal solutions. In this con- 
nection we may point out that the present work sheds a certain amount of 
light upon the cases which gave rise to the question proposed at the close of 
§2 of I; under the definitions set forth here we have in these cases an irregu- 
larity, due to the failure of assumption (c). 

Reference should also be made in this section to the method of treating 
irregularities which has been elaborated in §3 of I and which is sometimes 
efficacious. 

We shall not attempt here to answer the question as to what is the most 
general solution of the equation (1). It may be remarked, however, that a 
linear combination of any finite number of particular solutions, in which 
the coefficients are arbitrary functions ;(x, y) satisfying the conditions 


(25) pi(qx,y) = pilx,ry) = pilx,y), 


is also a solution. 
6. The non-homogeneous equation. In this section we consider briefly 


the equation obtained by adding to the left member of (1) a known function 
b(x, y) of the same character as the a;;(x, y): 


(26) a;;(x, y)f(qix,réy) + b(x,y) = 0. 


t,j—0 
For this equation we set forth 


THEOREM III. If among the number-pairs (q', r’)(t, 7=0, 1,---) there 
are exactly p, which satisfy the equation (3), each being counted according to 
its multiplicity in p, the equation (26) has a formal solution 


(P.S.) + 4(P.S.) +--+ + 4(P.S.), 


in which the coefficients of the power series may be calculated by substitution 
in (26); if exactly ps2 of these number-pairs satisfy (3) when each is counted 
according to its multiplicity in o, there is a second formal solution 


(P.S.) +7(P.S.) +--+ +77°(P.S.) ; 


there may also be other formal solutions involving t and rt simultaneously. If 
assumption (c) is satisfied and if we have also 
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ainoog** K' — 1), 


Dean joor' 0 (i=0,1,---,L’—1), 
t=0 


where K' and L’ are determined in the same manner as were K and L, the 
methods of §§2, 4 may be employed to prove that each formal solution converges 
in the vicinity of (0, 0) and so represents an analytic solution there. 


It is clear that the sum of a particular solution of (26) and a linear combi- 
nation of any finite number of solutions of the associated homogeneous 
equation (1), with arbitrary coefficients p;(x, y) satisfying the condition (25), 
is also a solution of (26). 
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LES FONCTIONS POLYGENES COMME INTEGRALES 
D’EQUATIONS DIFFERENTIELLES* 


PAR 
G. CALUGAREANO 


Les fonctions polygénes. En 1912 M. Pompeiuf a abordé pour la pre- 
miére fois d’une facon directe l’étude des fonctions continues d’une variable 
complexe z en renoncant aux classiques conditions de Cauchy, qui ont 
Vinconvénient de trop particulariser la notion de fonction d’une variable 
complexe. 

Récemment, M. E. Kasner a employé le terme polygéne pour marquer 
cette opposition nette entre le nouveau et l’ancien point de vue. Cette 
dénomination se justifie aussi par ce fait que, pendant qu’une fonction 
monogéne de z posséde une seule dérivée en chaque point régulier, une fonc- 
tion polygéne en posséde plusieurs et méme une infinité. Ainsi, M. Kasner 
a reconnuf que, étant donnée 


(1) = P(x, y) + 9) 
telle que P et Q possédent des dérivées partielles du premier ordre, la 
dérivée de f(z) suivant la direction faisant un angle ¢@ avec OX est repré- 


sentée par la formule suivante, les notations que nous employons étant 
légérement différentes de celles déja employées, 


d 


avec 


= + (= 


Mais tous ces calculs se simplifient beaucoup en prenant comme nouvelles 
variables 


(3) 


* Presented to the Society, February 23, 1929; received by the editors in December, 1928. 

t Rendiconti del Circolo Matematico di Palermo, vol. 33 (1912, 1st semester), p. 112; vol. 35 
(1913, 1st semester), p. 277. 

t Science, vol. 66 (1927), p. 581; Proceedings of the National Academy of Sciences, vol. 13 
(1928), p. 75; Bulletin of the American Mathematical Society, vol. 34 (1928), p. 495 and p. 561; 
these Transactions, vol. 30 (1928), p. 803. 
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z=a+iy; 
comme M. Al. Proca l’a remarqué d’abord.* Ona 
(4) 2=(2+2)/2; y=(s— 2)/(2i). 
Toute fonction polygéne devient alors une fonction de z par l’intermédi- 
aire de z et 2, et ona 
d Oofdz a 
“i 
dz, O02 OZdz 02 
ce qui montre que les deux paramétres différentiels du premier ordre. que 
constituent 6 et p se réduisent 4 des dérivées partielles 


(6) elf] 


p|f] a été défini d’abord par M. Pompeiu qui l’a appelé dérivée aréolaire en 
vertu de la relation 


(7) 2i-p[f] = lim f 


ou o représente un contour fermé entourant le point 29 considéré et (c) 
désigne l’aire que ce contour définit, La limite est prise en faisant tendre 
Vaire et la longeur de o vers zéro de fagon que 2 reste toujours intérieur 
ag. M. Kasner a proposé d’appeler 5[f] dérivée moyenne. Nous employerons 
aussi ces deux termes. II est clair que si P et Q sont dérivables plus d’une 
fois, la formule (5) est susceptible d’étre réitérée. On auraf en général* 


(2+em.2y 
f. 


La notion d’intégrale polygéne d’une équation différentielle. La notion 
de dérivée d’une fonction de z étant ainsi élargie, on se pose tout naturelle- 
ment des questions telles que la détermination d’une fonction polygéne dont 
la dérivée est donnée, et plus généralement on est amené a se demander si 
une équation différentielle 


dans laquelle on suppose avoir remplacé les dérivées par les expressions (8), 
est susceptible d’étre vérifiée par une fonction polygéne y(z), quelque soit la 


* Note added in proof by E. Kasner: The higher derivatives employed by M. Calugaréano are 
those I call rectilinear, a special case of the general curvilinear derivatives defined in my papers, 
where minimal codrdinates are also employed. 

¢ On trouvera un résumé de ces résultats dans notre note des Comptes Rendus, vol. 186 (1928), 
p. 930. 
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diréction @ qui entre dans (8). Nous verrons par la suite que la réponse est 
affirmative. 

Fonctions polygénes analytiques. Nous nous limiterons ici 4 chercher les 
intégrales polygénes analytiques en z, et nous appelerons ainsi les fonctions 
polygénes de z admettant en tout point régulier de leur domaine d’existence 
un développement en série double de puissances de z et Z. Un élément tel que 


(10) fe) = SD 


m=0 n=0 


convergera au moins 4 l’intérieur d’un cercle de rayon p; tel que 


1 
= lim sup (| (mtn) 
Pi 


de quelque facon que (m+n) tende vers l’infini. Dés lors, le prolongement 
@ la Weierstrass nous permettra de définir f(z) dans tout son domaine 
d’existence, 4 moins que cette fonction ne posséde des lignes singuliéres 
fermées. Dans ce cas le prolongement 4 la Weierstrass peut devenir insuffi- 
sant pour définir f(z); tel est le cas de 1/(1—22) dont le développement au- 
tour de l’origine ne saurait étre prolongé au dela du cercle unité, car 1—2z= 
1—,r? s’annulle tout le long de ce cercle; pourtant 1/(1—22) existe dans tout 
le plan et son expression analytique permet de suppléer 4 l’insuffisance du 
prolongement. 

Les fonctions polygénes analytiques étant définies par la possibilité 
d’un développement tel que (10) en tout point régulier, remarquons que ces 
fonctions sont indéfiniment dérivables. A moins qu’elles ne possédent des 
coupures fermées, elles sont des fonctions quasi analytiques de z, et ceci 
veut dire justement qu’elles sont déterminées dans tout leur domaine d’exis- 
tence une fois qu’elles sont connues dans un domaine d’aire non nulle, aussi 
petit qu’il soit. 

Théoréme établissant une liaison entre intégrales polygénes et intégrales 
monogénes. Nous nous occuperons donc uniquement des intégrales poly- 
genes analytiques d’équations telles que (9). Soit donc y(z) une fonction poly- 
géne analytique satisfaisant 4 (9) quelque soit ¢, et considérons un segment 
AB paralléle 4 OX et entiérement intérieur au domaine de régularité de 
y(z). Soit dsa distancea OX. Ona 

y(z) = 2), 
G étant une fonction analytique des deux lettres qu’elle contient. Le long de 
AB, on aura 
y =G(x+ id, x — id). 

Comme y(z) est réguliére sur AB, cette fonction de x est analytique au 

sens ordinaire. II] s’en suit, par prolongement, que 
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Y(z) = G(z, z 2id) 


est une intégrale monogéne del’équation (9). On voit donc que toute intégrale 
polygéne analytique de (9) nous fait connaitre une intégrale monogéne par la 
simple substitution de z—2d 42. Et ceci introduit une constanted en plus, 
qui est en général arbitraire. 

Les équations admettant des intégrales polygénes forment une classe particu- 
lire. Tl est facile de voir qu’une équation différentielle du premier ordre ne 
saurait posséder des intégrales polygénes. En effet,’on devrait avoir 

52) 
F (=, ys +e 0 
quelque soit ¢. Ceci exige 


donc y est monogéne en z. 

Les équations qui nous intéressent sont donc au moins d’ordre 2. J’ai 
traité ailleurs* et d’une fagon compléte, le cas général de l’équation du 
second ordre. On trouve que la plus générale équation du second ordre, 
possédant des intégrales polygénes, est 


(11) ren ~{e+ f[(=)+S] od =o 
ay” as? Oz 02? 


ot w(z, y) est une fonction arbitraire monogéne en z et y, ®(z) une fonction 
monogéne arbiiraire de z. Les intégrales polygénes de cette équation s’ob- 
tiennent en résolvant 


+ = = fends 
0 


par rapport 4 y. On voit que l’intégrale polygéne dépend de #rois constantes 
arbitraires a, 8, y, donc elle est plus générale que l’intégrale monogéne; 
Vintégrale monogéne Y s’obtient, selon le théoréme déja indiqué, en chan- 
geant Zen z—C. On trouve ainsi Y(z) en résolvant 

az +b = w(z,V) 
par rapport a Y. 

Donc, lintégration au sens classique est compléte pour cette équation 
et il suffit d’une quadrature. Les calculs se compliquent notablement quand 
on essaye de traiter des équations d’ordre supérieur. La condition qui 
caractérise la classe d’équations différentielles possédant des intégrales 
polygénes parait étre assez cachée, peut étre assez compliquée méme. 


* Voir ma note déja citée et surtout la suite, Comptes Rendus, vol. 186, p. 1406. 
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Mais, si toute équation différentielle ne posséde pas des intégrales poly- 
génes on voit facilement que toute fonction polygéne, contenant ou non des 
constantes arbitraires, est intégrale d’une certaine équation différentielle. 
Il suffira de considérer 


d’ou 


avec 


En éliminant C, 2, w entre ces quatre équations, on aura une équation 
différentielle que y(z) vérifie. 

Signalons ici certaines classes d’équations dont |’intégration peut étre 
particuliérement facile vis-a-vis du cas général. 

Réle des €quations aux dérivées aréolaires. Considérons des équations 
dont le premier membre est une fonction algébrique et entiére par rapport 
aux dérivées y’, y’,---, y™ mais pouvant étre une fonction monogéne 
transcendente de z et y. 

Prenons donc 


(12) — Piz, y; = 0,7 


et soit 
A(z, 


un terme homogéne du polynéme P. Appelons poids de ce terme la quantité 


P= + 2q2 + +... + (m — 1)gn-1, 


et poids du polynéme le plus grand poids réalisé par ses termes. Limitons- 
nous aux équations d’ordre m et de poids <u. Par cette particularisation nous 
ne faisons que renouveler les circonstances qui se sont présentées pour l’équa- 
tion (11) dont l’intégration a pu étre complétement achevée. 

Pour intégrer (12) nous remplacerons les dérivées de y(z) par leurs expres- 
sions (8), en obtenant ainsi au premier membre de (12) un polynéme de 
degré n en p=e~***, L’égalité devant avoir lieu pour toute valeur de ¢, on 
devra annuler les (n+1) coefficients de ce polynéme en yp, ce qui raméne 
la recherche des intégrales polygénes A l’intégration d’un systéme (S,) de 


y(z) = Z, 
|| 
ae 
po 
202 az? 
p= 
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(m+1) équations aux dérivées partielles en y. Les variables indépendantes 
seront z et Z et le systéme sera d’ordre n. 

Envisageons plus attentivement |’équation qu’on obtient en annullant 
le coefficient de y". Il est facile de remarquer que ce coefficient, étant formé 
avec les coefficients des plus hautes puissances de u dans chaque dérivée, sera 
un polynéme en dy/dz, 0*y/dz*, - - - , O*y/dz" et ne contiendra aucune dérivée 
mixte telle que 0"*?y/d2"0z". C’est pourquoi nous appellerons éguation aux 
dérivées aréolaires cette Equation du systéme (S,). Remarquons que pour 
toute Equation du type (12) le systéme (S,) contient au moins une équation 
aux dérivées aréolaires obtenue en annullant le coefficient de u*. Mais il 
se peut qu’il en existe plusieurs, pour des cas moins généraux. Or, |’existence 
de cette équation aux dérivées aréolaires simplifie l’intégration du systéme 
(S,). Pour faire voir ceci considérons l’équation aux dérivées aréolaires 
correspondant 4 (11). Elle est de la forme 


oy 2 
A ’ 0, 
oz? (2) 


et s’intégre facilement par quadratures, 


oy 


+ = = ule, »), 

ou les fonctions monogénes arbitraires et jouent, pendant |’intégration, 

le réle de deux constantes arbitraires. 

Il en est de méme pour toute équation aux dérivées aréolaires et ceci 
simplifie toujours l’intégration de (S,). M. Pompeiu a été le premier 4 
considérer une équation aux dérivées aréolaires en se demandant s’il existe 
des fonctions polygénes égales a leur dérivée aréolaire. Avec la définition (7) 
la question semble moins facile 4 priori. Mais elle revient 4 


= E(z, 2) 
z, 2), 


+ Z = log (EZ) ; E = %,(z)-e, 


| 

02? 0 

— = - A(z, y)— 

ay (z, y) 

d’ot 
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ou %, et & désignent des fonctions monogénes. II arrive de plus que toute 
équation aux dérivées aréolaires, meme si elle ne peut pas étre intégrée 
complétement, est réductible 4 un ordre moindre; son ordre peut toujours 
etre réduit d’une unité. 

En effet, soit 

l’équation en question, les A(z, y) étant monogénes en z et y en vertu des 
hypothéses faites sur (12). Pour intégrer cette équation, on considérera z 
comme un paramétre et l’on remarquera que 2, la véritable variable indé- 
pendante, ne figure pas explicitement dans cette équation. On prendra donc 
= comme fonction et y comme nouvelle variable indépendante, et l’ordre sera 
ainsi rabaissé d’une unité. Si la nouvelle équation peut étre complétement 
intégrée on aura 


(14) z= F(z, y) 
qui, résolue par rapport 4 y, donnera l’intégrale de (13). 

Les m constantes arbitraires ®,(z) qui s’introduisent ainsi doivent étre 
considérées comme fonctions arbitraires, monogénes, de z. Ceci nous précise 
la forme analytique de l’intégrale polygéne comme fonction* de z. Pour avoir 
son expression complete et pour s’assurer de son existence effective qui n’est 
pas encore établie, il reste 4 discuter les m autres équations de (S,). Ceci peut 
se faire en substituant y donné par (14) dans ces n équations, ce qui permet 
d’en tirer des conditions supplémentaires pour les m fonctions arbitraires 
#,(z) et pour les coefficients A(z, y) de (12). Mais ces derniéres conditions, 
qui précisent la classe d’équations (12) admettant des intégrales polygénes, 
peuvent s’obtenir par un calcul plus symétrique, quoique assez laborieux, 
en éliminant les dérivées de y entre les (n +1) équations de (S,). 

Enfin, la substitution de z—C 4 2 transformera les intégrales polygénes 
ainsi obtenues en des intégrales monogénes de la méme équation. II n’est pas 
sir 4 priori que celles-ci contiennent effectivement m constantes arbitraires. 

On voit donc que l'étude des intégrales polygénes d’une équation différen- 
tielle est de nature 4 nous fournir des renseignements sur les intégrales 
monogénes de la méme équation, que le théoréme classique de Cauchy 
concerne uniquement. 

* On remarque facilement que, pour des équations du type (12), celle-ci se réduit 4 un polynome 


de degré (n—1) en 2, a coefficients monogénes en 2, toutes les fois que le poids de P est <n. Il en est 
tout autrement quand il est =n. e 


UNIVERSITY OF PARIS, 
Paris, FRANCE 


THE FOUNDATIONS OF THE CALCULUS OF VARIATIONS 
IN THE LARGE IN m-SPACE (FIRST PAPER) * 


BY 
MARSTON MORSE 


1. Introduction. The calculus of variations in the large as developed by 
the author may be roughly divided into two parts. 

The first part involves the characterization of the number of conjugate 
points or focal points on a given extremal in terms of the type number of a 
basic quadratic form, and furnishes a connecting link between the theory 
of such extremals and the theory of critical points of functions. 

The second part goes beyond the properties of one extremal alone; it 
involves families of extremals, families both closed and open. It necessarily 
leads to considerations which belong to analysis situs. It seeks to prove the 
existence of extremals on open or closed manifolds regardless of whether or 
not the extremals give minima. 

The present paper consists of three parts of which the first two set up 
and study the fundamental forms associated respectively with an extremal 
joining two points, and an extremal cut transversally by a given manifold. 

The third part presents a relatively complete picture of the theory in the 
large of extremals from a given point cut transversally by a given closed 
manifold. It gives strong existence theorems immediately applicable, for 
example, to the question of how many straight lines one can draw from a 
point normal to a given manifold. For the case where the manifold is 
homeomorphic to an (m—1)-sphere it can be shown that the relations found 
in this part are exhaustive. 

The first two parts taken with the deformation theory previously developed 
by the author{ will culminate in a second paper which will give the central ex- 
istence theorems in the large for extremals joining two fixed points. 

The first two parts taken in quite another way will lead to a generalization 
of the famous Sturm separation and comparison theorems for the case of a 
system of m linear, second-order, homogeneous, self-adjoint differential 


* Presented to the Society as part of an address given at the request of the program committee 
April 6, 1928, under the title The critical points of functions and the calculus of variations in the large; 
see also Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 38-54. 

Received by the editors in April, 1929. 

t Marston Morse, The foundations of a theory in the calculus of variations in the large, these 
Transactions, vol. 30 (1928), pp. 213-274. 
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equations. The methods and the results of this paper are also extensible to 
the case of two variable end points. 


I. EXTREMALS THROUGH FIXED POINTS 


2. The integrand* F(x, r). Let R be a closed region in the space of 
the variables (x1, -- - , Xm) =(x). Let 


F(x, 5 °°" 1m) = F(x,r) 


be a function of class C’’’ for (x) in R and (r) any set not (0). We suppose 
further that F is homogeneous in that 


(2.1) , , ktm) = kF(x,1r) 


for any positive constant k. We shall start with the integral in the usual 
parametric form 


(2.2) ye 


where (x) stands for the set of derivatives of (x) with respect to ¢. 

Let g be an extremal segment lying in R. We suppose that g is an ordinary 
curve of class C’. Denote the second partial derivative of F(x, r) with respect 
to r; and 7; by F;;. Along g we assume that F is positively regular, that is, 
thatt 


(2.3) > 0 (i,j = 1,2,---,m) 


for (x, ) taken along g, and for (n) any set not (0) nor proportional to (z). 
Because of the homogeneity relation (2.1) we have the m identities 


(2.4) rFi(x,r) = 0 (j = 1,2, m) 
from which it appears that 
(2.5) | Fi;| = 0. 


* For that which concerns the classical theory of the calculus of variations in space the reader 
may refer to the following articles: 

Mason and Bliss, The properties of curves in space which minimize a definite integral, these Trans- 
actions, vol. 9 (1908), pp. 440-466. 

Bliss, The Weierstrass E-function for problems of the calculus of variations in space, these Trans- 
actions, vol. 15 (1914), pp. 369-378. 

Bliss, Jacobi’s condition for problems of the calculus of variations in parametric form, these Trans- 
actions, vol. 17 (1916), pp. 195-206. 

Hadamard, Lecons sur le Calcul des Variations, vol. 1, Paris, 1910. 

Carathéodory, Die Methode der geoditischen Aquidistanten und das Problem von Lagrange, Acta 
Mathematica, vol. 47 (1926), pp. 199-236. 

¢ Here and elsewhere we adopt the convention that the repetition of a subscript indicates a 
summation with respect to that subscript. 
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The generalized Weierstrassian function F;(x, r) can here be conveniently 
defined as the sum of the principal minors of order m—1 of the determinant 
(2.5) divided by the sum of the squares of the 7;’s.* 

For (x, %) on g we now form the characteristic\determinant D(A) of the 
determinant (2.5). We see that one of the roots of D(A) =0 must be zero 
on account of (2.5). The remaining roots must be positive on account of 
(2.3). A consequence is that the coefficient of \ in D(A) must be negative. 
But this coefficient is 


— (42 + 2) 


so that F; is thereby proved to be positive along g. 

3. The invariance of our hypotheses under admissible transformations. 
By an admissible transformation from the variables (x) to a new set of vari- 
ables (z) will be understood a transformation of the form 


(3.1) = Gi(21, (¢=1,2,---,m), 


where the functions ¢; are of class C’’’ in their arguments and where the 
jacobian of the ¢,’s with respect to the 2,’s is never zero. We obtain a new 
integrand G(z, r) by setting 


The positive regularity of F along g implies the positive regularity of G 
along the transform of g, say y. That is, it follows from (2.3) and (3.2) that 
(3.3) > 0 (i,j = m) 
for (z, 2) on y, and for (¢) any set not (0) nor proportional to (z). The proof 
of this statement appears readily if one obtains the second partial derivatives 
of G in terms of those of F. 

That G possesses the same homogeneity property as does F, follows from 
(3.2). 

4. A transformation carrying g into a straight line. The following lemma 
will greatly simplify our future work. 


Lemma. There exists an admissible transformation T of the variables (x) 
into variables (z) under which the image of g is a segment of the 2; axis. 


Suppose g is given in terms of its arc length in the form 
(4.1) = h,(s) (i = 1,2, m). 


* See Bliss, second paper cited, p. 378, for a differently phrased but equivalent definition. 
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We now state the following preliminary proposition. 

(A). Let the direction cosines of the direction tangent to g be represented 
by a point P; on a unit (m—1)-sphere S with center at the origin O. As P; 
moves continuously on S there can be chosen m—1 other points P2,--- ,P 
on S which vary continuously with s, and are such that the points 


Pa 


for no value of s lie on the same (m—1)-plane. 

The proof of this proposition may be given in so many ways that it can 
very well be left to the reader. 

Granting the truth of (A) consider the determinant 6 whose ith column 
gives the coérdinates of the point P;. We now replace the elements of the 
last m—1 columns of } by analytic approximations taken so close that the 
new determinant a(s) is never zero. Let a;;(s) be the zjth element of a(s). 
Our transformation 7 can now be defined as follows: 


(4.2) = hi(21) + (k= 
where z; is taken in the neighborhood of z,=0, and z; may take on the same 
values as s. We have for 2, =0 

D(«1, Sa) 


(4.3) a(z:) 0, 


so that the lemma follows readily. 

5. The integral in non-parametric form. According to the result of the 
last section there exists an admissible transformation T under which g is 
carried into a segment y of the z; axis. We suppose that the positive sense 
along g corresponds to the positive sense of the z; axis. Suppose that under 
T the new integrand G is given by (3. 2). We now set 


Sm) = Yn) = (%,4), n=m—1, 
and further set 


for (x, y) neighboring y and for any set (p). 
For ordinary curves neighboring y for which 4,>0, our integral J now 
takes the non-parametric form 


(5.1) 


b 
(5.2) y= 
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It will be convenient to set 


foiny = Ail), = Bil), = Cel), 


where the partial derivatives involved are evaluated for (x, y, p) =(x, 0, 0), 
as indicated by the superscript zero. 


We shall now reduce the regularity condition (3.3) to the condition that 
(5.3) > 0 (i,j =1,---, m) 
for every set (§) 

Because G is homogeneous in (7) we have 
(5.4) Gi;(z,2)3; = 0. 

In particular along y we have 

f= =i, =0, 
so that (5.4) reduces along y to 
(5.5) Ga(z,z)z: = 0. 


Since 2:0 along y we infer from (5.5) that the elements in the first row and 
column of the matrix of the form (3.3) are zero along y. With this understood 


the condition (3.3) taken along y reduces with the aid of (5.1) to (5.3). 
A particular consequence of (5.3) is that 


(5.6) | Ai;| #0 


along y. 

6. The invariance of the order of a conjugate point. Let O be a point 
of g and (A) the set of the m direction cosines of the direction of gat O. Let 
(A) represent a point P on a unit (m—1)-sphere S with center at the origin. 
Let (a) be a set of parameters in an admissible* representation of S neighbor- 
ing P, or,in other words, of the directions neighboring (A). Suppose that 
(a) =(a°) corresponds to P. Let s be the arc length on the extremals issuing 
from O, measuring s from O in the positive senses of the extremals, and 
confining s to the set of values it has on g. It is well known that the extremals 
that issue from O with the directions determined by (a) can be represented 
in the form 


(6.1) xi = xi(s,a) (4=1,2,---,m), 


* That is, a representation in which the codrdinates (x) are to be functions of class C’’’ of 
m—1 parameters (a) of such sort that not all of the jacobians of m—1 of the codrdinates with respect 
to the parameters (a) are zero. 
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where the functions (6.1) and their first partial derivatives as to s are of 


class C’’. 
The jacobian of the functions (6.1), namely 


(6.2) A(s) = sen~<i, 
D(s,a1, Qn) 


is clearly zero for s=0. That the zero of A(s) at s=0 is isolated can also be 
readily proved.* We come now to an important definition. 


The points on g, not O, at which A(s) vanishes are called the conjugate points 
of O, and the order of the vanishing of A(s) at each of these points the order of that 
conjugate point. 

We turn next to the non-parametric integral (5.2), and suppose the 
J. D. E. set up in the non-parametric form corresponding to the extremal y. 
Suppose that under the transformation T the point O on g corresponds to the 
point x=aon y. Let D(x) be an u-square determinant whose columns give 
respectively n linearly independent solutions of the J. D. E. which vanish 
atx=a. Any other such determinant will be a non-vanishing constant times 
D(x). We shall first prove the following 


Lemma. Under the transformation T the zeros of A(s) on g correspond to 
the zeros of D(x) on y, and the orders of corresponding zeros are the same. 


By virtue of the transformation T the extremals given by (6.1) can be 
represented in the space of the new variables (x, y) in the form 
(6.3) x = h(s,a), 
(6.4) yi = ki(s,a) =m -— 1), 
where it appears that the jacobian 
D(h,ki, +, kn) 


D(s,a1, Gn) 


(6.5) Ai(s) = 


(a) = (a), 


equals the jacobian A(s) divided by the non-vanishing jacobian of the 
transformation T. Thus A(s) and A,(s) vanish together and to the same 
orders. 

Now y coincides with the x axis so that h, (s, a®)#0 on y. We can thus 
solve (6.3) for s as a function of x and (a), substitute the result in (6.4), 
and so represent the extremals (6.1) in the form 

* See Mason and Bliss, loc. cit., p. 447. It is easy to see that the determinant which multiplies 


U on p. 447 is not zero when (u, v) are a pair of parameters admissible in our sense. 
t We write J.D.E. for the Jacobi differential equations. 
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(6.6) yi = wi(x,a) 

The jacobian 

D(w, Wn) 
--- 
is related to the jacobian A;(s) in that 

(6.8) h,(s,a°)A2(x) = A,(s), 


(6.7) = 


(a) = (a°), 


where x and s correspond under (6.3). Hence A2(x) and A(s) vanish at corres- 
ponding points and to the same orders. 

Finally, as is well known, the jacobian A,(x) consists of columns which 
satisfy the J. D. E. The elements of these columns all vanish at x=a, and 
lastly are linearly independent since A2(x) #0. Hence 


(6.9) = cD(x), 


where cis a non-vanishing constant. The lemma follows directly. 
The following statement is an easy corollary. 


Under admissible space transformations conjugate points correspond to 
conjugate points and the orders of conjugate points are preserved. 


7. A lemma on the order of a conjugate point. In terms of the deter- 
minant D(x) of §6 we have the following lemma. 


Lemma. If D(x) vanishes to the rth order at x =a the rank of D(a) isn—r. 


For simplicity suppose a=0. Let a;;(x) be the general element of D(z). 
Let b(«) be a matrix whose general element is 


(7.1) bis(x) = ai;(0) + (0)x. 


According to the theory of \ matrices (here \ =x) there exist m-square non- 
singular matrices c and d of constant elements such that* 


(7.2) ch(x)d = e(x) 
where e(x) is a matrix all of whose elements are identically zero except those 
in the principal diagonal. 


With c and d so determined let us transform the dependent variables 
(n) of the J. D. E. into variables (w) by setting 


(7.3) Wi = Cijnj (i,j 1,2, n) , 


* See Bécher, Introduction to Higher Algebra, Chapter XX. 
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where c;; is the general element of c. The transformed J. D. E. will have for 
solutions the columns of the matrix 
(7.4) ca(x). 
It will also have for solutions the columns of the matrix 
(7.5) ca(x)d = g(x). 
It follows from (7.1), (7.2), and (7.5), that 
(7.6) = gis(0) + gi; (0) x. 


Further I say that none of the elements in the principal diagonal of e(x) 
are identically zero. For if so the corresponding column of g(x) would repre- 
sent a solution of the transformed J. D. E. whose coérdinates as well as their 
derivatives would all be zero at x=0, and so would be identically zero. 
Hence | g(x)| would be identically zero contrary to (7.5). 

Thus the elements in the principal diagonal of e(x) if suitably reordered 
must be of the form 


where £ is an integer from 1 to m inclusive, and none of the constants 


are zero. 
By virtue of the relations (7.6) between e(x) and g(x) it appears then that 
|g(x)| vanishes to the order k at «=0, and has the rank n—k when x =0. 
From (7.5) it follows that |g(«)| and |a(x)| vanish to the same order at 
x=0,and have the same rank whenx=0. Since D(x) equals |a(x)| it vanishes 
to the order k at x =0, and has the rank n—k whenx=0. Thus the lemma is 
proved. 
8. Two additional lemmas. The preceding lemma leads to the following. 


Lemma 1. If x=b is a conjugate point of x =a of the rth order there will be 
just r linearly independent solutions of the J. D. E. which vanish at both x =b 
and x =a. 


Any solution which vanishes at @ must be linearly dependent on the 
columns of D(x), and conversely any such linear combination will vanish 
at a. If now we turn to db and write down the m conditions that a linear 
combination of the columns of D(x) vanish at b we see from the preceding 
lemma that there are just 7 linearly independent combinations that satisfy 
the conditions. The lemma follows directly. 

We note the following consequence. 


1929] CALCULUS OF VARIATIONS IN m-SPACE 387 


If x=b is a conjugate point of x =a of the rth order, then x=a is a conjugate 
point of x=b of the rth order. 


For future use Lemma 1 will be generalized as follows. The preceding 
proofs hold for the generalization. 


Lemma 2. Let D(x) be a determinant whose n columns are n linearly 
independent solutions of the J. D. E. If D(x) vanishes to the rth order at x=c 
the number of linearly independent solutions dependent on the columns of D(x) 
which vanish at x =c equals r. 


9. The fundamental quadratic form. Our extremal g has been trans- 
formed into a segment y of the x axis in the space of the variables 


(x,y) (x, 91, Yn)+ 


We suppose 7 bounded by the points x =a and x=b (a<b). 

Let us cut across the portion of y for which a<x<b with p successive 
n-planes ¢;, perpendicular to y, cutting y respectively in points at which 
x =x; These n-planes divide y into +1 successive segments. Suppose these 
n-planes are placed so near together that no one of these +1 segments 
contains a conjugate point of its initial end point. Let P; be any point on #; 
near y. Let the points on y at which x =a and x=), respectively, be denoted 
by A and B. 

If the points 


(9.1) A,Pi,-++, 


are sufficiently near y they can be successively joined by extremal segments 
neighboring . Let the resulting broken extremal be denoted by E. Let 
(u) be the set of u = pn variables of which the first m are the coérdinates (y) of 
P,, the second those of P2, and so on, until finally the last ” are the coérdinates 
(y) of P,. The value of the integral J taken along E will be a function of the 
variables (w), and will be denoted by 


J(m, Uy) = J(u). 


When (x) = (0), E will become y. Considerations similar to these taken up by 
the author* for the case m = 1 show that J(u) is of class C’”’ for (w) near (0). It 
clearly has a critical point when (u~) =(0). We come next to the terms of 
second order in J(u), that is, to the fundamental form : 


(9.2) oJ ju; (i,j 


* See Morse, loc. cit., pp. 217-219. 
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where ,J;; is the partial derivative of J with respect to u; and u;, and is 
evaluated for (uw) = (0), as indicated by the subscript 0. 

Our first problem is to determine the rank and signature of this form. 

10. The fundamental form and the J. D. E. As is conventional we set 


(10.1) Q(x = + + (i,j=1,---, mn) 


where the arguments (x, y, p) in the partial derivatives of f(x, y, p) are (x, 0, 
0). The J. D. E. corresponding to the extremal y are 


dQ, 


10.2 Q,; — 
( ) dx 


It will be convenient to suppose that the points (9.1) lie not only in the 
space (x, y) but also in the space (x, n) of the J. D. E. A curve representing 
a solution of the J. D. E. will be called a secondary extremal. We see that 
successive points of (9.1) can be joined by secondary extremals. The set of 
these secondary extremals will form a broken secondary extremal which we 
may regard as determined by the set (u) of §9. With this understood we 
can prove the following 


Lemma. The fundamental form may be represented as follows: 


b 
(10.3) oJ -f Q(x ,n,n')dx (i,j = 1, 


where (n) stands for the set of n functions of x which give the cordinates other than 
x of a point on the broken secondary extremal determined by (u). 


To prove this let e be a variable neighboring e=0, and suppose the 
integral J evaluated along the broken extremal E determined when the set 
(u) is replaced by 


(10.4) Cty). 
This value of J is given by the function 
(10.5) J(euy, , 


If now we differentiate the function (10.5) twice with respect to e, and 
then put e=0, we get the left hand member of (10.3). 

If on the other hand we take the integral J along the curve E£, differentiate 
under the integral sign twice with respect to e, and then set e=0, we will get 
the right hand member of (10.3). Here the functions 7; will be the partial 
derivatives with respect to e of the codrdinates y; of the point on E, and will 
thus represent a broken secondary extremal. If the conditions that E be the 
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broken extremal determined by (10.4) be differentiated with respect to e 
it will follow that the functions (7) in (10.3) give that particular broken sec- 
ondary extremal which is determined by (x). 

The identity (10.3) follows at once. 

11. The rank of the fundamental form. The theorem here is the 
following. 


THEOREM 1. If x=b is a conjugate point of x =a of the rth order the rank 
of the matrix of the form 
(11.1) =Q = 1,2,--- » 
isp—r. If x=bis not conjugate to x =a the rank is p. 


The proof depends upon the following statements, (A), (B), and (C). 
(A). The rank of Q will be »—r if the linear equations 


(11.2) Qua = 0 


have just r linearly independent solutions, and conversely. 

(B). The equations (11.2) are necessary and sufficient conditions on a 
set (u) for such a set to determine a broken secondary extremal E’ without 
corners at the points (9.1). 

To prove (B) suppose (11.2) holds for some given set (uw). Suppose wu, in 
(11.2) is the codrdinate y, of the point P; in the set (9.1). We differentiate the 


integral in (10.3) with respect to wa, integrate by parts, and obtain the 
following result, holding for the given set (): 


(11.3) Qu. = lim Qy’ — lim Qn’ = 0. 

In the limiting process the arguments in Q,,, are those on E’. If now we hold 
k fast and let h=1, 2, - - - ,m, (11.3) gives us m equations corresponding to the 
point x=2,;. It follows from (5.6) that these m equations are compatible only 
if Z’ has no corner at x=2,. 

Conversely equations (11.3) clearly hold for a given set (u) if the sec- 
ondary extremal determined by (wz) has no corners. 

Thus the statement (B) is proved. 

(C). Aset of broken secondary extremals E’ are linearly dependent or not 
according as the corresponding sets (~) are linearly dependent or not. 

For if the codrdinates (y) on g such curves E’ satisfy a linear relation 
identically in x, then upon setting x successively equal to 


(11.4) Hip 
we see that the corresponding sets (u) satisfy the same linear relation. 


i 
| 
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Conversely if a linear combination of g of the sets (u) gives the null set 
(0), and if these g sets determine g broken secondary extremals E’ then the 
same linear combination of the coérdinates (7) on the g curves E’ will be zero 
at each point at which x has the values 


(11.5) Xp,b, 


and hence be identically zero, since no point of (11.5) is conjugate to its 
predecessor. 

Thus (C) is proved. 

It follows from Lemma 1 of § 8 that x=0 is a conjugate point of x=a 
of the rth order, when and only when there are just r linearly independent 
secondary extremals which pass through the points x=a and x=6b on the 
x axis. The theorem now follows from statements (C), (B), and (A). 

12. The type number of the fundamental form. A real, symmetric, 
non-singular quadratic form, 


(12.1) Q = dagttals (a,8 =1,2,---, 4), 
can be transformed by a suitable real, linear, non-singular transformation 
into a form 

+22. 
The integer q is called the type number of the given form. 


Lemma 1. If the form Q is negative at each point of an r-plane m through the 
origin, excepting the origin, then the type number of Q is atleast r. 


By a suitable non-singular linear transformation into variables (w) we 
first take the r-plane z into the r-plane 


After this transformation suppose Q takes the form 

(12.3) bapWaWs (2,8 =1,---, 4). 
On (12.2) Q will become a negative definite form 

(12.4) bapWaWe (a,8=1,---,7). 


Let A,, be that principal minor of the determinant of the form (12.3) which is 
obtained by striking out all but the first m rows and columns. Let Ao=1. 

Note that A, cannot be zero since the form (12.4) is definite. According 
to the well known theory of quadratic forms the variables w, - - - , w, can 
be reordered so that no two consecutive members of the sequence 


(12.5) Ao,Ai, , A, 
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are zero. So ordered, the number of changes of sign in (12.5) is r. The 
remaining variables of the set (w) can now be so reordered among themselves 
that no two consecutive numbers of the sequence 


(12.6) Ap 


are zero. So ordered, the number of changes of sign in (12.6) gives the type 
number of Q. Thus this type number is at least ry and the lemma is proved. 


LemMA 2. Suppose the coefficients of the form Q are continuous functions of a 
parameter t. If for t=0 the matrix a is of rank u—r, but is of rank w for other 
values of t, then as t passes through t=0 the type number of Q can change in 
absolute value by at most r. 


According to the theory of symmetric quadratic forms the type number 
of Q will equal the number of d roots of the characteristic matrix of a which 
are negative. These A roots are continuous functions of the elements aa, and 
hence of ¢. If ais of rank y—r at t¢=0, just r of these roots will be zero. Hence 
r at most of these roots will change sign. The lemma follows directly. 


Lemma 3. If x=b is not conjugate to x =a, the type number of the form, 
(12.7) = (i,j =1,--+, 


is at most equal to the sum of the orders of the conjugate points of x=a preceding 
x=b. 


Consider the set of x codrdinates 
(12.8) @,%1,°°* 


of §9. To prove the lemma we shall hold a fast but vary the remaining 
coérdinates in (12.8), using, however, only sets (12.8) which are admissible 
in the sense of §9. 

Suppose the first conjugate point of x =a is x=a,. We start our variation 
of the coérdinates (12.8) with a choice of b <a. For this choice of b and under 
the condition (3.3) the x axis from x =a to x =b furnishes a proper minimum* 
for the integral J, so that the type number g will be zero. 

Suppose that a; is a conjugate point of a of the rth order. When b=aq 
the rank of the matrix of Q, according to Theorem 1, will be w—r. According 
to Lemma 2 of this section an increase of } through a; will be accompanied by 
an increase of the type number of Q at most r. 

It is clear that a set of codrdinates (12.8) for which b<a, can be varied 
into any other admissible set with the same a and the same p. One way of 


* See Bliss, loc. cit., second paper. 
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doing this is first to increase x, to its final position keeping the following 
coérdinates in (12.8) so near x; as to be admissible, then while holding a and x, 
fast, to increase x2 to its final position, keeping the following coérdinates in 
(12.8) so near x2 as to be admissible, and so on. 

As b thereby increases through each point conjugate to a prior to b’s 
final position, there will be an accompanying increase of the type number of 
Q at most equal to the order of the conjugate point thereby passed. The 
lemma follows at once. 

13. The theorem on the type number of 9. By an auxiliary curve g will 
be understood a finite succession of secondary extremals joining (a, 0) to 
(b, 0), whose points of junction are all on the x axis, and not all of which are 
segments of the x axis. An auxiliary curve g will intersect the successive 
hyperplanes 


in successive points P; which we may suppose given in (9.1). But the points 
(9.1) determine the set (wu) of §9. A set (uw) thereby determined by an 
auxiliary curve g will be termed an auxiliary set (u). 


No auxiliary set (u) is null. 


This follows from the fact that each point of the set (11.5) precedes its 
predecessor’s conjugate point. Further a set of auxiliary curves g will be 


linearly dependent if and only if the corresponding sets (x) are linearly 


dependent. 
The following theorem is fundamental. 


THEOREM 2. In case x=b is not conjugate to x =a the type number q of the 
form 
will equal the sum of the orders of the conjugate points of a between x =a and x =b. 
Suppose the conjugate points of x =a prior tox=b have x codrdinates 
(13.2) <a, 
and their respective orders are 
(13.3) °° 5 Tee 
According to Lemma 3, §12, the type number gq is such that 
(13.4) 
We shall use Lemma 1 of §12 to prove that (13.4) must be an equality. 
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Corresponding to the ith conjugate point a;, Lemma 1, §8, affirms the 
existence of r; linearly independent secondary extremals, 


(13.5) hf G=1,---, 73 $= 1,2,---, 8), 


which pass from (a, 0) to (a;, 0). From the curves (13.5) we can now form 
r; auxiliary curves, 


(13.6) gi, 


which are identical with the curves (13.5) as x varies from a to a;, and are 
identical with the x axis as x varies from a; to b. 
Let 


(13.7) (u) G=1,---, 4=1,2,---, 5) 


be the auxiliary sets (w) determined respectively by the curves (13.6). Our 
theorem will follow once we have proved the two following statements. 

(A). The ritret+ +--+ +r, sets (u) im (13.7) are linearly independent. 

(B). Any linear combination (u)+0 of the sets (13.7) will make the 
fundamental form Q negative. 

To prove (A) it will be sufficient to prove the auxiliary curves (13.6) are 
linearly independent. 

If there were any linear relation between the curves (13.6) which in 
particular involved those for which i=s, this would entail a linear relation 
among the curves for which i =s alone, since the remaining curves of the set 
(13.6) coincide with the x axis between x =a,_; and x =a,, and the curves for 
which i=s do not. Similarly there can be no linear relation between the 
curves (13.6) which involves the curves for which i=s—1, and so on down 
to the curves for which i =1. 

Thus (A) is proved. 

We come to the proof of (B). Let (u) be any linear combination of the 
sets (13.7) not (w)=(0). Let g be the auxiliary curve obtained by taking 
the same linear combination of the 7-coérdinates of the curves of the set 
(13.6). Let E’ be the broken secondary extremal determined by (wu) asin 
§10. 

Without loss of generality we can suppose that none of the points at 
which x equals 4, -- - , x, are conjugate to x=a. For if such were not the 
case a slight displacement of these points would move them from positions 
conjugate to x=a, and would not alter the type number of Q. With this 
understood we see that the corners of g cannot coincide with any of the 
corners of E’, since the corners of g are at the conjugate points of x =a, and 
the corners of E’ are not. 


i= 
5 
4 
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I say now that £’ will make the integral in (10.3) negative. 

For g will make that integral zero since g is composed of secondary 
extremals with corners on the x axis.* But there will be some component 
secondary extremal of E’, say E’’, without any corner, which joins the end 
points of a portion g’ of g with a corner. Under the condition (5.3), EZ” will 
give a smaller value to the integral than g’ so that E’ must make the integral 
negative. Statement (B) now follows from (10.3). 

To return to the theorem we note that the set of linear combinations 
(uw) of the sets (13.7) may be regarded as the set of points on an 


plane through the origin in a space of the points (w). On this plane Q is nega- 
tive except for the origin. The theorem follows from Lemma 1 of §12. 

We saw in §8 that if x =) is not conjugate to x =a, then x =a is not con- 
jugate to x=b. By interchanging the réles of b and a in the preceding proof 
we can prove the following: 

The type number of the form Q of Theorem 2 is also equal to the sum of the 
orders of the conjugate points of x =b, between x =a and x=b. 

We have thus proved the following: 

If the point x =b an ¥ is not conjugate to x =a, then x =a is not conjugate to 
x =b, and the sum of the orders of the conjugate points of x =a between x =a and 


x=b equals the sum of the orders of the conjugate points of x=b between 
x=a and 


Il. THE FUNDAMENTAL FORM FOR THE CASE OF ONE VARIABLE END POINT 


14. The hypotheses and definition of the form. Let O be any point in 
the region R of §2. Except for O suppose that R is covered in a one-to-one 
manner by the field of extremals through O, and that each extremal through 
O passes out of R before a first conjugate point of O is reached. We assume 
that F is positively regular along each extremal through O. In R let = be 
any closed regulart (m—1)-manifold of class C’’’. We assume that F(z, r) 
is positive for each point (x) on 2, and for the direction (r) of the field at that 
point, or in particular if O lies on 2, for all directions r at O. This concludes 
our statement of hypotheses. 

We shall next set up the fundamental quadratic form. Let 


* See Bolza, Variationsrechnung, p. 62, first formula. 


+ That is, a manifold the neighborhood of each point of which can be admissibly represented. See 
footnote §6. 
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be an admissible representation of = in the neighborhood of ‘a point P of 2. 
At P suppose (v) =(v°). Let the value of the integral J taken along the field 
extremal from O to the point (v) on = be denoted by 


(14.1) , = (n = m—1). 


The function I(v) will be of class* C’’ in (v) for (v) neighboring (v°). Suppose 
I(v) has a critical point when (v) =(v°). The conditions that J(v) have a crit- 
ical point are the conditions that = cut the extremal g from O to P trans- 
versally. They are that 


(14.2) Ip, = F, (2,3) =0 
0; 

where (x) gives the codrdinates of P, and (%) is the direction of the field 

at P. 

If then = cuts the extremal g transversally the terms of the first order in 
I(v) at (v°) all vanish. We next turn to the terms of the second order in J(v), 
and in particular are concerned with the rank and type of the fundamental 
quadratic form, 


(14.3) Q = oli;(vi — v?)(v; — v7) (i,j =1,2,---, 


where the subscript zero indicates that the second partial derivatives J;; 
are evaluated at (v) =(v°). This leads us to a study of focal points. 

15. Focal} points and their orders. It is known that under our hy- 
potheses{ there exists a family of extremals neighboring g, passing through 
the points Q on = neighboring P in the senses of the extremals from O to Q, 
and cut transversally by 2. They may be represented in the form 


(15.1) x; = w,(s,v) (i =1,2,---,m) 

where s is the arc length taken as positive when measured along these 

extremals from > in their positive senses, and where the functions w; and their 

first partial derivatives with respect to s are of class C’’ for (v) neighboring 

(v°), and for such values of s as give points neighboring g. The jacobian 
D(w1, Wm) 


(15.2) A(s) = 


n=m-—1, (v) = (v°) 


does not vanish at s=0. 


* This follows readily upon computing the first partial derivatives of I(v) as in (14.2). 

+ An interesting paper on focal points has been written by M. B. White, The dependence of focal 
points upon curvature for problems of the calculus of variations in space, these Transactions, vol. 13 
(1912), pp. 175-198. 

t See Mason and Bliss, loc. cit., p. 448. 
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The points on g at which A(s) =0 are called the focal points of P on 2, and 
the order of vanishing of A(s) at each of these points the order of that point. 


A necessary fact in what follows is that g cannot be tangent to = at P, 
as well as cut transversally by = at P. For the transversality conditions 
would then lead to the equation 


(15.3) F,,(x,2)2; = 0. 


where (x) gives the codrdinates of P, and (4) the direction of gat P. But the 
left member of (15.3) equals F. Thus F would be zero contrary to our hy- 
potheses on 2. 

16. The reduction to non-parametric form. As in §5, so here, the ex- 
tremal g can be carried by an admissible transformation T into a segment y 
of the x axis of a space of codrdinates (x, y:,--:, yn). Without loss of gen- 
erality we can also suppose that T carries 2 into a manifold S that is ortho- 
gonal to y at y’s final end point. Suppose g’s end points O and P correspond 
to x=a and x=) on ¥, respectively, with a<b. In the neighborhood of its 
intersection with y, S can be represented in the form 


where £(u) is of class C’’’ for (uw) neighboring (0). 

The transformation T establishes a one-to-one correspondence between 
the points determined by (2) on 2, and the points determined by (mu) on S, 
at least for (uw) neighboring (0). This correspondence will take the form 


where the functions /;(u) are of class C’”’ for neighboring (w) = (0). 

By virtue of the transformation T the family of extremals neighboring y, 
cut transversally by S, can be represented in terms of the variables s and 
(v) of (15.1) in the form 


(16.2) x = h(s,»), yi = Ri(s,2) (i= 


As in the proof of the lemma in §6, so here, we can take x instead of s as a 
parameter along the extremals. We shall also replace the 2,’s by their values 
h;(u) in term of the u,’s. The family (16.2) will then take the form 


(16.3) = a(x, 


As in the proof of the lemma of §6, so here, a consideration of our succes- 
sive transformations leads to the following results. 


(¢=1,2,---,m),. 
i 
(¢=1,2,---, 
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The focal points of = relative to the end point of g on = correspond under T 
to the zeros on ¥y of the jacobian 
D(a, --- , 


(16.4) eae =Ai(x), (u) = (0), 


and the orders of these focal points equal the orders of the corresponding zeros 
of Ai(x). 

Under admissible space transformations focal points correspond to focal 
points, and their orders are preserved. 


The columns of the jacobian (16.4) are solutions of the J.D.E. We shall 
find what conditions these columns satisfy at x=). 

The manifold x =Z(u), yi; =u;, cuts the family (16.3) sannienaittin: We 
accordingly have the following identities in (x): 


(16.5) Prfp,)Xus + foi =0 J n) , 
in which we must set 
x = &(u), = Pr = a2™[X(u),u] (h=1,---,n). 


Denote the partial derivatives of Z(u) with respect to u; and u; by 
%;;. Now let a;;(x) be the general element of the jacobian (16.4). If we dif- 
ferentiate (16.5) with respect to u;, and set (w) = (0), we find that 


(16.6) f°%i;(0) + Bix(b)ax(b) +> A ix(b)ai; (6) = 0 (i,j,k n), 


where the superscript zero means that (x, y, p) is to be replaced by (5, 0, 0). 
Further, differentiation of the identity 


u; = [%(u) ,u] 
with respect to u; and u; respectively yields the result 
afb)=1, ti=j, 
a;;,(b) = 0, i xj. 
Consider now any linear combination of the columns of (16.4) of the form 
= j0%;(x) (k,j =1,2,---, m) 


where the u;’s are constant. Such a set takes on the values (m,---, un) 
when x=). If we multiply (16.6) by u; and sum with respect to j, we find 
that () satisfies the m relations, 


(16.7) + Bix(b)ne(b) + = 0 


We conclude with the following lemma. 


| 
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Lemma. Any linear combination of the columns of (16.4) which takes on 
the values (u:,°*+ , Un) when x=b, will satisfy the n relations (16.7) at x=b, 
and as a solution of the J.D.E. be uniquely determined by these values (u) 
at x =b, and by the relations (16.7). 


17. The rank of the fundamental form. Consider again the function J(v) 
of §14 which gives the value of the integral along the extremals from O to 2. 
In terms of the parameters (u) which represent S in the neighborhood of the 
end point of y, J(v) becomes a function 


Un) = J(u). 


The function J(u) gives the value of the transformed integral along the ex- 
tremals from the point «=a on y to the point on S at which (y)=(u). The 
form 
Q = Jimi; (i,j = 1,2, 
in which the subscript 0 indicates that the partial derivatives are evaluated 
at (w) =(0), will have the same rank and type number as the form (14.3). 
We shall now prove the following lemma. 


Lemma. The fundamental form can be expressed as follows: 


(17.1) oJ = + f Q(x,n,n’)dx (i,j 1, n) 


where (n) stands for the coordinates [m(x),---, nn(x)] om the secondary 
extremal joining x =a on ¥ to the point (n) =(u) on the n-plane x=b. 


Let the family of extremals which join the point x =a on y to the point 

at which (y) =() on S, be represented in the form 
where (x) lies in the neighborhood of (w) =(0). Asin §10, so here, we consider 


the function 


z(eu) 


(17.2) J(euy, , = 


where ¢ is a variable neighboring e=0. 
If the two members of (17.2) be differentiated twice with respect to e, 
and then ¢ be set equal to zero, (17.1) will result with 


ni(x) = uym,,(x,0). 


That 7;(b) =u; follows upon differentiating the identity 


CALCULUS OF VARIATIONS IN m-SPACE 


with respect to u;, and setting (w) = (0). 
The lemma is thereby proved. 
The rank of Q is given by the following theorem. 


THEOREM 3. If x=a ony is a focal point of the rth order of S relative to the 
point x=b on +, then the rank of the matrix of the form Qisn—r. If x=a is 
not a focal point of S the form is non-singular. 


As in the proof of Theorem 1, so here, we see that the rank of Q is n—r if 
the n linear equations 


(17.3) Qu; = 0 (¢=1,2,---,) 


have just 7 linearly independent solutions (wu) and conversely. 

If we differentiate the right hand member of (17.1) with respect to u;, 
and perform the usual integration by parts, we find that when (17.3) holds 
for a set (uw), the functions (7) of (17.1) which take on at x=b these values 
(u), satisfy (16.7). According to the lemma of §16 these functions (7) must 
be dependent on the columns of the jacobian of (16.4). But the functions 
(n) of (17.1) vanish when x =a. 

We see that the number of linearly independent solutions (u) of the 
equations (17.3) equals the number of linearly independent solutions of 
the J.D.E. which are dependent on the columns of A;, and which vanish at 
x=a. This number equals the order of vanishing of Ai(x) at x =a and thus 
equals the order of the focal point x =a. Thus the theorem is proved. 

18. The type number of the form Q. We shall now prove the following 
lemma. 


Lemma. If x=a ony is not a focal point of S relative to the point x=b ony, 
the type number of the form Q is at most equal to the sum of the orders of the focal 
points of S on y between x =a, and x=b. 


To prove this lemma we vary a from a value near b,a <b, toits given value: 
For x =a nearer x =b than any focal point of S, the form Q will be positively 
definite, since (5.3) holds along y. As «=a decreases through a focal point 
of order r there will be an accompanying increase of the type number of Q at 
most r. This follows from Lemma 2 §12 and Theorem 3. The present lemma 
follows directly. 

The following theorem will now be proved. 


THEOREM 4. If x=a on y is not a focal point of S relative to x=b ony, 
the type number gq of the form Q will equal the sum of the orders of the focal points 
of S between x =a and x =b. 
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The proof is similar to the proof of Theorem 2. The following differences 
should however be noted. 

By an auxiliary curve y;=1;(x) we shall here mean a curve which is made 
of two secondary extremals as follows. The first shall consist of the x axis 
from «=a to a point x=a, between x=a and x=b. The second shall pass 
from the point x =a, on the x axis to a point on S at which (y) =(u) (0), 
and shall be dependent on the columns of A, in (16.4). 

If in (17.1) (m) be taken as the codrdinates along an auxiliary curve, and 
if wu; be taken as ,(0), the right hand member of (17.1) is zero. This is readily 
seen if the integral in (17.1) be written in the form 


1 b 
=f + nQ,,)dx, 


and the second sum be integrated by parts. The resulting integral vanishes. 
The right member of (17.1) then becomes 


(18.1) + [b,9(b) ,n'(d)]. 


This expression may also be obtained by multiplying the left member of 
(16.7) by u;, and summing with respect to 7, and is accordingly zero. 

It follows that any secondary extremal E that joins the end points of an 
auxiliary curve will make the right member of (17.1) negative, since E will 
give the integral in (17.1) a value that is smaller than that given by the 
auxiliary curve. 

If x =a, is a focal point of order r there will ber linearly independent aux- 
iliary curves with corners at x =a, on y. We now continue as in the proof of 
Theorem 2, and complete the proof of the present theorem. 


III. THEOREMS IN THE LARGE ON EXTREMALS THROUGH A FIXED POINT 


19. The function J(v). We return to the manifold = of §14 and to the 
field of extremals through O. We assume that O is not a focal point of 2. The 
locus of focal points at a finite distance from 2 will form in general a finite 
number of manifolds of dimensionality at most m—1. To take O therefore 
as a point which is not a focal point is to take the general point O. 

The integral J taken along the extremals of the field from O to a point Q 
on = will be a function J of the point Q on 2. The critical points of J are to be 
determined by expressing J in the neighborhood of each point P on = in 
terms of admissible local parameters (v). Since O is not a focal point on 2 
these critical points will be non-degenerate, that is, points at which the 
fundamental quadratic form (14.3) will be of rank m. It follows that these 
critical points are isolated on = and therefore finite in number. Their type 
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numbers will be given by Theorem 4 of $18, and will be called the type num- 
bers of the corresponding extremals of the field. 
We shall now prove the following theorem. 


THEOREM 5. Corresponding to a continuous variation of a point O' in the 
neighborhood of O, the end points of the extremals from O' to = which are cut 
transversally by = will vary continuously on X while the corresponding type 
numbers will be unchanged. 


In §14 we imposed conditions on the field of extremals through O. If 
O’ be restricted to a sufficiently small neighborhood of O, the field of extremals 
through O’ will satisfy these same conditions. Let (x) = (a) be the codrdinates 
of O’, and (x) =(a°) the codrdinates of O. Let (v) be a set of parameters in an 
admissible representation of 2 in the neighborhood of the point P. The 
integral taken along the extremal from O’ toa point (v) on = will be a function 
I(v, a) of (v) and (a). 

The conditions that J(v, a) have a critical point when considered as a 
function of (v) alone are 


(19.1) I,{v,a) = 0 (¢=1,2,---,m). 


Suppose the extremal from O to P is cut transversally by 2 at P. Let (v) =(v°) 
correspond to P. The equations (19.1) will have an initial solution (v°, a°). 
The jacobian of the functions J,,; with respect to the parameters (7) is 


According to Theorem 3 of §17 this jacobian will not be zero when (2, a) 
=(v°, a°), since O is not a focal point of =. 

The equations (19.1) accordingly determine the parameters (v) as single- 
valued continuous functions of the point (a) at least for positions of (a) 
neighboring (a°). Thus the end points of the extremals from O’ to = which 
are cut transversally by = vary continuously on 2 as required. 

That the type numbers of these extremals remain unchanged follows from 
the fact that the coefficients of the fundamental form (14.3) can now be re- 
garded as continuous functions of (a). 

20. The fundamental theorem in the large. We need the following lem- 
ma. 


Lema. At a point (x) =(a) at which both F(a, r) and F,(a, r) vanish for 
no direction (r), there will exist, corresponding to any regular (m—1)-dimen- 
sional manifold S through (a), at least one direction cut transversally by S at 


(a). 
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Reference to the transversality conditions shows that a direction () 
will be cut transversally by S at (x)= (a), if it is cut transversally by the 
(m—1)-plane 7 tangent to S at (x) =(a). 

Let (A) be any direction. The conditions of transversality show that there 
exists at least one (m—1)-plane w through (a) which cuts (A) transversally. 
Now let w be continuously turned about (a) so as to coincide with 7. That we 
can solve the transversality conditions for the directions (A) in terms of the 
parameters which determine the variable position of w follows upon considera- 
tion of a jacobian set up by Mason and Bliss.* Although this jacobian 
is not used by Mason and Bliss for exactly our purpose, still they show that 
it does not vanish if F and F; are not zero. 

Thus as w is continuously turned into the plane z the direction (A) will 
continuously turn to a direction that is cut transversally by 7. The lemma is 
thereby proved. 

If O is not a focal point of = the critical points of the function J of §14 
are non-degenerate. Let M; be the number of critical points of type k. Let 
R; be the ith connectivity of 2. According to a theorem proved by the author 
the following relations hold:t 


Mo 
My) — M, 
Mi+ M2 


1+ (Ro — 1), 
1+ (Ro — 1) — (Ri — 1), 
1+ (Ro- 1D), 


IV IN 


(20.1) 


where the inequality signs alternate until the final equality is reached. 
By virtue of Theorem 4, §18, the preceding statement may be put into 
the following form. 


THEOREM 6. Suppose O is not a focal point of 2 nor on >. Of the extremal 
segments from O to 2 which are cut transversally by = at their ends P on = let 
M;, be the number upon which the sum of the orders of the focal points of P 
between O and P is k. Then between the numbers M,, and the connectivities R; 
of = the relations (20.1) hold. 

If O is on & the above relations still hold if we count O as if it were an ex- 
tremal of type zero. 


* Loc. cit., p. 447. 

t Marston Morse, Relations between the critical points of a real function of n independent variables, 
these Transactions, vol. 27 (1925), p. 392. The theorem proved in this reference admits an obvious 
generalization to closed manifolds such as 2. 
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The theorem is already established except in the special case where O is 
at a point (a) on &. In this case it follows from the lemma of this section that 
there is at least one extremal E issuing from = at (a) whichis cut transversally 
by 2 at (a). If we now take O in a position on E not (a) but sufficiently near 
(a), the extremal from O to (a) will be of type zero. According to the proof 
of Theorem 5, §19, the other extremals from O to = which are cut transvers- 
ally by = will be changed at most slightly in position, but will be unchanged 
in type and number. Thus the theorem follows as stated when O is on =. 

The following corollary furnishes a strong existence theorem. 


Coro.iary. If Ois not a focal point of 2, the number of extremals from O to 
> cut transversally by = on which the sum of the orders of the focal points is k 
is at least R,—1. The total number of extremals is at least 

1+ (Re — 1) — 2). 

Even when O is a focal point of = one can use a limiting process to get 
strong existence theorems. Considerations of this sort will be presented in a 
later paper. 

21. Normals from a point to a manifold. A beautiful geometric appli- 
cation of these results obtains if we consider the integral which gives the arc 
length. The hypotheses of §14 are here automatically fulfilled for any point 
O. It remains to consider the focal points. : 

Let P be an arbitrary point on =. Let P be taken as the origin, and the 
(m—1)-plane tangent to = at P be taken as the (m—1)-planex,,=0. After 
a suitable rotation of the remaining axes in the (m—1)-plane x,,=0, 2 may 
be represented as follows: 

(21.1) 2im = H (¢=1,2,---,m-—1), 
where b; is a constant, and H is of the third order in (x1, --- , %m-1). 
For such of the constants 0; as are not zero we set 
1 
R; 
and call the point P; on the x,, axis at which x,,=R;, the ith center of a 
principal normal curvature of = corresponding to P. 

If a constant b; =0, we say that the corresponding center P; is at infinity. 
We define the centers P; for any axes obtained from our specialized set by a 
rotation or translation, by imagining each normal to © rigidly fixed to =, 
and each center P; rigidly fixed to its normal. 

To determine the focal points on the normal to = at P we take the 
parameters (v) of §14 as the set (1,---, %m-1), and measure s along the 
normals in the sense of increasing x». We make use of the representation 


| 
| 


404 MARSTON MORSE 


(21.1) to obtain the family of normals to = at points neighboring P. The 
jacobian A(s) of §15 evaluated for (v) =(v°) is here seen to have the form 


A(s) = (1 — dys)(1 — bos) --- (1 — 


Thus the sum of the orders of the focal points on a normal to =, between the 
foot P of that normal on = and a point O on the normal, equals the number of 
centers of principal normal curvature between P and O. 


It is understood that for the purpose of counting the number of centers 
P; between P and O, two centers P; and P; are to be counted separately if 
ij, even if P; and P; are identical in position. In case O is on © it is also 
understood that O is to be counted as a single normal on which there are, of 
course, no centers P; between O and P. Finally two normals from O to = 
which have the same direction are to be counted as distinct if they have 
different feet on 2. With this understood Theorem 6 gives us the following: 


THEOREM 7. Let O be a point that is not a center of principal normal curva- 
ture of . Of the normals from O to = let M ; be the number of those on which there 
are i centers of principal normal curvature of = between O and the feet of the 
normals on 2. Then between these numbers M; and the connectivities R; of = 
the relations (20.1) hold. 


Corottary. If O is not a center of principal normal curvature of 2, the 


number of distinct normals from O to = on which there are k centers of principal 
normal curvature is at least R.—1. The total number of distinct normals is at 
least 

1+ (Ro— 1) 1). 

22. Examples. Let = be a regular surface of genus p in three-space. 
Corresponding to a point O which is not a center of principal normal curva- 
ture of = we have 

Mi22p, M221. 
Thus there will be at least 26+2 distinct normals from O to 2. In addition 
we have the relation 
Mo — M1 + M2 2p. 

Or again let = be a manifold in 4-space homeomorphic to a manifold ob- 
tained by identifying the opposite faces of an ordinary cube. If O is not a 
center of principal normal curvature of = we have 


Mo21, M123, M223, M321. 
There are thus at least eight normals from O to &. 
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CERTAIN INVARIANT SEQUENCES OF POLYNOMIALS* 


BY 
E. T. BELL 


We discuss certain sequences of uniform functions of one variable such 
that the derivative of each term of a given sequence is equal to the preceding 
term, and each term is changed by a linear transformation on the variable 
into a multiple of itself, the multiplier being a function of the rank of the term 
alone, and the linear transformation and the multiplier function being the 
same for all terms. It is an interesting problem to determine all such se- 
quences of a certain type, described presently, and to assign the corresponding 
transformations and multipliers. This is done in the following sections; there 
is an infinity of solutions. Although we consider only functions of one variable, 

*the method is general and applicable to functions of any number of variables. 

The terms are necessarily polynomials. By linear transformations on 
the rank and the variable, any number of distinct sequences having the stated 
properties for any given linear transformations on their variables can be 
replaced by new sequences, all of which are transformed alike by the same 
linear transformation on the variable, and hence are instances of a single 
sequence of the original kind. In this respect the theory of any number 
of distinct sequences of the kind described can be unified. 

The determination of ali sequences of the general kind just mentioned, 
presents no difficulty. The solution, if no restriction be imposed on the 
numbers defined by the sequences, contains an infinity of arbitrary constants. 
From our point of view, which is to extend in as simple a manner as possible 
the existing instances of such sequences, the perfectly general solution is of 
but slight interest; it is difficult to see how it could lead to interesting ex- 
tensions of the known cases. This remark is the origin of §4, Theorem 3, 
where the alternative condition Yoy2.—y2=0 is rejected, and its contra- 
dictory leads to a definite infinity of solutions, each of which contains only 
a finite number of arbitrary constants. We have endeavored to construct 
the theory so that its interest shall be arithmetical rather than algebraic. 

There are four classic instances of such sequences. These will be derived 
in §8 as immediate special cases, to provide checks on the general theorems. 
The main points of the paper are the definitions of index and characteristic 
in §1, and the Theorems 1-11. 

* Presented to the Society, San Francisco Section, October 27, 1928; received by the editors in 
September, 1928. 
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Both in the classic instances and in their extensions, the sequences appear 
as particular solutions of what is here called the functional equation of 
invariant generators. This functional equation alone is not sufficient to 
define a particular sequence. The manner in which particular solutions are 
completely specified is explained in §§8, 9. For example, the Bernoulli 
numbers being the coefficients in the successive polynomials of one classic 
sequence, we use the even suffix notation Bo, Bz, By, Bs,- - - , in which, 
if no further condition be imposed, Bi, B;, B;,- - - are entirely arbitrary. To 
eliminate this undesirable infinity of arbitrary constants, we adjoin to the 
functional equation another for the numbers B,, (w=0, 1,---), in a 
perfectly definite manner, which completely defines the sequence, and so 
in all cases. 

1. Invariant sequences. Let m be an integer 20, and x a real or complex 
variable. A statement involving shall signify the totality of statements 
obtained from the given one by taking »=0, 1, 2,- - - , successively, so 
that it will be unnecessary in formulas and elsewhere to indicate the range 
of n. 

The notation (a,--- , a,)=(b:,---, 6,) means a;=),(i=1,--- , 7); 
while (a,- - - , @,)#(b:,--+, means that at least one of a;=b; (i=1, 

-++,9r) is false. 

Let f(x) be a single-valued function of x defined for all x as above, and, 
when necessary, impose the convention that f_:(x) is defined and finite for all 
values of x considered. If f,(x) is a polynomial in x, its degree in x is by defi- 
nition m. If y is a function of x, the derivative of f,(y) with respect to x 
will be denoted by f, (y). It is necessary to assume that f,/ (y) exists only in 
what immediately follows; thereafter f,/ (y) automatically exists. 

It is well known and indeed obvious that the general solution of 


(1) fa (x) = nfn—1(x) 


is the polynomial 


f(x) = (x +a)" = > 


s=0 


where, as indicated, (x+a)" is the symbolic nth power of x +a, and @ is the 
umbra of the sequence ao, +, Of arbitrary constants. That is, 
the general solution of (1) is the Appell polynomial of rank n with @ as base. 
Note that the coefficient of x” in f,(x) isao. We may refer to a as the base of 
the sequence fo(x), fi(x),---,fn(x), ---. 

Let / be independent of beth and x, and let y(m) be a function of n 
alone such that (0) #0, ©; the excluded values lead only to trivialities. 
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Then if g,(x) is any solution of (1), the necessary and sufficient condition 
that y() g,(x) shall be a solution of 


(2) (x) = 


is ny(n) = y(n—1); hence = y(0)/n!, and we have the following: 
If k is an arbitrary constant which takes neither of the trivial values 0, ©, 
and if f,(x) =gn(x) ts the general solution of (1), the general solution of (2) is 


(3) Wn(x) = kgn(x)/n! ; 


conversely, the general solution of (1) is fn(x) =n! Wn(x)/k. 

We shall call y,(x) the canonical polynomial of degree n with base a, 
and, when necessary, say that ¥,(x) corresponds to the Appell polynomial 
gn(x) from which it is constructed, and refer to a as the base of the sequence 

Let 7(m), called the multiplier, be a function of m alone which is finite 
for all integers m=>0, and not identically zero. Then, if there exist constants 
a, b, other than the trivial pair (a, b) = (1, 0), such that 


(4) Srlax + b) = r(n)f,(x), 


we shall call 


folx), filx), fale), 


an invariant sequence with respect to the transformation |x, ax+b], or briefly, 
an invariant sequence. When there can be no confusion between the term 
f,(x) and the sequence of which this is the mth term, we shall refer to the 
sequence as f,(x). Note particularly that in this definition the terms are 
not restricted to be polynomials. 

If f.(x) for a particular (a, b, r(m)) is the general solution of (4), then 
kf.(x)/n!, where & is an arbitrary constant, is also a solution. Hence the 
simultaneous solutions, if any, of (2), (4) are canonical polynomials. Let 
f.(«) for a particular (a, b, r(m)) be the general solution of 


(5) fn = frlax + 6) = r(n)fn(x). 


Then we define 


to be an invariant sequence of polynomials with the characteristic (a, b, r(n)), 
or simply an invariant polynomial sequence, when the characteristic is 
understood or otherwise indicated. 

Our problem is to determine all invariant polynomial sequences. This 
will be accomplished when we find the multiplier 7(), the constants a, b in 
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the transformation [x, ax+6], and sufficiently define the bases of the Appell 
polynomials corresponding to the canonical polynomials concerned for a 
given characteristic. We shall first partially dispose of the multiplier. This 
depends upon the index, next defined, which is the taproot of the whole 
theory. When 3 is an integer, the sequences are of particular interest (§6, 
Theorem 10). 

Let be the umbra of the sequence of absolute constants °° , 
gon, +. Theleastintegers=Osuch that ¢,+0, will be called the index of ¢. 

If @ is the base of the sequence f,(x), and s is the index of ¢, we replace 
n by n+s in (5), differentiate the result times successively, and get 


a"f.(ax + b) = r(n + s)f.(x). 


Since f,(x) =(x+¢)*=¢,=f.(ax+b), we have r(n+s)=a". Again, since 
fi(x) =0 (G=0, 1,--- , s—1), it is immaterial what finite values be assigned 
to r(j) (j=0, 1,---,s—1). In particular we may take r(j) =a*“*(j =0, 
1,-::,s—1). Hence 


(6) t(n) = 


is the value of the multiplier for the invariant polynomial sequence defined in 
(5), in which f,(x) has base $, and s is the index of ¢. 

The classic instances of (5) are given by the polynomials whose bases are 
B, G, E, L, these being the umbrae of the sequences of the numbers of 
Bernoulli, Genocchi, Euler and Lucas. The customary manner of proving 
that these polynomials are indeed instances is somewhat fortuitous and 
effectively conceals the root of the matter, which is the index of the numerical 
sequence concerned in each case. Incidentally our general theorems give 
much more than the classic results for these instances. It will be interesting 
to observe the fundamental part played by the index in the general theory 
and in its applications to the classic instances. 

2. Equivalent sequences. This section refers to the functional equation 
(4) in §1, so that f,(x) is not restricted to be a polynomial, and (6) does not 
necessarily hold. 

The invariant sequences f,(«), gn.(x) are defined to be identical if and only 
if f.(~) =g,(x); otherwise they are distinct. Distinct sequences invariant 
with respect to the same given transformation [x, ax+)] will be called eguiva- 
lent. We nowassign necessary and sufficient conditions for invariant sequences 
to be equivalent, and give the requisite formulas. 

Let a¥0, a0, b, B be constants other than (a, b) =(a, 8) =(1, 0); the 
excluded values give only trivialities. Let r, s be constant integers 20, and 
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f(x), h(x) functions of x defined as in §1, beginning; also let r(m) be as in 
(4), and o(m) a similarly defined function such that 


+ b) = 7(m)fr(x), In(ax + b) = o(n)hp(x). 
Let c¥0, y0, d, 6 be constants. If r(m+r)+0, o(n+s) +0, we define 
gn(x), Rn(x) by 

gn(x) = faar(cx + a), Rn(x) = Itnge(yx + 8). 


Then, as may be easily verified, the functional equations (4) for g, k are 


6 — B — ab 1 
ay ) + 


We require the conditions upon the functions 7, o and the several con- 
stants which shall yield two or more of the sequences 


Mn(x), Rn(x) 
as solutions of a single functional equation of the type 
En(Ax + p(n + 


in which j is a constant integer = 0, p(w +-)is defined, finite and not identically 
zero for all integers »=0; \, uw are constants other than (A, uw) =(1, 0), and 
£,,(x) is single-valued and finite for all x considered. 

Comparing the above functional equations for f, g, h, k, we find that there 
are precisely two distinct non-trivial solutions. Writing (a, 8, 5) =(a, p, ¢) in 
the solutions thus found, we get the following: 


THEorEM 1. Jf and r(n+r) +0, the equation 


has the solution 
— 
En(x) = gn(x) = + é), 


where d is an arbitrary constant, r an arbitrary constant integer =0, and f,(x) 
is any solution of 


+ b) = 


a 
| 
! 
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THEOREM 2. If ac#0 and d(1—a) and if and only if r(n+r) =0(n+s) 
#0, where r,s are integers =0, the equation 


x di-a)—b 1 


has the solutions 
= gn(x) = fnir(cx +d), 


= = ins 


where d, t are arbitrary constants and f,(x), ha(x) are any solutions of 
frlax + b) = r(n)f,(x), Itn(ax + p) = o(m)h,(x). 

Thus if in Theorem 1 a solution of each of the equations for ¢, f be known, 
g is a second solution of the £ equation; if in Theorem 2 a solution for each 
of the f, 4 equations be known, the & equation has the two solutions g, k. 
The solutions can be easily verified. In §5 we find the equivalents of these 
theorems for invariant polynomial sequences and show how they are to be 
applied. - 

3. Generators. If oo, ¢1,---, on, is a sequence of numbers, real 
or complex, and z is a parameter, we shall call 


= (2"/n!) 


the generator of the sequence whose umbra is ¢. The generator of the sequence 
of Appell polynomials in « with base ¢ is e*e**, or e+#)*, Generators e*, e” 
are defined to be equal, e** =e, when and only when ¢,=y,. The symbolic 
or umbral calculus of such generators being well known, we may dispense 
with further details, except to remark that this calculus has been founded 
postulationally on an algebraic basis which renders all discussion of con- 
vergence in the use of generators for deriving relations between elements of 
sequences irrelevant. 

Let f, (x) be the sequence of Appell polynomials with ¢@ as base. Then 


ef 
Let g,(x) be the sequence of canonical polynomials corresponding to f,(x). 


If there exist constants a, b, c, k, other than the trivial sets (a, b, c, k)= 
(1, 0,1, 1), (0,0, 0,0), such that 


gn(ax + b) = kerg,(x), 
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we shall call e** an invariant generator. If s is the index of ¢, by §1(5), (6) 
we have 


ke” = r(n) = ; 
but it is more convenient in §4 to use kc* instead of either of its equivalents 
t(n), a*-*. From the definitions in §1 it follows at once that the problem 
of determining all invariant polynomial sequences is identical with that of 
finding all invariant generators. 

4. Invariant generators. Let u, v be independent variables, and 
T(u, v) a function of u, v such that T(z, e*) is a generator as defined in §3. 
Let the index of ¢ be s; define y by 

(n + = 
and let the generator of y be 7(z, e*). Then the index of y is zero, and 
T(z,e*) = &, 2°T(z,e*) = 
If now there exist constants (a, b, c, k) different from (1, 0, 1, 1), (0, 0, 0, 0) 
such that 
(ze?) = kete**T (cz, e*), 
then and only then is e* an invariant generator, as is evident on comparing 
the generators of f,(ax+b), kc*f,(x), the notation being as in §3. Multiply 
throughout by e~*77. Then the new left member must be independent of x, 
since the new right is. Hence a=c, and we have 
e*T(z,e7) = ka*T(az,e%), 
as the necessary and sufficient condition upon T(u, v) in order that T(z, e*) 
shall be an invariant generator. From the last, 
+ b)” = 


Conversely, this implies the preceding equality, and hence it also is necessary 
and sufficient. 
Reject the trivial cases ka=0. Take n=0, 1,2 in the last. Then we get 


kat=1, (a? — — = 0. 


Excluding a=1, which yields merely the identical transformation [x, x], 
and noting, as is easily seen, that Yow2—y#? =0 leads only to trivialities, we 
get the unique solution 


(a,b, k) (- i,- 2bs41/ [(s + 1)¢.],(- 1)*). 


i 
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THEOREM 3. There exists precisely one non-trivial characteristic (a, b, r(n)) 
such that the sequence of canonical polynomials f,(x) with the base has the 
property 

frlax + b) = 1(n)fn(x) ; 


if s is the index of } the characteristic is 
(a,b,7(m)) (- 1, 2be41/[(s + 1)¢.] (— 1)***) ? 


and ¢ is generated by R(z,e*), where R(u,v) is any solution of the functional 
equation 
vR(u,v) = (— 1)*R(— u,v), 


in which u, v are independent variables and b is as above. 
From this we have 


CoroLtary 1. When the index s of > is given, the first s+-2 terms of o 
are necessary and sufficient to determine the transformation with res pect to which 
the invariant polynomial sequence with base $ is invariant, and its characteristic. 


CoroLiary 2. A particular invariant polynomial sequence and its charac- 
teristic are uniquely determined by the generator of the base of the polynomials; 
conversely, a particular generator determines precisely one invariant polynomial 
sequence and its unique characteristic. 


The distinction between the information furnished by these two corollaries 
may be emphasized: the functional equations §1 (5), for a given characteristic 
(a, b, r(m)), are determined by the first s+2 terms only of the base, and have 
an infinity of solutions; to select from this infinity a particular solution it is 
necessary to know the generator of the base, not merely the first s+2 terms 
of the sequence which it generates. 

To obtain an element of the solution of the functional equation of invar- 
iant generators, we assume that R(u, v) isa sum of terms of the form »**+#A (u), 
where X, wv are constants and A (wu) is independent of v. 


THEOREM 4. The functional equation of invariant generators 
v°R(u,v) = (— 1)*R(— 


in which u, v are independent variables, b is an arbitrary constant and s is an 
integer =0, has the elementary solution, involving both u and 2, or only v, 


R(u,0) = + — u), 


in which r,t are arbitrary constants and F(u) is an arbitrary function of u alone, 
including the case F(u) constant. 
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By requiring given rational functions of v, v**, v‘*, - - - and solutions of the 
equation to be further solutions, we easily obtain the following: 


THEOREM 5. All rational functions of given solutions of the functional 
equation of invariant generators that contain both variables u, v and are again 
solutions, can be constructed by repetitions of the operations indicated in 


kR(u,2) Ri(u,?) + R2(u,2), 
(1 + (— 1)*)o*/2R, (u,v) [Re(u,») (e i, 1), 
where b, s are as in Theorem 4, k is an arbitrary constant, and R(u, v), Ri(u, v), 
R.(u, v) are given solutions. 


In applying this and the next, the usual precautions regarding vanishing 
functions as divisors are to be observed. The separable solutions are of some 
interest, as the four classic instances of invariant sequences mentioned in §1 
have generators of this type. 

THEOREM 6. All solutions of the functional equation of invariant generators 
of the type A(u) B(v), where A(u), B(v) are functions of u alone, v alone, are given 
by 

A(u) =F(u)+(—1)"F(— 4), Bo) 
where F(u) is an arbitrary function of u, and G(v) is any solution of 
Go) = (— 


where the same value of n is to be used in both of A(u), B(v). The G equation 
has the elementary solution 

G(2) 4 (- 1) | 
where r, t are arbitrary constants; all rational functions of given solutions that are 


again solutions can be constructed according to repetitions of the operations 
indicated in 


RG(v), +G2(v), (— 1) (e=1,- 1), 
where k is an arbitrary constant, and G(v), Gi(v), G2(v) are given solutions. 


Coro.iary 3. Solutions of the type A(u) exist only when b =0; A(u) is then 
as in Theorem 6 with n=1. All solutions of the type B(v) are obtained from 
Theorem 6 by taking n =0 in B(v) as there. 


The first part of this has some interesting consequences. Since F(z)+ 
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(—1)* F(—z) is here the generator of an invariant polynomial sequence whose 
base ¢ is of index s, we have the formal expansion 


2?” 


F(z) + (— 1)°F(— 2) = 


or 


since the left is changed into (—1)* times itself when zis replaced by —z, and 
¢2n+041=0. The characteristic is here (—1, 0, (—1)***). If sis even, this be- 
comes (—1, 0, (—1)*") which, as will be seen in §8, is the characteristic of each 
of the invariant polynomial sequences whose respective bases are E, L 
(cf. §1). Thus extensive tracts of the theories of the ¢, EZ, L invariant 
polynomial sequences will be identical. One respect in which they may differ 
is more striking. By considering the special case in which the generator of 
is a rational function of z of the most general type possible, we easily find the 
following: 


Corotiary 4. Let a, 8 be arbitrary constant integers, (a, 8) #(0, 0), and 
the pi,qi (t=0,1,---,a; 7=0,1, - - - ,B) arbitrary constants; (po, qo) 0). 
Then defined by 


Pon+s—j 
= 0, = 


where 0,=1 or 0 according as nSa or n>a, is the base of an invariant poly- 
nomial sequence with index (—1, 0, (—1)"**). 


Neither of E, L can be defined by a linear difference equation of constant 
order, since otherwise certain general circular functions would be algebraic. 

Continuing with the general theorems we exhaust the possibilities in 
the next. 


THEOREM 7. All solutions of the functional equation of invariant generators 
of the types A(u) R(u, v), B(v) R(u, v), where R(u, v) is any solution involving 
both u and v, and A(u), B(v) are functions of u alone, v alone respectively, are 
given by A(u) =F(u)+F(—u), where F(u) is an arbitrary function of u, and by 
B(v) =H (v), where H(v) is any solution of H(v-) =H (v); the H equation has the 
elementary solution H(v) =k(v"+0-"), where k, r are arbitrary constants, and 
kH(u), Hi(u)+H2(u), Hi(u) H2(u), Hi(u)/H2(u), where H(u), Hi(u), H2(u) 
are given solutions, are further solutions. 


5. Equivalent invariant polynomial sequences. Applying §4 Theorem 3 
to §2 Theorems 1, 2 we get the complete solution of the problem of equiva- 
lence for invariant polynomial sequences. 


z 
z 
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TuHEeorEM 8. Let the Appell polynomials f,(x), hn(x) have the respective 
bases d, up whose indices are s,t, and let the corresponding canonical polynomials 
be F(x), H,(x), so that 


m\F,(x) = pfa(x), n! H,(x) = gh,(x), 
where p#0,q0 are arbitrary constants. Then 
Fy (x) = F,(— x +b) = (— 1)"**F,(x), 
Hi (x) = H,(— c) = (— 1)"*'H,(z), 
= — + 1)r0], = — + 1m). 


Let i,j, m be arbitrary constant integers=0. Then 


X,(x) = G,,(x) = 2+ 2 *), 


X,(x) = K,(x) = 


are solutions of 
Xa (x) = Xaa(x), Xa(— x+ a) = (— (2), 


where a is an arbitrary constant, being equal to —2oms:/|[(m+1)om], where o 
is the base of the general A ppell polynomial in x and m is the index of o. 


Thus, according to the definition in §2, the G, K sequences are equivalent. 
Let us call the X sequence the equalizing sequence for G, K. The data ina 
specific application of Theorem 8 will be the f, # sequences. Without the 
theorem the invariant properties of these sequences must be investigated 
separately. The advantages of replacing f, h by F, H which are equivalent 
are obvious. By successive applications we get the following general result: 


THEOREM 9. By repeated applications of Theorem 8 to the equalizing 
sequences of pairs of sequences of Appell polynomials, and to an equalizing 
sequence and a sequence of canonical polynomials corresponding to a given 
sequence of Appell polynomials, any number of sequences of Appell polynomials 
can be transformed into the same number of equivalent sequences, all equalized 
with respect to one invariant polynomial sequence. 


An example is given in §8. 


Corotiary 5. The equalizing sequence in Theorem 8 is unique, as also are 
the equivalent sequences which it equalizes, up to an arbitrary constant a in the 
argument of the equalizing sequence, and arbitrary constant integers =0 in the 
ranks of the polynomials equalized, and the arbitrary constant a in their argu- 
ments. 


| 
| 
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6. Rational invariant polynomial sequences. If the generator R(z, e*) of 
¢ is such that R(u, v) is a rational function of the independent variables x, v, 
we shall call the invariant polynomial sequence with ¢ as base rational. The 
base of a rational invariant polynomial sequence will be called rational. The 
terms of a rational base are of course not necessarily rational numbers. The 
determination of all rational invariant polynomial sequences is reduced by 
the next theorem to that of all rational bases, which is done in §7. From §4 
Theorem 3 we get the following: 


THEOREM 10. The set of all rational invariant polynomial sequences is com- 
pletely and uniquely defined by the properties 


where @, whose index is s, is generated by R(u, v), where R(u, v) is any rational 
function of the independent variables u, v which is such that 


vR(u,2) (- 1)*R(— u,v), + 1)¢,], 
and hence, for all such sequences, —2.41/[(s+1)d. | is an integer. 


7. Rational bases. Write the R(u, v) of Theorem 10 in the form 
R(u, v) = v°N(u, v)/D(u, v), where 


N(u,v) = D(u,v) = 


are polynomials in u, » with highest common factor unity, the V;(u), D,(u) 
are polynomials in wu alone of degree=0, and c is a constant integer = 0. 
The trivial case in which R(u, v) is a constant is excluded. The case a=B =c 
=0 was discussed in §4, Theorem 6, Corollary 4; it is included in the next 
theorem. As the solution of the pertinent functional equation presents no 
difficulty, we merely state the result, which can be verified by inspection. 


THEOREM 11. The general solution of the functional equation of rational 
generators, 
vR(u,v) = (— 1)*R(— u,v~), 
in which b, s are arbitrary constant integers 20, and R(u, v) is a rational func- 
tion of the independent variables u, v is 


R(u,v) = vN(u,v)/D(u,»), 
where 
c is an arbitrary constant intger 20; 
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i=0 


D(u,v) = + e(— 1D ; 


a, B are arbitrary constant integers such that 
oB a20, B20, B-—a=b+2c; 


no one of No(u), Na(u), Do(u), Da(u) is identically zero; 

Niu) G=0,---, a), Diu) (7=0,---, B), with the exceptions just 
noted, are arbitrary polynomials in u alone of any degrees =0; 

€ is a definite one of 1, —1, and n a definite one of 0,1, and the same value of 
(e, n) is to be used in both of N(u,v), D(u, 2). 

According to the values of (e, 7), rational invariant polynomial sequences 
fall into four mutually exclusive sets,each of which contains an infinity of 
sequences. The like holds when the numbers of the base are restricted to be 
rational, or to be in any given number field. 

8. The classic instances. In the even suffix notation the sequences 
whose umbrae are B, G, E, L (cf. §1, end), have all terms, except B;, Gi, 
of odd ranks, zero, and the signs alternate after the first term (rank 0). 

The initial values necessary and sufficient for our purpose are 


(Bo, Bi) = (1, — 3), (Go,Gi,G2) = (0,1, — 1), 
(Zo, £1) = (1,0), (Lo,L1) = (2,0) ; 
hence the indices s of B, G,E,L are 0, 1,0, 0 respectively, and the correspond- 
ing Appell polynomials are 
Bn(x) = (x + B)*, = (x +G)", 
= (x + E)*, An(x) = (x + 
From the stated values of s and the first s+2 initial values in each case we 


find the values of 6 ($4, Theorem 3) for 8, y, 7, \ to be 1, 1, 0,0 respectively. 
Hence, by Theorem 3, we have 


THEOREM 12. The B, y, n, X sequences of polynomials are solutions of the 
respective pairs of functional equations 
Bu (x) = mBni(x), + 1) = (— ; 
tm (x) = = (— 1)*n(x) 
An (x) = An(— x) = (— 
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The known generators of B, G, E, L are (in the u, v form) 


u 2u 2v Uv 
#41 


respectively, and these obviously verify §7, Theorem 11. [In particular, the 
integers a, B, b,c in Theorem 11 are here (there can be no confusion between 
these a, 8 and the umbrae) 


(a,B,b,c) = (0,1,1,0),  (0,1,1,0), (0,2,0,1),  (0,2,0,1), 


respectively (c=the exponent 20 of the highest or the lowest power of v divid- 
ing the numerator; a=the degree of the numerator in v after the division; 
6 =the degree in v of the denominator; b=the integer already used in writing 
down the functional equations); the sign of c is so chosen that the denom- 
inator is not divisible by 7]. 

To equalize the 8, y pair by §5 Theorem 8, take B=f, y=h, and hence 
(s, 4) =(0, 1), c=b=1, in the notation of §5. This gives 


THEOREM 13. If i, 7, m are arbitrary constant integers 20, and p, q, @ 
arbitrary constants, and if 


1— 
(n + 2i + m)!G,(x) = + *), 


1 
(n + 27 + 1)!K,(x) = + *), 


then X,,(x) =G,(x), Xn(x) =K,(x) are solutions of 
Xa (x) = «+ a) = (— 1)**™X,(x). 
In the same way we find for the 7, d pair 


THEOREM 14. Jf k, 1, ¢ are arbitrary constant integers =0, and r, g, b arbi- 
trary constants, and if 


b 
(n+ 2k +2)! P,(x) = =). 


b 
(m + 21 + = (« >) 


then Y ,(x) =P (x), Yn(x) =Qn(x) are solutions of 
Y, (x) = Y,-1(2), Y,(- x+ b) = (- 1)"+*Y,(2). 
We now apply §5, Theorem 9. First equalize X, Y. 
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THEOREM 15. If d, e, s are arbitrary constant integers=0, and w, h, ¢ 
arbitrary constants, and if 


(n+ 2d+m-+ s)!S,(x) = + ‘), 
b-—c¢ 
(n+ 2e+#+5)!7,(x) = 2+ ), 
then Z,(x) =S,(“), Z,(x) =T,(x) are solutions of 
Zn(x) =Zni(x), Za(— x +c) = (— 1)*Z,(z). 


Replace S,(x) by its equivalent in terms of 8, y as given by combining 
the definitions in Theorems 13, 15, and similarly for T,,(x), 7, \ and Theorems 
14,15. Then finally we have the general equalization of 8, y, 7, X. 


THEOREM 16. Jf 1,7, k, 1, s are arbitrary constant integers =0, and p, q, 
r, g, ¢ are arbitrary constants, and if 


i— 
(n + s) 1B, (x) = PBn+ri+s (« + ‘), 


(n + 27+5+ 1)!G,(x) = > 2 ‘), 


(n + 2k+ s) 1E n(x) = 1Nn+2k+s (« <), 


(m + 21 + s)'Ln(x) = (« =), 


then W,(x)=B,(x), Wa(x) =Gr(x), Wa(x) =En(x), Wa(x) =La(x) are solu- 
tions of 


Wa (x) = Warlx), «+ 0) = (— 1)" *W,(2). 


To exhibit the particular form of this current for B,(x), G,(x) in the 
literature, we state the following 


6. The equations 
= Unr(x), U.(— — 1) = (— 1)*U,(x) 
have the solutions 
Un(x) = = + 1)/nl, Un(x) = En(x) = + 4)/n!, 
Un(x) = Gn(x) = + 1)/(m + 1)!, Un(x) = = + 
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Glancing back over this section we see that everything in it, with the 
exception of the wu, v forms of the generators, is an immediate consequence 
of the numerical values of the indices s and the first s+2 terms of the bases 
of the polynomials. That this should be so, and that the like holds also in the 
general case, is a remarkable simplification of the theory. 

For those who may wish to pursue the £, , 7, A, and hence also the 
B, G, E, L, further by the methods of this paper, we add 


2(1 — 2")B, =G,, (1 — = Ln, 
(2G)" = 2n(E — 1)*", 2nE"— = (2G + 1)", 


all of which are well known and follow at once from trivial algebraic identities 
between the generators in their u, v forms. 

9. Remarks on notation and method. Many writers on the Bernoulli and 
Euler numbers prefer a notation which makes the use of the symbolic method 
impossible, for example Nielsen in his Traité Elémentaire des Nombres de 
Bernoulli (Paris, 1923, pp. 9+398). His (—1)""B,, n(—1)*22%¢-»)T, 
are our Gen (n>0); his polynomials 2(m+1)! E,(x), m!B,(x) are our 
(x+G+1)**!, (x+B+1)*. By ignoring the well established symbolic method 
he is compelled (loc. cit., p. 46) to write his Z,(x) in the form 


a<(n+1)/2 ( 1)*-!T 


S (2s — 1)\(m — 2s + 1)12" 


which seems less suggestive and less tractable than its equivalent 
(x +G + 1)"*1/[2(n + 1)!]. 


As Neilsen in his preface emphasizes that the use of the functional 
equations is a “méthode élémentaire qui est beaucoup plus fondamentale 
que la méthode symbolique, développée notamment par Lucas” (it was 
invented and very extensively applied to the Bernoulli and Euler numbers by 
J. Blissard fifteen years before Lucas’ work was published), it is well to point 
out what is indeed otherwise self-evident: neither method is more fundamental 
than the other in any significant sense; they are abstractly identical. For, the 
symbolic method, as we have shown, leads directly to the functional equa- 
tions, and these are uniquely determined by the numerical values of s and 
the first s+2 terms of the respective bases, but not without them; conversely, 
the functional equations, together with the numerical values of s and the 
first s+2 terms of the bases, uniquely determine the generators, which are 
the fundamental formulas of the symbolic method in any given particular 
instances. That is, each method implies and is implied by the other; they are 
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thus formally equivalent in the sense of mathematical logic, or abstractly identical, 
as the term is used in algebra. To select a particular sequence given by the 
functional equations, the “elementary method”’ (to use Neilsen’s name for it) 
adjoins a difference equation; the symbolic method presents the generator 
of the base, and again these procedures are abstractly identical. 

Further, the symbolic method, including the generators, is no more transcen- 
dental, as has been carelessly alleged by certain writers, than is the elementary. 
For, the equality of generators is precisely matric equality, and this is exactly 
as transcendental as is mathematical induction, without which no formula 
inferred from the processes of the elementary method is proved, however ob- 
vious it may appear that the tedious induction will sustain’ the inference. 
Operations on generators are equivalent to the Cauchy addition, subtraction, 
multiplication and division of one-rowed matrices or, if preferred, of se- 
quences, and these operations are abstractly identical with those of the ele- 
mentary method.: Heuristically, however, the advantage is with the symbolic 
method. This is abundantly evident on historical grounds, and is not affected 
by “elementary” reconstructions of theorems already known, 
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ON THE DEGREE OF CONVERGENCE OF THE 
GRAM-CHARLIER SERIES* 


BY 
W. E. MILNE 


The degree of convergence of Fourier series and of polynomial approxi- 
mations has been extensively studied by Jackson,j and similar investigations 
have been made for series of Legendre polynomials, for Sturm-Liouville 
series,§ for Laplace’s series,|| for Birkhoff’s series,] and for other related 
problems.** In all these cases the interval over which the convergence ap- 
plies is finite. It is therefore of interest to inquire what are the corresponding 
facts in a case where the interval is infinite. Such a case is afforded by the 
Gram-Charlier series, which, in addition to having an infinite interval, is of 
interest and importance as a mathematical statement of the law of errors{t 
and because of its application to the representation of frequency functions. 

In the following pages we propose to examine the degree of convergence 
of the Gram-Charlier series and associated expansions, principally from the 
point of view of developments in characteristic solutions of homogeneous 
linear differential systems, a procedure which correlates the work closely 
with the previously cited papers on degree of convergence. The results 
obtained indicate that the Gram-Charlier series converges in general more 
slowly than the Fourier series for a similar function in a finite interval. 
Roughly speaking we may summarize the situation as follows: when the 
remainder after terms of a Fourier series is O(1/n*) the remainder after n 
terms of the Gram-Charlier series is O(1/n*/?). 

1. If we denote the normal probability function by ¢o(x) and its deriva- 
tive of order ” by ¢,(x), then 


(1) go(x) = a(x) = 


* Presented to the Society, March 30 and June 21, 1929; received by the editors March 7, 1929. 

{ Jackson, these Transactions, vol. 13 (1912), pp. 491-515. 

t Jackson, these Transactions, vol. 13 (1912), pp. 305-318. 

§ Jackson, these Transactions, vol. 15 (1914), pp. 439-466. 

|| Gronwall, these Transactions, vol. 15 (1914), pp. 1-30. 

] Milne, these Transactions, vol. 19 (1918), pp. 143-156. 

** Jackson, these Transactions, vol. 14 (1913), pp. 343-364, and vol. 22 (1921), pp. 158-166. 
See also Bulletin of the American Mathematical Society, vol. 27 (1921), pp. 415-431. 

tt Charlier, Arkiv fér Matematik, Astronomi, och Fysik, vol. 2 (1905). 
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where H,(x) is a polynomial of degree m, called an Hermite polynomial.* 
The functions ¢»(x) and H,(x) are biorthogonal in the infinite interval, so 
that 


0 if 


n! if m=n. 


(2) f = { 


Hence we have the formal expansion of an arbitrary function ¢(x) 
(3) = dopo(x) + aidi(x) + +--- 


in which the coefficients are determined by the formulas 
(4) an = (1/n!) 


The series (3) is the Gram-Charlier series. The convergence of this and 
related series has been investigated by Myller-Lebedeff,+ Watson,t Cramér,§ 
Szegé,|| Rotach,{ Hille,** Stone,{{ and others. 

The functions ¢,(«) and H,(x) respectively satisfy the adjoint differential 
equations 


(5) + xu’ + (A+ 1)u = 0, 
and 
(6) v’ — xv’ +r0=0,7 
for integral values of A, A=. If vis any solution of (6) the function 
= 
is a solution (5) and conversely. The transformations 
carry (5) and (6) respectively into the self-adjoint equation{tt 


* Hermite, Comptes Rendues, vol. 58, p. 93. 

7 Myller-Lebedeff, Mathematische Annalen, vol. 64 (1907), p. 388. 

¢ Watson, Proceedings of the London Mathematical Society, (2), vol. 8 (1910), pp. 393-421. 

§ Cramér, Den Sjette Skandinaviske Matematikerkongres i Kgbenhavn, Kongresberetningen, 
Copenhagen, 1926, pp. 399-425. 

| Szegé, Mathematische Zeitschrift, vol. 25 (1926), pp. 112-115. 

¥ Rotach, Promotionsarbeit, Zurich, Ceuf, 1925, 33 pp. 

** Hille, Annals of Mathematics, (2), vol. 27 (1926), pp. 427-464. 

tt Stone, Annals of Mathematics, (2), vol. 29 (1928), pp. 1-11. 

tt Equation (7) is sometimes called Weber’s equation, and is satisfied by the harmonic functions 
associated with the parabolic cylinder. See Weber, Mathematische Annalen, vol. 1, p. 1; Watson, 
loc. cit.; Whittaker, Proceedings of the London Mathematical Society, vol. 35 (1902), p. 417. 
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(7) + (A+ 1/2 — 22/4)w = 0. 


Corresponding to the three equations (5), (6), and (7) there are three distinct 
expansions in terms of characteristic functions, each one of which can be 
transformed into any other by means of the above relationships connecting 
u,v, and w. 

2. Instead of dealing directly with the series (3) it is convenient to use as 
the basis of the following investigation the set of normalized orthogonal 
solutions of (7), 


defined by the equation 
(8) W(x) = (x). 


From the well known properties of Hermite polynomials we can easily write 
down a number of important formulas as follows: 


(9) (a + + + = 0; 
(10) Wa (x) = — (x/2)Wi(x) — ; 

(11) Wai (x) = (1/2)[(m + — ; 
(12) Wa’ (x) + (m + 1/2 — 2°/4)W,(x) = 0; 


(13) ‘Wal 2) Wns) = W-1(x)W,(s) — W(x)W1(s) } (x 


if m=n, 


1 


From equation (11), 
Woyi(x) = (nm + (x) + 


If we form a similar equation for W,-:(x) and substitute its value into the 
above expression for W,4:(x), then substitute again for W,_s(x), and con- 
tinue the process the following two formulas are obtained (in which we have 
changed subscripts from m+1 to m), the first for the case in which m is even 
and the second for the case in which 1 is odd: 


(15) Wa(x) = + {(m — 1)/(m(m — + 
+ {(n 6-4-2)}12WY (x) ] 
+ {(n —1)---7-5-3-1/(n--- 6-4-2) } 
(16) Wa(x) = + {(m — 1)/(m(m — + 
+ {(n 5-3-1) (x)]. 


424 
= 


1929] THE GRAM-CHARLIER SERIES 425 


Since the W’s with odd subscripts vanish at 0 and © we find from (15) 
(17) f W.(x)dx = (w/2)4{1-3-5 (m — 1)/(2-4-6-- + m)} 
0 


when is even. On the other hand when is odd (16) may be written 
W(x) = WE (x) + (x) 
(18) + (1-3/(2-4))*Wi (x) 
+ (m — 2)/(2-4-6--- (m — 1))} 
When m is even, W(x) vanishes at ©, but at x=0 we have 
(19) Wm(O) = (— (m — 1)/(2-4-6- - - m))*2, 
so that 


(20) f W.(x)dx = — 2(2n)-/4[2-4-6 +--+ (m — 1)/(1-3-5-- 1? 

X [1 — 1/2 + 1-3/(2-4) — 1-3-5/(2-4-6) + 

+ 1-3-5--- — 2)/(2-4-6---(m— 1))] 

when ” is odd. The series in brackets is the series, up to terms of degree 
n—1, for the expansion of (1+-%?)-"/? at the value x=1, and therefore the 
sum of the terms in brackets in (20) differs from 2-"/? by a quantity less than 
the last term. Stirling’s formula for 1! enables us to estimate the magnitude 
of this last term, which we find to be (2/(am))/2(1+O(n-")). Therefore (20) 
may be rewritten 


(21) = — — 1)/(1-3-5 +6), 


when » is odd. 
Finally if (17) and (21) are evaluated by means of Stirling’s formula we 


have 


(22) f W,(x)dx = + +ifmiseven, — if mis odd. 
0 


3. To make clear the subsequent discussion it is needful to describe in 
some detail the character of the function W,(x). First of all W,(x) is even 
when ” is even and odd when 1 is odd, so that we may limit the discussion 
to the case where ~x is positive. By well known theorems of oscillation we 
see from the differential equation (7) that in the interval 0<*<h (where for 
brevity we let h=(4n+2)"/) the function W,(x) oscillates with increasing 
amplitudes, increasing intervals between the roots, and with decreasing slopes 
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at the roots. In the interval h<x<«, W,(x) does not oscillate, but ap- 
proaches zero to an infinite order as x becomes infinite. The roots of W,(x) 
are identical with the roots of H,(x), which are known to be all real, ” in 
number, symmetrically placed with respect to the origin, and all in the 
interval —h<x<h. The largest maximum of W,(x) occurs in the interval 
r <x <h, where r denotes the largest root. The approximate location of this 
largest root may be estimated as follows. In (7) we make the substitution 


x = h — (2/h)™t, 
which reduces it to 
(23) d?w/dt? + t[1 — (2/h)*t/4]w = 0. 
We now form two comparison equations 


d*u/dt? + tu = 0, 


and 
d*y/dt? + (¢/2)0 = 0. 


We solve (23) with those conditions at t=0 which furnish the solution 
W,.(x) and solve the two comparison equations with the same initial values. 
We denote the first positive roots of w, u, and v by és, 4, and ¢; respectively. 
Then if m is large enough that 
1 — (2/h)*!*t3/4 > 1/2 
we see by comparing the differential equations that 
ty < ble < bsg. 


Now #, and #; are not entirely independent of m because of the initial condi- 
tions. But at ¢=0, u and du/dt have opposite signs, from which we may 
conclude that ¢, has a lower bound ¢;, not zero, and independent of n. By 
numerical calculation we find from the equation d*u/di?+tu=0 that it is 
possible to take c, = 7? =1.91. Also é; has a finite upper bound c;, independent 
of m. Consequently 


(24) h — << < h — (2/h)*cy. 


To the function W,,(x) may be applied certain inequalities based on Hille’s 
investigations* in the case of Hermitian polynomials. Following his methods 
we are able to show that 


(25) | W,(x) | < K(k? — x*)-""4, 
where K is a constant independent of m. We have also 
(26) | Wa(x) | < Kyn-12 

~ * Hille, loc. cit., pp. 433-436. 
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for all values of x. A further inequality applicable to the interval h<x<o 
may be established by the following considerations: When 1 is even, the func- 
tion W,(x) is positive and decreasing and its curve is concave upward for 
all values of x greater than h. If we denote by wo, wi, w2,---, we, wi, 
the values of W,(x) and (x) at the points h, h+1,h+2,---, 
the following inequalities are apparent: 


(27) > — we 


From the equation (7) we see that, in the interval from h+k to h+k+1, 


>43[(h + k)? — h?] ways. 


After integrating from h+k to h+k+1 and dropping some terms to 
strengthen the inequality we have 


(28) — wil > 
From (27) and (28) it follows that 
Weer < 2we_s/(kh) 
and from this we get by successive substitutions 
We <2wo/h, we < 4wo/(3h2), we < 
Therefore we may conclude that for x24+2k © 
(29) | Wa(x)| < Kon-*/2, 


The case in which 1 is odd is similarly treated. 

4. In addition to estimates of the magnitude of W,(x) we shall require 
estimates of the magnitude of the integral of W,(x). For this purpose let 
11, 12,13, , denote the positive roots of W,(x). We then have the ine- 
quality 


(30) |< | W,(x)dz |. 
Té-1 
Let 


= (rigs = ri). 
Then from (12) we have 
(h? — 4241)? < 2m; < (h? — 


as may be seen by comparing the intervals between successive roots of those 
solutions of the differential equations 


t 
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d*u/dx? + — r2,,)u = 0, 
d*4/dx? + 4(h? — = 0, 
+ — = 0, 


which vanish at x =7;. 
Hence there is a value x; of x between 7; and 7;,; such that 


(h? — = 2m,. 
The equation (12) may now be written in the form 
(x) + m2? = — x?)W,(x), 
from which we obtain the integral equation 


W(x) = sin — 
sin — s)}(s? — x2)W,(s)ds. 


The integral of this from 7; to riz: is 
J W,(x)dx = — (1/mi)?2Wy (ri41) 


~ f {sin s)} (s? x2)W,(s)ds. 


N itl 
Ow 


| s? — x2 | < —re< < 


and from (25) 
| W,(s) | < K(h? — r2,)7"/4 


so that using these inequalities together with the inequalities for m; we have 


1 ri+l z 
(32) —f ax { sin — s)}(s* — x2)Wals)ds|< Corigs(h? — 
‘ Titi 


r 


where C; is a constant independent of n. 
It will be found upon reference to Hille’s arguments from which (25) 


was derived that we also have the inequality 

(33) | Wa (x) | < K’(h? — 

where K’ is independent of m, and x is between —r andr. Then using (33) 
in connection with (32) we are led to the inequality 


(34) Wa(x)dx | < 8K'(h? — + Coriga(h? — 1241). 
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From the fact that the successive integrals satisfy the inequalities (30) 
and alternate in sign we see at once that 


(35) f W,(x)dx | < 8K’'(h? — + Cori(h? — 
0 


In particular if x is in the interval —N <x <N, where N =(3n+2)"/2, 


(36) W,(x)dx | < 8K’n-/4 + O(n-7/4), 
0 


Since the extrema of the integral occur only at the roots of W,(x) its largest 
maximum absolute value must be found either at one of the roots or else at 
x= 0. If the former is true we find from (35) together with the fact that the 
largest root is limited by (24) that 


(37) W,(x)dx | < 2K’n-/4[1 + €], 


for all values of x. On the other hand if the largest maximum occurs at x = © 
its value is given by (22). 

5. We are now in a position to investigate questions concerning degree 
of convergence. First of all it will be interesting and instructive to consider 
a series formed for a finite interval and to watch what happens as the ends of 
the interval recede to — © and ©. Together with equation (7) let us con- 
sider a pair of Sturmian boundary conditions at the ends of a finite interval 
(—c, c), and let w,(x) denote the normalized orthogonal characteristic solu- 
tion of this system corresponding to the (n+1)th characteristic number A,. 
The formal expansion of an arbitrary function f(x) will be 


(38) = cowo (x) + (x) + Cowes (x) + (x) + 


This is a Sturm-Liouville series, so that the results obtained by Jackson re- 
garding the degree of convergence of these series may be applied directly. We 
are told for example that if f(x) has a continuous kth derivative of bounded 
variation in the interval (—c, c), and if f(x) and its first k—1 derivatives 
vanish at —c and c, then the first m terms of the series (38) represents f(x) 
with an error which is O(A,-*/?). 

When ¢ is allowed to become infinite the characteristic number \,4: ap- 
proaches m as a limit and each term of the series (38) approaches* the corre- 
sponding term of the series 


* Cf. Weyl, Géttinger Nachrichten, 1910, p. 442; also Milne, these Transactions, vol. 30 (1928), 
pp. 797-802. 
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(39) f(x) = CoWo(x) + CiWi(x) + C2W2(x) + C3Wa(x) + 


where 
(40) Ca 


We are thus led to conjecture that if f(x) has a kth derivative of bounded 
variation in the infinite interval, and if f(x) and its derivatives vanish at 
+o, then the first 2 terms of (39) will represent f(x) with an error which is 
O(n-*!2), The essential difference between this result and that for the 
finite interval lies in the distribution of the characteristic numbers in the two 
cases. For the finite interval the mth characteristic number is of the order 
of magnitude of (wn/c)?, while for the infinite interval \,,:=”. Thus in the 
former case the remainder term is O(m-*) while in the latter we conjecture 
that it is O(m-*/?). 

Subsequent theorems show that this conjecture is substantially correct. 

6. Instead of attempting to carry out rigorously the line of thought sug- 
gested in the preceding paragraph we shall deal directly with the series (39). 
Letting S,(«) denote the sum of the first ” terms of this series we may state 
the first theorem as follows: 


TueoreM I. Jf f(x) has a continuous kth derivative of bounded variation, 
and if xf*)(x), also are of bounded variation in the 
infinite interval, then 


= f(x) +O(n-*?), —-NSxsN, 
and 
Sn(x) = f(x) + 


These relations hold uniformly with respect to x in the specified intervals. 
From (8) and (40) we may set 


whence integrating by parts & times with the aid of the relation 
H,(x)dx = — (nm + 


and observing that the integrated terms vanish at the limits, we obtain 


Ca = [(n + (n+ 2) f "Ge(2) Waal) de, 
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in which 


= 
dx* 


From the hypotheses it is clear first of all that xG,(x) is of bounded varia- 
tion in the infinite interval, and since f‘*)(x) is also of bounded variation it is 
easy to show that G;(x) is of bounded variation in the infinite interval. Hence 
we may set 


Gi(x) = gi(x) — go(x) 


where g,(x) and g2(x) are positive or zero, continuous, monotone increasing, 
and bounded. By the second law of the mean 


N N N 
= gi(N) f — go(W) f 


where £; and & are in the interval (—N, V). Therefore by (36) 
Way = O(n-3/4) . 
Next we may write 
J = f ] [Wesel 


Since xG;(x) is of bounded variation, and since 


20 
0 


+ f Wasze(x)dx = O(n-3/4) 
0 
if £>N, we may deduce in the same manner as above that 
f = 
N 


The same is true of the integral from — © to —N, so that finally 


[aw W = O(n-*/4) 


and 
Ca = O(n-#!2-8/4) , 


Therefore in the interval (— NV, NV) the inequality (25) gives 
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C,W,(x) = O(n-*/2-1), 


and hence in the same interval 


> CmW m(x) = O(n-*!?), 
In view of the fact that under the given hypotheses the series is known to 
converge to f(x) the first conclusion stated by the theorem follows. To 
establish the second we have only to use the inequality (26) in place of (25). 

In the statement and proof of the foregoing theorem continuity of the kth 
derivative has been assumed. An examination of the methods of proof will 
reveal that this restriction can be to some extent dispensed with. For 
example the results can still be shown to hold true even if f‘*’(«) has a finite 
number of finite discontinuities. 

It may also be observed that the other conditions of the hypotheses of 
the theorem can be variously stated. Any set of conditions that will insure 
the convergence of the series to f(x) and at the same time make the functions 
G,(x) and xG;(x) of limited variation in the infinite interval will do. 

From Theorem I we may derive directly a corresponding theorem ap- 
plicable to the Gram-Charlier series (3). 


THEOREM II. If (x) has a continuous kth derivative of bounded variation, 


and if 


are of bounded variation in the infinite interval, then 
| Zn(x) — | < Mn-*!2(1 + 


where =,(x) is the sum of n terms of (3) and M is a constant independent of n. 

If f(x) =e*"/*¢(x) then f(x) satisfies the hypotheses of Theorem I, and if 
we multiply (39) by e~*"/4 we obtain (3). From Theorem I we see that the re- 
mainder after m terms of (3) will be 


O(n-*/2) 


in the interval —N <x<N and will be 
O(n-*!2+116) 
outside this interval. Now when |x|>WN it is clear that 
< (1 x?) 


whence the truth of Theorem II is apparent. 
Since the function (1+?) is bounded we have 
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Corottary I. With the hypotheses of Theorem II 
= G(x) + O(m-*?2), 


It will be noted that TheoremI requires x*+! f(x) to be of bounded varia- 
tion in the infinite interval, which carries with it the implication that for x 
large 


f(x) = 


This condition can be somewhat lightened, at the expense however of a cor- 
responding increase in the remainder term for large values of x. We suppose 
that f(x) satisfies the hypotheses of Theorem I, let 


f(*) = Sa(x) + Ra(x), 


multiply this by (1+2*) and get rid of the x* in the terms of the series by 
two successive applications of the formula 


(x) = — (p + — 
Then we have 
f(x) = W (x) + Ci W(x) + Ri n(x), 


in which 
fi(x) = (1 + f(x), 
Cy = — 1)p] + (26 + t+ + + 2)] "Core, 


and 


Ri n(x) = { — 2)(m — + 
+ {[(m — + (20 + 
+ { [n(m + 
+ + 1)(m + 
+ R,(x)(1 + x?). 


In the course of the proof of Theorem I we have shown that 
Ca = O(n-*/2-8/4) 
and this fact together with (25), (26), and the inequality 
< (1 + |x| >N, 
enables us to show that 


Use of the recursion formula shows that the coefficients which we have 
designated by Cy are actually the coefficients which we would have obtained 
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in the formal expansion of the function f;(x) itself, and therefore Rj,,(x) is 
the remainder after ” terms of the series (39) formed for the function f,(z). 
Therefore we have the following modification of Theorem I. 


TuHeorEM III. Jf f(x) has a continuous kth derivative of bounded variation, 
and if x*-'f(x), x*-*f’(x), (x) are also of bounded 
variation when x is large, then 


Sn(x) = f(x) + O(n-*!?)(1 + 
for all values of x. 


It is this theorem which is to be regarded as closest analogue to the 
theorem of Jackson on Sturm-Liouville series referred to above. 

The statement and proof of the corresponding theorem for the case of 
the series (3) may be left to the reader. 

7. Since the results obtained in the preceding paragraph indicate a rate 
of convergence much slower than in the corresponding situation for Fourier 
series the question naturally arises whether these conclusions are inevitable 
or are merely due to inadequate methods of proof. The following example 
shows that no substantial improvement in the conclusions stated by the 
theorems need be expected. 

Let f(x) =|x |e-=*4. This function satisfies the hypotheses of Theorem I 
for k=1 except that the derivative has a finite discontinuity at x=0. But 
we have seen that the proof of Theorem I can still be carried through in spite 
of a finite number of discontinuities of the derivative. We multiply the 
identity (13) by the function | s |e~*’/4, integrate with respect to s from — © to 
assume that is odd, then set x=0, and have 


S,(0) = n/?W,_1(0) | f - J 4W,,(s)ds. 


From equations (1) and (8) 


so that 


Sx(0) = = (m — 2)/(2-4-6--- (m —1))]. 
The use of Stirling’s formula shows that this last expression is equal to 


+ O(n-8/2), 
Since f(0) =0 
| S.(0) — f(0) | > (1/m)n-*/2. 
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This example therefore shows that a stronger conclusion than the one stated 
for Theorem I is not to be expected. 

As a second example designed to show that the hypotheses about vanish- 
ing at infinity cannot be dispensed with, consider the function f(x) =1, which 
satisfies al] the conditions of Theorem I for any k& except that of vanishing 
at infinity. We note that C,=0 if m is odd, and C, is twice the expression 
given by (17) if mis even. Therefore if we integrate (18) from — © to x and 
compare coefficients with the above values of C, we find that 


Sn(x) = (n— f 


Sr(x) = + f “Wala)de, 


where v is odd. From this it is plain that 
lim S,(x) = 0, 


so that for any given ” we may always choose x so large that 
f(x) >1—e, €>0. 
Thus no relation of the form 
| f(x) — Sa(x) | = O(n?) 


can hold uniformly in the infinite interval. 
We may remark however that by means of (36) and (20) it may be shown 
that 


(41) Sala) = + en) f “Walaa + | 


1 + + n/4(1 + e,) 
0 


=1+0O(m"'"), -—-NSxsQN, 
=1+0O(1), 


8. Theorems I, II, and III have stated sufficient conditions for a given 
degree of convergence. The next two will furnish certain necessary condi- 
tions. The first of these two theorems is closely analogous to one given by 
Jackson* for the case of Fourier series and shows that the existence of deriva- 

* Jackson, Uber die Genauigheit der Anniherung stetiger Funkti durch rationale Funktionen 


gegebenen Grades und trigonometrische Summen gegebener Ordnung, Dissertation, Géttingen, 1911; 
Satz XVIII. 
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tives of certain orders is necessary for a given degree of convergence. 
THEOREM IV. If a series 
S(x) = AoWo(x) + AiWi(x) + A2W2(x) + --- 
converges so that for any n its remainder after n terms is 
R,(x) + O(n-*-*), k am integer, €>0, 


uniformly for x in any interval, then the sum S(x) has a continuous derivative 
of order 2k in the same interval. 


Consider the sum 


n+p 


n+p 
Lim AnWn(x) = Lim*[Rm(x) — 


By partial summation this may be put in the form 
n+pt+1 


D  [(m + — + — + 


Now 
(m + 1)* — m? < q(m + 


Hence the general term under the sign of summation is less in absolute value 


than 
Mq(m + M a constant, 


from which we see that the sum itself is 
O(ns-*-*), 
The two terms not under the summation sign are clearly also 


O(ns- be) 
so that 


n+p 
Dd mAnWalx) = O(n). 
From this we conclude that the set of series 


AnWa(2) 
m=0 


all converge uniformly in the given interval. 
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Now from equation (12) 


= — YAn(m + 1/2 — x?2/4) 


m=0 m=0 


SmAnWals) + (22/4 — 1/2) 
m=0 m=0 


From the uniform convergence of the two series on the right follows the 
uniform convergence of the series of second derivatives, which in turn 
establishes the existence and continuity of the second derivative of S(x). 
To proceed, we differentiate twice the relation 


substitute for W,/’ (x) from (12), and obtain formally 
SM(x) = (42/4 — $)S"(x) + + 3S(x) 


+ (4 — x?/4) + W,(x). 


n=0 

The uniform convergence of the series involved in this last relation shows 
that the differentiation was legitimate and establishes the existence and 
continuity of S“(x). In the same manner successive differentiations and 
substitutions establish the existence of the derivatives of even order up to 
S*)(x). It is only necessary to eliminate by means of preceding equations 
all of the series which appear with coefficients involving x, since otherwise 
the double differentiation would introduce terms containing W,,’ (x), which 
cannot be expressed in terms of W,(x). 


Corotitary. In a fixed finite interval Theorem IV may be applied to the 
series (3) without change of wording. 


Since we may take our interval as large as we like, it appears that the 
corollary establishes the existence of derivatives up to order 2 for all values 
of x provided the hypotheses hold uniformly in the infinite interval. 

Our second theorem furnishing necessary conditions deals with the be- 
havior of the function at infinity, and is as follows: 


THEOREM V. [f the series 
S(x) = AoWo(x) + AiWi(x) + A2Wo(x) + AsW3(x) +--- 
converges so that the remainder after n terms is O(n-*!*) uniformly in the infinite 


interval, then 
S(x) = O(| x| -*) 
when |x| is large. 
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It may be verified without difficulty that the functions W,(x), W,_1(x), 
W,.-2(x) all have the same sign when x >h, so that from the relationship 
n'l2W,(x) — — = 2Wil_i(x), 
obtained from (11), we derive the inequality 


| Wn-2(x) | < — 1)-1/?| W(x) | 


By successive repetitions this gives us 


| W—2m(x) | < [n(n —2)--+(n— 2m+ 2) 
-[(n — 1)(m — 3) — 2m+ 1) W,.(x) | < nil? | |. 


Likewise 
| W n—2m41(2) | < | W,-1(x) | 
Now if we let X =h+2k+6 and choose | x | =X we may apply inequality 
(29), with the exponent —k/2—3/2, to the functions W,-:(x) and W,(z), 
so that in view of the inequalities just obtained above 


(42) Wm(x) = O(n-*/?-1), m=0,1,2,--- » nN, | x| =X, 


and from this follows 
Snr(x) = O(n-*!2), 


By hypothesis 
S(x) = Sn(x) + O(n-*!?), 
so that 
S(x) = O(n-*/2) = O(X-*). 
Since this result is true in particular when |x| =X, we easily draw the con- 
clusion of the theorem. The fact that X takes on isolated values only does 
not affect the truth of the theorem for the continuous variable x. 

9. Up to the present we have been concerned with the degree of con- 
vergence of the expansions (3) or (39) in which the coefficients are determined 
by the formulas (4) or (40). Now, however, we take up the case in which the 
function f(x) is to be expressed as a linear combination of Wo, W1,--- , Wn, 
with coefficients which are not necessarily given by (40). The first result is 

THEOREM VI. [f f(x) satisfies a Lipschitz condition 

| f(a1) — < — 
and if 
| xf(x)| < 


then there exists a sum 


(43) Ln(x) = AonWo(x) + AinWilx) +--+ + AnnWalx) 
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such that 
| f(x) — < BLn-/2, 


in which B denotes a constant independent of n and of f(x). 


We shall prove the theorem only for even values of n, n =2m, though it 
will be clear that the result holds without this restriction. Our starting point 
is a theorem due to Jackson* which asserts the existence of a polynomial 
P1m(x) of degree m at most such that in a closed interval of length J 


| f(x) — Pin(x)| < 


Here as in subsequent formulas B;, Bz, etc. denote constants independent of 
n and of f(x). We shall choose the interval 


X=h+8, 
so that 


J = 2[(8m + + 8] = (32m)*/2[1 + O(m-'/2)]. 
We may therefore write 
(44) Pim(x) f(x) + Pim(X), 


where 
| Pim( xX) | < 


We next turn to the expansion of unity in a series S,,(x) as given by (41). 


Clearly we have 
Sm(x) = 


where P2(x) is a polynomial of degree m at most, so that (41) can be put in 
the form 

(45) = 1 + pom(x) 

with the conditions 


| pom(x) | < N, 
and 


| pom(x) | < Bu, 
Now we multiply (44) and (45), obtaining 
= f(x) + R(x), 


in which P,(x) is a polynomial of degree m at most. From the inequalities 
satisfied by pin(x) and pen(x) together with the fact that |xf(x)|<L we 
readily deduce that 


* These Transactions, vol. 14 (1913), p. 351, Theorem V. 
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(46) | Ra(x) | < 


Since e~*"/4P,,(x) is a linear combination of Wo, W1, - - - , Wn, we may set 


= 
and have 


(47) Zn(x) = f(x) + 


in the interval -X <x<X, so that the desired theorem is established in this 
interval. 

Now we consider the magnitude of the remainder term for x outside of 
this interval. First of all we observe by means of (42) for the case k =0, that 


x 
Wi(x)W (x)dx = 


t=jsn, 
O(n-*), i<jan. 


If A ;, denotes the largest coefficient in (43) we multiply (47) by W ;(x), inte- 
grate from —X to X, and have 


x 
Ann(t = + f 


from which it appears that A ;, is bounded with respect to m. For from (26) 
and (29) it is seen that |x!/*W,(x)| is bounded, and the same is true of 
|x f(x) |, so that the first integral is bounded. That the second integral is 
bounded is obvious from (46). 

Finally we use (42) again for the case k = 1 getting 


| W,(x) | < (p 0,1, n), 
whence 
| | < BeLn-?2, 


and since | f(x) |<Zn-"/? when | x|>X, we see that, for a suitable B, (46) 
holds for all values of x, and the theorem is established for the infinite interval. 

If x is replaced by 2'/2x a sum of the type (43) is converted into a sum of 
the type 


(48) on(x) bodo(x) + bid1(x) + + badna(X), 
whence we have 
THEOREM VII. Theorem VI also holds for the sum (48). 


On the other hand the introduction of the factor e-*"4 enables us to deduce 
from Theorem VI the following 
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THEOREM VIII. Jf $(x) satisfies a condition of the form 
| (2) — (42) | < L| x1 — 22| 
and if ‘ 
| <L 
there exists a sum of the type (48) such that 
| — on(x) | < 


10. We are now in a position to establish a theorem very similar to one 
proved by Jackson* for the indefinite integral of a trigonometric sum. 


THEOREM IX. Let (x) be an integrable function for which 


(49) f “o(a)dx = 0, 


and suppose that there exists a sum o,(x) of the form given by (48) such that 
(50) on(x) + pn(x), 


where 
| n(x) | < 


for all values of x in the infinite interval. Then 
(51) f o(x)dx = copo(x) + + 
in which 
| rn(x) | < 


The proof is so similar to that of Jackson that it might be omitted, were 
it not that the behavior of the remainder terms when ~ is large requires some 
slight additional investigation. We shall sketch the proof briefly. If we 
integrate (50) from — © to o and use (49) we find that the term boo can be 
included with p,(x) to form a new remainder p,’ (x) for which 


| (a) | < (2? + 
We then integrate (50) from — © to x, obtaining 
(52) f o(x)dx = bido(x) + bedi(x) + + + 
in which 
R,(x) -f pn (x)dx. 


* These Transactions, vol. 13 (1912), pp. 491-515. 


441 | 


442 W. E. MILNE [July 


Clearly R,(x) vanishes at — © and in view of (49) it also vanishes at ~. 
Therefore 


R(2) = f 


If x is negative we use the first form of R,(x), but if x is positive we use the 
second form. Suppose that x is positive. Then 


| Ra(x)| < + f x 


< (21/2 + f 


= 2(2"2 + < Seale“ 


The same is true when x is negative. Thus we have shown that R, (x) satisfies 
the second part of the hypothesis of Theorem VIII with L=5e. That R,(x) 
satisfies the first part of the hypothesis with L = 5e follows from the fact, read- 
ily shown from the foregoing inequalities, that the derivative of e*"/*R,(x) 
does not exceed 5e in absolute value. 

Therefore from Theorem VIII we see that there exists a sum s,(x) involv- 
ing the first such that 


| R,(x) — Sn(2) | < 


We use this result in connection with (52), combine the two sums and 
obtain (51). 
From the two theorems VIII and IX we derive 


THEOREM X. If $(x) has a (k—1)th derivative which satisfies the conditions 


| — en | < L| x1 — 


and if 
(54) lim ¢(x) = 0, 


z=to 
then there exists a sum a,(x) of the form (48) such that 
| — on(x) | < 


To establish this we first apply Theorem VIII to the function ¢‘*-(z), 
then use Theorem IX to obtain an approximating sum for ¢‘*-*)(x), again 
use IX to obtain an approximating sum for ¢‘*-®)(~), and continue thus till 
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the desired result is reached for ¢(x). In making these applications of 
Theorem IX we need to know, in addition to the stated hypotheses, that 


f = 0 (m =1,2,--- 


or what amounts to the same thing, that 
lim ¢(™(x) =0 (m=0,1,2,---,k—2). 


z=to 


Now if x is large and positive 


= C + 
Continuing thus we find that ¢(x) may be expressed as a polynomial with 
an added term which is O(x-*e-#"/2). But the condition (54) shows that the 
polynomial must vanish identically, and therefore C, C’, etc. all vanish, which 


completes the proof. 
If in Theorem X we make the change of function 


= 
we are enabled to state a theorem regarding approximation by sums of the 
type (41): 


THEOREM XI. Jf f(x) has a (k—1)th derivative which satisfies a Lipschitz 
condition 


| (2x1) | < L| 22 | 


and if 
| x) | <L (m = 0,1,2, k — 1), 


then there exists a sum Z,(x) such that 
Zn(x) = f(x) + O(n-*!?) 
uniformly in the infinite interval. 


The proof of this theorem may be left to the reader. 
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FOUCAULT’S PENDULUM IN ELLIPTIC SPACE* 


BY 
JAMES PIERPONT 


1. In the following for e- read euclidean, for E- read elliptic. Let x, y, z 
be ordinary rectangular codrdinates of a point in e-space whose origin is O. 
Set \=4R?+7?, where R is an arbitrary positive 
constant. For all points of e-space 


do? = dx? + dy? + 

For points within and on the e-sphere »=0 we establish an elliptic metric 
by means of 

(1) ds = (4R*/d)do. 


Points outside of »=0 do not exist in E-space while two diametral points 
on »=0 are regarded as identical. 

An E-straight is an e-circle cutting 1 =0 in diametral points; an E-plane 
is an e-sphere cutting 1 =0 along a great circle. The e-sphere up =0 is regarded 
as an E-plane. Angles between E-straights and planes have the same 
measure in £- as in e-space. 

The 4 E-planes x=0, y=0, z=0, »=0 form an E-tetrahedron which we 
call 7. From a point xyz drop E-perpendiculars on the 4 faces of 7 and let 
6;, 7=1, 2, 3, 4, be their EZ-lengths. We set 

z; = Rsin (6;/R) ° 
We find 


= 4R*x/d, 22 = 4R*y/d, 23 = = Ry/d. 
Also 


(2) +c? = ds? = dz? + dz? + dz? + dz?. 
In these codrdinates the equation of an Z-plane has the form 

+ + + = O. 
The distance 6 between two points z, 2’ is given by 


+ + + 242d 
R?2 


cos (6/R) = 


* Presented to the Society, February 23, 1929; received by the editors February 1, 1929. 
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We may without loss of generality set R=1 and this will be done in the 
following. 

2. Let 1, - - -,¢4 be the codrdinates of the point of suspension O’ whose 
latitude is ¢ and whose longitude is 8. Let OO’ =p in E-measure. For brevity 
we set 


r=sinp, =cosp, m=cotp; p=sing, =cos¢. 


Then 


C1 = rp’ cos@, = rp’ sin®@, Cs =rp, 


Let us now displace the xyz axes so that O moves to O’. The new e-axes 
call &, », where +£, +7 point south and east respectively, while 
points to the zenith. These axes define a new E-tetrahedron which we call r’. 
The relation between the codrdinates 2, - - - , 2, referred to 7 and the 
coérdinates {1, - - - , {of the same point referred tor’ is given by the table, 
read as in ordinary analytic geometry. 
21 22 
p cos p sin — ~’ 
— sin cos 6 0 
fs | cos@ | r’p’ r'p 
| rp’ cos@ | rp’ sind rp 


We now suppose that 7 remains fixed in space, that the earth rotates about 
the z axis with a constant angular velocity k=6=d0/dt and that finally 7’ 
is rigidly attached to the earth. 

We suppose the bob B of the pendulum to be a particle of mass m, 
and attached to the point of suspension c or O’ by a weightless rod of length 
L in E-measure. Set /=sin L, l’=cos L; let the plane through B and the 
¢ axis make the angle w with the é - ¢ plane, let the rod O’B make with the 
negative ¢ axis the angle y. Then the codrdinates of B relative to r’ are 


(4) =lsiny cosa, =Ilsinysinw, = —Ilcosy, 


3. Let the force F act on a particle; if the particle is displaced along an 
elementary segment of length ds as defined by (1) or by (2) and if 0 is the 
angle between F and ds we assume with Killing* that the work done is 
dW =F cos 6ds. We ask now what is dW when y receives the increment dy. 
In the triangle OO’B we have setting OB =8 in E-measure 


*W. Killing, Die Mechanik in den nicht-euklidischen Raumformen, Crelle’s Journal, vol. 98 
(1885), p. 1. 
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sinp . 
sin B = ——; siny = — cos@. 
sin B 


As ds=sin Ldy we have 


(5) dW = —F 


sin sin p 
- df3. 
i 


p 
sin L sin = —F 
B aid sin B 


Since the length of the pendulum ZL is negligible compared with p, sin 6 =sin p 
with a high degree of exactitude. We may therefore write 


(6) dW = — Fd; = — FsinLsinydy, 


sin 


which is what we would expect at once. 
We note that the work done when w receives an increment is 0, since in 
this case @= 7/2, hence OW/dw=0. 
4. We now wish to calculate the velocity v of the bob B. We have 
P= P= +47 +27 + 
From the table (3) we express the 2’s in terms of the ¢’s and these by means 
of (4) in terms of ¥, w. We then differentiate the 2’s, squared, and add. We 
find, setting as before k=6, 
v? = sin? sin? w + (pl sin cos w — r’p'l cos + I'p’r)?] 
+ PY? + P sin? yo? 
+ 2kyp[rp'll’ cos sin w — sin w] 
+ sin? y — sin cosy cos w + rp'll’ sin y cos w]. 


(7) 


The kinetic energy of the bob B we define by 
T = 3m?’. 


5. We assume now that the motion of the bob B takes place according to 
Hamilton’s principle 


for + 6W)dt = 0. 
On performing the variation we get as usual Lagrange’s equation 
(8) 


Let us calculate the w equation. From (7) 


oT 
rey = (sin? + sin? — sin yy cos cos w + rp'll’ sin cos a], 
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k?[/? sin? y sin w cosw — plsiny sin w(pl sin cos w — r’p'l cos + I'p’r)] 


+ kp[rp’ll’ cos cos w — Pr'p’ cos w] 
+ ka[r'p'?? sin cosy sin w — rp’ll’ sin sin w]. 
Thus the first equation (8) gives 
sin? y) + (sin? v) — kr’ w) + (sing COs w) 
dt dt 2 dt dt 
0) = sin? y sin w cosw — k*pl siny sin w(pl sin cos w — r’p'l cos + I’ p’r) 
+ krp'll’((cos w cos — (sin sin 
— klr'p'((cos — (sin cos sin w)a). 
We will now suppose that y is so small that we may set sin y=y without 
sensible error; then (9) becomes 


d d d d 
+ kr'p'P? cos w) + cos w) 


= sin w cosw — k* ply sin w{ ply cos w + (i'r — r'l)p’} 
d d 
cos w) — COS w) ; 


or as l’r—r’l=cos L sin p—cos p sin L=sin (ep—L)=sin p=r very nearly, 
we get 
(ay? + 2pop + 2kppy) 

= sin w cosw — sin w cos w — k*pp'np sin w. 
Hence 

+ kp) + po = cosw — (k*pp’r/I)sin w. 
These are entirely analogous to the equations of classical mechanics. Under 
similar conditions we may say therefore that in first approximation the 
angular velocity of the plane of vibration is 
= —ksing. 
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ON A CERTAIN FORMULA OF MECHANICAL QUADRA- 
TURES WITH NON-EQUIDISTANT ORDINATES* 


BY 
J. A. SHOHAT (JACQUES CHOKHATE) 


Introduction. The object of this paper is to investigate the formula of 
mechanical quadratures 


(A) = a(u_n + Un) + + Un;) (uz = u(x)), 


i= 1 


[ca f = a(uo + en) + + tend |, 
0 


i=l 
(1) O<n< 


where is a certain given finite quantity, u(x) is a bounded (R)-integrable 
function defined on (—n, a, a;, , s) are to be determined, 
making use of certain conditions to be stated later. 

This formula has been suggested by G. F. Hardy{ and given, for s=2, 
in King’s Text-Book.t A discussion of it, for s=2, 3, has been given by J. W. 
Glover.§ Since the formula under consideration is being frequently used and 
yields a very close approximation, it seems to be of interest to investigate its 
theoretical basis for any positive integral value of s. The following questions 
naturally arise. 

(i) Existence of formula (A) for any s=1, 2, 3,--- ; i.e., can we always 
find in (A) real a, a;, n\(i=1, 2, - - - , 5) satisfying (1)? 

(ii) Theoretical basis of (A), i.e., find an algorithm yielding the values of 
the constants enumerated in (i), for any positive integer s. 

(iii) Convergence of formula (A), i.e. investigate 


lim | — a(n + Un) — | 


(iv) Remainder and accuracy of formula (A). 


* Presented to the Society, March 29, 1929; received by the editors January 31, 1929. 

+ G. F. Hardy, On some formulas of approximate summation, Journal of the Institute of Actuaries 
and Assurance Magazine (London), vol. 24 (1884), pp. 95-110; p. 95. 

t G. King, Institute of Actuaries Text-Book, 2d edition, London, 1902, part II, pp. 489-490. 

§ J. W. Glover, Quadrature formulae when ordinates are not equidistant, Proceedings of the 
International Mathematical Congress, Toronto, 1924, vol. II, pp. 831-835. 
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In what follows we shall endeavor to answer the aforesaid questions, 
and to show that formula (A) is closely related to the theory of Jacobi poly- 
nomials. 

1. Statement of the problem. Find 2s+1 real constants: a, ai, d2,-*--: , 
a,, (0<)m<m< --- <n,.(<mn), such that formula (A) be exact for an arbitrary 
polynomial of degree <4s+1. [Hereafter, Gn(x)= > 7. generally 
stands for an arbitrary polynomial of degree <m. | 

Formula (A) obviously holds true for x?*+!(k =0, 1, 2, - - -). Hence, it is 
necessary and sufficient that 


n Qn2k+1 8 
= = + 2 Diam? 
which leads to the following system of 2s+1 equations: 

(2) 

with 

(3) a; = (n,/n)?, b; =a;/n = 0,1,---, 55m = = 1, a = @). 


2. Application of continued fractions. Relation to Jacobi polynomials. 
Introduce the series (finite or infinite, if s be allowed to increase indefinitely) 


1 1 2 


m+1 2m+1 2wm+3 (2m+ 1)(2m+ 3) 


1 — x) 
(1 — = f 
0 2 
(5) yields the following integral representation of K(x): 
ay 

(6) K(a) = 

In the system (2) multiply the kth equation by g.(k=0, 1, 2,---, 
add. Then (2) becomes equivalent to 


j=0 


where, in general, 


(8) w(Ga) = Dgr/(2k + 1). 


k=0 


2s) and 
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On the other hand, making use of 

(9) = = 1/(2m + 1) 
we can write (8) in integral form as follows: 

(10) = f 


Apply (7), (10) to the polynomial 


= (j= 0,1, 
x— aj 


(11) 
U(x) = [](x = («x 1)6(x), = a): 


j=0 i=1 
pilx)V(x)dx 


pi(a)(1 — 2) 


(14) bo= (1) o (1— ai)(x — ai) By (ai) 


The same formulas (7), (10), applied to ¥(x)G,_:(x), give 


(15) pila) = 0, 


1 1 
(16) f 262) = 0, pa) = 2). 
0 
The relations (6), (7), (16) are fundamental. (16), equivalent to [) p(x) ®,(x) 
-x*dx =0 (k=0,1, - - - , 5), shows that in the product 


d 
®(2)K(x) = a(x) f 
o 
the terms in 1/x, 1/x*, - - - , 1/x* are absent, i.e. 
1 


(x 


(17) ,(x) f same = P,(x)(polynomial of degree s — 1) + 


* We write, in general, 


[July 
(m=0,1,---), 
(12) b;= 
0 
13 —— 0,1,---,8 
ho ) 
a dz 1 
(p> 0). 
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Hence,* P,(x)/®,(x) is a convergent to the continued fraction 


p(y)dy re | 


0 


(18) 


which necessarily exists, since p(x) is not negative in (0, 1).{ Furthermore, 
(18) is a special case of the continued fraction “associated” t with the integral 


1 a—1 
>, 
0 x—y 
for a=}, B=2, where the denominators of the convergents are Jacobi poly- 
mials, which, in turn, are but a particular case of orthogonal Tchebycheff 
polynomials. 

3. Some general properties of orthogonal Tchebycheff polynomials. 
Polynomials of Jacobi. Any “c-function” p(x) defined on the finite or infinite 
interval (a, b), i.e. non-negative and having all the “moments” [° p(x)x"dx 
(n=0, 1, - - - ), gives rise, it is known, to a system of orthogonal Tchebycheff 


polynomials 
(19) ,[p(x) ; a,b,x] = = (nm =0,1,2,---) 


uniquely determined by either one of the equivalent set of relations 


b 
p(x) = 0 (m~n;m,n=0,1,2,---), 


f =0 (n = 0,1,2,---). 


a 


(20) 


We can normalize the system (19), and we get the sequence of polynomials 


(21) n[p(x) ; 2,0; x] = 3 x) = = 
(an(p) =a, >0; n=0,1, 


0 (n 
1 (n =m). 


b 
(22) 22) = { 


The following are some of the most important properties of {®,(x)}.t 


* Cf., for example, Jordan, Cours d’Analyse, 2d edition (1893), vol. I, p. 373. 

t O. Perron, Die Lehre von den Kettenbriichen, Leipzig and Berlin, Teubner, 1913, p. 377. 

t Cf., for example, J. Chokhate, Sur le développement del’intégrale fo (p(x) /(x—y) |dy enfraction 
continue et sur les polynomes de Tchebycheff, Rendiconti del Circolo Matematico di Palermo, vol. 47 
(1923), pp. 25-46; pp. 25-30. 
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(i) {®,(x)} are the denominators of the convergents {V,(x)/®,(x)} to the 
“associated” continued fraction 


b p(y)dy | 


(Ai,¢; = const.; A; > 0). 
a |a— | x — ce 


i(x) = (2 — Cn+1) Pn(X) — Angi (n = 1), 


b 
i, = (» 22;M= f p(2)dz) 
a 


xp(x)dx 


Cn = Sa — n22;a= 
f p(x)dx 


an 


(iv) (a) = Dat sx) = — (2)]. 


i=0 
(v) ©,(x) has all roots x;,,(i=1, 2,---, ) real, distinct and between 
(a, 6). 
(vi) < ,n+1 < X2,n Xn < Xn+1,n+1- 
(vii) For lima, =a, lima.».= 5, 


assuming the non-existence of numbers a, 8 such that 


a b 
f 
a B 


(viii) In case of (a, 5) finite* we find, for sufficiently large, roots x;,. in 
any sub-interval (c, d) such that f?p(x)dx>0 (aSc<db). 


(ix) If a= —b,and p(x) = p(—x),then (“symmetric” Tchebycheff polynomials) : 
Pentel P(x) — x] = a? 0,57; = 0,1); 


(23) 
= 0; + Xn-in1 = 0 (¢=1,2,---,m;m=1,2,---). 


If we take, in the formulas above, 


* The case of (a, 6) infinite requires the consideration of the nature of p(x) for |x| very large. 


(ii) 
1 
—. 
ay 
(iii) 


1929] A FORMULA FOR MECHANICAL QUADRATURES 453 


(24) (a, 6) finite, say (0,1), p(x) (a, B>0), 
we get polynomials of Jacobi (Legendre polynomials: a =8 =1; trigonometric 
polynomials: a=8=4) which we denote by 


(25) n(a,8;0,1; x) = ; x) = = — S,x™1+--- 
(n = 0,1,2,---). 


Here are some of their properties to be used later.* 


(26) n(a,8;0,1; x) = — yee 1 — 


x” 


= C,F(a + B n,a,x),tt 
where F(a, 8, y, x) denotes the hypergeometric series 


a-B a(a + 1)8(8 + 1) 
(2 ) F(a,B,y,%) 1-2-y(y + 1) vil 


| T'(a + + + 1) | : 
n(n-+a-—1) 


(29) 0,1; x) = CrPon(8 ,B 1,1; (see (23)) 


Using the asymptotic expressions for Jacobi polynomials (for m very large) 

derived by Darboux, § we obtain the following asymptotic expressions for 

x;,,-roots of ®,(a, B; 0, 1; x), which give a good approximation for n=9, 

{sin} + 2a — 3) 
4(2n + a+ 6 — 1) 4(2n + a +8 — 1)(2n — 1) 
(2a — 1)(2a — 3) 

 4(2n + a+ B — 1)(2n — 1) 


(i= 


* Darboux, Mémoire sur l’approximation des fonctions de trés-grands nombres et sur une classe 
étendue de développments en série, Journal de Mathématiques, (3), vol. 4 (1878), pp. 5-56, 377-416; 
pp. 377-381. 

+ Hereafter, C, stands generally for a constant (different in different formulas) independent of x. 

t To get the corresponding results for (—1, 1), replace x by (1+«)/2, xin by 2%;,n—1. 

§ Darboux, loc. cit., p. 44. For the roots of Legendre polynomials in (—1, 1), (30) gives 
which, however, is somewhat inferior to 
t:=cos [x(4i—1) [2(2n+1) }*] given by Stieltjes (Sur les polynomes de Legendre, Oeuvres, vol. II, 
pp. 236-252; pp. 243-244). 


an 
(28) 
Sn 
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4, Existence of formula (A) for any positive integer s. Some properties 
of {n;}. The results of §3, combined with the conclusion of §2, lead to 


TueoreM I. (i) Formula (A) exists for every positive integer s. 
(ii) The quantities (n;/n)? (i=1, 2,---, 5) are roots of the Jacobi poly- 
nomial 


1 
,(x) = (> 2;0,1 =C,x/2(1 — — x)+1] 
x* 


3 1 (2s + 3)s 
(2s + 3)(2s + 5)s(s — 1) , 

+ 1-2-1-3 


= C,$2,(2,2 ;— 1,1 


or, what is equivalent, {n/n} (i=1, 2,--- , s) coincide with the positive roots 
of 
1+ 2x 
$.,(2,2; — 1,1;x) = 2s + 3,—- 


Writing ;,, in place of m;, we state 


THEOREM II. (i) 11, 041<1, s<M2, <Ms,041<Ms, 

(ii) For s+, lim m,,=0, lim n,,,=n. 

(iii) The sequence {n;.} (i=1, 2,---, 5; s=1, 2,---) is everywhere 
densely distributed in (—n, n), i.e., in any sub-interval we find points n;,., s 
being sufficiently large. 

(iv) 

(v) O= F541, 2041 <Es42, E2041, 2541, 
where &;n(i=1, 2, --- ,m) denote generally the roots of the Legendre polynomial 
P,,(x) corresponding to (—1, 1). 

We need only a proof of (v). The orthogonality and normality properties 
(22) give readily 

(i — ; — 1,1; = AnyoPnio(x) + AnP,(x), 
an Pn 


Anz = — <0, A, =—>0 = pax" +--+ 5 pn > 0), 
Pn+2 a 


(31) 


* We have also 


1 
#,(x) =C, ~ (m+ 1)(Qm + 5): 


Oo Os 
Og * * * 
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and this, combined with the recurrence relation 
(m + 2)Pny2(x) = (2m + — (mw + 1)P,(x), 
gives successively 


<0, > 0, 
< 0 (¢=1,2,---,H+1). 


Hence, the roots of ¢,(x) are separated by those of P,.4:(x), which, in virtue 
of Theorem I, proves (v). 

Note. The roots of Legendre polynomials corresponding to (0, 1) have 
been computed by Gauss* to 16 decimals, for m=1, 2,---, 7, and by 
Stieltjes (loc. cit.) for m=9, 10 (in (—1, 1)). 

5. Some properties of the coefficients a;. Combining (7), (12), we get 


(32) 


(33) w(G2.) = W'(a;), 


(34) w(¥ G,) w(¥ ,)G,(a;) G 0,1, Ss), 
since G2,(x) = V;(x)G,(x) =0 (x =a;, i¥7), (x =a;); 

dy 
(y — 
(p(y) = 397"? 5 7 = 0,1,---, 5). 


(35) = = o( = 


Here G,(x) may be different for different 7, and with 


G(x) W(x) 
(x — a) 


a; v(y) 
i d ; = ee 


TuHeoREM III. All coefficients a;(j =0, 1, - - - , are positive. 


This property is of great importance when discussing the convergence of 
(A). We can also express the a; in terms of the convergents to the continued 
fraction (18). We get from (17) rewritten as 


* Gauss, Methodus nova integralium valores per approximationem inveniendi, Werke, vol. III, 
pp. 105-196; pp. 193-195. 


455 


J. A. SHOHAT [July 


d 1 1 &,(x) — 
p(y)dy )- Pa) f (x) ay 
0 x—y 


#,(2) = Pix) + ( 


ply) ®.(y)dy 
0 
®,(x) 


and (14) gives, with V(x) = (x—1)@,(x), 
(38) a) (a) (#,(a;) = 0; 1,2, » 5). 


We can also express the a; in terms of the ®,(x) only, thus avoiding the com- 
putation of the polynomials P,(x). Use the properties (ii), (iii), (iv) (§3): 


1 ai — Cs 
(40) = (&,(a) = (x)Hi(x) + 


a 1 
(41) —= 1,2,---,5). 


a; 
(39) — 
n 


k=0 


As to the value of a9=a, it has the following remarkable property: 

THEOREM IV. For any positive integral value of s, a/n is rational and 
= [(s+1) (2s+1) }-.* 

We get readily, for s=1, a/n=1/6=1/(2-3). Assume our statement to 
be true for s=1, 2,---, k, and prove it holds true also for s=k+1. 
Formula (10): w(Go) =fop:(x)G2.(x)dx, combined with /)p(x)®,(x)dx = 
(p(x) =(1—x)pi(x)) gives 
(42) w[x,(x)] = w[,(x)]. 

We get now from the recurrence relation (ii), §3, 

= — Cogs) — Px-i(x), 
8k? — 4k — 3 ol ad (k? — 4)k(k + 1) 
4k + 24k (2k — + +H) 
* In this remarkable property of a/n lies the great practical value of formula (A), since adding 


two more ordinates (at x= +m) contributes greatly to the accuracy of (A), while requiring very 
little computation. 


(43) Ck 


456 

| 


1929] A FORMULA FOR MECHANICAL QUADRATURES 


(see (28) and (iii), §3; 21): 
We obtain finally from (44), substituting therein (Darboux, loc. cit.) 
B(B + 1)---(@+n-— 1) 
(a+B+n—1)---(a+B + 2n — 2) 
(with a=}, B=2), 


a/n (for s=k+1) =1/[(k+2) (2k+3) ], which proves our statement. 

6. Generalization of formula (A). Choose, in (a,b), 2+1 arbitrary points 
Xo, With p(x) defined on (a, b) and such that [°p(x)x‘dx exists 
(¢=0,1,2,---), we write the following formula of mechanical quadratures 
(making use of the Lagrange interpolation formula): 


b 
f = LAG,(«i), 


p(x) o(x)dx 
A; = ’ 
(x — 


Moreover, there exists a remarkable choice of the x;, which we state* in 


(44) 


(45) = @,(a,8;0,1;1) = 


(46) 


= I — x). 


THeEorEM V. If p(x) be a c-function defined on a finite interval (a, b), we 
can always choose 2s+2 points so that 
(46) holds true for Gis4i(x). The points x1, - + - , X2, are roots of the polynomial 
$>,[p(x) (x—a) (b—x); a, b; x] of the family of orthogonal Tchebycheff poly- 
nomials corresponding to the interval (a, b), with the “characteristic function” 
p(x) (x—a) (6-2). 

For any f(x) defined on (a, 6) we thus write:* 

b 2e+1 
f = Ase) + (40 = = 8), 
a t=O 
(B) 


p(x) ®(x)dx 
a (x — 
= (x — a)(x — — a)(b — x); a,b; x]. 
For the coefficients A; we can get expressions quite similar to those given 
above for the a; in (A) (formulas (12)—(14), (39)-(41)). One interesting con- 


* A. Markoff, Differenzenrechnung, Leipzig, Teubner, 1896, pp. 69, 80-87. Omitting continuity 
of f*+2) (x) in (a, b), we may replace in (47) f“**® (£) by a quantity intermediate between the upper 
and lower bounds of f“**®) (x) in (a, 5). 
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clusion is the following: if a, b are rational, and all the “moments” of p(x) are 
likewise rational, then the coefficients Ao, A2s41, corresponding to the end points 
of the interval, are also rational. 

If f‘4*+2) (x) be continuous in (a, b), we get for the remainder in (B)* 


Roe+2(f) 


(47) P(x)(% — a)(b — x) (x)dx 


1 
+ 3) a2? [p(2)(x — — 2)] 
Making use of the lower bound for a,() given by the writer,} we get 


T(4s + x4 4 ) J p(x)(x — a)(b — x)dx, 


M 4542 = max | f(4*+2)(x) | in (a,b). 


(€ in (@,6)). 


| Ros42(f) | 
(48) 


Considerations similar to those employed above in the proof of Theorem II, 
(v), show that the roots of ®, [p(x) (x—a) (b—x); x] are separated by those 
of ,4:[p(x); a, b; x]. 

THEOREM VI. The 2s points x1, --~- , X2, employed in (B) satisfy the in- 


(i=1,---, 2s+1) are roots of Bo.41[p(x); a, b; x]. 


For the coefficients A; in (B) we have the important Tchebycheff ine- 
qualitiest 


zk 
(49) p(x)dx > 


(i,k = 0,1, sli. , 2s + 1), 


(50) 0<A;< 


i-2 


(§=0,1,---, 25+15 = a1 = G, = = 
which, combined with (vii), (viii) of §3, leads to 


Tueorem VII. If f%p(x)dx>0 (aSa<BSb), then lim,..4;=0 
(i=0,1,---, 2s+1). 


* See preceding footnote. 

+ J. Shohat, these Transactions, vol. 29 (1927), pp. 569-583; p. 575. 

t (a) A. Markoff, Démonstration de certaines inégalités de M. Tchebycheff, Mathematische 
Annalen, vol. 24 (1884), pp. 172-180, pp. 172-173; (b) Stieltjes, Quelgues recherches sur la théorie 
des quadratures dites mécaniques, Oeuvres, vol. I, pp. 377-394; pp. 385, 387, 392-394. 
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7. Convergence of formula (B). Consider, first, the case of f(x) con- 
tinuous in (a, b). Let I4s4:(%) denote the polynomial of degree <4s+1, of 
the best approximation (in the sense of Tchebycheff) to f(x) on (a, 6), and 
let 


(51) (f) (“best approximation”) = max. | (%) («) | forasxsb. 
Apply (B) to f(x) and Tl,,4:(), and use (50) and (take f(x) =1 in (B)): 


2s+1 
(52) ff 


2s+1 


f p(x) [f(x) Tas41(x) ] + A f(x], 


b 
(53) (f) |S (f) @) ae. 


By Weierstrass’s theorem, lim,.., E44: (f) =0; hence, for s+, formula (B) 
converges for any continuous function. 

Furthermore, the inequalities (49), (50) enable us to follow the elegant 
analysis of Stieltjes* and state 


THEOREM VIII. For s+, formula (B) converges, i.e. lis... >. A if (x:) 
= [?p(x)f(x)dx, for any f(x) bounded in (a, b), for which the right-hand (R) 
integral exists. 


Notes. (i) Employing Riemann-Stieltjes integrals, the writer was able 
to provet that Theorems VII, VIII are valid even without the condition 
J®p(x)dx>0 (aSa<BSb). 

(ii) Theorem VIII could be established without the use of Tchebycheff 
inequalities, following an elementary analysis employed by Stekloff{ for 
p(x) =1, which, however, would require considerable supplements for our 
general p(x). 

8. Accuracy of formula (B) for continuous functions. Formula (53) 
gives, for any s, the order of magnitude of R2,42(f), using therein the known 
order (with respect to s) of the best approximation E,,4: (f), f(~) having cer- 


* See preceding foot note, reference (b). 

{ J. Chokhate, Sur la convergence des quadratures mécaniques dans un intervalle infini.. A pplica- 
tions au probléme des moments, au calcul des probabilités, Comptes Rendus, vol. 186, pp. 344-346. 

t W. Stekloff, On the approximate evaluation of definite integrals by means of mechanical quadra- 
tures. I. Convergence of mechanical quadratures formulas (in Russian), Bulletin of the Russian Aca- 
demy of Sciences, 1916, pp. 170-186; pp. 176-178. 
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tain prescribed continuity properties. The following cases make use of 
certain results in this domain due to D. Jackson* and C. dela Vallée-Poussint 
and are well adapted for numerical computation. 


(5 | f( x2) f(x) | s x2 | ; (8) | f'(x) | | | 
(y) | — | ; (8) | f'(x2) — | S 
(a S m1, Sb; = const. ; | x1 — x2 | S 5). 


2. 


a 
(a) | Resso(f) | < 3d 4s+1 


(55) 


b— 
(y) | | < - or ; (8) | < 


4s +2 
= p()dz). 


9. Symmetric formulas of mechanical quadratures. We get in (B), with 
(56) = b, p(x) = x) in (— b,b), 
(57) Xi = 0, Ai = (i =0,1,---, 2s—1) 
(see (ix), §3), and we may call such a formula a “symmetric” formula of me- 


chanical quadratures. Rewrite now formula (A) as follows: 


(A) = a(uU_n + Un) + + Un;) + ps(%), 


2n 
[cay f u dx = + Un) + + + osu) |, 
0° t=1 


and we arrive at the following conclusions: 


THEOREM IX. (i) Formula(A) is a special case of “symmetric” formulas of 
mechanical quadratures (B), with p(x)=1, (a, 6) =(—1, 1), if we replace in 
(B) x by x/n (with f(x/n)= uz). 

(ii) lim,.. @=lim,.. (¢=1,---,5). 

(iii) Formula (A) converges, for s->«, for any u(x) bounded and (R)- 
integrable in (—n, n). 

(iv) If u‘4*+2) (x) is continuous in (—n, n), then (see (47), (48), also third 
footnote on page 458) 

* D. Jackson, On approximation by trigonometric sums and polynomials, these Transactions, vol. 


13 (1912), pp. 491-515; pp. 492, 496, 510, 512. 
tC. de la Vallée-Poussin, Legons sur Approximation des Fonctions d’une Variable Réelle, 


Paris, 1919, pp. 66-67. 


\ 
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24+4(5 + 1)(2s + 1)8I4(2s + 1) 
(58) = — (— 0,0). 


(v) If f(x) satisfies one of the conditions (54a-5), then we have the corre- 
sponding inequalities 


(59) (a) |pa(u)|< 12 X/(4s+1); (8) |ps(u)|<160n d1/(4s+1)?; 
(y) |pe(u)|<12m w(1/(2s+1)); (8) | 


10. Extremal properties of the a; in (A). Apply (B), with p(x) =1, (a, b) 
=(—1, 1), to the polynomial (1—x*) G,24(x?): 


fa — = — 


(60) 


x)G,21(x)dx a, )G,*_1(ax) = A,(1 ai)G?2_1(a;) 
k=0 


0 
(s2i>0; a, = k= 0,1,2, s). 
Consider now (60) for all polynomials (1—x) G,_: (x) such that 
1 
G.-1 (ai) = (i>0). 
1—a; 


Then, 
1 
0 


| 
(61) min — «)G.21(x)dx G,_1(a;)(1 — = 1). 
0 


We know that A;, a; in (60) are the same, respectively, as a;/n, (n;/n)? in 
(A) (¢=1,---,5). Thus we get from (61), using a result previously estab- 
lished by the writer,* 


1 
(62) A,= (¢=1,2,---,>s), 


e—1 
(1 — — x); 0,1; ai] 


k=0 


which is the same formula (41) derived above in an entirely different way. 
The extremal properties (61) are of great importance in discussing formulas 
of mechanical quadratures in general. They enable us, for example, to find 
upper bounds for the coefficients A; in the formulas under consideration, to 


* These Transactions, vol. 29 (1927) p. 573. 
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prove the uniform convergence to zero of the A’s in formulas of type (B),* and 
so on. All these considerations will be developed elsewhere. 

11. Numerical values of the constants in formula (A) for some values of 
s. First, construct the hypergeometric polynomial ®,(x) =C.F,(s+%, —s,3,x) 
(=x'+ ---) the roots of which give the quantities (m;/n)? (¢=1,---, s); 
then find the ’s and c’s by means of ((43), (iii), §3) (or dividing ®,(x) by 
®,_,(x)); formulas (39) or (40) yield now the values of a;/n (¢=1, - - - , s) ff, 
a/n being equal to 1/[(s+1) (2s+1)]. For s=5, 6,---, we can find the 
quantities ;/n as the positive roots of the polynomial F(2s+3, —2s, 2, 
(1+«)/2), using for those roots their approximate expressions (30) (with 


a=B=2). 
2 ny Ne 
s = 2: ; — = 0.28522, — = 0.76506 
nN nN 


1 ay a2 
=—; — = 0.55486 ; — = 0.37847 ; 
15 n 
212. 3-53-(4!)4 
= — 
p2(u 11-(10!) 


(10) (¢) (— in (— n,n)) ; 


160 1 1 
| po(m) | <—n, 12nw =) 4nw, =) (conditions (54a-8)) . 


3 
5-9 5 

— 

11-13 3-11-13 


N3 
, — = 0.59170, — = 0.87174; 
nN n 


a, a2 a3 
» — = 0.41245, — = 0.34111, — = 0.21069 ;s 
nN nN n 


218. 73. (6!)4 
p3(u) = — (é) ( in (— m,n)) ; 


160nr 20 


1 
| ps(u) | < 12nw (—) (conditions (54a-6)) . 


* Cf. J. Chokhate, Comptes Rendus, loc. cit. 
+ When using (39), (40), add to (28) (with n=2s, a=}, 8=2/2"?, as factor, due to p(x) =427"? 
*(1—z)). 
(1—2)) 
t Check: 5-45 (=) = sts +0. 


t=1 


s=3: ;(x) = 
ny 
n 
a 1 
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4-7. 27 47 7 
s=4:; x) = — x 
' 17 17 13-17 11-13-17 


nN, Ne N3 N4 
—- = 0.16528, — = 0.47792, — = 0.73877, — = 0.91953.* 
n n nN nN 


* I am indebted to Professor H. C. Carver for this computation. 
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GENERALIZED VANDERMONDE DETERMINANTS* 


BY 
E. R. HEINEMAN 


INTRODUCTION 


The Vandermonde determinant, usually written in this way: 


is an alternant and is equal to the difference-product of its variables. Instead 
of keeping the indices of the Vandermonde determinant fixed at 0, 1, 2, - - - , 
n—1, let us take any positive integers. This yields another alternant which 
we shall call a generalized Vandermonde determinant. This determinant may 


be expressed thus: 


in which 4:<#< --~- <#,. Since this alternant vanishes on equating any 
two of its variables, we know that every generalized Vandermonde determin- 
ant is divisible by the difference-product of its variables and hence by the 
Vandermonde determinant of these variables. Let us now consider the quo- 
tient of any generalized Vandermonde determinant by its Vandermonde 
determinant. Since both change sign under a transposition, their quotient 
will remain unchanged, putting it into the class of symmetric functions. A 
general formula for finding this symmetric function has been the goal of 
much research in the last half century. 

Thus far two ways of treating this subject have been introduced. One 
of these involves the determination of a general method for finding the 
quotient of a generalized Vandermonde determinant by the Vandermonde 
determinant of its variables in terms of symmetric functions. This method 


* Presented to the Society, September 9, 1927; received by the editors in February, 1929. 
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has been used by W. Woolsey Johnson* and, in an entirely different manner, 
by Thomas Muir.f The second method of approach, used by both Muirt 
and E. D. Roe, Jr.,§ consists of the multiplication of the Vandermonde 
determinant by a symmetric function and the expression of this product as 
an integral rational function of generalized Vandermonde determinants in 
the same variables. 

The object of this paper is to develop a new method of treating this prob- 
lem, consisting in first expressing every generalized Vandermonde deter- 
minant as an integral rational function of certain special Vandermonde 
determinants. This leads to a solution of the problem mentioned above; 
and it gives, in conjunction with a theorem of Muir’s, a direct method for 
expressing an integral symmetric function of m variables in terms of the 
elementary symmetric functions. In this treatment of the subject, the deter- 
minant 


n 


= - G=1,2, 


t=2 


will be called the principal Vandermondian and will be represented by the 
notation \n— 1,n—2,---,1,0 |. The matrix formed from this determinant 
by adding the mth power of the variables as an extra row will be called the 
Vandermonde matrix and will be represented by the symbol ||”, »—1, - - - , 
1, Ol]. And the determinant formed from this matrix by omitting the 
(n—k+1)th row, or the (k+1)th term in the symbol, will be represented 
by \n, n—1,---,n—k+1,n—k—1, ---,1,0| or briefly by Vax, in which 
the first subscript, 2, denotes the number of variables, and the second 
subscript, k, indicates that the (k+1)th term has been omitted from the 
symbol for the Vandermonde matrix, ||7, n—1,---, 1, O||.1 The special 
case k=0 gives the principal Vandermondian Vy». The determinants 
Vinx, Where k #0, will be called secondary Vandermondians. The first section 
of this paper is concerned with expressing any generalized Vandermonde 
determinant in terms of the principal and secondary Vandermondians. 


* American Journal of Mathematics, vol. 7, pp. 345-352, 380-388; Quarterly Journal of Mathe- 
matics, vol. 21, pp. 217-224. 

+ Proceedings of the Royal Society of Edinburgh, vol. 14, pp. 433-445. 

t Proceedings of the Royal Society of Edinburgh, vol. 22, pp. 539-542. 

§ American Journal of Mathematics, vol. 25, pp. 97-106. 

{ Where there is no danger of confusion, the subscript will be omitted from the symbol Vas. 
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1. SECONDARY VANDERMONDIANS AND ELEMENTARY SYMMETRIC FUNCTIONS. 
NOTATIONS 


Since the quotient of any generalized Vandermonde determinant by the 
principal Vandermondian is always a symmetric function, we can express it 
rationally in terms of elementary symmetric functions. We will now show 
that every elementary symmetric function of a, - - - ,@,is expressible ration- 
ally in terms of the principal and secondary Vandermondians in these 
variables. Consider the equation 


(1) + +--+ + paix + = 0, 


whose roots are a1, @2, - - - , dn. We then have 

By substituting each of the roots in equation (1), we obtain ” identities: 

(3) =0 (4=1,2,---,m). 


j=0 
We look upon these identities as stating that po, pi, - - - , pn» Satisfy a system 
of m equations in the p’s. The matrix of this system of m equations in »+1 un- 
knowns is the Vandermonde matrix ||z, »—1, - - - , 1, 0||. Hence we have 


(4) (¢=1,2,---, #). 


Equations (2) and (4) yield 


Vas 
(5) = a; 1,2,---,m). 
Vino 


We may therefore state 


THEeorEM I. The elementary symmetric function E;=) aya: - - - a; of 
the n variables a, a2, - - - , dn is equal to the quotient of the secondary Vander- 
mondian V ,; by the principal Vandermondian V no. 


From this theorem follows 
I. p;=(—1)‘V where p is a proportionality factor. 


Before proceeding farther, we will lay down the following definitions: 
DEFINITION I. D? will represent the following /th order determinant, 
formed from principal and secondary Vandermondians in n variables: 
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Vi V2 V3---V,0 
Vo Vi Ve2--- OV, 
0 Vo Vi--- - 


0 Vo Vi Ve 


where / may be less than, equal to, or greater than n. 

DEFINITION II. D7? {hy te, - - t-1,t.}, 
is defined to be the determinant obtainable from D;* by increasing the sub- 
scripts in the first ¢, rows by s, those in the next ¢,.,—¢, rows by s—1,---, 
those in the next 4:—& rows by 1. In this connection V,, is defined to be 0 
if m is greater than m; and a zero which precedes a Vy should be replaced by 
V whenever the subscripts in the row in which it stands are increased by 1. 
For example 
V; 0 O 
Ve V3 Va Vs 
Vo Vi V2 Val 
0 O Vo Vil 


D&{3,2,1,1} = 


2. THE DETERMINANTS |k,n—2,n—3, - - - ,1,0| 
We shall now attempt to develop a general formula for the generalized 
Vandermonde determinant |k, n—2, n—3,---, 1, 0|, where k>n—2. 
To establish this general formula we will use mathematical induction. 
Setting k =n—1 yields the principal Vandermondian Vy. Also, if k=n, we, 
have the secondary Vandermondian V1. In comparing |k+1,—2,---, 
1,0|, where k>n, with |k, n—2, - - - ,1,0]|, we shall consider the » systems 


of k—n-+2 equations each: 


poakt! + prak + +--+ 
poak +---+ + 


poa® + pia? +--+ + + pn = 0, 


where 7 takes the values 1 to m inclusive. Eliminating the k—n+-1 variables 
a¥-!,a¥-2,-.-,a,*-!, from the ith system, we have 
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Pn 0 
Pn 
pn 0 
pn O 
O 
O po pnd; + Pads 


2 


O po tr pr + 


Multiplying the first row by (— fo) and adding to it p; times the second row 
and developing according to the elements of the last column, we get 


aFt1p,2 
@ - ++ +O 


— pope pips — pops: — Pipa O 
Po pi Pn-2 Pn-1 Pn 0 
Pn-3 


pop 
+ + M;a7-3 My1a:+ M, = 0, 


where the M’s represent polynomials in the p’s. The second determinant, 
which, multiplied by fo, is the coefficient of a* in the above-mentioned 
equation, may be looked upon as the sum of two determinants or as a single 
determinant of order one higher, giving us 


pi p2 pn O --+0 
Po * pn O 
0 
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Pi 
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Pi tn O 


Using the corollary to Theorem I to change the #’s to the V’s, multiplying 
the odd rows and the even columns of the two determinants through by —1, 
dividing through by V> and by the proper power of the proportionality 
factor p, and introducing the symbol D?, we obtain m equations which 
may be considered as homogeneous equations in Dj_n42, Djtn41, and n—1 
other variables which differ from the M’s by the factor Vo, multiplied by 
some power of p. Solving these equations for the ratio of Df_n42 and Di_n4:, 
we find 


Vol k+1,"—2,---,1,0| : |k,w—2,---, 1,0] = 
Writing this relation fork =n—1,n,n+1, --- ,k—1, we get 
VoVi:Vo = DP: DS = Vi:1, 


Volu+2,n—2,---,1,0| : |w+1,n—2,---, 1,0] = Df: 


Volkym—2,---,1,0| : = 


Multiplying the terms of the first ratios in each of these equations by 1, 
Vo, Vo?, -- - , V&-, we get the continued proportion 

Ver | k,n—2,---, 1,0| k-1,n—2,---, 1,0| 

Vela + i,m — 2,--+, 1,0|:VoVi:Vo = 


Hence we find that 
Vé-"| — 2,---, = 


We have therefore proved the following theorem: 


TuEoREM II. The generalized Vandermonde determinant |\k,n—2,---, 
1,0| multiplied by the (k—n)th power of the principal Vandermondian is equal 
to the determinant Df_n+1 (see Definition 1). 
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3. THE DETERMINANTS |k, j,n—3,---, 1, 0| 


Our next task is to develop a formula for the determinant in which the 
two highest exponents of the variables are allowed to vary. We shall attempt 
to compare |k, j, n—3,---, 1, 0|, where 7>n—2, with |k, n—2,---, 
1,0|. To do this we consider systems of k—n+1 equations each: 


+--+ + +--+ + = 0, 


where 7 takes the values 1 to 7 inclusive. Eliminating the k—x sets of vari- 
ables a;*-!, - - , a;/+!, - - - , we get the following determinant of 
order k—n+1: 


i 
Pe-i-n Pe-inn' * fn O + pots + pr-ias 


i 
Pn Pon—j-14i 


7 n—2 
Pon—j-20i + pndi 


j—n-1 


O po fi pra; + pn-ids + Pn k—n+1 


Writing this determinant as the sum of »+1 determinants by splitting the 
last column into the sum of m columns each of which has the same power of a 
in all of its elements, we have 


‘Pin pi 
Pj-n-1 Po 
Pj-n-2 0 
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Pn-1 Pn + U,-14; + Uz 0, 


Opopi pe k—n+1 


where the U’s are polynomials in the p’s. If, in the determinant which is the 
coefficient of a;7, we move the elements of the last column to their natural 
position, the (k—j)th column, we obtain (—1)***+! multiplying a deter- 
minant the form of D;*_,4: but having for its elements f’s instead of V’s. 
If, in the coefficient of a;"~-* we interchange rows and columns and invert 
the order of the rows and columns, we get a determinant differing from 
Dini: {j—n+2} only in that we have p’s for elements instead of V’s. 
Now apply the corollary to Theorem I to both determinants to change the 
p’s to V’s. All of the elements of the coefficient of a;/ will be positive if we 
multiply the odd rows and even columns by —1. To accomplish the same 
thing in the coefficient of a#~*, we multiply the first 7-—-”+2 rows by —1 and 
then multiply the odd rows and the even columns by —1. This gives us 


+ + + = 0, 


where the W’s are polynomials in the V’s. Solving these equations for the 
ratio of the two D’s, we have 


|k,j,m—3,---,1,0| : | kw —2,---, 
Multiplying the left members of the proportion by V ¢-", we get 
Vo'-"| — 3,---, 1,0| :Vé-"| — 2,---, 1,0] 
= — m+ 
But Vé-"|k, hence 
Vé-"| kyj,n — 1,0| = — 2+ 2}. 


We may summarize this result in 


| 
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TueoreM III. The generalized Vandermonde determinant \k, j, n—3, 
-++,1,0| multiplied by the (k—n)th power of its principal is equal to the 
determinant Df_nsi{j—n+2} (see Definition I1). 


4. THE GENERAL VANDERMONDIAN 


By the use of mathematical induction we shall now prove the formula 
for the determinant in which we vary any number of exponents of the 
variables. We note the special case in Theorem III and then proceed to 
compare |t, #,---,t, m—s—1,---,1,0| with &,---, t-41, 

--+,1,0)|. Consider the ¢,—n systems of equations 


7=0 
We choose to eliminate all of the variables except a;", a;%,---, a,-, 
a,"-*-!,---, 1, giving us the following (4: -—n+1)th order 
determinant: 


0 po 
-0 


t 
Pst Pn—t,4i + 


where it is to be understood that p,=0, whenever k>n. Writing this de- 
terminant as the sum of +1 determinants by regarding the last column 
as the sum of m columns each of which has the same power of a in all of its 
elements, we obtain 
+ Meas: + + 

+ a;‘* 


. . . . . 

fn 0 

| | « =0, 
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Pt-t41 °° * Pn O ---0 0 


Pn-1 Pn 
Pn—2 Pn-1 


Po-2 Ds ty—n+1 


+ + + + Nandi tNn = 0, 


where the M’s and the N’s are polynomials in the p’s. Let us consider the 
determinants which are the coefficients of a; and a,;"~*. Place the elements 
of the last column of the coefficient of a;* in their natural position, the 
(t;-t,-—s+2)th column; then interchange rows and columns; then invert 
the order of the rows and columns, giving us (—1)“*+*-"-! multiplying a 
determinant of the form of D,-n41 {2—n+2, s—n+3, 
but having for its elements ’s in place of V’s. If, in the coefficient of a?-*, 
we interchange rows and columns and then invert the order of rows and 
columns, we get a determinant differing from Df_n41{—n+2, h—n+3, 
- ++, t,—m-+s} only in that the elements are p’s instead of V’s. We now 
apply the corollary to Theorem I to both determinants to change the #’s 
to V’s. All of the elements of the coefficient of a; will be positive if we mul- 
tiply the first 2-—-u+-2 rows by —1, the first 4: -n +3 rows again by —1, - - - 
the first t,.1—n+s—1 rows again by —1; and then multiply the odd rows and 
even columns by —1. This requires #;—n+j)+h—n+1= 
—n-+j changes in sign. When this number is added to the ¢,—n+s—1 
changes mentioned above, we get —1+ }-'_,4;-n+j changes. We can 
make all of the changes of the coefficient of a7~-* positive by multiplying 
the first 42—n+2 rows by —1, the first 4:—n+3 rows again by —1,--- 
the first 4,—n-+s rows again by —1; and then multiplying the odd rows and 
the even columns by —1. This requires ¢=) j.:1t;—n+j changes in sign. 
Our equation then takes the form 


Xia; + + 
+ Vy + + + + Y, = 0, 
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where the X’s and the Y’s are polynomials in the V’s. We can then say 
| —s—1,---, 1,0]: | 1,0] 
= — m — —n +3, t,—n+s} 

Multiplying the left members of the proportion by Vo"-* and noting the 
special case where s =2, and ¢,.1=k, and ¢,=j in the preceding theorem, we 
have 

= te n+ 2,ts n+ 3, ‘7s, n+s}. 
We may now state our general theorem: 

THEOREM IV. The generalized Vandermonde determinant lt, fh +++, & 
n—s—1,---+,1,0| multiplied by the (t:—n)th power of the principal Vander- 
mondian is equal to the determinant Dj-n+1 {t.—n+2, 
+s}. 

5. SYMMETRIC FUNCTIONS 


We shall now use the preceding results to devise a method for expressing 
any integral rational symmetric function in terms of elementary symmetric 


functions. To accomplish this, we make use of the following theorem of 
Muir’s: The product of a simple alternant and a single symmetric function 
of its variables is expressible by a sum of simple alternants, whose indices 
are got by arranging the variables in every term of the symmetric function 
in the same order, and adding the indices of each term to the indices of the 
original alternant, the first to the first, the second to the second, and so on.* 
For example 


| a°b'¢? | = | | + | | | a'b4c? | + | a°b'c3 | 
+ | a%%c5| =| a%%e5| — | — | 


Using this theorem, we can express as a function of generalized Vandermon- 
dians the product of any integral rational symmetric function by the prin- 
cipal Vandermondian in the same number or larger number of variables. 
Since every generalized Vandermondian is expressible in terms of principal 
and secondary Vandermondians, and these in turn are expressible in terms 
of elementary symmetric functions, we can express every integral rational 
symmetric function in terms of elementary symmetric functions. For 


* Muir’s Theory of Determinants, vol. IV, p. 151. 
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example, to compute > a*bc in four variables, we multiply the principal 
Vandermondian in four variables by the given function: 
| - = | +| + | | 
+ | =| — 3| 
Using the notation used in the preceding sections, 
Vo = |5302| — 314321] 


V4 


— 3V4 
ViV3—VoVa 
Ve Vo 
= E,E; 4E,. 


da%be 


We shall now prove that the result for m variables, where n>r, can be 
obtained if a symmetric function of degree r is multiplied by the principal 
Vandermondian in r variables. That is to say, when we express ).ag™a!™ 

- ay™ for variables, where mp=m= - - - =>m,and in terms 
of elementary symmetric functions, none of the subscripts of the Z’s can 
exceed r. To show this, we multiply - - - by 
The product will consist of a number of generalized Vandermondians. The 
highest exponent which can occur in the symbols for any of these general 
Vandermondians is m)+—1 and the number of exponents in these symbols 
which are increased above what they are for the principal Vandermondian is 
at most #, since there are only ¢ exponents in the given symmetric function. 
Hence the highest subscript in any of the D’s is mo +n—1—n-+1 and no D 
followed by a brace can have more than ¢ elements in the brace. Hence the 
highest subscript in any V can not exceed m)++#, but since m,me, - - -,m,are 
all greater than or equal to 1, it follows that r=mo+).;-,mi=mpo+t, so 
that no subscript of any V can exceed r. 

Before concluding the paper, it may not be amiss to present another ex- 
ample. In order to express },a*b? in terms of elementary symmetric functions, 
we multiply it by the principal Vandermondian in 5 variables: 


| a°btc2dse*| = | + | | 
+ | + | + | | + | | + | . 


| 
| 
| 
| 
| 
| 

or 
| 

i, 

| 
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Changing notation, we get 


Vo = | 75210| — | 74310| — | 65310 | + 2| 64320| — 2| 54321| 


Vo Vs Va V3 Va Vs | 
Vi Vo Vs Vo Vi Vo V3 Va Vi Vs 
0 Vo Vi 0 Vo Vi Vi Ve Vo Vi 


= - +2 — 2V; 


Ve Ve Vo Vo 


ViV2 — 2V2V3 — + — SV EVs 
Ve 


= — 2EPE; — + 5E\E, — SEs. 


Texas TECHNOLOGICAL COLLEGE, 
TEXAS 


ON APPROXIMATION BY RATIONAL FUNCTIONS TO AN 
ARBITRARY FUNCTION OF A COMPLEX VARIABLE* 


BY 
J. L. WALSH 


1. Introduction. In his classical papert on approximation to analytic 
functions of a complex variable by means of polynomials and other rational 
functions, Runge proved two important theorems: 


THEOREM I. [f the function f(z) is analytic in a closed Jordan region of the 
z-plane, then in that closed region f(z) can be approximated as closely as desired 
by a polynomial in z. 


THEOREM II. If the function f(z) is analytic in a closed region R of the z- 
plane which is bounded by a finite number n of Jordan curves of which no two 
have a common point, then in that closed region f(z) can be approximated as 
closely as desired by a rational function of z. 


Cauchy’s Integral for the function and region (if the Jordan curves 
bounding R are rectifiable) in Theorem II splits up the function f(z) into n 
functions. If Theorem I is applied to each of these in turn (a simple trans- 
formation w=1/(z—a,) is first necessary for m—1 of them), we find Theorem 
II immediately. 

If the Jordan curves bounding R are not rectifiable, we readily obtain 
the same result. Consider an auxiliary variable region R’ of the same 
connectivity as R, which lies within R, which is bounded by » rectifiable 
Jordan curves, and which approaches R as the bounding curves change 
continuously. For the region R’, Cauchy’s Integral for f(z) splits that func- 
tion into m functions which do not change as R’ varies. Each of these m func- 
tions is, when properly defined, analytic not merely in R but in a region 
bounded by a single Jordan curve and which contains R. Theorem II then 
follows as before from Theorem I. 

On the possibility of approximation of arbitrary functions by polynomials, 
no deeper lying results than Theorems I and II, except for approximation by 
certain restricted types of polynomials, appear to have been found until 


* Presented to the Society, December 27, 1928; received by the editors October 12, 1928, and 
February 8, 1929. 
+ Acta Mathematica, vol. 6 (1885), pp. 229-244. 
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recently, when the problem was attacked by use of the modern theory of 
conformal mapping. We mention generalizations of Theorems I and II:* 


THEOREM III. If the function f(z) is analytic interior to a Jordan curve and 
continuous in the corresponding closed region, then in that closed region f(z) 
can be approximated as closely as desired by a polynomial in z. 


THEOREM IV. Jf the function f(z) is analytic interior to a region which is 
bounded by a finite number of Jordan curves of which no two have a common 
point, and is continuous in the corresponding closed region, then in that closed 
region f(z) can be approximated as closely as desired by a rational function of z. 


These theorems refer to functions which are analytic in some region, but 
there are similar results which hold for functions known merely to be con- 
tinuous:t 


THEOREM V. If the function f(z) is continuous on a Jordan arc, then on 
that arc f(z) can be approximated as closely as desired by a polynomial in z. 


THEOREM VI. I[f the function f(z) is continuous on a Jordan curve in whose 
interior the origin lies, then on that curve f(z) can be approximated as closely as 
desired by a polynomial in z and 1/z. 


Theorem V is a direct generalization of Weierstrass’s classical theorem 
on the possibility of approximation by a polynomial to a real continuous 
function in a given interval of the axis of reals, and Theorem VI is a generali- 
zation of Weierstrass’s theorem on the possibility of approximation to a real 
continuous function in an interval of the axis of reals by trigonometric poly- 
nomials.{ For if the Jordan curve of Theorem VI is the unit circle, we have 


2” = cos + isin = cos nO—isin 
2° — 
sin = ————} cos 
2% 2 

so that every trigonometric polynomial is a polynomial in z and 1/z, and 
conversely. 

2. Principal results to be obtained. In the present paper we shall 
establish a result which is of great generality and includes all the results 


* Walsh, Mathematische Annalen, vol. 96 (1926), pp. 430-436. 

+ Walsh, Mathematische Annalen, vol. 96 (1926), pp. 437-450. 

t To be sure, Weierstrass considers merely real functions and real approximations, but there is 
no difficulty in proceeding from a complex approximation to a real function to a real approximation 
to that function and vice versa. 
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just mentioned. The proof is based primarily on results already attained, 
and uses in addition only a few elementary transformations of the plane. 

We notice that uniform approximation with an arbitrarily small error is 
equivalent to uniform expansion in series, and frequently the latter language 
is more convenient for us. As a matter of convention, the point at infinity is 
to be considered adjoined to the plane whenever we are dealing with approxi- 
mation by general rational functions (i.e., not by polynomials), but is not 
to be so considered when we are dealing with approximation by polynomials, 
even though these polynomials may be, for instance, polynomials in z and 1/z. 
When we are dealing with rational functions, a Jordan region is thus an arbi- 
trary region on the sphere (stereographic projection of the plane) bounded 
by a simple closed curve. Likewise as a matter of notation, if a region or 
other open point set is denoted by such a symbol as C or R, then the cor- 
responding closed region or closed point set is denoted by C or R.* 

Suppose that on a given closed point set it is desired to approximate by 
rational functions a given function f(z) analytic on that closed point set. 
This point set may be so closely approximated by a region bounded entirely 
by Jordan curves, of which no two have a common point, that f(z) is analytic 
in this new closed region, and so that the given point set is contained in this 
new region. Theorem II yields directly 


THEOREM VII. An arbitrary function f(z) analytic on a closed point set 


can be uniformly approximated on that point set as closely as desired, by a 
rational function of 2. 


If we do not assume analyticity of the function on the closed point set, 
we shall have to content ourselves with a less general point set: 


THEOREM VIII. Let M be a closed point set whose boundary consists of a 
finite number of Jordan arcs which do not separate the plane into more than 
a finite number of regions. Then an arbitrary function f(z) continuous on M 
and analytic in the interior points of M can be uniformly approximated on M as 
closely as desired by a rational function of z. 

If M divides the plane into precisely k regions none of which belongs to M, 
this rational function can be chosen so that its only poles lie in k preassigned 
points, one in each of these regions. 


This is the most interesting result of the present paper; most of the re- 
mainder of the paper is devoted to its proof. Theorem VIII contains 
Theorems I-VI as special cases. Another special case worth mentioning is 


* For typographical reasons, if the given region is C’ or C;, the corresponding closed region will 
be denoted by C’ or Cj, the bar not extending over the subscript or superscript. 
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THEOREM IX. Jf M is aclosed point set composed of a finite number of Jor- 
dan arcs which divide the plane into at most a finite number of regions, then an 
arbitrary function continuous on M can be uniformly approximated on M as 
closely as desired by a rational function of z. 


We state merely for the sake of reference two other results on approxi- 
mation which have been previously proved and are to be used in the sequel: 


TueorEeM X. If on the closed point set M the function f(z) can be uni- 
formly approximated as closely as desired by a rational function, and if there 
be chosen n arbitrary points of M, then there exists a rational function which 
on M approximates f(z) as closely as desired and which coincides with f(z) in 
these n points.* 


THEOREM XI. Jf the point set M consists of the closed interiors of two Jordan 
regions with but a single common point, then an arbitrary function f(z) analytic 
in the interior points of M and continuous on M can be uniformly approximated 
on M as closely as desired by a polynomial in z.¢ 


We proceed now to prove a sequence of theorems leading up to Theorem 
VIII. 

3. Regions bounded by two Jordan curves. We shall prove the following 
theorem: 


THEOREM XII. Let the Jordan curve C2 contain the origin in its interior 
and itself lie interior to the Jordan curve C,, except that C, and Cz have the 
single point z=a in common. Denote by R the region bounded by C; and Cz. 
Then an arbitrary function f(z) analytic in R and continuous in R can be de- 
veloped in R uniformly in a series of polynomials in z and 1/z. 


We shall prove the theorem first in a particular case, but the general 
case can be reduced to this particular case by a number of intermediate 
steps which we treat in detail. 

Case I. The curves C, and C2 have continuously turning tangents and 
continuous curvature, and the function f(z) satisfies a Lipschitz conditiont on 
C, and C;. The function f(z) can be represented in R by Cauchy’s Integral 


* Walsh, these Transactions, vol. 30 (1928), pp. 307-332; Theorem X. The theorem is there 
proved for the case of approximation by polynomials, but the proof holds, after a suitable trans- 
formation w=1/(z—a) if M contains the point at infinity, also in the present case, even if f(z) 
becomes infinite on M. We notice, as an essential part of the proof, that the theorem remains true 
if M is the entire plane, for in that case f(z) must itself be a rational function. 

t Walsh, these Transactions, vol. 3( (1928), pp. 472-482; Theorem III. 

t Here may be taken in the form | f(z) —f(z2)| M|a—z2|, M fixed, and on or on 
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= — frl2), 


1 ¢ 1 fide 
fiz) = — file) = 2nriJdc,t — 

where both integrals are taken in the positive (i.e., counterclockwise) sense 
on the curves. But with the present restrictions on the curves and on the 
function f(z), it follows from a theorem due to Plemelj* that the function 
fi(z) just defined is analytic interior to C; and continuous in the corresponding 
closed region (when properly defined on C,) and that the function f2(z) is 
analytic exterior to C; and continuous in the corresponding closed region, 
even at infinity, when it is properly defined on C; and at infinity. By virtue 
of Theorem IIIf the function f:(z) can be expanded uniformly in the closed 
interior of C,; by polynomials in z, and the function f2(z) can be expanded 
uniformly in the closed exterior of C; by polynomials in 1/z. Equation (1) 
holds on the curves C; and C2, for the functions f(z), fi(z), fe(z) are all con- 
tinuous in R, so our theorem is completely established in Case I. 

In this particular case the given function f(z) can be expressed in R as 
the sum of two functions, which in R can be respectively represented as a 
series of polynomials in z and as a series of polynomials in 1/z. This simple 
result is not to be expected in the more general case. 

Case II. The curves C; and C; are tangent at z=a and circles can be drawn 
tangent to them at z=a which contain respectively no point of the interior of C, 
and no point of the exterior of C2. Here there can be drawn a Jordan curve Cj 
with a continuously turning tangent and continuous curvature which is 
tangent to C; at z=a and contains all other points of C; in its interior. There 
can likewise be drawn a Jordan curve C/ which has a continuously turning 
tangent and continuous curvature which is tangent to C, at z=a, whose 
exterior contains all other points of C2, and which contains the origin in its 
interior.t We shall show how there may be defined a function ¢(z) which 
differs from f(z) in R by an amount less than any preassigned positive quan- 
tity « and which is analytic in the region R’ bounded by C;’ and C,’, contin- 


* Monatshefte fiir Mathematik und Physik, vol. 19 (1908), pp. 205-210. 

+ In connection with f2(z) we need to make a reciprocal transformation w=1/z or to apply the 
theorem given by the present writer, Mathematische Annalen, vol. 96 (1926), p. 435. 

t The curves C/ and Cy are readily drawn, say by using arcs of the two circles mentioned in the 
hypothesis on C; and C2, by using broken lines in conjunction with those arcs to construct the curve 
desired, finally by smoothing out the corners. The latter process is readily accomplished, so far as 
concerns the intersection of two straight lines, by the use of arches of the curve y=a sin bx, 
Osx 77/b, where a and 6 are suitably chosen. The same curve (but not an entire arch) can also be 
used to smooth out the intersection of a straight line and a circle. 
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uous in the corresponding closed region, and which satisfies a Lipschitz 
condition on the curves C/ and C/. Transform the plane by means of the 
transformation w=z'/?, so that the regions R and R’ are transformed into 
regions S and S’ respectively. In reality each of the regions R and R’ is of 
course transformed into éwo regions in the w-plane, but we fasten our atten- 
tion merely on one pair of such regions, resulting from transformation by a 
single branch of the function w. It follows from Theorem III that when 
e>0 is given, there exists a function ®(w) analytic in $’ and which differs 
in S from f(w*) by less than e. This function can be chosen, by Theorem X, 
so that the two values (+a'/*) and (—a'/*) are equal, in fact both equal 
to f(a). We transform back to the z-plane by the transformation z=w?, and 
consider the z-plane cut along a curve from the origin to the point z=a, the 
curve having no point in common with (the open region) R’. The function 
@(w) is transformed into a function ¢(z) =®(z'/?), where z'/? is a properly 
determined branch of that function, and this function ¢(z) is single-valued in 
R’ and has in R’ the properties mentioned in the requirements for Case I. We 
notice that $(z) is analytic in every point of R’ except z =a and continuous in 
that closed region, but we omit the details of the proof that ¢(z) satisfies a Lip- 
schitz condition on C/ and on C?. We have Case I, however, and the function 
¢(z) can be uniformly approximated in R’ and hence in R as closely as desired 
by means of a polynomial in z and 1/z; therefore the function f(z), which 


differs from $(z) in R by less than e, can in R be uniformly approximated as 
closely as desired by such a polynomial, and Case II of the theorem is 
established. 


Case III. The general case. By a series of transformations we proceed 
to bring the general case under Case II. We assume, as we may do with no 
loss of generality, that |z—a|<1 for all zin R. The first transformation to 
be used is 


s—a = ell(e-e) 


which transforms R into an infinite number of regions in the w-plane, of 
which we consider a single region R,, necessarily of like connectivity to R. 
That is, R; is bounded by two Jordan curves with the single point w=a in 
common. The effect of this transformation is perhaps best seen by breaking 
it up into the two transformations z—a=e*, z’=1/(w—a). The former 
transformation carries z=a into z’=0©, but any transform of R onto the 
z’-plane lies in the half-plane to the left of the axis of imaginaries, for |z—a | 
<1in R. The transformation z’=1/(w—a) carries the axis of imaginaries 
in the z’-plane into a straight line through w=a, so the new transform of R 
(i.e. in the w-plane) is a region R; of like connectivity to R, as stated. More- 
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over the region R; is finite and lies in a half-plane bounded by a line through 
w=a. 
We now use again this same transformation, setting 


w— a= ella), 


Under the first part of this transformation, w—a=e’, the region R, is 
transformed into a region of the w’ plane (we consider only one of the 
infinitely many transforms of Ri) which lies not merely in a half-plane 
bounded by a parallel to the axis of imaginaries, but also in a strip of width + 
bounded by two parallels to the axis of reals. Then the transformation 
w’=1/(u—a) carries the region = into a region R2 which lies between two 
circles which are tangent at the point “=a. The region R; is of course finite, 
for w= corresponds to w—a=1, z—a=e, which is impossible in R. The 
region R, lies, in the neighborhood of u=a, entirely on one side of the 
common perpendicular to these circles at w=a. Suppose R, to be bounded 
by the Jordan curves I’; and 2, with I’, interior, except for the single common 
point u =a, to the curve I}. 
We transform now to the /-plane by setting 


t—a (—)" 
u—fB 


where £ is an arbitrarily chosen point interior to T,. If the u-plane is con- 
sidered cut along a Jordan arc joining a and 8 and which contains no point 
of R, other than a, the region R: is transformed into two regions of the #- 
plane, of which we consider a single finite region T. The region T is bounded 
by two Jordan curves Cj and C2, so that C? is interior to C/ except for the 
single point =a which the two curves have in common. Moreover a circle 
can be drawn tangent to C/ and C7 at t=a which contains no point of the 
interior of Cj, and a circle can be drawn tangent to CY and C/ at t=a which 
contains no point of the exterior of C7. In fact the transformation just 
used is, except for linear transformation of the two planes which transforms 
circles into circles, of the form 


y = 


A circle in the x-plane tangent to the axis of reals at the origin is transformed 
into a curve* one of whose branches in the neighborhood of the origin lies 
between that circle and the axis of reals. For under the transformation 


* A lemniscate as a matter of fact, but for our present purpose we do not need such detailed 
information. 
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y=x'/?, the argument of the complex quantity x is halved, the modulus 
raised to the power one-half. 

The transformation «=(u—«a)/(u—£) is here used to transform R, into 
a region Ry of slightly different type. If a point tracing either I’; or I’; leaves 
the curve at w=a and traces the tangent without reversing the sense of 
motion, the point moves exterior to T; and T:. If a point traces either bound- 
ing curve of Ri, leaves the curve at x«=0 and traces the tangent without 
reversing the sense of motion, the point moves interior to those curves. Such 
a transformation as the one used is necessary to ensure that Ry is the latter 
of these two types of regions instead of the former, giving us the proper region 

The region T satisfies the conditions imposed in Case II, except that we 
do not know that the origin ¢=0 lies interior to C/. Hence the transform of 
f(z), which is analytic in T and continuous in T, can be uniformly developed 
in T in a series of polynomials in ¢ and 1/(t—+), where y is a suitably chosen 
point interior to C/. But in the w-plane, the functions ¢ and 1/(¢—vy) (i-e., 
suitably chosen branches) are analytic in a region bounded by I: and an 
arbitrary Jordan curve containing T;, and are continuous in the correspond- 
ing closed region. Hence in that closed region, which contains R:, the func- 
tions ¢ and 1/(¢—7y) can each be developed into a uniformly convergent series 


of polynomials in « and 1/(w—8). Thus the transform of f(z) can be de- 
veloped uniformly in such a series of polynomials. 

In our transformation from the z-plane to the u-plane it is convenient 
to think of the z-plane as cut along a Jordan curve from the point z=a to 
infinity; we suppose that this curve has no point other than z=a in common 
with R. Then when x is properly chosen as a branch of the function of z 
defined by 


a = el/(wma), w— a= ella), 


the functions u and 1/(w—8) are analytic in an annular region which is boun- 
ded by C; and by a second Jordan curve interior to C; and are continuous 
in the corresponding closed region. This annular region is thus chosen so 
that it contains R, but is of course so chosen that it does not contain the 
transform of u=§. In the closed annular region the functions u and 1/(u—£) 
can be uniformly expanded in series of polynomials in z and 1/z; this expan- 
sion is valid likewise in R, so f(z) itself can in R be uniformly expanded in a 
series of polynomials in z and 1/z, and the theorem is completely established. 

4. Regions bounded by several Jordan curves. Theorem XII is to be 
used in proving a more general result: 
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THEOREM XIII. If the region R is bounded by a finite number of Jordan 
curves, then an arbitrary function f(z) analytic in R and continuous in R can 
be uniformly expanded in R in a series of rational functions of z. 


Our proof here is by induction. We suppose the theorem true for a region 
bounded by m Jordan curves and shall prove the theorem true for a region 
bounded by +1 such curves. Any region bounded by two Jordan curves is 
included either under Theorem IV or Theorem XII, so the induction is 
started. 

Suppose R to be the region interior to a Jordan curve Cy and exterior to 
the Jordan curves C;, C2, - -- ,C,. If none of these latter curves has a point 
of intersection with Co, we proceed as in Theorem II. Cauchy’s Integral 
enables us to express the given function f(z) as the sum of two functions, 
the one analytic interior to Cy and continuous in the corresponding closed 
region, the other function analytic exterior to Ci, C2, - - - , C, and continuous 
in the corresponding closed region. Each of these functions can be expanded 
in a series of rational functions uniformly convergent in the closed regions 
indicated, so the same is true of f(z) in R. 

We assume, then, as we may do with no loss of generality, that say C; 
has a point z=a in common with Co. Let 8 be a point interior to Ci, consider 
the z-plane cut from to infinity along a Jordan arc which has no point other 
than a in common with R, and transform R by means of the transformation 
z—8=w?. A properly chosen branch of the function w transforms R into a 
region R’ and f(z) into a function ¢(w) analytic interior to R’ and continuous 
in R’. The region R’ is bounded by the transforms C/, Cj, ---,C, of the 
curves C2, C3, ---,C,, and by the Jordan curve Cj +C/, the transform of 
the curves Cy and C;. If an arbitrary e>0 be given, then by our theorem as 
assumed for a region bounded by m Jordan curves, there exists a rational 
function @(w) which is analytic in R’, which in R’ differs from ¢(w) by a 
function in absolute value not greater than e, and such that #(+(a—8)!/?) 
= (—(a—)!/2); this last fact results from Theorem X. 

The function ®(w) is therefore analytic in a region S’ bounded by 
Cé and by certain Jordan curves Ty, Ty, ---, which are interior 
respectively to C/, Cj,---,C,. We transform now back to the z-plane; 
the function $(w) goes into a function F(z) which differs from f(z) in R by 
at most e¢, and this function F(z) is analytic interior to a region (which in- 
cludes R) bounded by Co, Ci, and by the transforms [., T3,---, I, of 
Ty, Ty,---, IY respectively. The function F(z) is continuous in the 
corresponding closed region. Cauchy’s Integral enables us as in Theorem II 
to express F(z) in R as the sum of m—1 functions analytic respectively in 
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the closed regions exterior to T2, T3,---, I, and analytic in the region 
bounded by C» and Ci, continuous in the corresponding closed region. Each 
of these functions forming the sum is expressible in the closed region corre- 
sponding to it as a uniformly convergent series of rational functions of z. 
Hence F(z) and f(z) are so expressible in R. 

5. Two regions with common points. Somewhat similar to Theorem 
XIII is 


THEOREM XIV. Let the point set R be composed of the interiors of two 
Jordan curves C, and C2 which lie exterior to each other except for n points which 
they have in common. Then an arbitrary function f(z) analytic in R and con- 
tinuous in R is uniformly developable in R in a series of rational functions of z. 


The case n=1 is essentially the case of Theorem XI. The proof for the 
general case is by induction, assuming the result true for » common points 
and proving the result for »+1 common points. The proof is moreover so 
similar to the proof of Theorem XIII that it will be merely sketched. The 
point set R may be considered interior to the bounding Jordan curve Do 
and exterior to the bounding Jordan curves D,, D2, - - - , Dn; each of these 
curves is composed of an arc of C, and an arc of C2. Assume D, to have a 
point z=a in common with Dy and choose a point § interior to D;. Cut the 
z-plane as before and transform by setting z—8=w*. The present theorem 
for » common points yields a function differing only slightly from f(z), 
analytic in the transform of the point set R, taking on the same values in 
the two points +(a—§)'/* and —(a—§)'/*. Transformation back to the z- 
plane gives a function differing in R only slightly from f(z), and analytic in 
R except possibly at a. This new function is analytic interior to a regon 
bounded by D, and D,, and by curves As, A;, - - - , A, respectively interior 
to Dz, Ds, +, and is continuous in the corresponding closed region. 
This function is therefore the sum of m functions, analytic in the regions 
bounded by Do» and D,, and by As, A;,---, A, respectively, and con- 
tinuous in the corresponding closed regions. Each of these m functions can 
be expanded in R in a series of rational functions of z, so that is true also of 
f(z). 

6. Approximation in two regions with common points. Theorem XIV 
leads almost at once to 


THEOREM XV. Let the two Jordan curves C, and C2 lie exterior to each 
other except for the k points cn, a2, +--+, a which they have in common. Let 
functions f,(z) and f2(z) defined in C, and C. respectively or more generally on 
point sets contained in C, and Cz be uniformly developable in C, and Cz re- 
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spectively (or on those point sets) in rational functions of z. Let moreover both 
fila:) and fo(a;) be defined and let the equations 
filai) = fe(ai) 
hold. Then there exists a series of rational functions of 2 converging to the sum 
fi(z) uniformly in C, (or on the sub-set) and to the sum f(z) uniformly in C2 
(or on the sub-set). 
We write the given sequences in the form 
filz) =limy.. (fd (2) (z)), uniformly on or sub-set, 
fo(z) (2) +42’ (2)), uniformly on C, or sub-set, 
where the poles of f,; (z) and f,’ (z) lie in C, and C; respectively, and the poles 
of ¢,/ (z) and ¢,/’ (z) lie outside of C; and C, respectively. The two functions 
on (2) — fn’ (2), on’ (2) — fn (2) 


are analytic in C, and C, respectively, and their difference approaches the 
value zero at each of the points z=a;. Let ¢€, be the largest 


| (as) — fe’ — (ai) fori =1,2,---,k, 
so that €, approaches zero as m becomes infinite. Then there exists* a rational 
function ®,(z),7=1, 2, - - - , analytic in C, such that 
(ai) = dn (ai) — fn’ (ax), 
| — (2) — fa | < Nen, 
uniformly for z in C2, where N is a suitable number independent of n. 
The function 


{ on (2) — fn’ (2), zinCy, 
®,(z), zin Ce, 


is analytic interior to C, and interior to C, and continuous on the entire 
closed point set C:+C2, so by Theorem XIV there exists a rational function 
r,(z) such that we have 


| rn(z) — [oe (2) — fe’(z)]| Sen, sin Cy, 
| rn(z) — Sen, zine. 


Then the rational function 
= + fa (2) + fa’ (2) 


satisfies the equation 


* See the proof of Theorem X, loc. cit. 
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Ra(2) — [fu (2) + on (2)] = — (2) — fa’ (2)] ; 
the right-hand member is in absolute value not greater than €, on Cj, so 


that R,(z) approaches f(z) as becomes infinite, uniformly on C, or on the 
sub-set of C; on which f(z) is defined. We have similarly 


— [fn’ (2) + on’ (2)] = — (2) — fa (2)] 
— Pa(z)] + {n(z) — (2) — fr (2) ]}, 
which is in absolute value not greater than (V+1)ée, on C2, so that R,(z) 
approaches f(z) as m becomes infinite, uniformly on C, or on the sub-set on 
which f(z) is defined. This completes the proof. 
It will be noticed that we have actually proved more than is stated 
formally in the theorem, for we have shown 


R,(z) — [fd + +0 uniformly for z in Ci, 
R,(2) — + +0 uniformly for z in Co. 


If the two Jordan curves C; and C; lie exterior to each other, having no 
point in common, and if fi(z) and f2(z) defined on C, and C, or on sub-sets 
thereof are uniformly developable on those point sets in series of rational 
functions, then there exists a sequence of rational functions which approaches 
fi(z) uniformly on C, and f2(z) uniformly on C; or on the point sets thereof. 


This can be proved easily by the methods of Runge, or indeed by means of 
Theorem XV. 

We remark incidentally that Theorem XV enables us to prove Theorem 
VI by means of Theorem V; this remark is of some interest in virtue of the 
fact that the original proof of Theorem V is by means of Theorem VI. 

7. Proof of Theorem VIII. As a matter of convenience we state 


THEOREM XVI. Let the regions Ri, Ro, - ++, Rn, each bounded by a finite 
number of Jordan curves, be mutually exclusive, and let no two of the correspond- 
ing closed regions have more than a finite number of points in common. Then if 
ihe function f(z) defined in R; or more generally on a sub-set of R; which con- 
tains the points common to R; and the other regions R,, is in R; (or on the sub- 
set) uniformly developable in a series of rational functions of z, for i=1, 2, 

- +, n, and if the function 
f(z) =fi(z), 2 in R; or on the prescribed sub-set of Ri, 


is uniquely defined and continuous on R,\+ R2+ - - - +R, or on the correspond- 
ing sub-set, then the function f(z) is developable in a uniformly convergent series 
of rational functions of z on R,+-R2+ - - - +R, or on the sub-set of this latter 
set on which f(z) is defined. 
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The proof is by induction; the case »=2 follows immediately from 
Theorem XV if Ri and R, have common points, and from the method of 
Runge in the contrary case. Assume the theorem true for »—1 regions R;; 
we shall prove it true for m such regions. 

Let C be any Jordan curve which bounds completely or partially a region 
R; and which separates two of the regions Ri, Re, - - - , R,. Then there exists 
another Jordan curve C’, which has no points in common with (the interior 
points of) Ri+R2+ --~- +R,, which has not more than a finite number of 
points in common with C, each of these a point of definition of f(z), and such 
that no region R; lies between C and C’. To the given regions interior to C 
(or exterior to C, if the interior of C contains all but a finite number of points 
of C’) we apply the present theorem, for the number of regions concerned is 
less than m, and we proceed similarly for the given regions interior to C’ 
(or exterior to C’, if the interior of C’ contains all but a finite number of 
points of C). Then we apply Theorem XV to the interior of C and the interior 
of C’ (or to the exteriors in the respective cases described), the sub-sets 
here being the given regions or their sub-sets, which completes the proof 
in case C and C’ actually possess common points. If C and C’ do not possess 
common points, the method of Runge instead of Theorem XV yields the 
conclusion desired. 

Theorem VIII now follows from Theorem XVI. The point set M consists 
of a finite number of closed regions, each bounded by a finite number of Jor- 
dan curves, and of a finite number of Jordan arcs A exterior to those regions; 
if M is composed partly of Jordan curves not bounding regions which belong 
to M, we consider each of these curves broken up into a finite number of 
Jordan arcs. The entire set of Jordan arcs may be considered, by a suitable 
change of notation if necessary, to have no points other than end points 
common to any two of them, or common to a Jordan arc and any one of the 
Jordan curves which bound regions belonging to M. Then each Jordan arc 
A can be enclosed in a new region bounded by a new Jordan curve whose 
interior (on the sphere) contains the interior points of A and no other points 
of M, and so that the new curve has no points in common with M or with 
other such new curves except such end points of A as belong likewise to other 
Jordan arcs or curves belonging to M. 

These new Jordan regions, together with the regions originally belonging 
to M, form a set of regions to which Theorem XVI can be applied immed- 
iately; the given function f(z) is of course not defined on the entire closed 
point set consisting of these regions, only on the sub-set M, but the possi- 
bility of approximating f(z) on M follows at once. 

The second part of Theorem VIII can be obtained by the following 
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reasoning. Any rational function continuous on M has its poles in the 
k regions into which M divides the plane, and can be separated into partial 
fractions each of which has merely a single pole. If R, denotes one of those 
k regions and 2 the chosen point of Ri, any rational function with no poles 
outside of Ri may, by Runge’s theorem (i.e., Theorem I, after transformation 
z’=1/(z—2) if necessary), be approximated on M as closely as desired by a 
rational function with but a single pole and that in 2. Thus all component 
parts of the rational functions approximating to f(z) can be approximated on 
M by rational functions with poles in the preassigned points, so that fact 
is true of f(z) itself. In particular if k=1 and M does not contain the point 
at infinity, f(z) can be approximated on M as closely as desired by a poly- 
nomial in z. This remark (second part of Theorem VIII) is indeed entirely 
general in its application, and refers to practically all the theorems of the 
present paper. 

If the function f(z) to be approximated is even or odd, and if the point 
set M is symmetric in the origin, then the function f(z) can be uniformly 
approximated as closely as desired by even or odd rational functions. This 
remark is entirely general; we prove a broader result, that if f(z) satisfies 
the functional equation 


f(wz) = d-f(z), where w* = \* = 1, 


and if wz belongs to M whenever z belongs to M, then f(z) can be uniformly 
approximated on M by rational functions which satisfy this'same functional 


equation. Let us assume 
| r(z) — f(z)| <e, zon M, 
where r(z) is rational. Then we have also 
| r(wz) — f(wz) | <e, zonwM, 
that is, 
| r(wz) d- f(z) | <e, zonwM. 
By continued replacing of z by wz we obtain 


| r(w*z) d2f(z) | <e, zonM, 


| — f(z) | <e, zonwM. 


We define p(z) by means of the equation 
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it is seen by direct substitution that p(z) satisfies the functional equation 
p(wz) = A-p(z). 
Moreover we find from the inequalities already considered, by addition after 
multiplication by suitable powers of X, 
| n-d*-19(z) — n-r*-1f(z) | <me, 2zonM, 


that is, 
| p(z) — f(z) | <e, zonM, 
so that the rational function p(z) has the properties required. 

Likewise if the function f(z) to be approximated satisfies the functional 
equation f(z) =f(z), and if the point set M is symmetric in the axis of reals, 
the approximating rational functions can be chosen to satisfy this same 
functional equation. If we have 


| f(z) — r(z)|<e, son M, 


where r(z) is rational, then we have also 

| r(z) | <e, zonM, 
and, by virtue of the equation f(z) =f(z), 

| f(z) — #@)|<e, zon M. 


From the first and last of these inequalities we obtain 


<e, zonM; 
the rational function R(z)=3[r(z)+#(2)] satisfies the functional equation 
R(z)=R(z). This determination of the new function R(z) is independent of 
the previous functional equation considered; if we have r(wz)=)r(z), then 
we have also R(wz) =AR(z). 

Theorem VIII (and also Theorem XVI) can obviously be slightly ex- 
tended, to include functions f(z) not continuous on M but meromorphic in 
the interior points of M and even with properly restricted infinite values on 
the boundary of M. 

Theorem VIII has applications to conformal mapping analogous to re- 
sults considered in detail for the polynomial case.* We remark too that 
Theorem X in conjunction with Theorem VIII gives a more precise result 
than Theorem VIII itself. 


* Walsh, these Transactions, vol. 30 (1928), pp. 472-482, §7. 
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These remarks all have application as well to the results of the two suc- 
ceeding paragraphs. 

8. An infinity of Jordan arcs. The methods already used apply, with 
some modification, to certain point sets composed of an infinity of Jordan 
arcs, curves, and regions. We shall use the term Jordan element E to denote 
a single point, a Jordan arc, or a region bounded by a finite number of Jordan 
curves no two of which have more than a finite number of points in common. 
A Jordan configuration K is a point set consisting of a denumerable or non- 
denumerable infinity of Jordan elements of which no two have more than a 
finite number of points in common. The limit configuration L of a Jordan 
configuration K is the point set, necessarily closed, such that in each neigh- 
borhood of an arbitrary point of L lie points of an infinity of different Jordan 
elements E belonging to K. It is of course true that the limit configuration 
is not always uniquely defined by the Jordan configuration itself, but to 
some extent by the notation. We now prove 


THEOREM XVII. Let M be an arbitrary closed point set and N a Jordan 
configuration which consists of a set of points and of Jordan arcs whose limit 
configuration is contained in M. Then an arbitrary function f(z) continuous 
on M+WN and which on M is uniformly developable in a series of rational 
functions of 2, is likewise uniformly developable on M +-N in such a series. 

In particular if N is an arbitrary Jordan configuration which is a closed 
point set consisting of a set of points and of Jordan arcs whose limit configuration 
(or whose nth limit configuration) consists of a finite number of points and 
Jordan arcs which do not divide the plane into more than a finite number of 
regions, then an arbitrary function f(z) continuous on N can be developed uni- 
formly on N in a series of rational functions of z. 


We use here the idea of mth limit configuration. The second limit con- 
figuration of NV is defined as the limit configuration of the (first) limit con- 
figuration, and the other limit configurations are likewise found by iteration. 
With this understanding, the second part of Theorem XVII is by virtue of 
Theorem IX contained in the first part. We proceed to the proof of the first 
part. 

We find it convenient for purposes of exposition to consider N to consist, 
except for possible points belonging to M, of a set of Jordan arcs. This is 
always possible, for a point P of N not a point of M nor a point of a Jordan 
arc belonging to N is isolated, and there can be drawn through P a Jordan 
arc having no point of M nor of NW other than P itself in common with 
M or N. This can be accomplished, moreover, for every requisite point 
P without altering the limit configuration of NV. The definition of the function 
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f(z) can be extended over these new Jordan arcs so that the new function is 
continuous over the entire new point set.* 

Let an arbitrary positive e be given; there exists a rational function r(z) 
which on M differs from f(z) by less than ¢. The function r(z) has no poles 
on M, hence is continuous and uniformly continuous on a closed point set 
M’ which contains M in its interior and which is bounded by a finite number 
of Jordan curves. The function f(z) is also uniformly continuous on M+N. 
Suppose for convenience in exposition that M+WN does not contain the point 
at infinity, and suppose 6>0 so chosen that |z’—z’’| <6 implies 


| r(z’) r(2"’) | wv, 
| f(z") — f(z") | <e, 2, 2’ on M+N. 


Choose a point set M’’ consisting of a finite number of regions, each bounded 
by a finite number of Jordan curves of which no two have a common point, 
so that M’’ contains M in its interior but is contained in M’, and such that 
no point of M”’ is at a distance of more than 6 from some point of M. At 
most a finite number of the Jordan arcs A composing NW have points exterior 
to M’’; otherwise we should have infinitely many points belonging to different 
Jordan arcs of N with a limit point exterior to M’’, hence not in M. It is 
conceivable that one or more Jordan arcs belonging to N should have in- 
finitely many points belonging to the boundary of M’’, but we can and do 
avoid this possibility by diminishing the size of M”’ if necessary. 

We now define a function /,(z) continuous on M’’+WN which differs but 
little from f(z) on M+N. The function f,(z) shall be equal to r(z) on M”’. 
Let A be an arbitrary Jordan arc of N which has one or more points in com- 
mon with M”’ but which does not lie wholly within M’’; we change the no- 
tation if necessary so that A has precisely one point, an end point P, in 
common with M’’. Let Q be a point of A not a point of M”’ at a distance 
from P not greater than 6, and such that no point of A on the arc PQ of A is 
at a distance from P greater than 6. Define the function f,(z) equal to r(z) 
at P, equal to f(z) at Q, and varying monotonically} along A from P to Q. 
The function f,(z) differs from f(z) at most by 3¢ in P, for there exists a 
point R of M at a distance not greater than 6 from P, and we have f,(P) 
=r(P), 


* Lebesgue, Rendiconti del Circolo Matematico di Palermo, vol. 24 (1907), pp. 371-402; p. 379. 
+ That is, the function w=/,(z) maps the Jordan arc PQ one-to-one and continuously on a line 
segment in the w-plane. 
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| r(P) — r(R)| <e, 
| r(R) — f(R)| <e, 
| f(R) f(P)| <e. 


Hence the function f,(z) differs from f(z) at most by 5e along the arc PQ. 
The function /;(z) is defined equal to f(z) on the portions of arcs A exterior 
to M”’ but not arcs PQ. The function f,(z) is likewise defined equal to f(z) 
on the Jordan arcs which belong to NV but have no points in common with 

The function f,(z) is continuous on M’’+WN and hence by Theorem VIII 
or Theorem XVI can be approximated on M’’+N by a rational function of 
z with an error not greater than e, so f(z) can be approximated on M+N by a 
rational function of z with an error not greater than 6e, and the theorem is 
established. 

Many point sets more general than Jordan curves, or indeed more 
general than boundaries of regions, are included in the hypothesis of the 
theorem, so we have (compare §1) a new generalization of Weierstrass’s 
theorem on approximation by trigonometric polynomials. For instance we 
may consider the region bounded by the point set 


y 


Any function continuous on this closed point set (i.e., boundary of the region) 
can be uniformly approximated on this point set as closely as desired by 
polynomials in z and 1/(z+3%/2). 

We may consider likewise a region consisting of a strip closed at one end 
which lies exterior to the unit circle, and which approaches this circle by 
winding about it infinitely many times. An arbitrary function continuous 
on the boundary of this region can be uniformly approximated on that 
boundary by rational functious of z, with poles only in the origin, at infinity, 
and at an arbitrarily chosen point interior to the region. 
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Similarly consider the point set x=n, y=n, where m takes all integral 
values, positive, negative, or zero. An arbitrary function continuous (in the 
extended plane) on this point set can be uniformly approximated on the 
point set by rational functions of z. 

9. An infinity of Jordan or more general regions. The extension of The- 
orem VIII to include infinitely many regions is not so simple: 


THEOREM XVIII. Let infinitely many regions R form a Jordan configura- 
tion whose limit configuration L is contained in a closed point set M. Suppose 
moreover that the totality of regions R not belonging to M have at most a finite 
number of distinct points in common with M, and suppose that if an arbitrary 
region Q be considered which contains M in its interior, then each of those 
regions R not lying wholly in Q has at most a finite number of its points in 
common with other regions R, whether these other regions R lie wholly in Q or not. 

If f(z) is a function which can be uniformly approximated on M by a rational 
function of 2; if f(z) is analytic interior to each region R or more generally if 
in each R or on a point set contained in each R but which includes all points 
common to this region R and either to M or to the other regions R—if on such a 
point set the function f(z) can be uniformly approximated by a rational function 
of z; and if f(z) is continuous on the entire closed point set consisting of M and 
the regions R (or the sub-sets), then on this closed point set the function f(z) can 
be uniformly approximated as closely as desired by a rational function of z. 

In particular if M=L satisfies the condition given and consists of a finite 
number of points and of Jordan arcs which do not divide the plane into infinitely 
many regions, then an arbitrary function f(z) analytic interior to each R and 
continuous on the entire point set L+{R} can be uniformly approximated on 
that point set as closely as desired by a rational function of z. 


The latter part of the theorem is an immediate consequence of the 
former part, in conjunction with Theorem IX. We proceed to consider the 
former part of the theorem. 

The proof here is quite similar to the proof of Theorem XVII. Let an 
arbitrary positive ¢ be given, and let r(z) be a rational function which differs 
from f(z) on M by less than e, and which coincides with f(z) in the points 
common to M and the regions R (compare Theorem X). Assume neither M@ 
nor the regions R to contain the point at infinity, choose M’ a closed point 
set containing M in its interior but containing on or within it no point of 
discontinuity of r(z), and choose 6>0 so that |z’—z’’| <6 implies 


| r(z’) r(2'’) | <e, 2, 2” in M’, 
| f(z’) — f(z") | <e, 2, 2’ on L+ {R}. 
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Choose a point set M’’ containing M but contained in M’, bounded by a 
finite number of Jordan curves of which no two have more than a finite 
number of common points, and such that no point of M”’ is at a distance 
greater than 6 from some point of M. It follows that for points of M’’ 
where f(z) is defined, the functions r(z) and f(z) differ by less than 3e. We 
now modify M’’, cutting away part of this point set and giving us a new point 
set M’’, as follows. At most a finite number of regions R lie partly or wholly 
outside M’’. A region R that lies partly outside M’’ but has no points in 
common with M has Jordan arcs drawn, exterior to R, not meeting M nor 
other regions R, except that these Jordan arcs may have such points in 
common with R as R itself has with other regions R, modifying M’’ so that 
the new M” shall be bounded partly by these new Jordan arcs, and so that 
R and the new M” shall have at most a finite number of common points, 
namely those points already explicitly mentioned. We have thus pared off 
a portion of M’’ by means of Jordan arcs, so that except possibly for a 
finite number of points, R is isolated from M’’. For the regions R which lie 
partly outside M’’ but have points in common with M, we proceed similarly, 
cutting out parts of M’’ adjacent to these regions by means of Jordan arcs, 
so that R and the new M”’ have no common points other than those common 
to R and M and those common to R and other regions R.* The regions cut 
out of M”’ are open regions, finite in number, each bounded by a finite num- 
ber of Jordan arcs, containing in their interiors no point of M nor of a 
region R, and whose boundaries have at most a finite number of points in 
common with M, namely those points common to M and the regions R. 

The point set consisting of the new M’’ plus the regions R is then of 
precisely the kind considered in Theorem XVI; the function to be developed 
(or approximated) is r(z) on M”’ and f(z) in the regions R or on the sub-sets, 
which is continuous on the entire point set considered. Theorem XVIII 
follows at once. 

Iteration of this theorem gives (as in Theorem XVII) much more general 
results than the theorem itself. 

We give merely a few of the very simplest examples to illustrate this 
theorem. In each case we give the open point set. A function analytic on the 
point set given and continuous on the corresponding closed point set can be 


* One essential point is omitted here, namely the demonstration that if a closed Jordan region R 
has but a finite number of points P in common with an arbitrary closed point set M, then there exists a 
second Jordan region R’ whose boundary has only the points P in common with the boundary of R and 
precisely the same points in common with M, and whose interior (on the sphere) contains the interior of R 
but no points of M. There is no difficuity about the proof if M is a Jordan region; in any case the 
proof can be given with comparative ease and is left to the reader. 
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uniformly approximated on the closed point set as closely as desired by a 
rational function of z. 


1 1 
(i) < (k = 0,1,2, 


1 2 
(ii) —) <1 (k = 0,1,2, eee 


(iii) 34/2* < arg 2 <5x/2* (k = 2,3,4,--- 
(iv) <|2| < 5/2* (k = 0,1,2,--- 


It is not to be supposed, however, that an arbitrary function analytic on 
an arbitrary point set and continuous on the corresponding closed point set 
can be uniformly approximated as closely as desired on that closed point set 
by means of rational functions of z. In fact there exists a function f(z) not 
a constant but continuous over the entire plane, and analytic everywhere 
(even at infinity) except on the points of a Jordan arc C.* Let K bea circle 
which contains C in its interior. Then f(z) is analytic in the interior points 
of K not points of C and is continuous on the corresponding closed point set, 
but on this closed point set cannot be uniformly approximated as closely as 
desired by a rational function of z. For an approximating rational function 
must be continuous in K, must have its poles exterior to K, hence leads 
directly to uniform approximation by a polynomial in z. Such approximation 
leads in turn to a series of polynomials convergent to the sum f(z) uniformly 
on and within K, which means that f(z) is analytic throughout the interior of 
K, so that f(z) is a constant, which is a contradiction. 

10. Non-uniform expansion. We devote a few lines to the very simplest 
applications of our results to the expansion, not necessarily uniform, of 
arbitrary functions in terms of rational functions. The following theorem 
is essentially contained in Runge’s classical results: 


Let M be an arbitrary open point set. Then an arbitrary function f(z) 
meromorphic in each point of M can be expanded on M in a series of rational 
functions of z. This series converges uniformly on any closed point set belonging 
to M, and all poles of the functions of the series, except the poles of f(z) itself, 
can be chosen to lie on the boundary of M, or indeed in arbitrarily chosen points, 
at least one in each of the regions or other point sets into which M divides the 
plane. 


* This arc C is to be chosen so as to have positive area but is otherwise arbitrary. See Pompeiu, 
American Journal of Mathematics, vol. 32 (1910), pp. 327-332. 
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Consider, in fact, a sequence of closed point sets M,, Mz, - - - , constructed 
perhaps by the method of continued subdivision of the plane by a network 
of squares, such that each point set M; is composed of a finite number of 
non-intersecting closed regions each bounded by a finite number of non- 
intersecting Jordan curves, such that each point set M; lies interior to its 
successors and to M, and such that every point of M lies in some M;. There 
exists a rational function r;(z) such that we have 


1 
| #@) — nl) | <=> zon M;; 


all the poles of r;(z) except the poles of f(z) may be chosen on the boundary 
of M. For each of the finite number of regions into which M;, separates the 
plane either contains a boundary point of M (compare Theorem VIII) or 
can itself be adjoined to M;. The sequence {r;(z)} leads directly to the re- 
quired series 7:(z) + [r2(z)—ri(z)]+ ---. It is an essential part of the proof 
to notice that if M is the entire plane, the function f(z) itself must be rational, 
and all the functions r;(z) can be chosen equal to f(z). 
The method of proof just used yields also the following: 


Let the point set M be the sum of the open sets My, M2, - - - , no two of which 
have a common point, and suppose the function f(z) can be expanded on the 
point set M; or on a subset thereof in a sequence of rational functions {r;;(z)}. 
Then these functions f(z) can be expanded on M or on the corresponding subset 
in a single sequence of rational functions {r;(z)}; if M’ is a closed set belonging 
to M, and if on the subset of M’ in each M; the sequence {r;,(z)} converges 
uniformly, then the sequence {r;(z)} converges uniformly on M’. 

In particular some or all of these point sets M; may be chosen as regions 
of arbitrary connectivity, and the functions f(z) corresponding as arbitrary 
functions meromorphic in those regions; the sequence {r;(z)} converges uni- 
formly on any closed point set interior to the totality of such M;. 


Let the point set M; be expressed as the sum of the point sets M;;, so 
that M;; consists of a finite number of non-intersecting closed regions each 
bounded by a finite number of non-intersecting Jordan curves, so that 
M;; lies interior to M; and to M;,;4:, and so that each point of M; lies in 
some M;;. The sequence {r;(z)} can be defined so that we have 


1 
| ri4(2) r (2) | < zon Ma. 


The uniformity of the convergence as stated follows from the fact that 
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no closed set belonging to M can contain points of an infinity of the point 
sets M;. 

We establish next a theorem concerning Jordan arcs, more specific than 
a similar theorem on expansion in series of polynomials recently proved by 
Hartogs and Rosenthal.* 


Let the point set C consist of an infinity of Jordan arcs C;, C2, - - - , of which 
no two have more than a finite number of points in common. Then an arbitrary 
function f(z) continuous on C can be expanded on C in a series of rational 
functions of 2, and the series converges uniformly on each arc Cx. 


The proof is entirely obvious; the series is formed from the sequence 
{r,(z)}, where r;(z) is so determined that we have 


1 
| — n@)|< >> 


this choice of 7;(z) is possible by Theorem IX. In particular if no finite 
set of arcs C:+C.+ - --+C; divides the plane, and if C does not contain 
the point at infinity, it is clear by the second part of Theorem VIII that the 
rational function r;(z) can be chosen as a polynomial in z. 

We establish now a result more general than those just considered; a 
somewhat less general result has recently been given by Carathéodory.t{ 


Let the point set M be composed of the mutually exclusive sets Do, Di, Do, 
- + , of which the first is open (and may be empty) and the others closed, and 
suppose the function f(z) can be expanded on D; or on a subset thereof in a se- 
quence of rational functions {r;;(2)}. Then those functions f(z) can be expanded 
on M or on the corresponding subset in a single sequence of rational functions 
{r x (2) } 
The sequence {r,(z)} converges uniformly on any closed set belonging to Do 
on which the sequence {ro;(z)} converges uniformly, and on any subset of Di, 
i>0, on which {1;;(2)} converges uniformly. 


In particular some or all of these point sets D;, i>0, may be chosen as 
closed regions of arbitrary connectivity, and the functions f;(z) corresponding 
as arbitrary functions meromorphic in the closed regions. Some or all of the 
D;, i>0, may be chosen as boundaries of regions composing Do, or as boun- 
daries of other regions, and the corresponding functions f;(z) as arbitrary 
functions meromorphic on those point sets; the sequence {r;(z)} can be 
chosen uniformly convergent on each such D;. If some of the sets D; are 


* Mathematische Annalen, vol. 100 (1928), pp. 212-263. 
t+ Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 721-725. 
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composed of a finite number of Jordan arcs, no two having more than a 
finite number of common points, the corresponding functions f;(z) can be 
chosen as arbitrary continuous functions and the sequence {r;(z)} can be 
made to converge uniformly on each such D;. If a point set D; is composed of © 
Jordan arcs, the function f;(z) may be chosen as an arbitrary function of 
Baire’s class 0 or 1; in this case the convergence on D; of the sequence 
{r.(z)} is not necessarily uniform. 

We proceed to the proof of the theorem. We construct, perhaps by the 
same method previously employed of continued subdivision of the plane into 
squares, a double sequence of closed point sets D;;. The point sets Dj; 
shall each consist of a finite number of mutually exclusive closed regions each 
bounded by a finite number of non-intersecting Jordan curves. The set 
Dox shall lie completely interior to Do,.41 and to Do, and each point of Do 
shall lie interior to some set Dox. The point sets D, and D,,:4: shall lie interior 
to D,,, and no point not in D, shall lie in all the Dy,. Moreover, Di, is to be 
chosen so as to have no point in common with Do,.4:. The remaining point 
sets are to be similarly constructed; the sets D; and D;,x4: shall lie interior to 
Dx, and no point not in D; shall lie in all the Dix. Moreover, Dx is to be chosen 
so as to have no point in common with Do,i+%, The 
sequence of rational functions {7,(z)} required may now be determined by 
the conditions 


| r,(z) — ron(2) | <1i/n, zon Do, 
| rn(z) — rin—1(z)| < 1/m> on Dia, 


| rn(z) — rn—1,1(2)| < 1/m> on Dyas. 


The paper by Hartogs and Rosenthal to which reference has already 
been made considers the general problem of uniform or non-uniform expan- 
sion of arbitrary functions, and by means of polynomials instead of by more 
general rational functions. There is thus comparatively little overlapping 
between that paper and the present one. We mention, however, the following 
theorem, proved byHartogs and Rosenthal for the more restricted case of 
polynomials, which can be proved in its present form by a combination of the 
methods given by them and those of the present paper: 


If M is an arbitrary closed point set and if f(z) is an arbitrary function 
continuous on M such that on each component of M the function f(z) can be 
approximated as closely as desired by a rational function of z, then f(z) can be 
approximated as closely as desired on the entire point set M, by a rational func- 
tion of z. 
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The word component (i.e. Stick) here means a continuum (or single 
point) belonging to M but not contained in any other continuum belonging 
to M. 

11. New proof of Theorem XI. It is perhaps of interest to remark that 
Theorem XI can be proved by the methods of the present paper. Inspection 
of the proof about to be given and of the proof of Theorem XII shows that it 
is sufficient in our present proof if we take only the special case that two 
circles exist externally tangent to each other at z=a, neither of which con- 
tains a point of C, or C; in its interior. We suppose too that in the neighbor- 
hood of @ the curves C; and C;, lie on opposite sides of the line of centers of 
these two circles. Then there exists a Jordan curve C/, with continuously 
turning tangent and continuous curvature except at z=a and at a second 
point z=f;, which contains all points interior to C; but no point interior to C; 
in its interior, which has no point other than a in common with C2, which in 
the neighborhood of @ consists of an arc of each of the two circles mentioned, 
and which is of such a nature that at 8, a Jordan arc A; can be joined on ex- 
terior to C/ so that each of the two arcs of C/ from a to 6; form with A; an 
arc with continuously turning tangent and continuous curvature. We find 
too a second Jordan curve C/ which has analogous properties with respect 
to C2, and we join the two arcs A; and A: so that they together form a 
Jordan arc A which has a continuously turning tangent and continuous 
curvature, and which has no point other than f#,; and #, in common with 
Ci and 

By using such a transformation as w?=z—8, we find as in the proof of 
Theorem XII a function f(z) analytic in C{ except at z=a, and differing 
from f(z) in C, by less than an arbitrary preassigned positive «. We find 
likewise a function fe(z) analytic in C/ except at z=a and differing from f(z) 
in C; by less than ¢, and can assume f;(a) =f2(a) =f(a). Denote by I; and 
I’, two Jordan curves which have in common the point z=a and the arc A, 
and which are each composed (in addition to A) of an arc of C/ and an arc 
of C/. We assume C, and C; to lie interior to T'; and exterior to T,. Extend 
the definition of the function* 


_ § fil), = 


* The function F(z) is easily found in the w-plane, w*=z—8, where § is interior to I; and I>. 
Approximate by a polynomial in w the function f,(z) in the transform of the region Cy, and the func- 
tion f2(z) in the transform of the region C2, so that this polynomial takes on the same value in the 
two points w=+ (a—f)/?, The transform in the z-plane of this polynomial in w may be used as the 
function F(z). 


i 

} 

i 
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so that F(z) is defined over I’; and I: and satisfies a Lipschitz condition on 
both of these curves. 

Cauchy’s Integral for the function F(z) (and for z in C; or C; this integral 
formula is valid) may be written 
1 f F(é)dt 1 F(é)dt 

c 


F(z) = — 
1 F(é)dt 1 F(é)dt 


Qmidr,t—2 2wridr,i—z 


where the integrals are taken in the positive (i.e., counterclockwise) sense 
over the curves indicated. By Plemelj’s theorem, the first integral in the 
right-hand member represents a function ¢:(z) analytic in IT, and con- 
tinuous in the corresponding closed region, and the second integral represents 
a function ¢2(z) analytic exterior to I’, and continuous in the corresponding 
closed region. 

There exists a Jordan region J; within which ¢;(z) is analytic and which 
contains every interior point of C; and of C2 in its interior and such that 
¢:(z) is continuous in the closed region J;. In J; the function ¢:(z) can be 
approximated uniformly by a polynomial in z. There exists likewise a Jordan 
region J, within which ¢2(z) is analytic and which contains every interior 


point of C, and of C; in its interior and such that ¢2(z) is continuous in the 
closed region Jz. In Jz the function ¢2(z) can be uniformly approximated by 
a polynomial in z. Hence in C,+C, the function F(z) can be uniformly 
approximated as closely as desired by a polynomial in z, so the same is true 
of the function f(z), and Theorem XI is established. 
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SEPARATION THEOREMS WITH APPLICATIONS TO 
QUESTIONS CONCERNING ACCESSIBILITY 
AND PLANE CONTINUA* 


BY 
R. G. LUBBEN 


In this paper we shall confine ourselves to a two-dimensional euclidean 
space which we shall denote by the symbol S. 

R. L. Moore? has given the following extension of a theorem by Zoretti:{ 
If K is a bounded maximal connected subset of a closed point set M and does not 
separate space, and e is a positive number, then there exists a simple closed curve 
containing no point of M, such that the interior of this curve contains K but 
contains no point whose distance from K is greater than e. Zoretti’s conclusion 
is weaker than Moore’s in that it says nothing about the points on the 
interior of the curve surrounding K. On the other hand, Moore finds it 
necessary to use a stronger hypothesis than Zoretti’s; namely that K does 
not separate the plane. In this paper we consider among other things the 
question of the conditions involved in a combination of Zoretti’s hypothesis 
and Moore’s conclusion, and show in Theorem 1 that a result analogous to 


* Various parts of this paper were presented to the American Mathematical Society on Sep- 
tember 10, 1925, December 30, 1925, and February 27, 1926; received by the editors August 31, 
1928. 

+ Cf. R. L. Moore, Concerning the separation of point sets by curves, Proceedings of the National 
Academy of Sciences, vol. 11 (1925), pp. 469-476. 

t Cf. L. Zoretti, Sur les fonctions analytiques uniformes, Journal de Mathématiques Pures et 
Appliquées, (6), vol. 1 (1905), pp. 9-11. A pair of point sets M; and M; are said to be mutually 
separated provided that neither contains a point or a limit point of the other. A point set is said to be 
connected if it is not the sum of two non-vacuous mutually separated point sets. A point set M is 
said to be strongly connected provided that for every pair of points belonging to M there exists a closed, 
connected subset of M containing these points; cf. R. L. Moore, Concerning continuous curves in the 
plane, Mathematische Zeitschrift, vol. 15 (1922), p. 254. If H is a point set and M is a connected 
subset of H such that every connected subset of H which has a point in common with M is a subset 
of M, then M is said to be a maximal connected subset of H. A point set M is said to separate space 
if S—M is not connected. A simple continuous arc AX B, whose end points are the distinct points A 
and B, is a closed, bounded, connected set of points, M, containing A and B such that if P is a point 
of M—A—B, M—P is not connected; cf. R. L. Moore, Concerning simple continuous curves, these 
Transactions, vol. 21 (1920), p. 340. The point set 4—A—B mentioned above is the segment AXB 
of the simple continuous arc AXB. For definitions of a simple closed curve, of an open curve, and 
of other of the simpler point sets see the paper mentioned above, the paper F. A., and articles to which 
references are made in these two papers. We shall use the notation F. A. to denote R. L. Moore’s 
paper, On the foundations of plane analysis situs, these Transactions, vol. 17 (1916), pp. 131-164. 
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that of Moore holds, if we allow the boundary of the domain covering K 
to consist of a finite number of simple closed curves. In Theorems 2 and 3 we 
give conditions under which it is possible to cover a bounded point set by a 
finite number of such domains. 

It follows from these theorems that a given point in one of two closed, 
bounded, mutually exclusive point sets can be separated from a given point 
in the other by a simple closed curve containing no point of the sum of the 
two point sets. In problems concerning the boundaries of domains, accessi- 
bility, and the separation of unbounded point sets by curves, it is of interest 
to consider the question of the separation of sets, having points in common, 
by simple closed curves containing no points of the given sets, except those 
that are common to them. R. L. Moore* has given sufficient conditions for 
the existence of such a curve, for the case where both point sets are bounded 
continua. We generalize his results by giving conditions which are both 
necessary and sufficient, and by removing the condition that both point 
sets be continua; see Theorems 16 and 17. Theorem 18 is concerned with 
the separation of a disconnected subset of a continuum by a simple closed 
curve. The case where the point set T mentioned in this theorem consists 
of one point is of particular interest, since it implies the existence of separa- 
tion curves, for the case of a continuum which is disconnected by the omission 
of one of its points; see Theorems 21 and 23. Theorems such as 21 and 23 are 
often useful in proving the connectivity of point sets. The case where T 
consists of one or two points is of particular interest in questions concerning 
the separation of unbounded point sets; see the statements and proofs of 
Theorems 20, 21, and 23. 

We find useful the notion of one point set’s being connected near another, 
and the notion of one point set’s not being separated by another near a third 
point set. These concepts play a fundamental role in our treatment of sepa- 
ration theorems: in Theorems 6, 7, and 9 concerning conditions sufficient to 
make a point set strongly connected, and Theorems 12, 14, and 15 concerning 
the relation of a domain to its boundary. Theorems 4, 11, 13, 22, and 24 are 
concerned with conditions for accessibility. 


THEOREM 1. Jf M is a bounded maximal connected subset of a closed point 
set K and e is a positive number, then there exisis a multiply connected Jordan 
domain H containing M such that (1) the boundary of H contains no point of K, 
and (2) if P is a point of H’, then d(P, M) <e.t{ 


* See Concerning the separation of point sets by curves, loc. cit., Theorem 2. 
t If M isa point set, S—M is the complement of M. A domain is a connected point set whose 
complement is closed. A Jordan domain or Jordan region is the interior of a simple closed curve. A 
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Since M is bounded, there exist at most a finite number, m, of bounded, 
mutually exclusive complementary domains* D,, De, D3,---, of M 
which contain points whose distance from M is greater than }e. Let Do be 
the unbounded complementary domain of M. For each integer i (i=0, 1, 2, 
3,--++, ), let C; be a circle, which, with its interior, is a subset of D,; 
let P; be the center of C; and L; be a circle having the same center as C; 
and having an interior containing M. Let N; be the annular domain bounded 
by C;+L;. Then NV; contains M. Let the equation wo=fo(z) define the iden- 
tity transformation of the plane into itself. For i=1, 2,3,---,m, let the 
equation w;=f;,(z) define an inversion of the plane about the point P; with 
reference to the circle C;. If Q is a point set in the z plane, let (Q);=f,(Q). 

For i=0, 1, 2, 3, - - - , m, is a uniformly continuous function 
of w; over the closed and bounded point set (NV). Hence, there exists a posi- 
tive number, d;, such that when |w:,—we,|<d;, |zi—z2|<3e, where w:, and 
We, are points of (V;)/. Let m; be the point set consisting of (M); plus all 
bounded complementary domains of (M);. Let k;:=m;+(K),. 

If m; 1s not a maximal connected subset of k;, there must exist a connected 
subset of &; which is the sum of m; and #;, where #; is a point set containing 
no point of m;. It is easily seen that both k; and m; are closed. Hence, if 
T; is a maximal connected subset of ¢/, it must have a limit point in m,. 
Since T; is a subset of the unbounded complementary domain of the closed 
point set (M);, T/ must be a subset of (K);. Hence, (M);+T7; is a connected 
subset of (K),;. If T; is non-vacuous, then M is not a maximal connected 
subset of K, contrary to the hypothesis of the theorem. Thus, &; is a closed 
point set, and m; is a bounded maximal connected subset of k;, which 
does not separate space. Hence, there exists{ a simple closed curve j;, which 
encloses m;, contains no point of k;, and whose interior contains no point 
whose distance from m; is greater than d;. From the definition of 7; it follows 
that j; is a subset of (D,);, and that no point of (D;); within j;is at a distance 
greater than d; from (M);. Let J;=fz(j;). Then the domain H bounded by 
the finite collection }>;_)J; satisfies the conclusion of the theorem. 


multiply connected Jordan domain, of order n, is a domain whose boundary consists of m mutually 
exclusive simple closed curves. In this paper we shall consider only domains of a finite order. Thus,a 
Jordan region is of order unity. If M is a point set, by M’ is meant the set of all limit points of M 
and M+M’ is denoted by M. If M and N are point sets, by d(M, N), the distance from M to N, we 
mean the lower bound of the distances between pairs of points, x and y, where x is a point of M and 
y of N. 

* If M is a point set, by a complementary domain of M is meant a maximal connected subset of 

+ Cf. Theorem 1 of Moore’s paper Concerning the separation of point sets by curves. 
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THEOREM 2. If K is a point set, e is a positive number, and L is a bounded 
point set which is either K or a closed point set which is the sum of a collection 
of maximal connected subsets of K, then there exists a finite collection of multiply 
connected Jordan domains covering L and such that (1) the upper distance* of 
any of these domains from the product of L and that domain is less than e, 
(2) the distance between any pair whatever of domains of this collection is a 
positive number, (3) the boundary of this collection of domains contains no point 
of K, and (4) each domain contains a point of L.¢ 


For each maximal connected subset A of L there exists, by Theorem 1, 
a multiply connected Jordan domain H,, such that no point of the boundary 
of this domain is a point of K, and the upper distance of H,’ from its product 
with L is less than e/6. By the Heine-Borel-Lebesgue Theorem there exists 
a finite sub-collection H:, which covers L, of the collection [H,]. Let T 
be the set of all points which belong to elements of H;. There exist then a 
finite number, k, of maximal connected subsets, 71, T2, Ts, - - - , Tx, of T’. 
Let d be a positive number which is smaller than e/6, and is also smaller 
than the smallest of the positive numbers d(7;, 7;)/3, where i, 7=1, 2, 3, 
-++, k, and i#j. By an argument analogous to that used in a similar 
connection in the proof of Theorem 1 it can be shown that 7; (i=1, 2, 3, 
- ++, k) is a maximal connected subset of T+K; hence, by Theorem 1, 
there exists a multiply connected Jordan domain N; covering T; such that 
no point of NV; is at a distance from 7; greater than d, and that the boundary 
of V; contains no point of T+K. Then : N; is a collection of domains 
satisfying the conclusion of the theorem. 


THEOREM 3. If K is a closed point set, L is a closed and bounded point set 
which is the sum of a collection of maximal connected subsets of K, d is a positive 
number such that no maximal connected subset of L has a diameter greater than 
d, and e is any positive number whatever, then there exists a finite collection of 
Jordan domains covering L such that (1) no domain in this collection has a 
diameter greater than e+d; (2) if D and D are any two domains whatever in 
this collection, then d(D, D)>0; (3) the boundaries of these domains have no 


* By the upper distance from M to N, written u(M, N), we mean the upper bound of the set of 
values [d(A, NV) ], where A isa variable point of M. Cf. R. L. Moore, Concerning upper semi-continu- 
ous collections of continua, these Transactions, vol.27 (1925), p.416, second footnote. A collection M 
of domains is said to cover a point set K, provided every point of K belongs to some element of the 
collection M. The diameter of the point set M is the upper bound of the set of values [d(A, B)] 
where A and B are points of M. 

t Theorems 2 and 3 are generalizations of results stated by Schoenflies and Kerékjarto. Cf. 
A. Schoenflies, Die Entwickelung der Lehre von den Punktmannigfaltigkeiten, Berlin, Teubner, 1908, 
pp. 104-106; and B. von Keréjarto, Vorlesungen ueber Topologie, Berlin, Springer, 1923, pp. 49-52 
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points in common with K ; (4) each domain contains a point of L. In particular, 
if the point set L is totally disconnected,} the conclusion holds, if the number d 
mentioned in the hypothesis is zero. 


The interior of a simple closed curve has the same diameter as the curve 
itself. It follows by Theorem 2 that if the theorem is not true, there must 
exist a positive number f and a sequence of positive numbers, ¢1, é2, és, - - - , 
€n, * + + , Such that (1) e, approaches zero as m approdches infinity; (2) for 
each positive integer m there exists a finite collection H, of multiply con- 
nected Jordan domains which have, with respect to the point sets L and K 
and the positive number e,, the properties (1), (2), (3), and (4) mentioned in 
the conclusion of Theorem 2; (3) for each the collection H, contains a 
domain h, of diameter greater than d+f. It can readily be shown that the 
collection [k,] has an infinite sub-collection which has a closed and con- 
nected limiting set,{ and that this limiting set has a diameter not less 
than d+f. Since L is closed, this limiting set is a subset of ZL. Hence the 
supposition that the theorem is not true leads to a contradiction of the hy- 
pothesis that Z has no connected subset of diameter greater than d. 


THEOREM 4. Given that A and B are distinct points and G is a bounded 
- collection of point sets such that (1) if e is a positive number, there exist at most 
a finite number of elements of G having a diameter greater than e; (2) if G* 


is the sum of the elements of G, and g is an element of G, then d(g, G* —g) >0; 
and (3) for each element g of G there exists a simple continuous arc whose end 
points are A and B, and which contains no point in common with the point set g. 
Then there exists a simple continuous arc AWB which contains no point in 
common with G.* 


It follows from condition (2) of the hypothesis that the elements of G 
are countable and hence can be put in a one-to-one correspondence with 
the set of positive integers. Let g; be the first element of G in this ordering, 
and let /; be a simple continuous arc which contains no point of g: and whose 
end points are A and B. For an integer greater than unity, let g; be the first 


t A point set is said to be totally disconnected if it has no connected subset containing more than 
one point. 

t Cf. S. Janiszewski, Sur les continus irréductibles entre deux points, Journal de l’Ecole Poly- 
technique, (2), vol. 16 (1912), p. 97. By the limiting set of a collection G of point sets we mean the 
set of all points P such that every domain containing P contains points of infinitely many elements of 
the collection G. Cf. Janiszewski, loc. cit., p. 93, last four lines; A. Schoenflies, Beitraége zur Theorie 
der Punktmengen, Mathematische Annalen, vol. 59 (1904), p. 139, paragraphs III and IV, and 
Bemerkung 2u meinem zweitem Beitrag zur Theorie der Punktmengen, Mathematische Annalen, vol. 
65 (1908), pp. 431-432. 
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element in G distinct from the elements in the collection }"i=ig; which 
contains points in common with /;, and let 4; be an arc whose end points are A 
and B, and which contains no points in common with g;. Let Fy be a closed 
point set which contains no points in common with G*. If is a positive 
integer, it follows by part (2) of the hypothesis that if g;* is a maximal con- 
nected subset of Z;, then it is a maximal connected subset of G*. Hence, by 
Theorem 2, there exists for each positive integer i a finite collection Fi;=fi 
+fe+ ---+ +fin, of multiply connected Jordan domains covering g; and 
such that (1) the upper distance of F; from g; is less than one half the smallest 
of the three positive numbers 1/2, d(g:, G*—g;), and d(g;, Sea F;); (2) the 
distance between any two distinct elements of F; isa positive number; (3) the 
boundary, B,, of F; contains no point of G*. Let E be the set of all points of 
the arc h; belonging to S—)> 2, 77, fis; let C; be the set of all points common 
to F; and the arc /;; and let K=E+)>;-, (B:+C,). It may readily be seen 
that K is a closed, bounded point set containing no point of G*. Let K, be 
the maximal connected subset of K containing the point A. If K, does not 
contain B there exists, by Theorem 1, a simple closed curve J, containing no 
point of K, such that one of the complementary domains of J contains A and 
the other contains B. Hence, J contains no points in common with the point 
set >-%, B; and thus either (1) must be a subset of some domain f;; of the 
collection )°7.; >", fi; or (2) must be entirely without all the domains of 
this collection. The first case is impossible; for the arc h; contains the points 
A and B, and thus contains a point x; on J; x; belongs to F;, and hence to C; 
and K, thus contradicting the definition of J. Similarly, in the second cass, 
J must contain a point of /; which is also a point of E and of K. Thus, the 
supposition that K, does not contain B leads to a contradiction. 

Hence, K, is a closed, connected, bounded point set containing A and B, 
but containing no point of G*. It may readily be shown with the help of a 
theorem{ due to R. L. Moore and a theorem} of Sierpifski’s that K, is 
connected im kleinen at all of its points. It follows that K; is a continuous 
curve and that there exists within K,; a simple continuous arc whose end 
points are A and B.§ 


t Cf. Moore, Report on continuous curves from the view point of analysis situs, Bulletin of the Ameri- 
can Mathematical Society, vol. 29 (1923), pp. 296-297, §3. 

t Cf. W. Sierpifiski, Un théoréme sur les continus, Tohoku Mathematical Journal, vol. 13 (1918), 
pp. 300-303. 

§ Cf. R. L. Moore, A theorem concerning continuous curves, Bulletin of the American Mathematical 
Society, vol. 23 (1917), pp. 233-236; S. Mazurkiewicz, Sur les lignes de Jordan, Fundamenta Mathe- 
maticae, vol. 1 (1920), pp. 196-209; and R. Tietze, Ueber stetige Kurven, Jordansche Kurvenbogen, 
und geschlossene Jordansche Kurven, Mathematische Zeitschrift, vol. 5 (1919), pp. 284-291. 


| 


1929] SEPARATION THEOREMS 509 


THEOREM 5. If M is a closed and bounded point set, G is the aggregate of 
g’s, where the symbol g represents a maximal connected subset of M, K is a 
bounded continuum containing at least one point in common with each element 
of G, and for each g, h, is the point set g-(K—K-M) and H, is a continuum 
containing h,, then if (K -—K-M-+[H,]) is bounded, it is a continuum. 

The theorem follows from Theorem 1 if M is connected. We shall suppose 
that G contains more than one element. Let g bea definite element of G, 
and e be a positive number which is less than u(K, g). It can be shown with 
the help of Theorem 1 that there exist points of K—K-M within a distance 
of e from g. It follows that h, is non-vacuous. 

Let N=(K—K-M+[H,]). If N is not connected, there exists, by 
Theorem 1, a simple closed curve J having no points in common with NV 
and such that its interior D, and its exterior D. both contain points in 
common with NV. Ifa point set /; contains points in one of these domains, 
evidently H;, and therefore h;, is a subset of that domain. Let M, and M; 
respectively be the sums of all those elements g of G for which the correspond- 
ing H,’s are subsets of D; and Dz respectively. The point set M;, is closed. 
For, let z be a limit point of M, which does not belong to M;. Since the 
elements of G are closed, there must exist an infinite sub-collection G, of 
elements of G, such that (a) the sum of the elements of G, is a subset of Mi, 
(b) every infinite sub-collection of G, has a limiting set containing z, and (c) 
no element of G; contains z. The limiting set F of G, is closed and connected. f 
It follows that F is a subset of an element of G. Let ; be the collection of 
the h,’s corresponding to the elements of G:. We have shown that this collec- 
tion is non-vacuous. The limiting set of /; is evidently a subset of F and of 
D,. But this limiting set is also a subset of the # of that element of G which 
contains F, since every point in it is a limit point of K—K-M. Hence F 
is a subset of an element of G;. It follows that M; and M; are closed and 
mutually separated. 

Let K, and Kz be those subsets of (K —K-M) which are subsets of D; 
and D; respectively. Since an “hk” corresponding to an element of G, is a 
subset of D,, K2 can have no point or limit point in M;. By definition M, can 
have no limit point in Ke. It may readily be seen that the point sets (/,+K,) 
and (M.+4,) are mutually separated. But this contradicts the fact that 
M+K=(M,+K,)+(M,.+,) is connected. Hence, the supposition that 
N is not connected has led to a contradiction. 

Derinitions. If K, Mi, and M, are point sets, K has no points in common 
with M,+M:; and no connected subset of S—K contains points of both M, 


+ Cf. Janiszewski, loc. cit. 
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and M2, then we say that M,; and M; are separated by K or that K separates 
M, from M2. If K and M are mutually exclusive point sets and M is not a 
subset of any connected subset of S—K, then we say that K separates M. 
If K, H, and T are point sets, H and K are mutually exclusive, and for every 
positive number e and every point P of T there exists a positive number 
d.p such that any two points of K whose distance from P is less than d,p 
can be joined by a connected subset /.p of S—H, whose upper distance from 
P is less than e, then we say that K is not separated by H near T.+ If K and 
T are point sets, then K is said to be connected near T, provided that for every 
point P of T and every positive number e there exists a positive number 
d.p, such that any two points of K whose distances from P are each less than 
d.p are subsets of a connected point set /.p which is a subset of K and which 
is at an upper distance less than e from P. If, in the preceding two definitions, 
it be specified that the connected point set 4,p be a continuum, then we say 
that K is strongly not separated by H near T, and K is strongly connected near 
T, respectively. If there exists for each positive number e a positive number 
d.p, which, for the case of the definitions given in the preceding sentences, 
is independent of P, then we say respectively that K is uniformly not sepa- 
rated by H near T, and K is connected near T uniformly. If the point set T 
is closed and bounded, then, by an argument similar to that used in proving 
that a function which is continuous over a closed and bounded point set is 
uniformly continuous over that point set, it may be shown that if K is con- 
nected near 7, or is not separated by H near 7, then it has these properties 
uniformly over 7. If H is closed and K is not separated by H near 7, then 
K is strongly not separated by H near 7; but this conclusion does not follow 
if H is not closed, as the following example will show. For 0<x<1 let A,, 
B., D,, and E, be the points with codrdinates (0, x), (1, x), (x, 0), 1), 
and (x, 2) respectively; and let 21 Cyi 
and let H=S—(K—A,). Then K—A, is not separated by H near Ao, but 
it is not true that K—A, is strongly not separated by H near Ao. Further- 
more, K — A, is connected near Ao, but it is not true that K —Ao is strongly 
connected near A ». 

If K is connected near T, and J=K, then K is everywhere connected 
im kleinen. If K and H are mutually exclusive, and T is any subset of S—H, 
then XK is not separated by H near T. If K is connected near T, and K and 
H are mutually exclusive, then K is not separated by H near T. If K is not 
separated by H near 7, then neither is any subset of K. 


¢ Zarankiewicz, Sur les coupures locales faites par les continus, Bulletin de l’ Académie Polonaise 
des Sciences et des Lettres, Classe des Sciences Mathématiques et Naturelles, Série A: Sciences 
Mathématiques, 1927, p. 194, defines a concept with some similarity to ours but less general. 
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THEOREM 6. If K is a bounded continuum, T is a closed subset of the 
boundary of S—K, T does not separate K —T, and S—K is connected near T, 
then K —T is strongly connected. 


If the theorem is not true, there must exist a pair of points x and y of 
K-—T, such that any closed subset of K—T containing x and y is not con- 
nected. Since T is closed, it can be proved, with the help of Theorems 10 
and 15 of the paper F. A., that there exists a simple continuous arc xty 
containing no point of T. Let 0<e<4d(xty, T). Since T is closed, and S—K 
is connected near 7, S—K has this property uniformly over T; and there 
exists a positive number d less than e, such that if P is a point of T, and x; 
and 2 are a pair of points of S— K whose distances from P are each less than 
d, then x, and x2 belong to a connected subset of S— K whose upper distance 
from P is less than e. 


By Theorem 2 the point set T can be covered by a finite collection 
H=h+h2+hs+ --- +h, of multiply connected Jordan domains, such 
that if m and are distinct positive integers then (1) T contains no point of 
the boundary of h», (2) no point of k,, is at a distance from T-h, greater 
than d/10, (3) the distance between /,, and h, is positive. Let K* be the set 
of all points belonging to K which are not covered by this collection of 
domains. The point set K* is closed. Let X be the maximal connected sub- 
set of K* containing the point x. Clearly X does not contain y. By Theorem 
1 there exists a simple closed curve J; which separates x from y, and contains 
no point of K*. Suppose that the interior, D,, of this curve, contains y, and 
that its exterior, Z,, contains x. In the order xty on the arc xty let v be the 
first point common to K and D,; in the order vx on the interval vx of this arc 
let z be the first point common to J; and xty, and w be the first point common 
to this interval and the product of K and £;. Let 2; be a point in the order 
w2,2 such that the interval wz, of wzv contains no point of J;. It is easily 
shown that there exists a simple closed curve 2:9:2g2: which has in common 
with the arc xty the two points z and 2, encloses the segment 2,2 of xty, but 
encloses or contains no other points of xty or of K. Let D be the complemen- 
tary domain containing v of the sum of the simple closed curves J; and 
2:9:2q2:. Its boundary J is a simple closed curve.t Then z is in the exterior 


t J. PAl in Om Planeus Topologi, Matematisk Tidskrift B, 1923, pp. 66-72 (Festskrift til J. 
Hjelmslev), states the following theorem: Jf the (simple, closed, plane) Jordan curves a and b have at 
least two points in common, then every complementary domain of their sum is bounded by a simple closed 
curve. This result, while not explicitly stated by R. L. Moore, is easily derived from theorems he has 
proved; cf. either F. A., Theorem 41, p. 155, or On the Lie-Riemann-Helmholtz-Hilbert problem of 
the foundations of geometry, American Journal of Mathematics, vol. 41, pp. 299-319, Theorem 26. 
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E of J, J contains in common with wzv only the point z, and contains no 
points of K*. Also, the arc wzv contains in common with K only the points 
w and v. 

Let K; be the product of #/ and K. Let 2. and z; be two distinct points of 
J distinct from z. In the order 22223 on J let A be the first point common to J 
and K,, and let B be the first point on J in the order 2232, common to J and 
K,. Let AzB be the interval AzB of J. Since h{ is connected, there exists a 
finite chain of points x;(=A), %2, %3, - - - , %m(=B) belonging to hj , such that 
the distance between any two consecutive points in this sequence is less than 
d/10. Let T; be the product of 4; and T. From the definition of /, it follows 
that, for every value of 7 in the sequence 1, 2, 3, - - - , m within a distance 
d/10 of x; there exists a point y; of 7,;. Furthermore, since T,; belongs to the 
boundary of S—K, there exists, within a distance 3d/10 of y,, a point ¢; 
belonging to S—K. It is possible to select ¢, and ¢,, in such a way that h 
belongs to the segment Az of the arc AzB, and that t,, belongs to the segment 
zB of this arc; for, since the curve J contains no points in common with K*, 
the points A and B are limit points of the product of AzB and S—K. 

For i=1, 2, 3, - - - , m—1, the points #; and ¢;,: are each at a distance 
less than d from the point y; of 7;. There exists a connected subset (t;, 
ti:1) of S—K, whose upper distance from y; is not greater than e. Then 
F=>-™;' (ti, tix:) is a connected subset of S—K and its distance from the 
arc vzw is greater than e. It can be proved with the help of Theorems 10 
and 15, F. A., that there exists a simple continuous arc ¢,/t,, which is a subset 
of S—XK and contains no point whose distance from vzw is less than $e. 
The sum of the interval ¢,z¢,, of J and the arc hit, has as a subset a simple 
closed curve C; which (1) has no point in common with K*+K,, (2) has an 
interval E,zF; in common with J, and (3) has in common with the arc vzw 
the point z and this point only. By a similar argument, this time using the 
curve C, instead of J, we can show the existence of a simple closed curve C2 
which has no point in common with K* + K,+ K2 and which has the properties 
(2) and (3) above. If we continue this process we get after k steps a simple 
closed curve C; which (1) contains no point in common with K=K* 
+>°i.,K;, (2) has an interval E,zF,} in common with J, (3) has in common 
with the arc vzw the point z and the point z only. Since the arc vzw intersectsf 
the arc E,zF;, at z, v is in one complementary domain of C; and w is in the 
other. Since C; has no point in common with K, and K is connected, we have 
a contradiction. Hence, K —T is strongly connected. 

{ Our notation implies that z is not an end point of ExzFx. 


t We shall say that a point set A; intersects a point set A: at a point P provided that A,—A,°A2 
is separated by A: near P. 
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THEOREM 7. If T is a closed subset of a bounded continuum K, K—T is 
connected, and K—T is strongly connected near T, then K —T is strongly con- 
nected. 


Let x beapointof K—T. Let X be the set of all points of K —T which can 
be joined to x by a closed and connected subset of K—T. Let Y=K—T-X. 
If Y is vacuous, the theorem must be true. If Y is non-vacuous, there must 
exist a point z which belongs to one of the point sets X and I, and is a limit 
point of the other. 

Suppose, first, that z belongs to X. Then z is the sequential f limit point 
of a sequence of points 41, ye, y3,--- belonging to Y. For each integer i 
let h(y;) be the set of all points in K —T which can be joined to y; by a con- 
tinuum which is a subset of K—T. The point set /(y,;) must have at least one 
limit point in T.§ 

By a theorem|| of Janiszewski’s the limiting set L of }>;, 4(y,) is closed 
and connected. Since T is closed and bounded, K —T is strongly connected 
near T, uniformly. Hence, if e=4d(z, T), there exists a positive number d 
less than e, such that if P is a point of T, and w: and w» are two points of 
K—T, each of whose distances from P is less than d, then there exists a 
closed and connected subset of K—T containing w; and wz whose upper 
distance from P is less than e. Let Z; be the maximal connected subset 
containing z of the point set consisting of all points of L whose distance from 


T is not less than 3d. By an argument similar to that used in the preceding 
paragraph it follows that LZ; is closed, connected, and contains a point 
whose distance from T is $d. As; belongs to the limiting set of }>j~,A(y;), 
there must exist an integer 7 such that h(y,) contains a point 7 whose 
distance from 7 is less than 3d. There exist in K—T three continua, fi, ke, 
and ks, such that &; contains 2 and %, ke contains v2 and y;, and ks contains 


{ The conclusions of this theorem and of Theorem 9 do not follow if the word “strongly” be 
omitted from the statement “K—T is strongly connected near 7,” as the following example will 
show. Let K be the point set K mentioned in the paragraph preceding the statement of Theorem 6, 
and let T be the point Ao there mentioned. Note, however, that this point set satisfies the hypothesis 
of Theorem 8. 

The condition that K—T be connected near T is not necessary for the conclusion of Theorem 7. 
Consider the set K mentioned above, but let T be the point Zo. Then K—-T is strongly connected, 
but is not connected near T. 

t The point P is the sequential limit point of a sequence P;, P2, P3,++-+ of points, provided 
that every domain containing P contains all except a finite number of the points of the given sequence. 
Cf. F. A., p. 134. 

§ Cf. R. L. Wilder, Concerning continuous curves, Fundamenta Mathematicae, vol. 7, p. 372, 
lines 17-33. 

|| Cf. Janiszewski, loc. cit. 
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zand x. Then k,+2+;+J; is a continuum which contains x and y;, and 
is a subset of K—T. This contradicts the definition of y;. Hence z must 
belong to Y. 

Hence there exists a sequence %, X2, x3, - - - of points belonging to X 
having z as a sequential limit point. For each positive integer, 7, there 
exists in X a continuum /; containing both x; and x. Let Zz be the limiting 
set of }>;2, /;. If LZ: contains no points of T, then there exists in S—Ka 
continuum L, containing x and z, contrary to the fact that z belongs to Y. 
If Zz contains points in common with 7, we get a contradiction precisely as 
in the preceding paragraph. Thus Y is vacuous, and K —T is strongly con- 
nected. 


THEOREM 8. If T is a set of condensation of a bounded continuum K, and 
K—T is connected near T, then K —T is connected. t 


If K—T is not connected it is the sum of two mutually separated, non- 
vacuous point sets M and N. ‘Then, since K is a continuum, M contains a 
limit point z of K—M. Every point of T belonging to K — M is a limit point 
of N. Since K—M is a subset of N+T, z is a point or a limit point of NV; 
also, zis a point or limit point of M. It follows from the hypothesis that there 
exists a circle about z, the interior of this circle containing a point of M and a 
point of NV, these two points being joined by a connected subset of K—T. 
Thus the supposition that K —T is not connected has led to a contradiction. 


THEOREM 9. If T is a closed set of condensation of a bounded continuum K, 
and K —T is strongly connected near T, then K —T is strongly connected. 


This theorem is a consequence of Theorems 8 and 7. 


THEOREM 10. Given that P is a point on the boundary H of a domain D, and 
that there exists a circle (K) with center at P, and an infinite collection D,, 
D2, D3,--- of mutually exclusive maximal sub-domains of the product of 
D and the interior of (K), and that P belongs to the limiting set of D:, D2, Ds, 

- ++. Then if (C) and (K) are two circles concentric with such a circle, (C) is 
within (K), and (K) is within (C), there exists on (C) an interval AE and on 
(K) an interval BF such that (1) there exists on the interval AE, in the order 
indicated, an infinite sequence A;, Az, As, - - - of points having A as a sequential 


+ This theorem was suggested and proved by Dr. H. M. Gehman during a discussion of the 
proof of my Theorem 9. A point set T is said to be a set of condensation of a point set K, if every 
point of T is a limit point of K—K-T If K is closed, K contains T. Janiszewski, loc. cit., p. 102, 
defines in an analogous manner a continuum of condensation. 
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limit point, and on the interval BF, in the order indicated, an infinite sequence 
B,, Bs, Bs, -- + of points having B as a sequential limit point; (2) for each 
positive integer i there exists a simple continuous arc A,B; which is a subset of 
D;, and contains in common with (C) only the point A; and in common with 
(K) only the point B;; (3) if A:Aiz: and B;Bj4: are the intervals A;Aj41 and 
B;Biss, respectively, of EA and FB, respectively, J; is the simple closed curve 
A;A ia: Bix: B;Ai, and E; is the interior of this curve, then E; is a subset of the 
annular domain bounded by (C) and (K) and if ij, then E; and E; have no 
points in common; (4) for each i there exists a sub-continuum H; of H, such 
that H; is a subset of E{, and contains at least one point in common with 
A;A;,4, and at least one point in common with B;B;,1;(5) the collections 2 A: 
and >-;_, A;B; have acommon sequential limiting set L, which is a sub-continu- 
um of H; (6) no two elements in the collection >°;-, A:B; can be joined bya 
connected subset, which is entirely within (K), of the domain D; (7) if x and y 
are points of two distinct elements of the collection L+).;_, Hi, then there exists 
no connected subset of S—D lying wholly within the annular domain bounded 
by (C) and (K), and containing both x and y. 


We leave the proof of this theorem to the reader; we refer him in particular 
to Theorem 1, and to an argument used by R. L. Wildert in another con- 
nection. 


THEOREM 11. Jf P is a point on the boundary of a domain D, then a 
necessary and sufficient condition that P be accessiblet from D is that there 
exist a subset K of D whichis connected near P and has P as a limit point. 


Obviously the condition is necessary. We will proceed to show that it is 
sufficient. It follows from the hypothesis that there exists a sequence of 
points 1, %2, %3,--- belonging to K such that P is the sequential limit 
point of this sequence, and such that for each positive integer i there exists 
a connected subset of K containing both x; and x;4:, the upper distance of 
this connected subset from P being less than 1/1. It follows by Theorems 10 
and 15, F. A., that there exists a simple continuous arc +,#;41, whose upper 
distance from P is less than 2/7, and which is a subset of D. It follows by an 


t Loc. cit., pp. 343-346. 

t The point P on the boundary of a domain D is said to be accessible from that domain provided 
that for every point x of D there exists a simple continuous arc xP, whose end points are x and P, 
and which, except for the point P, is a subset of D. If for any simple continuous arc AB whatever, 
such that the segment AB is a subset of D, the point P is accessible from every maximal domain of 
D—D- AB, which has P on its boundary, then P is said to be accessible from all sides from D. Cf. 
Schoenflies, Entwickelung, loc. cit., p. 176. 
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argument given by Wilder} and Theorem 15. F. A., that P is accessible from 
D. 


TueoreEM 12. If B is the boundary of a domain D, P is a point of B, and 
D is not connected near P, then either (1) the hypothesis of Theorem 10 is satis- 
fied at P with respect to the domain D and its boundary, or (2) the point set 
B—P is not connected, and there exists a simple closed curve J which contains 
P, separates B—P, and, except for the point P, is a subset of D. 


Suppose that the hypothesis of Theorem 10 is not satisfied. Then if M 
is any circle about P, there exists a circle N* with the same center such that 
there exist at most a finite number of maximal sub-domains of the product 
of D and the interior of M containing points within V.* Hence at least one 
of these domains contains P on its boundary. Let H; be such a domain 
with respect to a definite circle J; having its center at P,and H)=D. Itis 
impossible for H; and a circle Q within J; and concentric with it to satisfy 
the hypothesis of Theorem 10 at P; for, if they did, D and Q would do the 
same, and this involves a contradiction of our hypothesis. As above, it 
follows that the product of H; and the interior of Q has at least one sub- 
domain having P on its boundary. By a continuation of this process it is 
possible to select a.sequence Ji, Jz, Jz, - - - of circles with centers at P and 
with radii approaching zero monotonically as m approaches infinity, and such 
that for each m there exists a maximal sub-domain H, of the product of 
H,_; and the interior of J, having P on its boundary. Let y, be a point of 
H,, such that if i#7 then y;#y;. There exists in H, a simple continuous arct 
joining y, and yn4:. It follows by Theorem 11 that there exists a simple 
continuous arc y;¢P which has end points y; and P, except for P is a subset of 
D, and for every ” has in common with H, asegment having P as an end point. 

Consider the following proposition: There exist two integers i and j, i 
a positive integer and j a positive integer or zero, such that H; and the interior of 
J; have in common at least two maximal sub-domains each of which has P on 
its boundary. Suppose the proposition is false, and let WV be a definite value of 
j and e be a positive number. Let m>WN be so chosen that u(H», P) <e. 
If Hy —H,, had P as a limit point, it would follow from the facts established 
at the beginning of the proof that Hy —H,, and the interior of J,, would have 
in common a maximal sub-domain having P as a boundary point, and thus 
that Hy and the interior of J,, would contain two such domains; this contra- 
dicts the assumption that the proposition stated at the beginning of this 


Tt Loc. cit., pp. 343-344, Case 1. 
t Cf. F. A., Theorem 15. 
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paragraph is false. It follows that there exists a circle with center at P and 
containing no points of Hy—H,,. Since H, is a connected subset of Hy 
and its upper distance from P is less than e, where e is independent of JN, 
it follows that Hy is connected near P. But this involves a contradiction of 
our hypothesis that H, = D is not connected near P. 

It follows that there exists an arc y,wP of which y,; and P are the end 
points such that y:wP—P cD, the product of yitP and y,wP is their end 
points, and that for » sufficiently large y,wP contains no point of H,. Let 
N be such an integer, and J be the sum of y,tP and y,wP. Then J is a simple 
closed curve. There exists a Jordan domain Fy which is a common subset of 
the interiors of Jy and J, and whose boundary is a subset of Jy+J and 
contains P. It is easily seen that the boundary of Fy contains points in 
common with each of the segments y,tP and y,wP of J. Hence, since Fy is 
connected and is not a subset of D, it must contain a boundary point of D. 
Similarly, the exterior of J contains points of B. The truth of the theorem is 
thus established. 


THEOREM 13. If a point on the boundary of a domain is not accessible from 
all sides from that domain, then the hypothesis of Theorem 10 is satisfied at 
that point. 


Given a domain D,, whose boundary H; contains a point P which is not 
accessible from all sides from D,. Then there must exist a pair of points A 
and B belonging to Dy, a simple continuous arc AXB, which, except for A 
and B, is a subset of D,, and a sub-domain D of D, whose boundary H con- 
tains P, and isa subset of Hi+AXB, the point P being not accessible from D. 
It is easily seen that all of the segment AXB belongs to H, and that if P is 
either A or B then P is accessible from D. Suppose that P is not a point of 
AXB. Then there exists a circle K; enclosing P but no point of AXB. It 
can be shown, with the help of Theorems 11 and 12, that there exists within 
K, a circle (K) which has with reference to P, H, and D the properties men- 
tioned in Theorem 10. It is easily seen that these properties hold also with 
reference to P, Hi, and D,. 


THEOREM 14. In order that a bounded domain be connected near its boun- 
dary it is necessary and sufficient that it be uniformly connected im kleinen. 


It is easily seen that if a domain is uniformly connected im kleinen, then 
it is connected near its boundary. Let D be a bounded domain which is 
connected near its boundary, B. If Dis not uniformly connected im kleinen, 
there must exist a positive number e and an infinite sequence of pairs of 
points, 1, X2, Ye, Xs, Vs, * Xny Yn, , SUCh that if m is any positive 
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integer, then d(x,, yn) <<1/n, but x, and y, cannot be joined by a connected 
subset of D, of diameter less than e. The set of x’s has a limiting set contain- 
ing at least one point, P. Evidently P belongs to B. There exists a number 
d.p such that if x and y are both points of D at a distance less than d,p from 
P, then x and y both belong to a connected subset of D, whose upper distance 
from P is less than e/3. Also, there exists an integer, m, such that the dis- 
tances of x, and y, from P are each less than d.p. Thus, the supposition that 
Dis not uniformly connected im kleinen has led to a contradiction. 


THEOREM 15. In order that a domain be a Jordan domain it is necessary 
and sufficient that it be simply connected,{ bounded, and connected near its 
boundary. 


The theorem follows from Theorem 14 and a theorem by R. L. Moore.t 


THEOREM 16. If K is a bounded continuum, D is a complementary domain 
of K, H is a bounded subset of D, and H=H+T, where T is a totally discon- 
nected subset of K, then in order that there exist a simple closed curve, J, con- 
taining T, and separating K—T from H, and such that J—T is a subset of 
D, itis necessary and sufficient that K should not separate H near T. 


We shall first prove the sufficiency of the condition. Consider the case 
where H is a continuum, and H is connected near T. Since T is closed and 
bounded, H is connected near 7, uniformly over T. It follows, with the help 
of Theorem 3, that for each positive integer m there exist a pair of point sets 
C, and E, defined as follows: C,is a circle, whose interior E; contains K+4H; 
for n greater than unity £, consists of the sum of a finite collection of Jordan 
domains covering T such that (1) each domain of this collection contains 
at least one point of 7, and its diameter is less than 1/m; (2) the distance 
between any two domains in this collection is a positive number; (3) the 
boundary, C,, of Z, contains no point of T; (4) each domain of E, plus its 
boundary is a subset of exactly one domain of £,_1; (5) if #4; and # are points 
of H in or on the boundary of a maximal domain D* of E,, then there exists 
within that domain of £,_; containing D* a connected subset tf, of H 
containing ¢, and &. If Pisa point of T, let D(m, P) be that maximal domain 
of E, which contains P, and let J(n, P) be the boundary of D(n, P). Let z 
and ¥ be definite points of K—T and H respectively. Let m be an integer 
greater than 10 such that Z,; contains neither # nor 7. Let Ki* be the sum 


t A domain is said to be simply connected if its boundary is connected. 
t Cf. R. L. Moore, A characterization of Jordan regions by properties having no reference to their 
boundaries, Proceedings of the National Academy of Sciences, vol. 4 (1918), pp. 364-370. 


1929] SEPARATION THEOREMS 519 


of all those complementary domains of Ki=K+)>;_,, C; which have no 
limit points in H. Let K* =(K,*+X) —T. 

No limit point of K* belongs to H. For, suppose H contains such a limit 
point Q. Then there exists a Jordan domain g containing Q but having no 
point or limit point in common with K, and containing points of not more 
than one simple closed curve belonging to the collection }»;~, C;. If Q belongs 
to no such curve we may suppose that g contains no point of Ki. Then Q 
is a limit point of K,*. If q is a subset of some domain which is a subset of 
K;,*, this domain has a limit point in H, contrary to its definition. If q¢ 
contains points of at least two such domains, it must contain a boundary 
point of one of these domains, contrary to the hypothesis that g contains no 
point of K,. Hence Q must belong to some simple closed curve J; of some C; 
of the collection }"7_,C;. Suppose again that g contains no point of K or of 
any simple closed curve of some C;of the collection }-7_, C;, distinct from J. 
Then there exists within J; a Jordan region R,; and without J; a region R, 
such that the boundaries of these regions have in common a segment 4,02 
of J:, containing the point Q, and such that R, and R; are subsets of q. 
It follows that either R,; or R; must contain points of K,*. But, by an argu- 
ment used above, it can be shown that this is impossible. Since all limit 
points of H, except those belonging to T, belong to H, the argument just 
given shows that K* contains no points or limit points of H. Hence H and 
K* are mutually separated. It is easily seen that K* = K*+T is a continuum. 

By Theorem 8, H is connected. Let D* be that complementary domain 
of K* which contains H, and let Kz=S—D*. It is easily seen that K2 con- 
tains K* and is connected. 

If D* is not connected near T, there exists a point P of T, and a circle 
K; about P such that within every circle concentric with K;, but having a 
smaller radius, there exist a pair of points of D* which cannot be joined by 
a connected subset, lying entirely within K;, of D*. Since H is connected 
near T, there exists within K; a circle K,, concentric with K;, such that any 
two points of H within K, can be joined by a connected subset of H, lying 
entirely within K;. There exists an integer m greater than m+1 such that 
J(n, P) is a subset of the interior of Ky. There exists within D(n, P) a pair, 
t, and é, of points of D* which cannot be joined by a connected subset of 
D*, lying entirely within K;. The points ¢, and & are points or boundary 
points of two domains d; and dz, respectively, which are complementary 
domains of the point set Ki, and which are therefore subsets of D(n, P). 
From the definition of K;,* it follows that there exist a pair of points w: and 
we of H, which are points or limit points of d,; and d, respectively. There 
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exists a connected subset w,w2 of H, containing w; and w», and lying entirely 
within K;. The point set ¢,+d:++-wiw.+d2+hs is a connected subset of D*, 
and lies entirely within K;. Thus, the supposition that D* is not connected 
near T has led to a contradiction. 

By Theorem 6, K2—T is connected. By a thecrem of Moore’s{ there 
exists a simple closed curve J which separates H from K,—T, contains T, 
and, except for T, is a subset of D. 

We have thus established the conclusion for the case where H is a con- 
tinuum and H is connected near T. We shall next show that if H is any 
point set whatever satisfying the hypothesis, then there exists a point set 
H* having the properties we have so far assumed for H. Let E,, C,, 9, and 
m have the same significance as before, with the exception that the fifth part 
of the definition of C, and E, read as follows: (5’) If ¢, and # are points of H 
in or on the boundary of a maximal domain D* of E,, then there exists within 
that domain of £,_; containing D* a connected subset tt, of D containing t 
and tz. By the Heine-Borel-Lebesgue Theorem there exists within D a closed 
point set, Am42, consisting of a finite number of circles plus their interiors, 
such that all points of H without £,.42 belong to Am42. There exist at most a 
finite number of maximal connected subsets of Ams2. There exists within D 
a finite collection, Fn42, of simple continuous arcs, such that Ams2+ Fm4e 
is connected. There exists in D a finite collection, Gn+2, of arcs, such that 
A ms2t+ Fmi2+Gms2 is connected, and that every maximal domain of Ens: 
contains a point common to H and to Gn42. There exists a sequence m(=m 
+2), m2, m3,--+ Of positive integers, such that for each positive integer 7, 
n;+2<ni4:, and such that if d; is a maximal domain of the collection E,,, 
then d; contains a point of H which does not belong to any domain of the 
collection E,,,,. Let M,; be the set of all points which belong to some do- 
main of the collection Z,; or the boundary of such a domain, but belong to 
no domain of the collection Z,,,,. The set of points common to M,; and H 
is closed and can be covered by a finite set of Jordan regions, each region 
containing a point of H- M,,,such that if A,; denotes the sum of these regions 
plus their boundaries, then A,,is a subset of both D and 
There exists by part (5) of the definition of Z, and Theorems 10 and 15, 
F. A., a finite collection of simple continuous arcs, whose sum F,, is a subset 
of D, and contains no point without £,,_,, such that if d; is a maximal domain 
of E,; and R,; and R; are connected subsets of A,,; containing points in 
common with d;, then there exists a closed and connected subset of An, +Fn; 


t See Theorem 2, Concerning the separation of point sets by curves, loc. cit. 
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containing R, and R2, and lying entirely within that maximal domain of 
E,,,-1 Which contains d;. Let 


H* = A mi2 + F m2 + + 
Then H* contains H, is a subset of D, is connected, and is connected near T; 


also, H* = H*+T. Hence, the condition in our theorem is sufficient. It follows 
from Theorem 15 that the condition is also necessary. 


THEOREM 17. If K and H are bounded continua which have in common a 
totally disconnected point set T, then a necessary and sufficient condition that 
there exist a simple closed curve which separates K —T from H —T is that H—T 
is not separated by K near T. 


By a method of argument analogous to that used in proving Theorem 8 
it can be shown that H—T is a subset of a complementary domain of D. 
The truth of the theorem follows from Theorem 16. 


THeoreEM 18. If T is a closed, totally disconnected subset of a bounded con- 
tinuum K, and K—T=K,+K2, where K, and Kz are mutually separated 
point sets, x is a point of K, and y of Ke, then there exists a simple closed curve 
which separates x from yy and contains in common with K only points of T 
which are limit points of Ki. 


Let 7:=T-Ki. Then K—7:=Ki+K.+T—T7;. It follows that 7, is 
closed and totally disconnected and that K, and K2.+7—T; are mutually 
separated point sets. Let Fy be a simple continuous arc containing no point 
of K;, and having end points y and F, where F is a point of S—K. Let C 
be a circle with center at F, whose interior contains no point of K, J be an 
inversion of the plane with respect to the circle C, and H*, K*, 7*, r*, x*, 
and y* be the transforms under this inversion of K2+7—T, Ki, 71, Fy—F, 
x, and y. By methods similar to those used in the proof of Theorem 2 of 
Moore’s paper Concerning the separation of point sets by curves,t we can 
show the existence of a simple closed curve J* which separates x* from y*, 
encloses x*, and contains no points of H*+K*—T*. It is to be noted that 
both our hypothesis and our conclusion are weaker than Moore’s, and that 
we are not concerned with the latter part of his argument. The inverse 
under J of J* will be a simple closed curve of the type specified in the con- 
clusion of the theorem. 

Theorems 19-24, following, are corollaries of Theorem 18. 


t Loc. cit., pp. 470-471. 
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THEOREM 19. The conclusion of the preceding theorem remains true if the 
condition that K be bounded is removed, and the curve J be allowed to be either 
a simple closed curve or an open curve. 


THEOREM 20. If K is a closed point set which consists of a collection of un- 
bounded continua, and K = K,+ Ke, where K, and Kz are mutually separated, 
and xis a point of K, and yis a point of Ke, then there exists an open curve which 
separates x from y and contains no point of K. 


Theorems 19 and 20 may be proved by performing an inversion of the 
plane about some sufficiently small circle with center at a point P which does 
not belong to K, and applying Theorem 18. 


THEOREM 21. Jf K is a bounded continuum and P is a cut pointt of K, 
then there exists a simple closed curve which separates K —P; if K is an unboun- 
ded continuum there exists either a simple closed curve or an open curve which 
separates K—P. 


THEOREM 22. A cut point of a continuum is accessible from some comple- 
mentary domain of that continuum. 


THEOREM 23.{ If Dis a simply connected domain, B is the boundary of D, 
and P is a cut point of B, then there exists either (1) a simple closed curve J which 
separates B—P, and which, except for P, is a subset of D, or (2) an open curve 


C which separates B—P such that one ray on C from P is, except for P, a subset 
of D. If Bis bounded, then condition (1) of the conclusion holds. 


THEOREM 24. A cut point of the boundary of a simply connected domain is 
accessible from that domain. 


+ The point P is a cut point of a connected point set K, if K—P is not connected. 
t Cf. Theorem 12. 
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TETRADS OF RULED SURFACES* 


BY 
A. F. CARPENTER 


The projective differential geometry of a configuration composed of three 
ruled surfaces whose generators are in correspondence in sets of three has 
been discussed in two recent papers by the author. It is the purpose of the 
present paper to present briefly an analytic basis for the projective dif- 
ferential geometry of a configuration composed of four ruled surfaces whose 
generators correspond in sets of four, each set containing one line element 
from each surface. This correspondence is brought about by choice of a 
parameter common to all four surfaces. 

For defining system we choose a set of eight ordinary first-order linear 
and homogeneous differential equations in eight dependent variables, to- 
gether with four linear and homogeneous equations of order zero: 

i+3 i+3 


(1) a! = = = 1,3,5,7), 
jms 


ini 


8 
(2) Dobie = 0 (k = 1,2,3,4), 


where a;;, b%; are functions of the independent variable x, and where all 
values of i, 7, k orl greater than 8 are understood to be replaced with their 
residues, mod 8.t 

We take, further, 


(3) — Fi, i = 1,3,5,7), 
and 


(4) 


= | 0, 
D1141,44,45 = | | #0 (7 = 1,3,5,7). 
A fundamental system of simultaneous solutions, 
(h = 1,2,3,4; i =1,3,5,7), 


* Presented to the Society, San Francisco Section, June 2, 1928; received by the editors February 
8, 1929. 

1 Triads of ruled surfaces, these Transactions, vol. 29 (1927). Complete systems of invariants 
and covariants for triads of ruled surfaces, Tohoku Mathematical Journal, vol. 30 (1929). 

¢ Throughout the discussion all single subscripts greater than 8 and all digits greater than 8 
in multiple subscripts are understood to be replaced with their residues, mod 8. 
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of equations (1) can be interpreted as determining four lines /;,;41 given by 
the four pairs of points 
(1) (2) (3) (4) (1) (2) (3) (4) 
By virtue of conditions (4) no two of these lines intersect. As x varies, these 
lines trace four ruled surfaces which, due to conditions (3), are non-develop- 
ables. 

It is to be noted that we can recover from equations (1) and (2), for any 
one of the four surfaces, the pair of second-order differential equations in two 
dependent variables which is fundamental in the projective differential 
geometry of ruled surfaces as developed by Wilczynski. For the surface Ry 
generated by /,2 we annex to the original twelve equations those obtained by 
differentiating the pair 


4 
ag = Ya jj. 


j=1 


From the set of fourteen equations thus derived, the twelve variables a/ , 
ai, O41, Qin: (¢=3, 5, 7) can be eliminated, leaving the required pair of 
second-order equations in a1, a. Finally from (1) and (2) by simple algebraic 
processes we can obtain the defining system for any of the four triads of 


surfaces, or any of the six pairs of surfaces, of the tetrad. 

Except for conditions (3) no restrictions need be placed on the functions 
a;; although it will be convenient to insist that they be analytic. For the 
functions b;:, however, conditions (4) are not the only restrictions. If the four 
equations (2) be once differentiated and the derivatives of the dependent 
variables be replaced with their values from equations (1), there result four 
new equations of type (2). These, together with (2), constitute a linear 
homogeneous system of eight equations in the eight variables a; and con- 
sistency demands the vanishing of the determinant D of the coefficients. This 
determinant involves the a;; together with the 5;; and their first derivatives. 
Any choice of the },; consistent with the vanishing of this determinant and 
with conditions (4) will be suitable for our purpose. 

The fact that equations (2) must be satisfied by any eight independent 
particular solutions of equations (1) suggests that we choose the J; as 
solutions of the system of differential equations adjoint to system (1) in 
such a way that 

1+9 1+9 


(5) bir = — = Deas (0 = 1,3,5,7; & = 1,2,3,4). 


j=l+6 j=l+6 


4 
j=1 || 
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Since conditions (5) are consistent with (4) and cause the determinant D 
to vanish, they will be assumed to hold throughout the remainder of the 
discussion. 

Permissible transformations on the variables are of the types standard 
in the projective differential geometry of ruled surfaces, that on the inde- 
pendent variable being 


(6) 
and those on the dependent variables, 
(7) Bi = = diai + (i = 1,3,5,7), 
the coefficients being functions of x. For all systems obtained from (1) and 
(2) by transformations (6) and (7), conditions (3), (4), (5) will hold. 

From (2), (6) and (7) we find that the expressions 
(8) + (¢ = 1,3,5,7; k = 1,2,3,4) 
are absolute covariants and that 
(9) = — (6 = 1,3,5,7 57 = 1,2,3 52 = 2,3,4 57 < 
are relative invariants, since 
where 


and since the 6,; are invariant under transformation of the independent 
variable. 

We are now in a position to transform system (1), (2) into an equivalent 
system whose coefficients will be absolute invariants. We choose for the 
transformation of the dependent variables 


(11) Bi = + bi Bir = + (¢ = 1,3,5,7). 
By making use of equations (5) there results the system 


(12) = — O12 + O11, O12 — O11 


= — + O01 + O22, — O21, 


Dai = 0, Dain = 0, 


(13) 


(Diz — Ds = 0, — Da = 0 
(i = 1,3,5,7), 


where Djx,; are given by (9), and where 
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+ cde — (R = 1,2; = 1,2). 


As a consequence of (10) the coefficients of equations (13) are absolute 
invariants. It can be shown without difficulty that the coefficients of equa- 
tions (12) are relative invariants of weight one. The effect of a transformation 
of the independent variable # =£(x) is to divide all coefficients of differential 
equations of the first order by £’. If then we choose é so that £’ =any 9;1,;, 
equations (13) will be replaced with a set whose coefficients are all absolute 
invariants. 

Consider now any four space curves whose points correspond in fours, 
each four consisting of one point from each curve. If each such quadruple 
has the property that the four points belonging to it are coplanar, then we 
shall speak of the four curves as a quadrangular set. The geometric signifi- 
cance of transformation (11) is now apparent. When the system of defining 
differential equations is of the form (12), (13), the tetrad of ruled surfaces 
Ri.i+: is referred to eight covariant curves and these curves constitute two quad- 
rangular sets, each set containing one curve from each surface. 

System (12), (13) is not unique since one of the same form could have 
been obtained by making use of any of the six transformations _ 


$= 1,3,5,7; 

(, =1,2,3; }=2,3,4; k< i) 
In equations (13) there appear as coefficients sixteen absolute invariants 
involving the 6,; only and in equations (12), sixteen relative invariants of 
weight one, giving in all thirty-one absolute invariants involving the aj; 
and b,:. The six systems of type (12), (13) thus involve one hundred and 
eighty-six absolute invariants. But of invariants involving the a;; and bx; 
only, the theory calls for but thirty-one functionally independent, and in- 
vestigation discloses that those already obtained in (12), (13) are inde- 
pendent. Hence these constitute a fundamental system in terms of which all 
others of this type can be expressed. 

A fruitful source of invariants and covariants in this theory is found in 
the consideration of that property possessed by four skew straight lines of 
having only two straight line intersectors. The four lines /;,;,: (¢=1, 3, 5, 7) 
determine two such intersectors. The pairs of points determined on each of 
the lines /;,:,1 by these two intersectors are given by quadratic covariants and 
these covariants involve, in addition to the a;, a;4:, the coefficients of equa- 
tions (2) [or (13) ] only. 
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Considering next the ordinary tangents to the surface R;,;,: at points of 
l;.:41, there will be two which intersect both of the lines 1j+2,:43, lis4i45, two 
which intersect both of the lines /;+2,:+3, lis6,:+7, and two which intersect both 
of the lines 1;+4,:+5, /i46,:47. There are thus determined nine pairs of covariant 
points on each line /;,:4:, three of the nine corresponding to tangents to 
R;,:41 and the remaining six determined by tangents to the other three 
surfaces. Each such pair of points is given by a quadratic covariant which, 
in addition to involving the coefficients of equations (2) [or (13)] will be 
linear in the coefficients of equations (1) [or (12) ] Rat is, of weight one. 

Again, of the ordinary tangents to R;,i4: at po ts of 1;,:41 there will be 
two which are tangents to R;+2,:+3 at points of we two which are tangents 
to Riss,:45 at points of J;44:;5 and two which are tangents to Ri,6:47 at 
points of /;46,:47.* There are thus determined three pairs of covariant points 
on each line /;,;4:, each pair given by a covariant which in addition to involv- 
ing the coefficients of equations (2) [or (13)] will be quadratic in the coeffi- 
cients of equations (1) [or (12) ], that is, of weight two. 

Considering finally the asymptotic tangents to R;,i4: at points of J;,:41, 
there are two which intersect /is2,:43, two which intersect (44:45, and two 
which intersect /;4¢,:,7. There are thus determined on each line /;,;,; six 
pairs of covariant points, three pairs corresponding to asymptotic tangents 
to R;,:4: and the other three determined by asymptotic tangents to the other 
three surfaces. Each such pair of covariant points is given by a covariant 
of weight three. 

To complete the count we may if we wish include the pair of flecnode 
points on /;,:4: which will correspond to a covariant of weight four. There 
are thus associated with each of the four lines /;,:4: (¢=1, 3, 5, 7) twenty 
quadratic covariants. The coincidence of the two points in any pair will be 
conditioned upon the vanishing of the discriminant of the corresponding 
covariant. All such discriminants are invariants. 

Of the sequence of » points given by the expression 


= (¢ = 1,3,5,---, 2n—1), 


those forwhich »=4m-+1,m=0,1,2, - - -, lie on the line and the remaining 
lie in sets of three on the lines /34, Iss, 173, one on each line in order. If each 
point is such that the intersector tangent{ at that point passes through the 


* Lane, Ruled surfaces with generators in one-to-one correspondence, these Transactions, vol. 25, 
pp. 290, 291. 

t See reference above. 

t Lane, Ruled surfaces in correspondence. 
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next point in order, the m points constitute an intersector sequence.* We 
will suppose that the last point of the sequence is given by an ” of the form 
4m+1 so that of the m points m+1 of them, including the first and the last, 
lie on /,2. If all m+1 are distinct, the m points constitute an open sequence 
of order m; if the last coincides with the first but the remaining m—1 are 
distinct, the m points constitute a closed sequence of order m. 

A study of the conditions under which intersector sequences of orders 
m=1, 2,3, - - - are closed gives rise to invariants involving only the a;; and 
of weights expressible as functions of m. Methods of obtaining invariants of 
this type are available in a previous paper. j 

We have seen above how on each line /;,;,; there are, in addition to the 
pair of flecnode points, nineteen other pairs which, from the method of their 
determination, are analogous to the flecnode points. The totality of these 
points for all line elements of R;,:;1 constitutes nineteen surface curves each 
in general of two branches. Analogues to the complex points and the complex 
curves of a ruled surface are equally easy to define. 

The four lines /;,;4: determine four quadrics Q;,i4: (¢=1, 3, 5, 7), each 
line lying on three of the four quadrics. Any two lines on Riz together with 
the three lines /s4, /ss, 1:3 determine a linear complex. As the two lines on Riz 
approach coincidenee this complex approaches a limit Cy. There are thus 
determined four linear complexes C;,:,: (¢=1, 3, 5, 7), and each line J;,41 
belongs to all four complexes. 

To each point of J. there corresponds the tangent plane at that point to 
Qs, and this plane contains /,2. Similarly, to each point of /;. there corresponds 
its polar plane with respect to Cy. and this plane also contains /... The tangent 
plane and the polar plane for the same point are in general distinct but for 
two points on /. they coincide. This pair of points is given by a quadratic 
covariant. Since the three quadrics and the four complexes can be paired 
as above in twelve different ways, there are thus determined on each line 
l;,:41 twelve pairs of covariant points giving rise on each surface R;,;4: to 
twelve curves which are analogues of the complex curve. The possibilities 
for such analogues are by no means exhausted. But there is no need to pursue 
this matter further. Additional sources of invariants and covariants readily 
suggest themselves and the theory as here outlined can be developed in as 
great detail as desired. 


* Triads of ruled surfaces. 
1 Triads of ruled surfaces. 
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ON THE CONGRUENCES CONNECTED WITH CERTAIN 
MAGIC SQUARES* 


BY 
D. N. LEHMER 


The familiar “uniform step” method of constructing magic squares with 
odd number of cellst depends on certain interesting congruences which seem 
not to have been studied. By means of them one is able to state in very 
simple form the necessary and sufficient conditions that a square constructed 
with a given “step” and a given “break-step” shall be “magic,” “diabolic,” 
or “symmetric” completely or in part. 

A square containing the numbers 1, 2, 3, - - - , 2? is said to be “magic” in 
the rows if the sum of the numbers in each row is the same. Since the sum of 
all the numbers in the square is m*(n*+1)/2 the sum in each row must be 
n(n?+1)/2. Similarly for the columns. A “magic square” is magic in both 
rows and columns. If the numbers in the diagonal from the upper left hand 
corner to the lower right hand corner as well as the numbers in any two partial 
diagonals parallel to it which together make up ” numbers is the same the 
square is said to be magic in the positive diagonals. If it is also magic in the 
negative diagonals the square is called “diabolic.” If further the sum of the 
two numbers in any two cells symmetrically placed with respect to the center 
cell is the same the square is said to be symmetric. As an illustration of a 
square which is magic, diabolic and symmetric one may take 


14 23 39 6 15 31 47 
18 34 43 10 26 42 2 
22 «38 5 21 30 46 13 
33 49 9 2 41 
37 4 20 29 45 12 28 
48 8 24 40 7 6 & 
3 19 35 44 11 27 36 


The above square has been constructed by the “uniform step” method which 
may be described as follows: 


* Presented to the Society, San Francisco Section, April 7, 1923, and June 12, 1926; received by 
the editors in January, 1929. 

t See McClintock, On the most perfect form of magic squares, American Journal of Mathematics, 
vol. 19 (1897), p. 99. 
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Denote the cell in the pth column counting from the left and in the qth 
row counting from the bottom by (/, g). In the “uniform step” method of 
constructing magic squares one starts with the number 1 in the cell (9, q). 
The number 2 is then placed in the cell (p++-a, g+8), the number 3 in the cell 
(p+2a, g+28), and so on, the numbers p+ka and g+k6 being reduced 
modulo m. It is clear that by this process the number m+1 will land in the 
cell (p-+na,q+mnB) and this, modulo , is the same as (f, g) which is the cell 
already occupied by 1. A “break-step” (a, b) is then introduced which puts 
the number +1 into the cell (p+a, g+0). The original step (a, 8) is then 
resumed and the numbers +1, +2, n+3,---, are entered in the cells 
(p+a, (p+ata, g+b+8), (p+a+2a, g+b+28),---. On arriving 
at the number 2” +1 another resort to the break-step is necessary to avoid the 
already occupied cell (p+a, ¢+6), and the numbers +1, 2n+2, 2n+3,--- 
are entered in the cells (6+2a, g+2b), (p+2a+a, g+2b+8), (p+2a+2a, 
g+2b+268),---. The square resulting from a continuation of this process 
is seen to depend entirely on the four numbers a, 8, a, 6, and may or may not 
be magic, or if magic may or may not be diabolic or symmetric. We proceed 
to develope the necessary and sufficient relations between these four numbers 
to decide in advance the kind of square they indicate. 

The result of the above process may be summed up in the following funda- 
mental congruences for determining the cell (A, B) in which a number x 
is to be entered: 

z-1 


x—1 
A= +o Ba + +5 [=— ] (mod 
where (a, 8) is the “step” and (a, b) is the “break-step,” (p, q) is the cell 
containing the number 1 and the symbol [k] denotes the greatest integer in 
k. In the square given above for illustration (a, 8) =(1, 2), (a, 6) =(3, 5), 
(p, 9) = (6, 4), and the position of any number « is given by the congruences 


A=6+(2-) +3[-—], (mod 7). 


It is to be observed, in the first place, that the process may not fill all 
the cells of the square. In this connection we have the following theorem: 


Given a,B,a, b, all prime to n, the necessary and sufficient condition that the 
uniform step process shall fill the square is that the determinant |§;| shall be 
prime to n. 


For if two values x; and 2 of x should give the same cell (A, B), then 
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whence, since 6 and £ are supposed prime to n, 
(1) (ab — Ba)(x%, — x2) = 0 (mod n) 


and also 


If now (ab—8a) is prime to n, congruence (2) shows that x; and x: lie between 
the same two multiples of m. For since the values of [(n—1)/n] range between 


0 and m—1 the congruence 
—1 
n n 


is also an equality. But if x; and x, lie between the same two multiples of n, 
congruence (1) is also an equality giving x; =2 so that two numbers can not 
determine the same cell unless they are the same number. If however m and 
(ab—8a) have a common divisor 6 then we have 


and x,=2 (mod #/6). If then we put x2=2x:+(m/6)n this last congruence is 
satisfied. Put this value of x, in the other congruence and we have 


and since 2/6 is an integer the congruence is clearly satisfied. Two values of x 
which differ by */6 will then fall in the same cell by this rule for filling the 
square and the square will therefore not be filled. In the theorems which 
follow this determinant is supposed to be prime to m and the square is there- 
fore filled. 


THEOREM. If a and a are prime to n the square is magic in the columns. 


We show first the important fact that the numbers in any column form a 
complete system of incongruent numbers. For if two entries x; and x2 occupy 
cells in the same column we must have 


1929] 
(mod 
(mod n), 


532 D. N. LEHMER 


p+ 1) + of 


=| =p ta(m—1) + of 


whence 


If now x, =~, then since a is prime to 


n n 
and, as before, this last congruence is also an equality and the two ~x’s lie 
between the same two multiples of m. The congruence x:=%, is also an 
equality and x;=%2 contrary to hypothesis. 

It is also clear that no two numbers in the same column can lie between 
the same two multiples of m, otherwise by the above congruence the two 
values of x would be equal. 

If now we write x;=kn+l1; where O<k<n—1 and 0</<n, then for the 
x’s in any column the &’s run through the values 0, 1, 2, 3,--- ,#—1 and 
the /’s through the values 1, 2,3, - - - ,, so that 

n(n—1) n(n —1) 


= 2 Dk + di = 


n(n? 1) 
2 


and the square is thus seen to be magic in the columns. Similarly if b and 6 
are prime to m the square is magic in the rows. We have then the following 
theorem: 


THEOREM. [f a, b, a, 8 are all prime to n the square is magic. 


This condition is also necessary. To show this we prove first that if a 
is prime to m but a and m have the greatest common divisor 6, then the 
square is not magic in the columns. From the congruence obtained above for 
any two entries x; and x2 in the same column 


we can see that if k is the smallest value of [(~—1)/m] in the column then all 
the others in that column are given by k+ where p;=0, 1,2, --- , #/6—1. 
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For if the congruence 
a(x — 1) =A —p—ak (mod m) 


has solutions, so will also the congruence 
a(x — 1) =A — p — a(k + pid) (mod n). 


Moreover for each value of p; there will be just 6 solutions. Writing as above 
x;=km-+l, it is clear that the values of &; fall into 6 sets of 2/5 numbers 
k+p).6, so that 


= kn-+—(n — 8) 
= RN 


As for the /;, they form again a complete system of incongruent numbers. 
For if two were congruent then by the above reasoning the corresponding 
x’s would be equal. The/’s give again the series 1, 2, 3, - - - ,m in some order 
and >-J;=n(n+1)/2. We have then for the sum of the x’s in the column 


n(n + 1) 


2 
= Ven thk= + 8) + 


= 1) + 
2 


Now , the smallest value of [(x—1)/n] that will make A —p—a[(x—1)/n] 
divisible by 5, is seen to depend on A and as A takes the values 1, 2,3,---, 
n, k will run through the series of numbers 0, 1, 2,---, 6 in some order, 
and two values of A which are congruent modulo 6 will give the same &. 
We have then the following theorem: 


THEOREM. If ais prime ton but a and n have the greatest common divisor 
5 then the square is not magic in the columns but the sum in any column differs 
from (n/2) (n?+-1) by some multiple of n? and column A and column A+ém 
have the same sum. 


In the above formula if §=1 then =O and the sum of thex’sin the column 
is (n/2) (n?+1) as it should be. 

A similar theorem holds, of course, for the rows when 0 is prime to ” 
while 8 and m have the greatest common divisor 6. Asan illustrative example 
we take the square defined by (a, 8) = (3, 4), (a, b) = (2, 3), (p, ¢) = (3,4), n=15: 


| 
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204 147 129 72 

161 104 86 29 

118 46 43 196 
78 75 57 225 153 96 
35 17 71 14 167 110 53 
217 199 85 28 181 124 67 10 
174 156 42 210 138 81 24 192 
77 131 113 56 224 152 95 38 206 149 
34 202 88 70 13 166 109 52 220 163 91 
216 159 45 27 195 123 66 9 177 120 48 
173 116 59 212 41 209 137 80 23 191 134 62 5 
130 73 1 169 55 223 151 94 37 205 148 76 19 187 
87 30 183 126 12 180 108 51 219 162 105 33 201 144 
44 197 140 83 26 194 122 65 8 176 119 47 215 158 101 
211 154 97 40 208 136 79 22 190 133 61 4 172 115 58 


In accordance with the theorem the square is not magic in the columns, since 
the greatest common divisor of a and mis 3. In accordance with a theorem to 
be proved it is also not magic in the rows because the greatest common divisor 
of band mis also 3. In the first column the smallest k is 2 corresponding to the 
three entries 39, 34, 44. The other k’s are 5, corresponding to the three 
entries 82, 77, 87; and 8 corresponding to the entries 125, 135, 130; and 11 
corresponding to the entries 168, 178, 173; and 14 corresponding to 221, 
216, 211. The sum in the first column is 1920 as given by the formula for 
k=2, 6=3 and n=15. In the second column k=1 and the sum is 1695 by 
the formula. In the third column k=0 and the sum is 1470. The sum is the 
same in the Ist, 4th, 7th, 10th, and 13th columns. Also in the 2d, 5th, 8th, 
11th, and 14th. Also in the 3d, 6th, 9th, 12th, and 15th. 

We show now that if ais prime to m but a and ” have the greatest common 
divisor 6, then the square is not magic in the columns. Starting with the same 
congruence which holds between two entries in the same column, 


we see that x; =x: (mod 5) and if / is the smallest non-zero residue of the x’s 
in the column, then all the/’s in the column may be written /+-,6 where p;= 
0,1,2,---,n/5—1. We have then 6 sets of numbers /+ ;6 and the sum of 
the /’s in the column is 


(n 5) 


Di = =nl+— 
i=0 
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As before the k’s form a complete series of incongruent numbers running 
through the values 0, 1, 2,---,#—1. Their sum is therefore n(n—1)/2. 
We thus get for the sum of the numbers in the column 


— 1 


2 


As before it is clear that as the column A is changed the values of / run 
through the series of numbers 1, 2, 3,---, 6 and any two columns A and 
A-+é6m will have the same/. It should be noted, however, that / appears in 
the formula as multiplied by m and not by n? so that the sums in the different 
columns will differ by multiples of m and not as in the preceding case by 
n?. We may then state the following theorem: 


THEOREM. If ais prime to n but a and n have the greatest common divisor 
5, then the square is not magic in thecolumns but the sum differs from (n/2) (n*+-1) 
by some multiple of n and column A and column A +-6m have the same sum. 


A similar theorem holds of course for the rows when ais prime to and b 
and m have the greatest common divisor 6. In the illustrative example it is 
seen that the top row has the sum 1710 which comes from the formula by 
putting m=15, 6=3,/=3. The same sum appears in the 4th, 7th, etc. rows 
from the top. The second row from the top adds to 1695 and the third to 
1680. 

The preceding results may then be summed up in the following funda- 
mental theorem: 


THEOREM. The necessary and sufficient condition that the square obtained from 
the congruences 


A= +o | 
n 


B=q+ plz — (mod n) 
n 


shall be magic is that the five numbers a, B, a, b and (ab—Ba) shall be prime ton. 


This theorem makes it clear why it is not possible to construct by the 
uniform step method a square with an even number of elements. In fact the 
five numbers indicated can not all be odd. It should also be noted that the 
unit cell (p, g) does not enter into the condition at all. We can therefore 


= 
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denote the above square by (g;) with the understanding that the initial 
cell may be chosen arbitrarily. 

Conditions for diabolism. If 4+ B=constant it is easily seen that the 
cells (A, B) all lie in the same positive diagonal. Indeed, to keep the sum 
constant we must subtract from B anything which we add to A. Similarly if 
A—Bz=constant the cells (A, B) all lie in the same negative diagonal. Now 
we have 

z-1 


n 


—1 


If therefore the numbers a+, a—8, a+b, a—b, and (a+) (a—b) —(a—8) 
-(a+b) are prime to m these congruences indicate a magic square whose 
columns are the positive diagonals and whose rows are the negative diagonals 
of the given square. We have then the following theorem: 


THEOREM. The magic square (%,) is diabolic if and only if the numbers 
a+6,a+b are prime ton. 


(The condition that (a+8) (a—b) —(a—8) (a+b) be prime to 1 is fulfilled 
automatically if ab—a is prime tom.) A curious corollary of this theorem is 
that a diabolic square cannot be constructed by the uniform step process 
when # contains a factor 3. For if a@ and 8 are prime to 3, a+8 and a—§ can- 
not both be. This does not mean, however, that a diabolic square cannot 
be obtained by other methods when 1 is a multiple of 3. 

Conditions for symmetry. In a symmetrical square the sum of the two 
entries x; and xz in any two cells (A, B) and (1—A, 1—B) symmetrically 
situated with respect to the center is equal to n?+1. This definition leads to 
the congruences 


i-1 
| 


n 


x, -17 
B= q+ +o 


n 


nN 
0d. 
nN 
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The third and fourth simplify to 


n 


From these we get, with the first and second, 


n 


v1 


- 1 
1= 
n 


For suppose (x;—1)/n=k+p where k is an integer and OSp<(n—1)/n. 
Then the above expression is k+ [(n —k) —(p+1/m)J and sinceO0<p+1/n<1, 
this isk-++n—k—1orn—1. The above congruences then become 


1=2p-—a-a, =2q¢-—B-—5 (mod m), 


But we can show that 


and we have the following theorem: 


THEOREM. The magic square (5) is symmetric if and only if 2p=a+a+1, 
(mod n). 


The conditions for symmetry do not depend in any way upon the con- 
dition for a square to be magic, so that a square may be symmetric and not 
magic, as is exemplified in the above square of 15. The central square pairs 
with itself and must be (m?+1)/2. 

A more general type of diabolism arises by connecting the coérdinates of 
the cells (A, B) by a linear relation \A +yB=constant (mod m). Cells related 
in this way may be said to form a diagonal with a complementary diagonal 
given by A\A—yB=constant (mod m). With these diagonals we have the 


THEOREM. The square (3) is diabolic with respect to the diagonals \A +yuB 
if and only if the numbers }atpB, \a+pb are prime to n. 


Enumeration of uniform step squares. By means of the fundamental 
congruences defining uniform step squares it is easy to see that the tota 
number of such for a given prime p is p?(p—1)* (p—2). For we may choose 
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the unit cell in * different ways. Also the numbers a, 8, a may be chosen at 
will from the p—1 numbers less than p. For each such choice there are p —2 
choices of } since the determinant ab —8a must be different from zero modulo 
p. The above result may be written p°63(p) (¢:(p) —1) where ¢; is Euler’s 
totient function. 

For the case where the order of the square is a composite number the 
enumeration must be given more detailed consideration. In the congruence 
ab—Ba=k (mod n), a, 8 and a are given relatively prime to ; then as k 
runs through a set of values prime to m we are to find the number of 6’s 
which are also prime to x. This problem is equivalent to the following: 


Let d be one of the numbers dX, which are less than a given number n and prime 
to it. Find the number of numbers $2 in the set \+-, which are prime to n. 


Consider the complete set of numbers 1, 2, 3,---,m. We erase first of 
all the n/p; multiples of p:, where /; is a prime divisor of m. When ) is added 
to the set of numbers 1, 2, - - - ,m we get again a complete set of incongruent 
numbers modulo m from which again /p, multiples of , must be erased. 
For the prime p; we have therefore erased 2”/p; numbers from the list of 
numbers 1, 2, - - - , #, leaving —2n/p;. Similarly for the other prime factors 
of n. But any multiple Of p:f2 has by this process been erased twice. We 
must then add 4n/(p:p2), etc. By the well known principle of cross classifi- 
cation this gives at once the formula for ¢z: 


2n 4n 8n 
= — + 


which may be written in the form 


2 
pi 


= — 2). 


The formula gives zero for an even number which is as it should be, be- 
cause in this case the numbers less than m and prime to it are all odd and the 
sum of any two of them must be even and so not prime tom. As an illustration 
of the theorem take m =45. The set of numbers less than 45 and prime to it is 


1,2,4,7,8,11,13,14,16,17,19, 22,23, 26,28, 29, 31,32, 34, 37,38,41, 43,44. 


or in the form 


Add to these any one of the list, say 11, and erase all those that are not prime 
to 45, and the nine numbers 


13, 19, 22, 28, 34, 37, 43, 49, 52 
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are all that remain. The formula gives 
$2(45) = 3(3 — 2)(5 — 2) = 9. 


The above formula for ¢2 is the same as that found by V. Schemmel 
(Journal fiir die reine und angewandte Mathematik, 1869, pp. 191-192) 
for the number of pairs of consecutive numbers each less than m and both 
prime to m. It is seen by the above discussion that the numbers are not 
necessarily consecutive. Schemmel also gives the formula for the number of 
sets of k consecutive integers all of which are prime to , which is 


= (p; — k). 


This formula is the enumerative function for the following much more 
general problem: 


Given a set of k linear forms asx+bs, -- - , where 
the a’s are all prime to n and incongruent mod n. Let x run through a complete 
set of incongruent numbers. Find the number of values of x for which all the k 
forms will give numbers prime ton. 


To prove this formula we observe that as x runs through a complete set of 
incongruent numbers so also does ax+6 and that there are n/p, values of 
ax +6 which are multiples of p; where p; is any prime factor of m. Each one of 
these values of ax+5 indicates a value of x which is to be erased from the 
numbers 1, 2, 3,---,. The a’s being all supposed incongruent modulo n 
we will thus have kn/; numbers to erase from the set 1,--- , m. The argu- 
ment is thus the same as in the special case considered above. Many theorems 
regarding the ordinary totient function have their analogues for the more 
general function. Thus evidently if m and m are relatively prime we have 

The value of ¢(1) being assumed equal to unity, the theorem The sum of 
totients of the divisors of n is equal to n carries over only when m contains no 
square factor other than unity. But in this case we have the theorem 


The sum of the , functions of the divisors of nis equal to px-1 function of 
n when and only when n has no square divisors other than unity. 


We are now able to write down the number of magic squares obtainable 
by the uniform step method for any number ” =IIp,*. The formula is 


= — 1) Mp 2). 


For symmetric squares we have no choice of the unit square. The formula 
for symmetric squares is therefore this result divided by n?, or $1 (m)2(m). 
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For diabolic squares we may choose a and a at will from the ¢:(m) numbers 
less than n and prime to it. Then 6 must be chosen so that 8,a+8 and a—B 
shall be prime to m. This gives ¢3(”) choices for 8. Finally b must be chosen 
so that the four numbers }, a+b, a—b, ab—fa shall be prime to m. This 
number is ¢4(”). The formula, therefore, for the total number of diabolic 
squares obtainable by the uniform step method is 


= — 1) — 4). 


This last formula points out the fact which we have noted before, that no 
diabolic square is obtainable by the uniform step method when n is a 
multiple of 3. The following table gives the values of these functions for odd 
values of up ton =35. 


‘n Magic squares Symmetric squares Diabolic squares 
3 72 8 0 
5 4800 192 32 
7 52920 1080 432 
9 52488 648 0 

11 1089000 9000 5600 

13 3212352 19008 12960 

15 345600 1536 0 

17 17756160 61440 46592 

19 35790984 99144 77760 

21 3810240 8640 0 

23 118288632 223608 183920 

25 75000000 12000 20000 

27 38263752 52488 0 

29 498464064 592704 509600 

31 752463000 783000 680400 

33 78408000 72000 0 

35 254016000 207360 13824 


Transformations of magic squares. Certain transformations on the 
numbers 1 to nm? have been devised which serve to throw a magic square into 
another magic square (see McClintock, loc. cit.). The question has not been 
studied as to whether the resulting square is a uniform step square or not. 
We proceed to answer this question by finding the connection between these 
transformations and the constants a, 8, a, b, which determine the square. 

The numbers 1 to n? fall into m sets as follows: 
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Ko (1, 2,3, @), 
Ky (n+1,n2+2,---, 2m), 
Ke (2n +1, 2n+2,---, 3m), 


Ky-1 (n(n — 1) +1, n(m—1)+2,---, 


Let now s be any substitution in the numbers 1 to m such as 
( 2, 3 

Perform now the same substitution on the numbers in each of the sets K. 
We get thus a transformation of the numbers 1 to ? which we denote by S. 
This transformation S, as we can show, will throw a uniform step square 
into a magic square which may or may not bea uniform step square. We have 
seen, in fact, that in a uniform step square each row (or column) contains one 
and only one number out of each of the above sets K, also that the numbers 
in any row (or column) form a complete series of incongruent numbers 
modulo m. Further, these two facts are sufficient to ensure that the square 
be magic. Nowit is clear that neither of these conditions is disturbed by the 
transformation S, for the sets are not broken up, and also two entries in the 
same line can not be congruent to each other, for if kn+x, and kn+<x2 were 
congruent modulo so would also be x; and x2 which is not so. The new 
square is therefore magic. 

Again, let T be any substitution on the sets K. Then again, if we start 
with a uniform step square the transformed square is still magic but not 
necessarily a uniform step square. For as before each set will furnish one 
and only one number in any row or column and those in any row or column 
will still furnish a complete set of incongruent numbers modulo n. 

There are manifestly (m!)? transformed magic squares obtainable by S 
and T transformations from any given uniform step square. No two squares 
obtained from the same square by two different substitutions can be identical, 
for two different substitutions S must make a different rearrangement of the 
numbers 1 to m and so will give different squares. So also for two different 
transformations T. Moreover a transformation S can not produce the same 
square as a transformation T (except, of course, the identity transformation) ; 
for a transformation T can not rearrange the numbers in the separate sets. - 

We consider now the following question: When will an S or a T transforma- 
tion throw a uniform step square into another uniform step square? 

Let s be a substitution on the numbers 1 to ” such as 
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-( Xe, Xa, °** Xn ) 

Yi, Y2, Vn 

where the x’s and y’s are correlated by the congruence y =\x +p (mod) where 
d is prime to m. Two values of y give yi1—y2=A(x1—%2) (mod m) so that the 
difference between consecutive y’s is \ times the difference between the 
corresponding x’s. This is equivalent to saying that the coefficients which 
determine the step have both been multiplied by a constant. The “break- 
step” has, however, not been changed. 

Atransformation 7 similarly defined makes a corresponding change in the 
coefficients of the “break-step” leaving the “step” unaltered. It is not 
difficult to see also that, if the difference between the y’s is to be constant for 
consecutive x’s, a congruential relation of the sort indicated above must hold. 
We have then the 


THEOREM. If the transformation S or T is based on the substitution 
s=( %2, Xn ) 
Yi, Yo, Y3,°** » Yn 
then the necessary and sufficient condition that the resulting square be a uniform 


step square is that the x and y be related by the congruence y=\x+p (mod n) 
where d is prime to n. 


The above result may be stated as follows: 


Those uniform step squares which are obtainable from a given square (5%) 
by an S-transformation are of the form Gt) and those obtainable by a T-trans- 
formation are of the form Ga , 


The square ($$) and the square (j444) may be called equivalent under 
H and V. Since the constants k and k’ may take ¢:(m) values, the number 
of squares equivalent to a given square form a set of ¢? (m) squares. The total 
number of sets of non-equivalent squares is therefore n°o:(m)2(m) or, if we 
consider symmetric squares only, ¢:(m) ¢$2(). Thus, for example, the 
eight symmetric squares of three are in two non-equivalent sets: 


7 9 
5 
1 


1 
5 
9 
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9 3 387 1859 
4 8 492 672 
438 608 683 672 
9513783 159 159 
276 284 726 834 
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From the fact that k and k’ are prime to m it follows that if one of two 
equivalent squares is diabolic the other must be also. From the enumerative 
formula therefore the diabolic squares fall into $3(”)¢.(m) sets of non-equi- 
valent squares. Thus the 32 diabolic squares of order 5 fall into 2 sets of 16 
equivalent squares. 

Any rearrangement of the rows or columns of a magic square will leave it 
magic since the sum in any row or column is thus left unaltered. A uniform 
step square, however, is not necessarily transformed in this way into a uni- 
form step square. It appears easily that if the horizontal rows are transformed 
among themselves so that a row x goes into a row vy where x and y are connec- 
ted by the congruence relation y=\x+, (mod m) where ) is prime to n, then 
this transformation H will throw a uniform step square into another uniform 
step square. It is found also that by this transformation the constants a and a 
of the old square are left unaltered whilef and d are multiplied byX. Similarly 
a transformation V of the same type on the columns throws a uniform step 
square into another uniform step square leaving the 6 and b unaltered and 
multiplying a and a by X. It follows that 


Those uniform step squares which are obtainable for a given square (5%) 
by an H-transformation are of the form (jg;5), and those obtainable by a V-trans- 
formation are of the form (‘s'8). 


The square (34) and the square (i *,) may be called equivalent under the 
transformations H and V. It appears that an H-transformation followed by 
a V-transformation can not produce a square equivalent under S and T 
transformations unless the parameter \,; of the H transformation equals the 
parameter A, of the V transformation. The squares, therefore, that are 
equivalent under all four types of transformations are of the form (fg 4) and 
fall into sets of ¢1(m). 

A third type of transformation is of use in the study of “nuclear” squares.* 
In this transformation the principal diagonals of the given square are made 
the row and column through the center of the new square. Any element of the 
old square lies in a cell which is the intersection of two diagonals which meet 
the principal diagonals in two elements x; and x2. The corresponding cell in 
the new square for that element is found at the intersection of the row and 
column through those same elements x; and x2. We proceed to set up the 
relations between the four numbers for the old and for the new cell. 

Using the notions of elementary analytic geometry and calling the cell 
(1, 1) the origin, then the equation of the principal positive diagonal is found 


*See John Willis, Easy Methods of Constructing Magic Squares, published by Percy Lund, 
Humphries and Co., London. 
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to be y= —x+1 and of the principal negative diagonal is y=x. Also the 
positive diagonal through the cell (A;, B;) has for its congruence y—Bi= 
—(x—Aj,). This meets the principal negative diagonal in the cell both of 
whose coérdinates are }(A:+B;). The negative diagonal through B:) 
meets the principal positive diagonal in the cell whose coérdinates are 
4(A,—B,+1), 3(Bi1—Ai+1). Since now the cell (Ai, the transform of 
(A,, B;), must project on the principal row and column in those cells in 
which the diagonals through (A:, B:) meet the principal diagonals in the 
first square, we have the coérdinates (A/, By) given by 


2 2 


Assuming, now, that the first square is symmetrical, we have 


1 
| 
2 n 


1 x—1 
By = 8 +5+1) +02 


therefore 


1 b -1 
4 2 2 n 


B-—a b-—afx—1 
Bi =—(8+b-—a-—a+2)+ a+ | | 


2 n 
The coefficients of the transformed square are therefore, 


at+B 


It is clear from these coefficients that this square is magic in the diagonals if 
the original is magic in the rows and columns, and magic in the rows and 
columns if the original is magic in the diagonals. Thus a diabolic square goes 
by this transformation into a diabolic square. Since the general effect is a 
sort of twist through an angle of forty-five degrees, we shall speak of this 
transformation as a rotation and denote it by R. We give as illustration the 
square of eleven (}?) and the transformed square (7): 


B-a b—al 

2° 2 
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13 117 89 10 

4 108 80 111 

116 99 71 102 

107 79 62 93 

98 70 53 84 

78 61 44 92 75 

69 52 24 83 66 

43 74 46 

96 23 6 65 37 
87 14 118 90 45 28 
67 109 81 36 19 


17 95 87 60 52 

101 58 50 42 23 15 

75 32 13 5 118 110 

38 116 108 89 81 73 

1 79 71 63 55 36 

96 88 61 53 34 26 18 10 

86 59 S51 24 16 8 121 102 94 
49 33 14 119 100 92 84 76 57 
12 117 +109 82 74 66 47 39 31 
107 80 72 45 37 29 21 2 115 
70 62 54 35 27 19 11 113 105 97 78 


It should be noted that the principal positive diagonal might be taken as the 
row, or column, through the center of the new square, and that it might be 
taken to read either up or down for the column or right or left for the row. 
With these four ways of placing the principal positive diagonal will go also 
two ways of placing the principal negative diagonal in the new square, so that 
there should be eight different transformations of the type R for a given 
square. The transformations for these eight cases are given in the following 
table: 


Positive diagonal reading up and down, negative diagonal right and left: 
Down, right, 
( (a + (a+ 


(8 — a)/2 (6 — a)/2)’ 
Down, left, 


( —(a+)/2 -(a+ 
(8 — a)/2 (6 — a)/2)’ 


1929] 
103 86 
94 77 
85 57 
76 48 
56 39 
47 30 
38 21 1 
29 1 1 
20 = 113 
11 104 
112 95 
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Up, right, 
(a — p)/2 (a — 6)/2)’ 
(- 
(a—B)/2  (a—8)/2)" 


Positive diagonal right and left, negative diagonal up and down: 
Right, down, 


Up, left, 


(a — p)/2 (a— 
(a+ —(a+6)/2)’ 
Left, down, 


(a+ —(a+5)/2 
Right, up, 


(_ 

(8 — a)/2 (6 — a)/2 
(_ ) 
( 


(a — B)/2 (a — b)/ ) 
(a + (a + 6)/2)’ 


( (8 — a)/2 


Left, up, 


(a + p)/2 (a + b)/2) 


It will be observed that these squares are paired in four ways such that the 
first and third as well as the second and fourth elements are interchanged. 
They are also paired in four ways such that the first and second change their 
signs, or the third and fourth change their signs. It is important to see how 
the numbers in the squares themselves are related. 

Certain special transformations on symmetric squares. It is of interest 
to note the effect of various special transformations on the constants a, B, a 
and b in symmetric squares. Thus it is easy to show that the two squares 
(5%) and (8°) are so related that the cell (A, B) becomes the cell (B, A). The 
effect, therefore, on the square is to make a reflection in the main diagonal. 
This result appears at once from the fundamental congruences defining 
the two squares. The same method will also serve to show that the two 
squares (4) and (4.4) are so related that the second is the reflection of the 
first in its center. For by writing out the congruences for the cell (A, B) of the 
first square and for the corresponding cell (having the same x) in the second 
(A’, B’) it appears easily that A+A’=1 and B+B’=1 (mod n). The effect 
is thus a rotation through two right angles about a line through the central 
cell perpendicular to the plane of the square. Simlarly (% 5) is a reflection 
of (§5) in the row through the center. 
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The result of a transformation may sometimes be conveniently expressed 
by means of a relation between the numbers in corresponding cells of the two 
squares. For this purpose a number ~x is best represented in the form 
x=kn-+p where k is one of the numbers 0, 1, 2, 3, - - - , m—1 and pis one of 
the numbers 1, 2,3, - - - ,#. It will be observed that pis the smallest non-zero 
positive integer congruent to x modulo ”, and that & is the number of the set 
(used in defining the transformation S) in which x appears. If the number x 
is divided by n, k is the quotient and p the remainder except for the case 
where x is a multiple of , in which case k is the quotient less one and p 
is equal to n. 

It is possible to show for the two symmetric squares (34) and (4%) that 
x=kn-+p occupies the same cell in the first square that y=kn+n+1-—p 
does in the second square. For calling the cell in which x occurs (A;z, Bz) 
and the cell of the second square in which y occurs (Ay, By), we have 


1 k —1 


or, from the definitions of k and p, 


1 
4,eSitet 


similarly 
1 
Ay = —a+a)—al(—p)+ak. 


These two coérdinates are manifestly the same. Similarly for the B’s. 
The two squares considered in the preceding paragraph are related by 
means of an S transformation on the numbers in the sets as follows: 


s= 
m, m—-1, m—2,---, 3 , « 3 


Any two numbers in corresponding cells in the two squares have the same k. 
There are m numbers which occupy the same cell in both squares. 

It is possible to show for the two symmetric squares (3) and (5%) that 
x =kn-+p occupies the same cell in the first that y = (o —1)n+k+1 does in the 
second. All that is necessary to prove this is to substitute the above value of 
x in the congruences belonging to the first square and the above value of y 
in the congruences belonging to the second. 

These special theorems are of use in the study of “nuclear” squares to 
which we devote the next section. 
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Nodal and nuclear magic squares. It is possible to show that there are 
magic squares which are not uniform step squares and which are not derivable 
from such squares by any of the transformations which have just been dis- 
cussed. Such a square, for example, is the following: 


36 17 

16 118 

117 98 
97 67 

7 

27 

47 

108 

88 

87 57 


119 
99 
68 
48 

109 

8 
28 
78 
58 
38 


59 
39 
19 


32 
1 
102 
82 
42 
100 
41 
40 
20 
121 


51 
31 
11 
101 
60 
61 
62 
21 
111 
91 
71 


70 
50 
30 
10 
81 
22 
80 
112 
92 
72 
52 


2 
103 
83 
63 
43 
12 
113 
93 
73 
53 
33 


13 
114 
94 
74 
54 
23 
3 


85 
65 
34 
V4 
115 
95 
75 
55 
24 
4 
105 


66 
35 
15 
116 
96 
76 
45 
25 
5 
106 
86 


56 37 18 120 90 


It will be observed that the middle column contains the numbers 51 and 
62 which are both congruent to 7 modulo 11. It also contains the numbers 
60 and 71 which are both congruent to 5. But in a uniform step square the 
numbers in any row or column form a complete series of incongruent num- 
bers, and any one of the transformations discussed above does not disturb 
this property of uniform step squares. It follows that the above square is 


not a uniform step square nor derivable from such a square by any H, V, S 
or T transformation. 

It will be further observed that the above square is nuclear; that is, it 
has a central square (of three rows and columns in this case) in which the 
rows and columns add up to the same amount. We extend the definition of 
magic to include squares such as 

42 60 81 

100 61 22, 

41 62 80 
which are not made up of numbers beginning with unity, but which do have 
the same sum in the rows and columns. We say then that the above square 
has a magic nucleus of three. It is possible to find squares with a magic 
nucleus of five, or seven or of m where m is odd.* 

Certain types of uniform step squares can be manipulated so as to 
produce nuclear squares. Thus the above nuclear square is obtainable from 
the symmetrical uniform step square 


* For examples of such squares see John Willis, loc. cit. 


89 104 
69 84 
49 64 
29 44 
79 
110 
9 


CERTAIN MAGIC SQUARES 549 


z-1 z-1 
11 11 
The central square for this is found to be 
100 81 62 
80 61 42. 
60 41 22 
We perform now an R transformation on this central square of 3 and get 
42 60 81 
100 61 22. 
41 62 80 
The partial columns above the corners of this central square are then 
interchanged, and the partial rows to the left of the corners of this central 
square are also interchanged. The result is the nuclear square given above. 
The success of this method of getting nuclear squares is seen to depend on the 
fact that the central square of three is magic in its diagonals. In the same 
way we can obtain a nuclear square from any symmetrical uniform step 
square which has a central m-sided square which is magic in the diagonals. 
Since the square is symmetrical this common sum of all the diagonals must 
be m(n?+1)/2. Such a square we will call a modal square. To obtain a 
nuclear square from such a nodal square make an R transformation on the 
central square. Then the partial columns above and below the central square 
which are symmetrical in the nodal square must be so shifted that they lie 
in the same column. Thus, for example, the elements in the partial column 
above the upper left hand corner of the central square together with those 
in the partial column below the lower right hand corner of the central square 
add up to (n—m)(n?+1)/2. If these two partial columns are then shifted 
to lie in the same vertical column the sum of all the elements in that column 
will be (7 —m)(n?+1)/2+m(n?+1)/2 or n(n?+1)/2, which is the right sum 
for a magic square. A similar shifting of the partial rows to the right and 
left of the central square will make the new square magic in all the rows. The 
problem of constructing nuclear squares by this method thus depends on the 
problem of finding symmetric uniform step squares which are nodal. It 
would seem possible to set up necessary and sufficient conditions on the con- 
stants of a uniform step square that it should be nodal, and perhaps from 
these conditions to obtain an enumeration of nodal squares. The author 
has not as yet been able to find such conditions, and the problem of enumera- 
tion of nodal squares seems to be of the same general type as the problem 
of finding the number of terms in a repeating decimal, or the number to 
which a given number belongs with respect to any modulus. He has suc- 
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ceeded, however, in proving certain theorems which have enabled him to 
compute the number of such squares for a given side without much difficulty. 
Thus he has been able to prove that if (§ $) is a nodal square we can write 
down at once the following list of nodal squares: 


For certain values of 1, of course, some of these may not be distinct. He has 
also been able to show that in a nodal square with a node of three, the entries 
in the columns and rows of the node are in actual arithmetical progression. 
This seems, experimentally, to hold for nodes of five and so on, but a proof 
is lacking for this. This theorem makes the enumeration of squares with a 
node of three a fairly simple matter even though an enumeration formula 
does not present itself. The number of nodal squares with a node of three 
for the first few values of m are as follows: 
n number of squares 
5 8 
7 120 
9 128 
11 1648 
13 3272 
15 512 
17 11712 
19 19520 
21 3072 
23 46072 
25 36424 
27 12800 
Since there are eight ways of performing the transformation R on the 
central node and four ways of adjusting the partial columns above and below 
and to the right and left of the node to turn the square into a nuclear square, 
the above numbers must be multiplied by 32 for the number of nuclear 
squares with a nucleus of three obtainable by the above method. These 
nuclear squares are also still transformable into magic squares by the 


1929] CERTAIN MAGIC SQUARES 551 


transformations H and V on the rows and columns, in number (m!)?. The 
transformations S and T are however not available for squares of this sort. 

The study of nodal squares brings to light many curious and interesting 
theorems of the following type: 

The square (j}) is nodal for all values of m. The square ({}) is nodal for 
all values of m prime to 6. The square ({§) is nodal for m =4k+1, but not 
for m =4k—1. The square ({3) is nodal for numbers of the form 14k— 
1 and for no others. The square (33) is never nodal for any value of n, 
etc. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIF. 


CERTAIN PROBLEMS RELATED TO THE CUTTING OFA 
SIMPLY CONNECTED PLANE REGION 
BY A CONTINUUM* 


BY 
WALLACE ALVIN WILSON 


1. If Risa simply connected plane region whose frontier F is bounded and 
C is a simple arc lying in R save for its end points, it is well known that C 
enjoys the following properties: 

(a) R—R-C consists of two simply connected regions R; and R2; 

(b) C is a part of the frontiers of both R, and R2; 

(c) F+C is the union of the frontiers of R; and Rs. 

Nothing could be simpler than this theorem, but when one desires to use 
it, certain questions arise. For instance, what precisely are the frontiers of 
R,; and R,? If F is the union of two continua H and K, can C be so drawn 
that its ends lie on two components of H-K? If so, will the frontiers of the 
two regions be C+H and C+K? These questions are readily answered in 
the case that F is a simple closed curve, but the answers in this case do not 
always remain correct when F is more complicated. In particular, a negative 
answer to the second question suggests the substitution of a more general 
continuum for C and this in turn leads to a re-examination of the truth of the 
resulting extension of the theorem. 

Such an extension has been made elsewhere} and it is intended in the 
present article to examine further these questions and certain related topics. 
The first and third of the questions suggested above are discussed in §§$3-6. 
The remainder of the paper deals with the situation arising when the arc C 
is replaced by a special kind of irreducible continuum and with related ques- 
tions of accessibility. In particular, it is shown that under certain broad 
conditions the second and third of the above questions can be answered in the 
affirmative if the arc C is replaced by a slightly more general continuum. 

2. Notation. In addition to the common notation of the aggregate 
theory, the following will be used. 

The whole plane is denoted throughout by Z. If F is a continuum, a com- 
ponent of Z—F whose frontier is F is called a principal component; a com- 
ponent of Z—F whose frontier is a proper part of F is called secondary. A 


* Presented to the Society, October 27, 1928; received by the editors August 20, 1928. 
Tt W. A. Wilson, On irreducible cross-cuts of plane simply connected regions, American Journal 
of Mathematics, vol. 51, pp. 19-30. 
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frontier set whose complement has at least two principal components is called 
regular. 

The statement that C is a continuum irreducible between the sets A and 
B does not imply that C contains the whole of either A or B. 

The symbol V;(a) denotes the set of points whose distance from the point 
a is less than 6. 

If m and n are two points (or point sets) in the plane separated by the 
closed set C, we say that Cis an S(m, n). If C is an S(m, m), but no proper 
closed subset of C is an S(m, m), we say that C is an irreducible S(m, n). 

3. We shall begin with the question of the nature of the frontiers of the 
regions R, and R; referred to in §1. It is clear that this depends upon the de- 
gree of complexity of F and that a satisfactory solution is scarcely possible 
unless restrictions are imposed on F. In a discussion of this kind the principal 
property of a simple closed curve is that it is the common frontier of its com- 
plementary domains; hence the natural generalization of such a curve is the 
regular frontier. The principal properties of such frontiers which will be used 
have been given by C. Kuratowski* and the author.} The following theorem 
is also convenient. 


THEOREM. Let F be the frontier of a simply connected region R and let S be 
any other component of Z—F. If the frontier of S is bounded, it is regular. 


Let f be the frontier of S and let m and m be points of R and S, respectively. 


Asf ¢ F, fis an irreducible S(m, ). Then f is a regular frontier (see Kuratow- 
ski, loc. cit., p. 133). 


4. THEOREM. Let R be a simply connected region whose frontier F is bounded 
and regular. Let C be a simple arc joining the points a and b of F and contained 
in R+a+b. Let R-C divide R into R; and R, with frontiers F, and Fo, respec- 
tively. Then F contains either 0,1, or 2 proper sub-continua irreducible between 
a and b. In the first case Fiy=F,2=C+F; in the second case F.=C+F, 
F,=C+h1, where fic F and is irreducible between a and b; in the third case 
F,\=C+fi and F2.=C+f2, where and are proper sub-continua of F irre- 
ducible between a and b. 


If F is irreducible between a and b, C+F has two principal complementary 
domains by Rosenthal’s theorem.{ These obviously coincide with R: and Re. 


* C. Kuratowski, Sur les coupures irréductibles du plan, Fundamenta Mathematicae, vol. 6, 
pp. 130-145. 

t W. A. Wilson, On bounded regular frontiers in the plane, Bulletin of the American Mathematical 
Society, vol. 34, pp. 81-90. 

t A. Rosenthal, Teilung der Ebene durch irreduzibele Kontinua, Sitzungsberichte der Miinchener 
Akademie, 1919, p. 106. 
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If f; is a proper sub-continuum of F irreducible between a and 3, let S; 
and S; be the principal complementary domains of C+/;. Since F is regular, 
M =F —f, is connected and lies in one of these, say in S:. Then F-S,;=0 
and S,cR. It readily follows that S,;=R, or S:=R2, say the former. Since 
F\+F,=C+F, this shows that F2.> M. Let N=F-F,. Let m be a point of 
R, and a point of some principal component of Z—F other than R. Since 
F is regular, N is not an S(m, ) unless VN=F. Then F,=C+F and a repeti- 
tion of the first part of this paragraph shows that another proper sub- 
continuum of F irreducible between a and 6 is impossible, when VN =F. 

If N#¥F, N does not contain f; since N2 M. As neither N norC is an 
S(m, n), N-C is disconnected by Janiszewski’s theorem* and N contains a 
and b. For the same reason NW contains a sub-continuum f: irreducible be- 
tween aand b. As fife, the reasoning of the previous paragraph shows that 

Finally, the existence of a third proper sub-continuum of F irreducible 
between a and 6 is impossible by virtue of the second paragraph of the proof, 
as C divides R into but two regions. 

5. A consequence of the theorem of §3 is that §4 applies to any simply 
connected plane region whose frontier is bounded and a part of the frontier 
of some other region. 

It is natural to expect that, if the frontier F of R is regular, then the fron- 
tiers of the regions R; and R, into which C divides R are regular. The second 
case of the above theorem shows that this is not true. For, if m, m, and p 
are points of Re, Ri, and Z—R, respectively, the frontier of Rz, which is F+C, 
is neither an irreducible S(m, m) nor an irreducible S(m, p). 

A further consequence of the above theorem is that, if a and b are two 
points of a bounded regular frontier F accessible by a simple arc from one of 
the components of Z —F, there are at most two sub-continua of F irreducible 
between a and b. This need not be true if either a or db is not arcwise acces- 
sible. 

To determine precisely which of the three cases mentioned in the theorem 
applies, we need to know the nature of F and the location of a and b on F. 
The various possibilities may be classified briefly as follows. The notation 
is that of §4. 


(I) F is indecomposable. 


* Z. Janiszewski, Sur les coupures du plan faites par des continus, Prace Matematyczno-Fizyczne, 
vol. 26, Theorem A. If P and Q are bounded closed sets, if P-Q is connected, and neither P nor Q 
isan S(m, n), then P+Q is not an 5(m,n). See also S. Strasziewicz, Fundamenta Mathematicae, 
vol. 4, p. 129. 
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(a) If a and 6 are not on the same constituent of F, Fi=F2=C+F. 

(b) If a and bare on the same constituent of F, +f, and 

Examples of both these cases are easily constructed by using the methods 
of K. Yoneyamaf. 

(Il) F is the union of two indecomposable continua. In this case F is the 
union of two continua H and K, H-K =)°ia;, where n=2 and depends upon 
the number of principal components of Z — F, each a; is a closed set, and both 
H and K are irreducible between each pair of sets {a;}.t The various pos- 
sibilities are as follows. 

(a) If a and are on different sets a;, Fi: =C+H and (For 
an example see Ex. 2 of Wilson, loc. cit. II, taking C =cd.) 

(b) If a and b are on the same component of some a;, Fix=C+F and 
F,.=C+f, where f 

(c) Ifa and bare on the same set a;, but on different components, both H 
and K are irreducible between them, Fi:=C+H, and F:=C+K. 

For we then have two sub-continua f; and fe of F irreducible between @ 
and b, C+fi, and F2=C+f/2, which gives the contradiction Fi + F:#C+F 
unless f1=H and fe=K. Asa corollary it follows that, if two components of 
any a; are arcwise accessible from R, both H and K are irreducible between 
them. 

(d) If ais on some a; and bd on no a, there are three possibilities. If H 
is reducible between a and b, Fi,=C+fi, where fic H, and F.=C+F. If 
H is irreducible between a and 3b, but reducible between 6 and some a;, 
F,=C+d4H and where H. If H is irreducible between 
and every a;, Fi: and F:=C+F. 

(e) If neither a nor } is on any a;, we may have any of the three cases in 
§4. 

(III) F is neither indecomposable nor the union of two indecomposable 
continua. In this event F is not irreducible between a and 6 and we may have 
either Case 2 or Case 3 of §4. 


6. THEOREM. Let H and K be bounded continua, H-K +0 and not con- 
nected, F=H+K, and H*=F—K and K*=F—H be connected. Let R be a 
component of Z—F, let a and b be points on different components of H-K, 
and let C be a simple arc joining a and b and contained in R+a+b. Let F, 
and Fz be the frontiers of the components of R—R-C. Then Fi=C+h and 
F,=C-+k, where h and k are sub-continua of H and K, respectively, joining a 
and b. 


¢ Téhoku Mathematical Journal, vol. 12, pp. 60-62. 
t See W.A. Wilson, loc. cit. II, p. 86. 


556 W. A. WILSON (July 


Let R: and R: be the components of R—R-C and let S; and S: be the com- 
ponents of Z—(C+H) whose frontiers contain C. Let S: be the one which 
contains the connected set K*. Since H-S,=0, (H+K*)-Si:=F-S,=0 and 
SicR. If S;-Ri¥0, S:-R2:=0, since C-S,;=0; and vice versa. Let then 
S,¢R,. But then since R:-(C+H) =0. 

Now let m be a point of R,; and m one of R2. Let F,; be the frontier of R; 
and h=H-F,; then F;=C+Ah. Either / contains a continuum joining @ and 
b, or h=hi where bc he, and and are closed. As 
neither A, 42, nor C is an S(m, n), but F; is, the latter alternative is im- 
possible by Janiszewski’s theorem, loc. cit. As a and 6 are on different com- 
ponents of H- K, h-H* <0. 

Now let h’ be a sub-continuum of h irreducible between a and b. If his not 
a continuum, where and are closed and h;-42=0. As hoh’, 
either h’ or h’c he, say the former. But then F}=C+h=(C+h)+/ is 
not a continuum, for /2-(C+h’) =0. This is a contradiction. 

In like manner there is a component T of Z—(C+X) which is identical 
with R, or Rez, and whose frontier contains C and points of K*. As F.cC+4H, 
T#R,. Hence T=R, and F.=C+k, where k is a sub-continuum of K. 


Coro.iary. If in addition to the above hypotheses F is the frontier of R and 
the sum H+-K is irreducible}, F,=C+H and F,=C+K. 


For F,+F,.=F+C and hence F,> H* and F:> K*. But H*=d, since 
is an irreducible sum. Then Fi} =C+H and F,.=C+K. 

Remarks. A consequence of the above theorem is that not more than 
two components of H- K contain points arcwise accessible from R. (See also 
§12.) 

Very simple examples show that the omission of the hypothesis that H* 
and K* are connected renders the theorem invalid and that the hypothesis 
that H+K is an irreducible sum cannot be omitted from the corollary. 

If no statements are made regarding a partition of F into sub-continua 
and a and 6 are any two points on F, we can only say that the frontier of 
each of the regions R,; and R; contains C and a sub-continuum of F irreducible 
between a and b. This follows readily from Janiszewski’s theorem, loc. cit. 
The two irreducible continua involved may be identical, the simplest example 
being when F is a straight line segment. In the special case that @ and 6 lie 
on the frontier of some component of Z—F other than R, we can by virtue 
of the theorem of §3 make more precise statements regarding these irreducible 
continua in accordance with the classification of §5. 


T This means that there is no proper sub-continuum H’ of H (or K’ of K) such that F=H’+K 
(or F=H+K’). 
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7. The theorem of §6 is not applicable unless two components of H-K 
contain points arcwise accessible from R, and examples not having this 
property are easily constructed. If in such a case we desire to separate R 
by a continuum C into two domains whose frontiers are C+H and C+K, 
continua more general than the simple arc must be used. 

We first note that, if m and m are points of the two domains just referred 
to, C separates m from n in R. If, furthermore, C is irreducible with respect 
to this property and is not itself an S(m, m), it has been shown elsewheret 
that C is an irreducible continuum, which may be indecomposable. It seems 
desirable, however, in the interests of simplicity, to confine the discussion 
to the case where C is neither indecomposable nor the union of two indecom- 
posable continua. A further justification of this slight loss in generality is 
the easily established fact that, if C has the separation properties above men- 
tioned and meets the frontier of R in two closed sets A and B such that 
A-B=0, there is a continuum C’ joining A to B and separating m from n 
in R irreducibly, which is decomposable into more than two continua. 

To save words a decomposable continuum which is not the union of two 
indecomposable continua will be called semi-separable. It is easily shown 
that, if C is semi-separable and irreducible between the closed subsets a 
and 8, then C=A+£+B, where A, B, and E are continua, A-B=0,acA, 
8 cB, and is irreducible between A and B. 


8. THEOREM. Let C be a bounded semi-separable continuum irreducible 
between the subsets a and B. Let no sub-continuum of C separate a point of a 
from one of B. Then Z—C has exactly one principal component. 


By §7,C=A+£+B, where A, B, and E are continua irreducible between 
aand £, Band £, and A and B, respectively. Let a and b be points of a and 
8, respectively, and let be so small that (E+B)-V.(a) =0 and 
-V.(b) =0. Set 6;=«€/2‘ and let V; and W; denote the sets of points whose 
distances from a and 3, respectively, are less than 6;. 

Set C;=C(Z—V;—W;). Then C; is bounded and closed and is not an 
S(a, 6), since by hypothesis none of its components is an S(a, 6). Hence 
there is a simple arc from a to 6 not cutting C;. Let ZL; be a segment of this 
joining V; to W;. Then C-L;=0 and L; lies in a component R of Z—C. 

Now suppose that for some j i, the arc L; were in a different component 
S of Z—C. Let x and y be points of LZ; and L;, respectively. Then C is an 
S(x, y). But it is obvious that neither A+Z nor E+B is an S(x, y) on 
account of the choice of e, and (A+£)-(E+B)=E£, a continuum. This is a 


t See Wilson, loc. cit. I, §11. 
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contradiction by the footnote on page 554. Hence S=R; i.e., for every i, L; 
lies in the same component R of Z—C. Then R contains points in every 
V; and every W;. As 6,0, the frontier of R must contain a and b. Since C is 
irreducible between a and J, it follows that C is the frontier of R. 

Obviously this can be true of no other component of Z—C. 


Corottary. Let C satisfy the hypotheses of the above theorem and 
C=A+E+B, where A, E, and B are continua and E is irreducible between 
A and B. If S is a secondary component of Z—C, its frontier is a part of 
A+E or of E+B. 


Let R be the principal component of Z—C, let m be a point of R, and n 
one of S. If F is the frontier of S, F isan S(m,m). The corollary is obviously 
true unless F contains points in both A and B. Then E+F is an S(m, n). 
But (E+F-A)(E+F-B)=E. Hence either E+F-A or E+F-B is an 
S(m, n), say the former. Let y be a point of F-B not in E+A. Then 
(E+A)-V;(y) =0 for some 6>0. But R- V;(y) #0 and S-V;(y) Hence 
there is a continuum joining m and and not meeting E+F-A. Thus we have 
a contradiction unless F: B=0. 


Remarks. The condition that no sub-continuum E of C may separate a 
point of a from one of 8 is a necessary one. For in the contrary case E 


separates every point of a from 8, as C is irreducible between a and 8, and 
then there would be no principal component of Z—C. 

The theorem does not remain valid if the word “semi-separable” is omit- 
ted. For in Ex. 1, p. 87 of Wilson, loc. cit. II, is given an irreducible con- 
tinuum whose complement has no principal component. This continuum is 
the union of two indecomposable continua, but in other respects satisfies the 
hypotheses of the theorem. 


9. THroreM. Let F=C+K, where C and K are bounded continua. Let 
C-K be the sum of two closed sets without common points and let C be semi- 
separable and irreducible between them. Then C is a proper part of the frontiers 
of exactly two components of Z—F. 


By §13 of Wilson, loc. cit. I, there are at least two components of Z—F 
such that C is a proper part of their frontiers. Now C—C-K is connected and 
lies in one component R of Z—K. Then there are at least two points m and 
n of R such that C is an irreducible S(m, m) in R. On the other hand C is not 
an S(m, n) by §8 and hence §11 of Wilson, loc. cit. I, is applicable. This gives 
the theorem, since C is semi-separable and hence not irreducible between 
each pair of three or more closed sets. 
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Corottary 1. Let R be a simply connected region whose frontier F is 
bounded. Let a and B be closed subsets of F without common points, let C be a 
bounded continuum contained in R+a+ 8, and let C be semi-separable and 
irreducible between a and B. Then C is a proper part of the frontiers of exactly 
two of the simply connected regions into which it divides R. 


CoroLtary 2. Let R be a simply connected region whose frontier F is 
bounded. Let a and B be sub-continua of F without common points, let C be a 
bounded continuum contained in R+a+f and containing a+8, and let C 
be semi-separable and irreducible between a and B. Let C separate no two points 
of F—C-F. Then there are exactly two components R, and R: of R—R-C whose 
respective frontiers F, and F, contain C and F,+-F,=C+F. 


The corollary is obvious unless there is another component R,(i>2) of 
R—R-C. If so, let F; be its frontier and H;=C-F;. Then H;¥C and H; 
=K;+L;, where K; and L; are closed and K;-L;=a-L;=6-K;=0. Let x 
be a point of R; and y one of R;. Then F;, and hence H;+a+8+FP, is an 
S(x, y). Since (K;+a+F) (L:+8+F) =F, either K;+a+F or L;+8+F is 
an S(x, y), say the former. Now F is not an S(x, y), but (K;+a) (a+F) =a, 
a continuum. Thus K;+a is an S(x, y). 

This shows that R; is a part of a secondary component of Z—C, whereas 
R; is a part of the principal component. If F; contained points of F—C-F, 
it would follow that C separates F —C - F, contrary to the hypothesis. Hence 
F-—C-F cF,+F; and consequently C+F =F\+F. 


3. Let H and K be bounded continua, F=H+K, 
and H* =F—K and K*=F—H be connected. Let R be a component of Z—F, ~ 
let a and B be closed subsets of two different components of H-K, and let C 
be a bounded semi-separable continuum contained in R+a+B8 and irreducible 
between a and B. Let R, and Rz be the components of R—R-C whose frontiers 
F, and F; contain C. Then C+H, F.¢C+K, F,-H* 0, and F,-K* <0. 


This follows by the reasoning of the first two and last paragraphs of §6. 


Coroxtiary 4. Let R be a simply connected region whose frontier F is the 
irreducible sum of two bounded continua H and K, such that H*=F—K and 
K* =F —H are connected and H-K is not connected. Let a and B be closed sub- 
sets of two different components of H-K and let C be a bounded continuum 
contained in R+a+$ which is semi-separable and irreducible between a and 
8. Then there are two components of R—R-C whose respective. frontiers are 
C+H and C+K. 


By Corollary 3 there are two components R, and Rz whose frontiers F; 
and F, are parts of C+H and C+K, respectively, and contain C. If there is 
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any other component R; of R—R-C, it can be shown as in Corollary 2 that 
any point of R; is separated from one of R, by the union of a proper sub- 
continuum of C and one of the components of H- K. As H* is connected and 
F,-H* #0, the frontier F; of R; contains no point of H*. Then, if U is the 
union of the sets F; for i>2, U contains no point of H*. Hence H*+K* 
cF\+F. Since F=H+K is an irreducible sum, H*=H and K*=K. 
Combining these statements gives the desired result. 

Remarks. The requirement in Corollary 2 that C must not separate 
F—C-F is not trivial or superfluous. To see this, let F be-the union of a 
circumference M and a segment ad of a radius, where a lies on M and b 
within M. Let R be the bounded component of Z— F, a=a, and 8 be another 
point on M. Let C be the union of a circumference N lying in R and tangent 
to N at a and a ray in R starting at 8 and approaching N asymptotically. 
Then F\+F:=C+M, but not C+F. 

In regard to Corollary 4 it will be shown later by a theorem on accessibility 
that a and f cannot lie on more than two components of H- K and be subsets 
of a continuum C in R+a+ 8. This corollary is false unless both H* and K* 
are connected. 

10. The notion of arc-wise accessibility has been generalizedt in a form 
equivalent to the following definition. 

If F is a bounded continuum and R is a component of Z—F, the sub- 
continuum f of F is called accessible from R if for each point a of R there is a 
bounded continuum C such that Cc R+f; C>a;C-f40;C-F cf. 

The choice of a is obviously immaterial. It may well happen that no 
- point of f is accessible from R, either by aline ora continuum. Asan example, 
let F consist of a circumference f, two spirals approaching f asymptotically, 
and a chord joining the spirals, and let R be one of the principal components 
of Z—F. Then f, but no point of f, is accessible from R. The following is a 
special case of a theorem announced in the abstract referred to above. 


THEOREM. Let F be a bounded continuum and R a component of Z—F. 
Let f be a sub-continuum of F accessible from R and a be any point of R. Then 
there is aray contained in R whose initial point is a and whose improper limiting 
points lie on f. 

11. THroreM. Let H and K be bounded continua, H:K #0, F=H+K, 
and H*=F—K and K*=F—H be connected. If R is a component of Z—F, 
there is no continuum C contained in R+-H-K which has points on more than 
two components of H-K. 


7G. T. Whyburn, A generalized notion of accessibility, Bulletin of the American Mathematical 
Society, vol. 34, p. 429 (abstract). 
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Let us assume that R is bounded; a similar proof holds if R is unbounded. 
Now suppose the existence of a continuum C contained in R+H-K and 
having points on three components ay, a2, anda;of H:-K. Then H-K=)-3A,, 
where each A; is closed, no two have common points, and a; ¢ A;. 

Let P be a polygon in R whose interior J contains a point a of C and which 
is so large that no component of C—C-J connects any pair of the sets {A;}. 
For each 7 let C; be a sub-continuum of C irreducible between P and A; and 
let L; be a simple arc within P joining a to C;; let L;-L;=a if i#j. Set 
D; = L; +C ie 

Now D,+D2, is semi-separable and irreducible between A; and Az. By 
§9, Corollary 1, Di+ Dz divides R into several domains of which there are 
two, R; and Re, whose frontiers Fi and F; contain D,+D:. By Corollary 3 
of §9, F, c H+D,+D, and F, c K+D,+Dsz. 

As D; is irreducible between a and A; and D;-(Di+Dz2) =a, Ds lies in 
R, or Re, say in R. Applying the same references again, we see that there are 
two components R2, and Re of R2—R:-D; whose frontiers contain D,+D; 
and D:+Ds, respectively, and a part of K*. (For, as shown in the demon- 
stration of §9, Corollary 3, the frontier of Re: contains a sub-continuum of 
D,+K joining a and A;.) On the other hand there are two components Si 
and S: of R—R-(D,+D;) whose frontiers contain D,+D; and parts of K 
and H, respectively. One of these, say S,, equals Ra. Then S2> Ri, since 
R, borders the arc L;. Also S2> Re, since Re borders the arc Lz. This is a 
contradiction, since Sz does not have any frontier points on K*, but Re does. 
Hence the theorem is proved. 


12. THeorem. Let F be the union of two bounded continua H and K such 
that H - K is not connected and H* = F — K and K* =F —H are connected. Let R 
be a component of Z—F having frontier points on both H* and K*. Then 
exactly two components of H- K are accessible from R. 


By a theorem of Knaster and Kuratowskif there is a bounded continuum 
P which is an irreducible S(H*, K*) and of course contains points of each 
component of H-K. 

Let M=P-R. If M had points on three components a, 8, y of H-K, we 
would have a contradiction. For let A, B, C be components of M having 
limiting points on a, 8, y, respectively. Join A to B and C by arcs D and E 
within R. ThendA+B+C+D+E would be a continuum in R+H-K having 
points on more than two components of H- K, contrary to §11. 

Suppose now that M had points on only one component a of A-K. 


7 B.Knaster and C. Kuratowski, Sur les ensembles connexes, Fundamenta Mathematicae, vol. 2, 
p. 236. 
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Let N=P—M. Then Q=M+a+N is an S(H*, K*). The set N+a is not 
an S(H*, K*), since R has frontier points on both H* and K*. Since there is 
at least one other component of Z—F having this property, M+a is not 
an S(H*, K*). As (M+a)-(a+N) =a, a continuum, we havea contradiction. 

Thus M has points on two components a and 8 of H-K. If M does not 
contain a continuum irreducible between a and 8, M=M,+M2, where M, 
and Mz: are closed and Then N+a+68 is a 
continuum, since P isa continuum. As M,and M; contain points in R, neither 
M,+N+a+6 nor Ma.+N+a+6 is an S(H*, K*) by the argument of the 
previous paragraph. But (Mi+N+a+8)-(M.+N+a+)=N+a+t+8, a 
contradiction. Hence M contains a continuum irreducible between a and 
8 and meeting F—(a+8) nowhere. This proves the theorem. 

Remark. If in the above the components of H- K accessible from R are 
points, they are arcwise accessible from R. This follows at once from §10. 

13. Various conclusions can be deduced by combining the theorems of 
§§9-12. The most interesting is perhaps the following. 

Suppose that R is a simply connected region whose frontier F is a bounded 
continuum which is the union of two continua H and K such that H* =F—K 
and K*=F—H are connected. If H-K is not connected, it follows from 
§§10 and 12 that there are exactly two components a and 8 of H- K, each of 
which is accessible from R by a ray. Then there is a bounded connected set 
C* which is contained in R and has these properties: C* is the homeomorphic 
image of a simple arc and its limiting points form two continua of condensa- 
tion lying on a@ and 8, respectively. As C=C* is a continuum irreducible 
between a and 8, we may apply §9, Corollary 3. This, together with the 
fact that C—C-F does not cut the plane tells us that C divides R into two 
domains R, and R2, whose frontiers F; and F2 contain C and parts of H and 
K, respectively. If, furthermore, F =H-+K is an irreducible sum, we know 
by §9, Corollary 4, that F:=C+H and F.=C+K. Thus we have a very 
simple generalization of the division of a region bounded by a simple closed 
curve into two regions by a simple arc, applicable to very general frontiers 
and involving only the replacement of the simple arc by a continuum es- 
sentially equivalent to it. 


T Since the submission of this paper to the editors, there has been published in the Fundamenta 
Mathematicae, vol. 12, pp. 214-239, an article by C.Kuratowski (Sur la séparation d’ensembles situés 
sur le plan) containing a series of theorems, one of which (p. 227, Cor. 1) can be used to obtain this 
result. 
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AN APPLICATION OF THE CALCULUS OF VARIATIONS 
TO BOUNDARY VALUE PROBLEMS* 


BY 
A. O. HICKSON 


INTRODUCTION 


In a paper published in 1910 R. G. D. Richardson considered the Jacobi 
condition of the calculus of variations and, by means of well known theorems 
from integral equation theory and the calculus of variations, proved certain 
existence theorems and oscillation properties for the solutions of a restricted 
type of ordinary linear differential equations of the second order which 
contain a parameter. 

Having set up the integral 


D(x) = [p(x)u’? — 


where p and gq are analytic functions of x in the interval 0<x<1, p being 
positive and g nowhere positive within the interval, he considered the prob- 
lem of finding in a class of arcs satisfying the conditions 


(1) u(0)=0, u(1) =0, = 1, 
0 


where & is an analytic function of x on the interval 0<x<1, one for which 
D(u) takes on a minimum value. The Euler-Lagrange differential equation 
of this isoperimetric problem was found to be 


d 
(2) Li(u) = + qu + rku = 0. 


The function k was first supposed to be not negativet for O<x<1, and 
it then followed from the Hilbert theory of the integral equation correspond- 
ing to the boundary value problem defined by (2) and the first two equa- 


* Presented to the Society, April 6, 1928; received by the editors November 5, 1928. 

7 R. G. D. Richardson, Das Jacobische Kriterium der Variationsrechnung und die Oszillations- 
eigenschaften linearer Differentialgleichungen 2. Ordnung, Mathematische Annalen, vol. 68 (1910), 
p. 279. 

¢ The case where & changes sign in the interval was also treated. 
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u’ = —}), 
dx 
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tions of (1), that there exists a definitely increasing sequence of values 
d,(i =1, 2, - - - ) for each of which the equation L,(u) = 0 possesses a unique 
solution U; which satisfies the conditions imposed in the isoperimetric prob- 
lem. Again making use of the theory of integral equations he was able 
to prove that in the class of functions u(x) satisfying the conditions 


u(0) = 0, u(1) = 0, 
0 


1 1 1 
f kU,udx = 0, f kUgudx = 0,::-, f kU,-,udx = 0, 
0 0 0 


the integral D(u) has a minimum value and this value is the constant \, 
described above. Furthermore the minimizing function giving D(u) the value 
nis u(x) = +U,(x). By an application of some known results from the theory 
of differential equations and the Jacobi condition of the calculus of varia- 
tions, it was then proved that U; vanishes i—1 times in the interval 0<x<1. 

Professor G. A. Bliss suggested the consideration of the above problem 
without recourse to integral equation theory. As a result of his suggestions 
a method was developed which made use of known theorems in the calculus 
of variations and which, in some respects, was readily applied to a more 
general case. 

In this paper the boundary value problem is considered which arises from 
the problem of minimizing the second variation of the problem of the cal- 
culus of variations for a space of m+1 dimensions. This second variation is 


I2(n) f 2wo(x,n,n')dx, 


1 
where 


2wo(x,n,n') = Ping + + (i,j =1,---, 


and where the elements of n; form a set of so-called admissible variations. 
It is understood that in the formula for 2w»9 the summation convention of 
tensor analysis is used. A subscript i or 7 appearing twice in the same term 
indicates that the term is to be summed from 1 to m with respect to that 
subscript. It is supposed that the quadratic form R;;n/ n} is positive definite 
on the interval x,;<%<, and that the coefficients of 2wo are continuous 
functions of x with continuous second derivatives. In addition to the ex- 
tension of Richardson’s results to a space of +1 dimensions, it will be 
noted that the integral J2() is of a less restricted form than the integral 
treated in his paper. 

In §1 the matrix notation is introduced for the sake of brevity and 
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simplicity of expression, and a few preliminary remarks are made. In §2 we 
define the successive classes H;, H/ (i =1, 2, - - - ) of arcs n(x) in which we 
are to consider the problem of minimizing J2(n). In §3 it is proved by methods 
of the calculus of variations that I2(n) has a greatest lower bound Xo in the 
class H¢ , and that in the class H» there exists a set of ro linearly independent 
arcs for which 


I2(n) = 0. 


In §4 it is proved that J2(m) has a minimum value \, in the general class H/, 
and that in the class H; there exists a set of 7; linearly independent arcs for 
which 


T2(n) — f mdx = 0. 
71 

The third and fourth sections thus carry through an induction which enables 
one to arrive at a set of existence theorems for the boundary value problem 
with a parameter. These results are a generalization of the existence theorem 
in Richardson’s paper. One would not expect to find a direct generalization 
of his oscillation theorem, but it is very probable that there exist results for 
a system of ordinary linear differential equations of the second order with a 
parameter, which would be somewhat analogous to his oscillation theorem. 

The theorems from the calculus of variations to which one will refer in 
§4 are contained in most convenient form ina set of lectures* on the Lagrange 
problem given by Professor Bliss at Chicago. Analogous theorems for the 
problem without adjoined differential equations will be used to obtain the 
results of §3. 

In preparing this dissertation I have had the privilege of working under 
Professor Bliss and I wish to acknowledge his never failing advice and direc- 
tion. 


1. NOTATIONS AND PRELIMINARY REMARKS 
The problem of the calculus of variations is that of finding among the 
arcs 


(3) yi = yi(x) 22) 


which join two given points 1 and 2 in the (x, 1, - - - , ya)-space, one which 
minimizes an integral of the form 


* G.A. Bliss, The Problem of Lagrange in the Calculus of Variations, a mimeographed record of a 
set of lectures given at the University of Chicago in the summer of 1925. (Reference A.) See also 
Bolza, Vorlesungen tiber Variationsrechnung, pp. 542 ff. 


| 

| 
| 

| 

| 
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Ip = f f(x, 9, 


where y and y’ are symbols for the vectors (y:, ---, yn) and (yi,---, 92) 


respectively. 
The matrix and vector notation will be used. The symbols 


will always represent vectors. Italic capitals, unless otherwise stated, will 
symbolize matrices. Any small symbol with a bracketed or double super- 
script will always represent a vector and any symbol with a subscript will 
stand for a single element. The meaning of other symbols which may occur 
will be clear from the context. If, for example, Q is a matrix and 7 a vector 
in this simplified notation, then Qy represents a vector (Qiam+ - + - +Qintn} 
i=1,---,m) and a vector (mQut+ --- +7nQni; i=1,---,), which 
shows that Qn =7Q where Q denotes the transpose of Q. We have, in fact, 
the relations 


Qnn’ = (Qn)n’ = n'(Qn) = (n'Q)n = Qn’n = (n0)n’ = 0(Qn’). 


The expression 7né will often be used for Jn~ where J is the identity matrix.* 

The assumption will be made as usual that in a neighborhood N of the 
values (x, y, y’) on the minimizing arc the function f has continuous deriva- 
tives up to and including those of the fourth order. An admissible arc is 
defined to be an arc of the form (3) which is continuous and consists of a finite 
number of arcs each of which possesses a continuous derivative. A variation 
arc n(x) must be admissible. 

The second variation f of the integral Jo is 


I2(n) = f 2wo(x,n,n')dx 
where ‘ 
2wo(x,n,n’) = funn + 2fyynn’ + fyryn'n’. 


Writing P =f,,, Q =f,, and R =f,,, one has 
I2(n) = f (Pan + 20m!’ + Rn'n')dx. 
* For a more detailed explanation of the matrix notation see G. A. Bliss, Annals of Mathematics, 


(2), vol. 6 (1905), p. 58. 
t J. Hadamard, Legons sur le Calcul des Variations, vol. 1 p. 317. 
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On account of the assumptions made concerning the function f, the matrices 
P, Q and R are continuous and have continuous derivatives of the first 
two orders. It will be also assumed that the quadratic form Rn7 is positive 
definite on x; 3x S422. Then the determinant of the matrix R will be different 
from zero on that interval. 

If Ey is a minimizing arc, then J2(m) must be greater than or equal to zero 
for every set of admissible variations satisfying the end conditions n(x) 
=n(x2)=0. This result suggests a new minimum problem in the xn-space 
with the integral J; in place of J) and the end points (x, 7) =(a, 0), (x, n) 
= (x2, 0) in place of the end points of Ew. By a solution of a system of 
ordinary linear homogeneous differential equations of the second order will 
be meant an arc, having continuous first and second derivatives, defined by 
a vector (x) which satisfies these equations. The class Ho is defined to be all 
admissible arcs n(x) for which (x1) =7(x2) =0, and the problem in x7-space 
may be stated as that of minimizing J2(n) in the class of arcs Ho. Since 
|R| 0 on and | =|R|, it follows* that an arc which mini- 
mizes J2(n) in the class Hy must be a solution of the system of equations 


(4) J(n) = 0, n(x1) = n(x2) = 0, 


where 


d d 
J(n) = —woy — &oy = —(Qn + Rn’) — (Pn + Qn’). 
dx dx 


The system of equations (4) is linear and homogeneous in the variables 
n,n’, n’’ and the determinant of the variables n’’ is the determinant of the 
matrix Wo,’,, which is equal to the determinant of R. The determinant |R| 
is different from zero along Ey» and hence from the theory of differential 
equations it follows that the system (4) has one and but one solution 7 
taking prescribed values of 7, wo, at a given value of x. A matrix of  solu- 
tions u(*) (k=1, ---, exists therefore for which the matrix U =||u‘*|| 
is the identity matrix and the corresponding matrix of the functions wo, 
has allits elements zero at the point 1. Also there exists a matrix of m solutions 
o(*) (k=1,---, m) for which the matrix V =||v‘*|| has all its elements zero 
at the point 1 and the corresponding matrix of the functions wo, is the 
identity matrix at that point. Furthermore the columns of U and V form 2n 
linearly independent solutions of the system (4). If « and v are two solutions 
of (4) for which the constant expression 


— 


* Hadamard, loc. cit., p. 67, p. 73. 
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is zero, they are said to be conjugate solutions.* The solutions u‘*) ( =1, 
- +, m) are conjugate pairs, since their functions wo, all vanish for x =. 


2. THE CLASSES OF ARCS H; AND H/ 


We will now define the classes of arcs for the various minimum problems 
to be studied and will sketch, as far as is necessary for that purpose, the 
methods of the next two sections. The class of arcs Hy is by definition made 
up of all arcs n(x) which satisfy the conditions n(x) =0, n(%2) =0 and which 
possess continuous derivatives on the interval x; <x <x, except possibly at a 
finite number of corners, and the class H@ is the totality of arcs of the class 
H which satisfy the further condition 


f nndx = 1. 


Arcs which satisfy this condition will be called normed. The problem of 
minimizing J2(n) in the class Hg will be considered in the next section. 
It will be proved that J2(y) has a minimum value Ao in the class H¢ , and that 
there exists a set of linearly independent arcs n* (k =1, - - - , 70) in the class 
such that 
I2(n) — f mdx = 0. 
The functions n* (k =1, - - - , ro) are called the characteristic functions for 
the class Ho. The class H, is now defined to be all those arcs of the class 
H, for which the conditions 
f *ndx = 0 
21 


are satisfied. The class H/ is then taken to be all normed arcs of the class 
H;. By methods developed in §3 it is possible to prove directly that there 
exists a set of linearly independent characteristic functions n* (k =1,---, r1) 
in the class H; for which 
I2(n) — mf mdx = 0, 


where \, is ‘the greatest lower bound of the values of J2(n) in the class H/. 
The class H; is then defined to be all arcs of H; for which 


f n*ndx = 0 r1), 


and the class H/ consists of all normed arcs of the class H2. 


* Bliss, loc. cit. A, p. 73; von Escherich, Wiener Berichte, vol. 107, p. 1244. 
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Supposing the existence of a set of characteristic functions in the class 
H2, one defines the classes H; and Hj in a manner similar to the definitions 
of the classes H2 and H/. One proceeds in this manner and defines the general 
classes H; and H/ , the class H; being all those arcs in the class H;_; for which 


f *ndx = 0 


where, if \;-1 is the minimum value of J2(y) in the class H/_;, the n‘-!: * 
are the r,_,; linearly independent characteristic functions in the class H;_; 
for which 


I2(n) —Ai-1 f mdx = 0. 


The class H/ consists of all normed arcs of the class H;. That is, the class 
H; is made up of all arcs 7 which have continuous derivatives except at a 
finite number of points on the interval «;<* <2 and which satisfy the con- 
ditions 


= = 0, f le «1, 


1 


3. THE MINIMUM OF THE SECOND VARIATION IN THE CLASS Hg 


The problem of minimizing J2(n) in the class H¢ is that of finding among 
all admissible arcs 7 satisfying the conditions 


=1, = = 0 


one for which the integral J2(n) takes a minimum value. If one introduces 
the new variable 
fo = f nnd x 
71 


the problem becomes that of finding among the arcs (x), {o(x) joining the 
two points (x, 7, 0) =(x1, 0, 0) and (x, 7, fo) =(xe, 0, 1) and satisfying the 
equation 

go = —m=0 


one which minimizes the integral 


f 


71 
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That is, the isoperimetric problem has been replaced by an equivalent 
Lagrange problem of the calculus of variations. Having set up the form 


Q(x,,n') = 2wo + — mm) 


one notes that | is different from zero on x: The first necessary 
condition* of the Lagrange problem gives then the following result: 


THEOREM 1. An arc n(x) which minimizes I2(n) in the class Hg must be 
a solution of the boundary value problem 


J(n) =0, = = 0. 
It is further possible to prove 


THEOREM 2. The values of the integral I2(n) in the class H¢ have a greatest 
lower bound Xo. 


To prove this a new vector ¢ is introduced by means of the m equations 
f= = Qn + Rn’. 


Since the determinant of R is different from zero on x; Sx S22, these equations 
may be solved for the elements of the vector 7’ in the form 


= RY — RQn = — QR. 


One substitutes this expression for 7’ in the integral 


I2(n) — af ‘ands = f — + 2000! + 


and finds that the integral takes the form 


where A = P— OR-0. 7 
The matrix of the quadratic form (A —XJ)n7 is 


ani 


where the a;; are independent of \. The chain of principal minors from a,—A 
to the determinant of the matrix A—XI have respectively —X, d*,---, 
(—1)"A" as the dominant terms in \. Certainly for \ sufficiently large and 


* Bliss, loc. cit. A, p. 10. 


— 
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negative these determinants will all be positive.* That is, for a sufficiently 
large negative value of \ the form (A —AJ)n7 will be positive definite for all 
x On %,SxSx2. Also under the transformation u =R-{¢ the form Ruu 
becomes R-'{¢. Hence the assumption that Ruw is positive definite implies 
the same property for R-{¢. There exists therefore a smallest value Xo 
of \ such that 


I2(n) — mf mdx = 0 


71 


for every 7 in the class Ho. Hence the theorem. 
The following lemma is of importance in the proof of later theorems. 


Lemma 1. Along every admissible arc n which is a solution of the boundary 
value problem 


(5) J(n) +n = 0, (x1) = n(x2) = 0 


the integral 


I2(n) — 


has the value zero. 


For the proof one makes use of a well known property of quadratic forms 
to write the integral J2(7) as 


I2(n) -f 2wodx -f (nwo, + 
z Z1 


1 


On integrating the second term of the right member by parts, this becomes 


d 
I2(n) = nwoy | + f 
21 dx 


If 7 is a solution of the boundary value problem (5), one notes immediately 
that 


= af nndx. 


CoroLitaRy. Along every normed admissible arc which is a solution of the 
boundary value problem (5) the integral I2(n) has the value X. 


* It is of interest to note that for a sufficiently large and positive \ the principal minor determi- 
nants of the chain will alternate in sign. If Ryn is supposed negative definite on x; SxS, then 
the values of J2(m) have a least upper bound in the class Hg . 
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The problem of minimizing the integral 
(6) T2(n) — Xo f nnd x 


in the class Ho will now be considered. The arc 7 =0 is a minimizing arc. 
For if there existed an arc u in Ho for which the integral (6) were less than 


zero, then the vector 
Zs —1/2 
n=4u [ f 


would be in the class H,’ and would give J2(n) a value less than Xp» which is a 
contradiction. 
The second variation of (6) is 


where 
= (P — Aol)nn + + 


and é is a set of admissible variations. The Euler system and the Jacobi* 
system of n differential equations for the problem of minimizing the integral 
(6) are therefore identical; namely 


(8) J(n) +» = 0 
for =Xo. 


THEOREM 3. There exists a set of ro linearly independent arcs n°*(x) (k =1, 
ro) in the class Hy such that 


T2(n°*) — f = 0 
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For the proof one considers the problem of minimizing the integral (6) 
in the class Hy. As noted above, the Euler and the Jacobi differential equa- 
tions for this problem are identical. In §1 the solutions of such a system were 
considered and a matrix of solutions V was uniquely determined whose 
elements all vanish at x =x, and such that the matrix of the corresponding 
functions wo was the identity matrix J. Also if \ is allowed to vary the 
solutions of the system (8) are continuous functions of \.t The determinant 


* Bliss, loc. cit. A, pp. 57-63. The minimum problem discussed above has no adjoined differential 
equations, and theorems, corresponding to those of the Lagrange problem, hold for this more special 


case. 
J. Horn, Gewdhnliche Differential gleichungen beliebiger Ordnung, p. 293. 
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of the matrix Visa Mayer* determinant A(x, x,,9) forour minimizing problem, 
since its columns are ” linearly independent solutions of the Jacobi differen- 
tial equations and its elements vanish at x =x,. The vanishing of A(x, x1, Xo) 
for a value of x between x; and x2 implies that there exists an admissible arc 
such that the second variation (7) is less than zero.* Since (7) is the same as 
the integral (6), this result contradicts the previous statement that Xo is the 
minimum value of J2(n) in the class Hj. Hence A(x, x:, Xo) cannot vanish 
for a value x between and x2. 

In order to prove that A(x, 21, Xo) must vanish at x = x2, it will now be 
assumed that A(x, x1, Xo) is different from zero on x;<x Sz and it will then 
be shown that this leads to a contradiction. The determinant of the matrix U 
with initial valueJ at x =21, as set up in §1, is a continuous function of \ which 
is different from zero at x=x,. Also the columns of U form a conjugate sys- 
tem of solutions of the Jacobi differential equations. If is allowed to vary, 
the matrix U with the same initial conditions as before will still have for 
columns a conjugate system of solutions of the corresponding Jacobi differ- 
ential equations, and for h sufficiently small and positive there will be an 
interval «;—h<x<21+h on which U(x, \o+€) will be different from zero. 
It is knownf that A(x, x1, Ao+¢) cannot vanish for a pair of points x’, x’ on 
an interval x,—h<x<x,+h for which there is a conjugate system with 
determinant |U(x, \o+¢) | #0. Thus A(x, 1, is different from zero on 
41<x<2:+h. From continuity considerations A(x, x:, \o+e) is different 
from zero on %1:+hSxS%-2 if also A(x, x1, Xo) is different from zero on that 
interval, € being positive and sufficiently small. That is, A(x, x1, \o) #0 
on implies A(x, #0 on for € positive and 
sufficiently small. 

Consider now the problem of minimizing 


(9) I2(n) — (Ao + €) f maz 


in the class Ho. If A(x, x1, \o+€) is different from zero on the interval 21<x#< 
%2, there exists no conjugate point on this interval for the extremal arc 7 =0. 
The Clebsch§ quadratic form is Raa which is greater than zero for every 
set =(m,---, tn) 0). The Weierstrass§ function E(x, n, 7’, 
¢’) is found to be 


— + = RYE — — 1’) 


* See first footnote on page 572. 

t Bliss, loc. cit. A, p. 75; Bolza, loc. cit., p. 632. 
t Bliss, loc. cit. A, p. 52; Bolza, loc. cit., p. 610. 
§ Bliss, loc. cit. A, pp. 49-51. 
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which is greater than zero for every {’*7’. From the sufficiency theorem* 
of the calculus of variations it therefore follows that the extremal arc 7 =0, 
containing no conjugate point on x,<x <2, gives (9) a smaller value than 
any other arc & of the class H» which is not identically zero. If then A(x, 
%1, Xo) is different from zero on x; <x one finds that A(x, x1, has 
the same property and hence /2(n) >Ao+e for every arc of the class H¢. 
This contradicts the hypothesis that X» is the greatest lower bound of J2(7) 
in the class Hj. Therefore A(x2, x1, Xo) =0. That is, the columns of the 
matrix V are linearly dependent at x =e. 
If the rank of the matrix V is m—ro at x = x2, the equations 


V(xe)e = 0, 


where ¢ =(¢;, - - - ,€n) is independent of x, have ro linearly independent solu- 
tions c~0 and these define a fundamental system of solutions of these 
linear equations in terms of which all other solutions are linearly expressible. 
Moreover for each such ¢ the vector 7 =Vc is a solution of the boundary 
value problem (5) corresponding to the valueA =o. Hence by Lemma 1 there 
exist ro linearly independent arcs n°*(k =1, - - - , 79) of the class Hy such that 


I2(n) — f mdx = 0. 
CoroLiLARY. There exists a set of ro linearly independent arcs in the class 
H¢ for which the integral I2(n) takes the value Xo. 


4. THE MINIMUM OF THE SECOND VARIATION IN THE CLASS H 


In the previous section it has been proved that J.(n) has a minimum 
value Ao in the class H@ , and that there exists a set of ro linearly independent 
arcs in the class Ho for which the relation 


holds. The classes H; and H; will then be defined as in §2. Since Hy is a 
sub-class of Hg it follows that J:(n) has a greatest lower bound ), in the 
class Hj and that A, cannot be less than Ao. In order to prove by induction 
that there exists in the general class H; a set of 7; linearly independent arcs 
for which the integral 


(11) I2(n) — 
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* Bliss, loc. cit. A, p. 70; Bolza, loc. cit., p. 638. 
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is zero, we will assume the existence of such a set for each of the classes Hi, 
Hin with replaced by x, -- Asa, Tespectively, in the 
integral (11). We will denote these sets in the classes Hi,---, Hi1 by 
nit, ---, *-) * where the range of & will be determined by the first super- 
script. For example, in the symbol n**, k has the range 1, - - - ,7;. The classes 
H; and H! will then be defined as in §2. Since H/ is a sub-class of H{_: it 
follows that I2(n) has a greatest lower bound X, in the class H/ and that d,; 
cannot be less than \;-1. 

The problem of minimizing the integral (11) in the class H; will now be 
considered. If we introduce therp+7i1+ - - - new variables 


Sox = f Sir -f f nt) *ndx, 
Z1 Z1 
set p =rotnit --- write n* and =1, 2, - - - , p) as new notations 
for the sets n*, - - - , and fox, Siz, respectively, and let 
z represent the vector whose elements are 7 and the ¢;, the problem becomes 
that of finding among all the admissible arcs z(x) joining the two points 
(x, 2) = (a1, 0) and (x, z) = (x2, 0), and satisfying the equations 


= fi — = 0,7 


one which gives the integral (11) a minimum value. The problem is therefore 
a Lagrange problem with p adjoined differential equations. The arc z =Ois a 
minimizing arc. For, if there existed a vector u in the class H; for which the 
integral (11) were less than zero, then the arc 


—1/2 
7 = f 
21 


would be in the class Hj and would give J2(n) a value less than \;, which is a 
contradiction. 

Writing u and ¢ as symbols for the vectors - - - , and (qi, - - - 
one sets up the form 


2w; = 2wo — Amn + 2nd, 


where the elements of » are Lagrange multipliers to be determined. The 
determinant 


Wizz’ Dz! | 
gz’ 0 


is readily found to equal — |R|. Hence R; is different from zero on x; Sx S22. 


| 
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Therefore it follows* that an arc which minimizes the integral (11) in the 
class H; must be a solution of the Euler-Lagrange system of equations 
d 


dx 


These equations are the system 


p 

(12) J(n) + din + = 0, =0 (uo? = 

with the equations dug/dx = 0 which say that the ws are constants. 

For a quadratic form 2w; in the integrand it is readily seen that the 
second variation is a quadratic form with the same coefficients. The equa- 
tions of variationj of the equations ¢=0 are the same equations since the 
@ are linear. The equations (12) are linear. It follows readily therefore 
that the accessory equationst for the minimum problem under consideration 
are the Euler-Lagrange equations (12) themselves. 

In the proof of the existence theorem of this section use will be made of the 
two following lemmas: 


Lemma 2.§ The sets n* are linearly independent. 


For, suppose can® =0 (8 =1,---,p). Then, for every 7*, 


Zs 
0= f can’n*dx -f con *dx, 
z 


1 


where y ranges over the indices for which 7*, 77 are in the same set ‘(7 = 
1,---,7,). Therefore 


f cynrten’dx = 0, 

the range of 6 being the same as that of y. That is, c,n7 is identically zero 
and hence c, =0. A similar argument shows that all of the other coefficients 
Cg are zero. 


* Bliss, loc. cit. A, p. 11; Bolza, loc. cit., p. 558. 

Tt Bliss, loc. cit. A, p. 4. 

t Bliss, loc. cit. A, p. 57; von Escherich, loc. cit., vol. 107, p. 1236. 

§ For the proof of Lemmas 2 and 3 it is convenient to use the notation of tensor analysis, along 
with the matrix notation. For example, 


cof = 


stands for the vector (cym'+ + 
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Lemma 3. The Lagrange multipliers ug are zero for every solution n(x) 
of (12) which satisfies the conditions 


(2) = 0, fled = f 
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From the definition of £; it follows also that {.(x:)=0. For the proof 
of the lemma we have 


J(n) + dn + = 0, J(n*) + = 0, = n*(xe) = 0, 
where ’ is one of the constants Ay, Ae, - - - , Axi. Hence 
n*I(n) — (n*) + (Ai — + = 0, 


or, after some computation, 


d 
— + (Xs — + = 0. 


Integrating from x; to x2 and using the hypotheses of the lemma, one obtains 
bp f =0 
21 
If the wg are not all zero, we find 
f =0 (6,7 = 
21 
Therefore y7° is identically zero and hence by the preceding lemma ps, =0. 


THEOREM 4. There exists a set of r; linearly independent arcs n‘*(x) (k = 
1,---,7:) inthe class H; such that 


— f = 0 
Moreover d; is definitely greater than dj-1. 

For the proof one considers the problem of minimizing the integral (11) 
in the class H;. As noted above, the Euler-Lagrange and the accessory 
system of differential equations are identical, namely 
(13) J(n) + = 0, =0, 


for \=);. This system is linear and homogeneous in the variables z, 2’, 
z’’, 48, ¢e and the determinant of the variables z’’, ug is equal to the deter- 
minant of the matrix R. In §1, the solutions of such a system were considered 


| 
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and it was noted that a matrix V can be uniquely determined whose columns 
are n+p linearly independent solutions z=(n, ¢) of (13), whose elements 
all vanish at x«=2,, and such that the matrix of the m+ p corresponding 
fun ctions w,. is the identity matrix J at x=x,. Also if \ is allowed to vary, 
the solutions of the system (13) are continuous functions of \. The determin- 
anteof the matrix V is a Mayer determinant* for our minimizing problem, 
since its columns are m+ linearly independent solutions of the accessory 
syst m which vanish at «=;. The vanishing of |V | = A(x,21,d,) for a value 
of xbetween x; and x2 implies} that there exists an admissible set £ of n+p 
functions which substituted for n, ¢ make the second variation of our mini- 
mum problem less than zero. Since this second variation is the same as the 
integral (11), we have a contradiction of the previous statement that \; is the 
minimum value of J2(n) in the class H/. Hence A(x, x:, \;) cannot vanish 
for a value of x between x; and 2. 

The proof that A(x, x, \;) must vanish at x =z follows by an argument 
corresponding to that of Theorem 3, if Xo is replaced by d;, A(x, x1, Xo) by 
A(x, #1, \;) and the matrix U by its corresponding matrix. Since A(x2, x1, 
,) =0, it follows that the columns of the matrix V are linearly dependent 
at 

If the rank of the matrix V isn+p—r; at x =%2, the equations 


V(xe)c = 0, 


where ¢ =(¢1, - - - ,€n4,) is independent of x, have r; linearly independent sol- 
utions c¥0, which define a fundamental system of solutions of these linear 
equations in terms of which all other solutions different from zero are 
linearly expressible. Moreover, for each such c the vector w = Vc is a solution 
of the system of equations (12) with elements all vanishing at x; and 22. 
The conditions of Lemma 3 are satisfied. Hence by Lemma 1 there exist r; 
linearly independent arcs 


nit, (k=1,---, 75) 


of the class H; for which the n** satisfy equation (10) with A» replaced by A. 

To prove A; >),-1, it is first shown that no n** can be a linear combination 
of the n*--*. This follows from the proof of Lemma 2 if we let the sets n* 
include the n* as well as n°’, - - - , n*-??. In the class H;_, the only sets 7 
making 


. 63; Bolza, loc. cit., p. 611. 


* Bliss, loc. cit. A, p 
A, p. 59; Bolza, loc. cit., p. 617. 


T Bliss, loc. cit. A, 
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I2(n) — rer f mdx = 0 


71 


are the sets n*-!-* (k =1, - - - , r;_1) and linear combinations of them, as was 
found in the preceding pages. As just shown above, no n** can be such a linear 
combination. But n** satisfies the relation 


I2(n) — mf mdx = 0. 
Hence \;+#),_1, and since \; cannot be less than A;_; one has A;>Ai-1. This 
completes the proof of Theorem 4, and one readily sees that the following 
corollary is also true: 


Corotiary. There exists a set of r; linearly independent arcs in the class 
H! for which the integral I2(n) takes the value d,. 


BRowN UNIVERSITY, 
PROVIDENCE, R. I. 
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AN EXTENSION OF PASCAL’S THEOREM* 


BY 
CHARLES A. RUPP 


INTRODUCTION 


In 1825 the Académie Royale de Bruxelles proposed as a prize topic the 
extension of Pascal’s theorem to space of three dimensions. The prize was 
won by Dandelin,} who showed that a skew hexagon formed of three lines 
from each regulus of a hyperboloid of revolution has the Pascal property that 
pairs of opposite planes meet on a plane, and the dual, or Brianchon pro- 
perty, that the lines joining pairs of opposite vertices meet in a point. 
Hessef wrote several papers on the Dandelin skew hexagons, emphasizing 
the polar properties of the Pascal plane and the Brianchon point with respect 
to the quadric bearing the two reguli. Several of the older analytic geometries 
of three dimensions devote some space to the problem of the skew hexagon, 
as Salmon, and more notably Pliicker§, who offered much original material. 
In a recent article, the present writer|| has discussed the skew hexagon from 
an elementary analytic approach. 

The foregoing citations exhibit the idea that Pascal’s theorem deals 
with six elements of a quadratic curve, and that the space extension offered 
will deal with six elements of a quadric surface. It happens that an extension 
of this sort is valid in space of three dimensions; but in S,, where n >3, it is 
clear that a skew hexagon of six rulings of a hyperquadric must lie in an 
S; if it is to possess the Brianchon property. It seems, therefore, that the 
hexagon idea must be abandoned in the search for a valid extension of Pascal’s 
theorem in S,. 

In the plane, a variant of Pascal’s theorem affirms that if two triangles 
are in homology, then the six points of intersection of the sides of the one 
with the non-corresponding sides of the other lie upon a conic. From a 
consideration of the converses of this theorem and its dual it occurred in- 


* Presented to the Society, April 6, 1928; received by the editors in October, 1928, and (revised) 
in April, 1929. 

t Dandelin, Mémoire sur Vhyperboloide de révolution et sur les hexagones de Pascal et de M. 
Brianchon, Nouvelles Mémoires de !’Académie Royale de Bruxelies, vol. 3 (1826), pp. 1-14. 

t Hesse, Werke, pp. 58, 651, 676. 

§ Pliicker, System der Geometrie des Riumes, §§87-92. 

| Rupp, Stereographic projection of a quadric, American Mathematical Monthly, vol. 25 (1928), 
pp. 415-421. 
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dependently to Chasles* and to Weddle that the Pascal configuration might 
conveniently be considered as a property of a pair of triangles whose sides 
meet on a conic, and that the space extension would concern a pair of tetra- 
hedra and a quadric; in the plane opposite sides of the triangles meet in a 
triple of points on a line, and hence these geometers reasoned that in space 
opposite faces of the tetrahedra would meet in a quadruple of lines on a 
regulus. They readily devised synthetic proofs of the theorem. Chasles 
made the pregnant observation that the twelve points common to the edges 
of a given tetrahedron and quadric could be arranged in several ways to 
define a second tetrahedron which would be effective in the theorem. Weddle 
went on to study various properties possessed by a pair of effective tetra- 
hedra, and thereby discovered several properties later used by Schlafli in 
discussing Schlafli simplexes. 

Closely allied to the theorem generalized by Chasles and by Weddle is 
another stating that if two triangles are polar reciprocal with respect to a 
conic, they are perspective, and hence the lines joining non-corresponding 
vertices touch a conic, and dually. Schlaflit discussed the analogous situation 
in S,. His most important discovery was that two simplexes, or complete 
(n+1)-points, of S, which are polar reciprocal with respect to a hyperquadric 
have what is now called the Schlafli property, i.e., the +1 S,_2’s of intersec- 
tion of corresponding S,_1’s (hyperplanes, faces) of the two simplexes lie in 
such a position that the lines of S, which meet m of the S,_»’s meet also the 
other. Following the suggestion of Berzolari,§ one now speaks of Schlafli 
simplexes, of a Schlafli set of lines or of S,_2’s, or of lines or S,-2’s in the 
position of Schlafli. Other contributions to the knowledge of the Schlafli 
situation are due to Brusotti|] and the present writer.{ The extension of 
Pascal’s theorem which this paper presents has a close connection with the 
Schlafli situation. 

It will be shown that it is possible to construct, from the points common 
to a hyperquadric and the edges of a simplex, a certain number of auxiliary 
simplexes, each of which may be paired with the given simplex to make a 
Schlafli pair; the 0*-* lines which meet the S,_»’s of a Schlafli set. thus 


* Chasles, A percu Historique, Note 32. 

t Weddle, On theorems in space analogous to those of Pascal and Brianchon in a plane, Cambridge 
and Dublin Mathematical Journal, vol. 6 (1851), pp. 116-140. 

t Schlafli, Erweiterung des Sdtzes, dass zwei polare Dreiecke perspektivisch liegen, auf eine beliebige 
Zahl von Dimensionen, Journal fiir Mathematik, vol. 65 (1866), pp. 189-197. 

§ Berzolari, Sistemi di rette in posizione di Schlafli, Rendiconti del Circolo Matematico di 
Palermo, vol. 20 (1905), pp. 229-248. 

|| Brusotti, Rendiconti del Circolo Matematico di Palermo, vol. 20 (1905), pp. 248-261. 

{| Rupp, (unpublished) Chicago (1928) doctoral thesis. 
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defined lie upon a variety of order and dimension m—1, denoted by the 
symbol V"~}. On each V%~; there are (n—1)! families of generators; since 
in S; the families are called reguli, we shall use the term hyperregulus to refer 
to aset of 0? lines which are rulings of a V*-}. The older literature about 
the variety appears to be scanty; Segre* twice mentions it casually in the 
Encyclopedia. Three papers on the variety have recently been published. t 


I. THE NOTATION 


The figure in S, consisting of m+1 points, which do not lie in the same 
S,-1, the (n+1)n/2 lines joining the points in pairs, the (n+1)n(n—1)/6 
planes joining the points in triples, - - - ,and then+1 S,_.’s joining the points 
in n-tuples, is called a simplex. The points, lines, and hyperplanes (S,-1’s) 
of a simplex are called its vertices, edges, and faces, respectively. Choose a 
given simplex F as the basis of a homogeneous coérdinate system; the coér- 
dinates of the ith vertex P;, where i runs from 0 to , are all zero save at the 
ith place. The face of F that does not contain P; is called the face opposite 
to P;, and will be denoted by p,; its equation is x; =0. 

A hypersurface (variety of dimension m — 1) of the second order is the locus 
of points satisfying a quadratic equation; such a hypersurface is called a 
hyperquadric. Let there be given a hyperquadric of equation 


(1) Q: = 0 (i,j =0,1,---, = ay). 
The edges of the fundamental simplex F meet the given hyperquadric Q in 
2m piercing points P;;, where 2m =n(n+1), and the points P;;, P;; lie on the 
line P;P;. To find the coérdinates of these piercing points, solve the binary 
quadratic 
(2) + + = 0. 
It will be convenient to use the quantities defined by 

= a2; — 
(3) bis = ii, = AG = 


= Cig = Gig — = Cji, 


in exhibiting the coérdinates of P;; and P;; in the form 


* Segre, Encycklopadie der Mathematischen Wissenschaften, vol. III C7, p. 815 and p. 832. 

t Wong, On a certain system of ©** lines in r-space, and On the loci of the lines incident with k 
(r—2)-spaces in S,, Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 553-554, and 
pp. 715-717. 

Rupp, The equation of the Vn={ in Sn», Bulletin of the American Mathematical Society, vol. 35 
(1929), pp. 319-320. 
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Xi all other coordinates 
Pi; bi; 0 
0 
bis 0 


Pii Cij — Cis 0 


(4) 


Note that the coérdinates of either piercing point on an edge of F may be 
expressed either in terms of b,; or c;;. In handling the first effective simplex 
which we shall set up, we shall use only the quantities b,;;; we shall find that 
the other effective simplexes can be found from the first, or standard one, by 
interchanging the elements in certain pairs of the points P;; and P;;. The 
corresponding change in the analytic work is accomplished by replacing the 
appropriate b,; by c;;. If the hyperquadric Q is a general one, the quantities 
b,; and ¢;; will all be different from zero. 

The standard effective grouping of the 2m piercing points will be defined 
by the symbolic matrix 


(5) (Ps) 


The elements of the matrix (P;;) are the piercing points P;;; there are n+1 
rows and columns, each containing m points. The points of the ith row 
share the first subscript 7, and no pair of them share the second subscript. 
Geometrically, the points of the ith row lie one on each of the m edges of 
F which pass through the vertex P;. Through the points of the 7th row can 
be passed a unique S,_1, which we call 7; and make correspond to the hyper- 
plane p; of F, which is the face of F opposite P;. 

The standard grouping G; accordingly defines +1 hyperplanes 7; which 
constitute the faces of a simplex, 71, said to be auxiliary to F, the fundamental 
simplex. The vertices of 7, may be called the points R;, R; being opposite to 
m;; The points R; and P; are said to be corresponding points. 

Consider the problem of determining all the groups of the 2m piercing 
points which have the geometrical property of G;. In choosing the points of 
the first row, we may take either of the piercing points on each of the n 
edges through the corresponding vertex, that is, there are 2” possible ways 
to choose the first row. There are but 2"-! ways to choose the second row, 
for on one of the edges there is but one available piercing point, the other 
having been already used. Proceeding in this fashion, we see that there are 
in all 


2° K 28-1! K 22X22 = 
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possible groupings of the 2m piercing points P;; which have the same geo- 
metrical character that G; has. 

In keeping account of the individual members of this set of 2” effective 
groupings it is convenient to use a multiple index system; the general 
grouping of the set will be denoted by 


where the general subscript a, ranges through 1,2, 3, - - - , to 2"+! for all values 
ofr from 2 tom—1inclusive. The subscript a; ranges from 1 to8. Each ofthe 
subscripts controls a certain sub-set of the points P;;; the nature of this 
control is indicated in the following display: 


Qn—1 


Pos Par Pao Pas Pon ++ 
Pao Pao Pas Puno Pin: 
Pao Par Pos Pas 
Pao Pau Pao Pos 
Pos Pis Pao Pras 
Pos Par Pos Pas 


Poa Pai Par Pos 


Pos Pis Pos Pr 


a1 a2 
P 
1 Px Pa 
Po Pa 
P 
2 “ Pos Pai 
Por Pa 
P 
3 P30 Pis 
Pp Pi 
P 
4 P3o Ps 
Por Piz 
P 
5 Pos Pis 
Po 
P 
6 Pos Pa 
Por Pa 
P 
7 P30 Pis 
Po Piz 
™ Pos P 
oP; 
Poo Pie 
16 
2" Pen * 
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To get the lower half of the matrix which is the complete display of 
Gajas: + -a,_,, We adjoin the sets of points P;; controlled by the various indices, 
and fill in the upper half of the matrix by inversive symmetry. As an example 
we give the upper left hand corner of the matrix Gys . . . : 


Pu Po Po 
Pio Pa 
Po §=Piz P32 
Pos Pis Pas 


Each of these groupings G, will define, in the same manner that G; did, 
a simplex, T., auxiliary to the fundamental simplex F. The 2” simplexes 
T,, are called the auxiliary simplexes of the extended Pascal configuration in 
S,, or simply the simplexes of the Kf,. The 2” pairs of simplexes composed of 
the fundamental simplex F and one of the auxiliary simplexes will be called 
the pairs of Kf,. It will be shown that the pairs of Kf, are Schlafli pairs of 
simplexes, and hence each determines a hyperregulus; the 2” hyperreguli will 
be called the hyperreguli of Kf,; thus the symbol Kf, means the total con- 
figuration of geometric elements associated with the extended Pascal theorem 
in 


II. THEOREMS IN S, 


THEOREM 1. The intersections of corresponding faces (and the lines joining 
corresponding vertices) of the pairings of an extended Pascal configuration in S,, 
are linearly dependent. 


Consider first the pair of simplexes F and 7), corresponding to the group- 
ing G;. By the use of (4), it is seen that the equations of the faces of 7; are 


(6) = 0 (i,j = 0,1,---,m). 


The equations of the +1 S,_2’s of intersection with the corresponding faces 
of F may be written as 


(7) “= = 0. 
i 


The Pliicker-Grassmann coérdinates of these S,_2’s are the two-rowed deter- 
minants formed from the matrices of coefficients in the equations (7). Each 
set of codrdinates has exactly m elements that are not zero; they are shown in 
the following display: 


| 

| 

| 

| 

| 

| 

| | 

a, = 

| 

| 

| 

| 

| 

| 
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por poe Piz 
mopo boi bo2 
(8) — beo 


— ba — 

TnPn — dno — bn — bao — On 
In each column there are two and only two elements, the sum of which is 
zero since b;;=6;;. The display shows that there is linear dependence be- 
tween the sets of codrdinates of the m+1 S,_2’s of intersection of correspond- 
ing faces of the simplexes F and 7), which is what is meant when it is said 
that the S,_»’s themselves are linearly dependent. 

By duality it follows that the lines joining corresponding vertices of the 
two simplexes are also linearly dependent. 

Suppose now the members of certain pairs of piercing points are inter- 
changed. The effect will be to replace the standard grouping G, by some 
particular one of the set G.; if we know which pairs of piercing points are 
interchanged, we know which G, is represented by the modified G;. For 
example, suppose that Po, and Py are interchanged; the standard grouping 
Gi is replaced by Gua ...1. If now we interchange bo, and co, in the equations 
(7) and display (8), we have converted the proof that G, is an effective group- 
ing in Theorem 1 into aproof that the modified grouping is also effective. Since 
all of the 2” groupings G, were obtained from the standard G, by such 
inversions of subscripts among the points P;;, it follows that all the groupings 
G, are effective in the theorem. 

THEOREM 2. The pairs of the extended Pascal configuration in S,, are 
pairs of Schléfli simplexes. 

This follows at once from the theorem* that a set of m+1 linearly de- 
pendent S,_2’s in S, are in the position of Schlafli. A quite different proof is 
based on the fact that the simplexes of a pair are polar reciprocal with respect 
to a hyperquadric, which, it will be remembered, was Schlafli’s original 
point of departure. The form of equations (6) show that the hyperplanes 
a, are the polar hyperplanes of the points P; with respect to the hyperquadric 
of equation 


(9) 


* Rupp, A geometrical interpretation of linear dependence in S,, abstracted in the Bulletin 
of the American Mathematical Society, vol. 35 (1929), p. 171. 
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and accordingly that the points R; are the poles of the faces p;, that is, the 
simplexes F and 7, are polar reciprocal with respect to the hyperquadric in 
question. 

It is a fundamental property of Schlafli simplexes that all the lines which 
meet ” of the S,_»’s of intersection of corresponding faces meet also the 
remaining S,-2. In the author’s note on the V*~; previously cited is given a 
method of obtaining the point equation of the variety made up of the lines 
meeting m given S,_»’s of S,. The use of that method here will give the 
equations of the varieties bearing the 2” hyperreguli of the extended Pascal 
configuration. 

By the use of the incidence criterion for line and S,_2, as expressed by 
Grassmann-Pliicker coérdinates, the condition that x be the coérdinates 
of a point such that the line joining x to a point of the S,_2 mopo meets also 
the m—1S,_2’s 7:p;, where 7 runs from 1 to m—1, is found to be the equation 


boi doe bos bo.n—1 bon 


j#2 
i 


143 
i 
i#n—1 


It should be observed that two options were exercised in writing the foregoing 
equation, one in choosing the variable line through «x to pass through a point 
of woo, and one in considering 7p, as the last S,-2 of the Schlafli set. The 
consequence of the first choice is the absence of a variable in the top row of 
the determinant, and the consequence of the second choice is that the coér- 
dinate x, appears only in the summations. A different ordering of the 
Schlafli set gives rise to a superficially different form of equation (10), but it 
is easy to prove the two forms are equivalent. 

If we replace, in equation (10), certain of the symbols 6;; by the corres- 
ponding c;;, the resulting equation will be that of the V%~; bearing the 
hyperregulus associated with one of the groupings Gz. 


THEOREM 3. The section of the extended Pascal configuration associated 
with a given hyperquadric Q and fundamental simplex F by a space of the 
simplex F is itself an extended Pascal configuration plus certain residual flat 
Spaces. 


4 
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Consider first the nature of the intersection of a hyperplane of F, say pn, 
with the V%~} given by equation (10); we shall call the V*—}’s of the Kf, 
simply the V.., in which case the one given by equation (10) is Vi, for it corre- 
sponds to G;. The equation of p, is x, =0; part of its intersection with V; is the 
Sn—2 PnTn, AS We May see by a manipulation of the equation of V;. If the top 
row of the determinant in (10) is multiplied by xo, and the other rows added 
to it, the new top row has the form 


DinXn DonXn DanXn DonXo + + + 


whose elements are identically zero if x satisfies the restrictions 
Ln = 0, 


that is, if x lies on p,w,. We remark that this incidentally furnishes an 
analytic proof of the theorem of Wong that the S,_»’s defining a V*—} lie on 
it; in this connection it may be said that the same theorem follows at once 
from the present writer’s geometric interpretation of linear dependence in 
S,, for, just as +2 points which are linearly dependent lie in, and determine, 
a flat space, an S,, so do +1 linearly dependent S,_.’s lie in, and determine, 
a curved manifold, a V7—}. 

To return to the discussion of Theorem 3, we have seen that one factor 
of the intersection of V; and p, is an S,-2; it remains to find the residual 
portion. Suppose a point of p, is such that its codrdinates annul the determin- 
ant which is the cofactor of bn»_1, »%n-1 in the left member of (10); it will lie 


on a V*~3, for it satisfies an equation of the same form as (10). We do not 


mean to say that the V%—} and the S,_2 of intersection of V; with a hyper- 
plane of F have no common points; they actually meet in a V%—3. For our 
present purposes, nevertheless, it is the V2~} and the S,-2 which are the 
important spaces of intersection. 

We have seen that an S,_, of F meets V; in a V%~}. Consider now the 


intersection of the 2" V*—i’s whose symbols are 
(Q@n—1 = 1,2, 2°), 


with the S,_1p,. They all share the V%~} whose equation, in p,, is obtained 
by setting the cofactor of 6,1, .%,-: in the determinant in the left member of 
(10) equal to zero, because the index a,_, by definition controls only the sym- 
bols 6,;, where 7 runs from 0, 1, to m—1, which appear exclusively, if we keep 
to the S,_1 p,», in the last column of the determinant of (10). Varying the 
first n—2 indices of V. is equivalent to replacing certain of the b,;; by the 
corresponding ¢;;. Thus p, meets the 2™ V%—i’s which bear the Kf, in 
and these bear the Kf,-1 of the simplex PoPi--- Pau 
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set up by means of the hyperquadric which is the intersection of Q with p,. 
The S,_1 pn also meets the V7—1’s of the Kf, in the S,_»’s in which it meets 
its corresponding faces among the auxiliary simplexes T:...110, ,. We may 
clearly reduce the Kf,,_: to a Kf,_2in a similar manner. Had we desired to as- 
certain the nature of the intersections of the Kf, with another S,_, of F, 
we could clearly have chosen the appropriate form of equation (10) and 
proceeded as above. 

An example of the successive reduction of the Kf, is given below where we 
show that the planes of a tetrahedron meet the 64 V3’s bearing the Kf; ina 
Kf and certain residual spaces. 


III. THE EXTENDED PASCAL CONFIGURATION IN THE PLANE 


For the case that mis 2, we consider a fundamental triangle F and conic Q. 
Paired with F are the triangles 


Te; (a; = 1,2,.---, 8), 


each pairing of triangles possessing the property that the points of inter- 
section of corresponding sides are linearly dependent, i.e., collinear. The line 
of collinearity is an axis of perspectivity for the pair of triangles, and also the 
ordinary Pascal line of the Pascal hexagon whose sides are the sides of the two 
triangles, arranged in proper order. The 2™ V%—;’s here reduce to the eight 
lines V.,; the line V., associated with an effective grouping G., constitutes 
the entire class of lines meeting any two of the three linearly dependent 
Schlafli points of the pair of triangles, and as a member of such a class it has 
the Schlafli property of meeting the third point. The Kf: consists of these eight 
V.,; the reciprocals of the line coérdinates of these are shown in the array 
below: 
Vi V2 V3 Va V; Ve V7 Vs 


We notice that the pairs of lines whose indices sum to nine intersect upon 
the line of equation 


1 1 
(12) x(=-+—)= =0 (i,j,k a permutation of 0,1,2), 


NOG; 


an equation which may be rewritten, by the use of (3), in the form 
(12') @. 


k 
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This line is a Steiner-Pliicker line of the Pascal hexagon whose vertices are 
the six points P;;; the three hexagons formed of the triangle pairs FT,, 
T,Ts, and 7;/, are readily seen to be three hexagons in the Steinerian rela- 
tion, i.e., three vertices are fixed, and the remaining three permuted cyclically. 
It follows that the lines V; and Vs meet in a Steiner point; since the same 
argument applies to all pairs of the Kf. whose indices sum to nine, the four 
points which define the line of equation (12) must be Steiner points, and hence 
their line of collinearity is a Steiner-Pliicker line. 

An independent check is found by using a table due to Cayley* which 
shows the nature of the intersection of the pairs of the 60 Pascal lines. In 
correlating the two notations, let the triangles F and 7; be the hexagon 
denoted by the Cayley letters AE. The sides are arranged in the order 
P2topiTepom1, and the vertices in the order Po: Po2 P20 P21 Pi2 Po, or, for brevity, 
in the order 123456. If the symbols p, h, and g denote Pascal, Kirkman, and 
Steiner points respectively, Cayley’s table can be correlated with the present 
paper as below: 


Group Hexagon Cayley Letters Nature of Intersection 
1 123456 AE Vi Ve Vs Va Vs Vo Vz 
132456 EL Ve 
123546 EF V3 
132546 
162345 Vs 
163245 Ve p 
162354 Vz p ih 
163254 Vs p h p p 


This display shows that the pairs ViVs, V2Vz, V3V6, and V4Vs meet in Steiner 
points, but it does not show that the Steiner points thus garnered lie on a line. 


THEOREM 4. The Kf2 determines a Steiner-Pliicker line. 


In the plane, the Kf2 is apparently a less rich configuration than the 
Hexagrammaticum Mysticum, for it has but 8 lines where the other has 60. 
Consider, however, a different approach to the general situation in S, by 
taking, as did Schlafli, two simplexes polar reciprocal with respect to a 
hyperquadric. We have already observed that F and 7; are polar reciprocal 


* Cayley, A notation for Pascal’s theorem, Quarterly Journal of Mathematics, vol. 9 (1868), pp. 
268-274. 
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with respect to the hyperquadric given by equation (9). Let us take this 
hyperquadric as basic, and try to determine the hyperquadric Q whose matrix 
involves the numbers a;;. We now define the set of 2” points P;; as the inter- 
section of P;P; with 7;, and an analogous set of 2” points R;; as the inter- 
section of R;R; with p;; it is an easily proved property of Schlafli simplexes 
that the points P;; and R;; lie upon hyperquadrics, which are in general 
different, coinciding only when 1 is 2. In the plane there is associated with a 
fundamental triangle F by means of a conic Q a set of eight auxiliary triangles; 
associated with any one of these auxiliary triangles by means of the same 
conic Q is a set of eight more auxiliary triangles, which set partially overlaps 
the first. Indeed, the six points P;; where the sides of F meet Q determine 15 
lines, which may be grouped, by triples, into 15 distinct triangles. Auy one of 
these 15 triangles pairs with eight others to make a Pascal hexagon; there are 
(15x8)/(12) =60 different Pascal hexagons. It is because the points Ri; 
coincide with the pointsP;; in the plane case that there exists a configuration 
of more than 2 lines. The richness of the usual Pascal configuration is from 
this point of view due to the coincidence of the hyperquadrics (in the plane 
case, conics) determined by the sets of points P;; and Rj;. 

The body of theorems about the Pascal configuration can be established 
from a consideration of the 15 triangles instead of the more usual approach 
by way of the 60 Pascal hexagons. 


IV. THE EXTENDED PASCAL CONFIGURATION IN SPACE 


The edges of a fundamental tetrahedron F pierce a given quadric (1) 
in the 12 points P;;, which are grouped in the 64 effective groupings Ga, 
(aya2=1,2, - - - ,8), each of which groupings defines an auxiliary tetrahedron 
Ta,a,. The lines of intersection of corresponding faces of the fundamental 
tetrahedron F and an auxiliary tetrahedron T.,., are linearly dependent, 
hence these four lines lie on a regulus. The Kf; is made up of the 64 conjugate 
reguli, that is, of the 64 one-parameter families of lines which meet the 64 
sets of linearly dependent lines. A pairing of the Kf;, as F and Ta,a,, is a 
Schlafli pair of tetrahedra, that is, such that all the lines meeting three of 
the lines of intersection of corresponding faces meet also the fourth. 

The theorem of Chasles and Weddle asserts that the four lines of inter- 
section of corresponding faces lie on a regulus. Chasles further remarked that 
there are several effective groupings of the 12 piercing points, but apparently 
he did not consider how many effective groupings there are, nor what inci- 
dence relations exist among the various reguli. 
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The V*7} defined by a pairing is here a V2?, or quadric; it contains the 


regulus of lines which meet the four linearly dependent lines, and also the 
lines themselves. 


THEOREM 5. The fundamental tetrahedron F circumscribes each of the 
quadrics 

In the derivation of V.,«, it appears that it contains the lines p,m; (¢=0, 
1, 2, 3), that is, it has a generator in each of the planes p;, hence it is tangent 
to each of these planes. 


THEOREM 6. The 128 lines common to a face of F and the 64 quadrics Vajay 
consist of two Kf.’s, each line being counted eight times. 


The face ps has the equation x3=0. It meets Vy in a conic of equation 
012 012 
(13) 0= = ( Ybax), 


where i, 7, kis a permutation of 0, 1,2. The eight quadrics Vi., have equations 
differing from that of V;, only in the coefficients controlled by az, i.e., the 
coefficients bo3, b13, and 623, which appear segregated in one factor of (13). It 
follows that the eight quadrics V;., share the ruling of equations 


012 


(14) 0= = obi 


In like manner the eight quadrics V2., share the ruling of equations 
O = x3 = doico2%o + di0b12%1 + Coobaixe. 


The eight lines obtained by varying the first index constitute the Kf2 of 
P P,P: with respect to the conic cut from Q by x;=0, as may be seen by 
comparing their equations with the display (11). 

Octuples of quadrics sharing a common second index likewise have a 
common generator. The coérdinates, in x;=0, of the eight lines thus ob- 
tained are shown below: 

bos Cos bos /os Cos bos Cos 


(15) bis bis Cis is bis Cis Cis 


bos bes dos Cos C23 «C23 (C28 


The general similarity of (11) and (15) suggests that the second set of eight 
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lines is the Kf2 of Po>P,P2 with respect to some conic. To find this conic, solve 
(3) for a;; in terms of b;;, obtaining 


We next consider how we might pass from the lines of (11) to the conic whose 
matrix involves the numbers a;;, and use the same method to obtain the conic 
of matrix 


(16) B23 + 2a11 Bos + 


Bis + o0@22b13 Bos + @11222b03 


( 2400 Bos + Go0di1b23 Bis + 


where §;;b;;=1, by means of which the lines of coérdinates (15) are the Kf. of 
P.P:P:. This conic appears to have no simple geometrical relation to the 
original quadric Q, whereas the corresponding conic associated with the first 
set of eight lines is the intersection of Q by x;=0. 

It is clear that p; is in no wise an exceptional face of F, hence the situation 
on it is duplicated on the other planes of the tetrahedron. This completes 
the proof of Theorem 6. 


THEOREM 7. A tetrahedron and a quadric determine two sets of Steiner- 
Pliicker lines, each set lying on a regulus. 


On each face of the fundamental tetrahedron there are two Steiner- 
Pliicker lines, one deriving from each of the Kf2’s. One Kf2 consists of lines 
belonging to the reguli which form the Kf; of the tetrahedron and quadric; 
the four associated Steiner-Pliicker lines have the equations 

int 
(17) 0=x%,= > Xj (ijkm a permutation of 0123), 


equations which show by their symmetry that the four lines in question lie 
on a regulus. The same is true of the equations of the four Steiner-Pliicker 
lines deriving from the Kf2’s whose lines lie on the conjugate reguli of the 
Kf; the equations are 


(17’) 0 = = + cj) 


V. THE EXTENDED PASCAL CONFIGURATION IN 5, 


Here we have 1024 two-parameter families of lines meeting the quintuples 
of planes of intersection of corresponding hyperplanes in the pairings of a 


— ) 

4 i 
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fundamental simplex F with the auxiliary simplexes T.,0,0, (a1,@2=1,2,---, 
8, a3;=1,---, 16), these auxiliary simplexes being defined by the 1024 
effective groupings G.,«,2,; Of the 20 points in which the edges of F pierce 
-a given hyperquadric Q. The two-parameter families of lines, or hyperreguli, 
lie on a set of V ;*’s; the V3 is a V*—{ which has been thoroughly studied by 
Segre* and Castelnuovo,{ its co-discoverers, Berzolari,t and many others. 
The 16 V ;*’s denoted by Visi., meet the S; whose equation is x,=0 in the 
same quadric; its equation in p, is that of Vi, in three-space. It follows that 
the 1024 V ;*’s meet p, in 64V,*’s, each counted 16 times;this is a special case 
of Theorem 3. 


* Segre, Atti, Accademia delle Scienze di Torino, vol. 22 (1887), pp. 791-801; Memorie, Acca- 
demia delle Scienze di Torino, (2), vol. 39 (1888), pp. 3-32. 

t Castelnuovo, Atti, Istituto Veneto, (6), vol. 5 (1887), p. 1249, and vol. 6 (1888), p. 525. 

t Berzolari, Rendiconti, Accademia dei Lincei, (5), vol. 25, (1917), pp. 29 and 102. 
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CONCERNING THE ARC-CURVES AND BASIC SETS OF 
A CONTINUOUS CURVE, SECOND PAPER* 


BY 
W. LEAKE AYRESt+ 


I. INTRODUCTION 


In an earlier papert with the same title, we have defined and studied the 
properties of certain subsets of a continuous curve§ which we call the 
arc-curves of the continuous curve. In a recent paper, G. T. Whyburn|| bas 
defined the cyclic elements of a continuous curve, and he has considered a 
continuous curve as composed of its cyclic elements and has given a large 
number of the properties of connected collections of cyclic elements. On 
examining the two papers it is found that arc-curves and connected collec- 
tions of cyclic elements have many properties in common; and, in fact, in 
part II of the present paper we shall show that, although these two sets were 
defined very differently, every connected collection of cyclic elements of a 
continuous curve is an arc-curve of the continuous curve, and conversely, 
every arc-curve that contains more than one point is a collection of cyclic 
elements of the continuous curve. In part III we will develop some new 
theory concerning the basic sets of a continuous curve, which were defined in 
Arc-curves, first paper, and shall show the relation between the basic sets and 
the nodes of a continuous curve. In part IV we shall show that an irreducible 
basic set of a continuous curve resembles in its properties the set of all end 
points of the continuous curve. 

All point sets considered in this paper are assumed to lie in a metric, 
separable, locally compact space. 

Notation. We shall use the common notation of the theory of sets, 
such as A+B, A—B, A-B, etc., in its usual meaning. If H is a point set, 
the symbol H denotes the point set consisting of the points of H together 


* Presented to the Society, San Francisco Section, June 2, 1928; received by the editors in 
June, 1928. 

t National Research Fellow in Mathematics. 

t Concerning the arc-curves and basic sets of a continuous curve, these Transactions, vol. 30 (1928), 
pp. 567-578. Hereafter in the present paper we will refer to this paper as Arc-curves, first paper. 

§ A continuous curve is a point set which is closed, connected and connected im kleinen. Unless 
definitely stated, there is no assumption as to compactness. 

|| Concerning the structure of a continuous curve, American Journal of Mathematics, vol. 50 (1928), 
pp. 167-194. Hereafter we will refer to this paper as Structure. 
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with all the limit points of H. If X and Y are point sets (either of which may, 
in particular, be a single point), the distance from X to Y, denoted by 
d(X, Y), is the greatest lower bound of all the numbers d(x, y), where x 
is a point of X, y is a point of Y and d(x, y) denotes the distance from the 
point x to the point y. If xyz denotes an arc with end points x and 2, the 
symbols <xyz, xyz>,<xyz> denote xyz—x, xyz—z and xyz—x—z re- 
spectively. 


II. THE ARC-CURVES AND THE CYCLIC ELEMENTS 


Definitions.* If K is a subset of the continuous curve M, the set of all 
points [P], such that P lies on some arc of M whose end points belong to K, 
is called the arc-curve of K with respect to M and is denoted by M(K). In 
case the set K consists of but a single point, the arc-curve of K with respect 
to M is defined to be this single point. A continuous curve M is said to be 
cyclicly connected if every two points of M lie together on some simple closed 
curve of M. A cyclicly connected continuous curve C which is a subset of a 
continuous curve M is said to be a maximal cyclic curve of M if and only if no 
cyclicly connected continuous curve which is a subset of M contains C asa 
proper subset. A subset £ of a continuous curve M is said to be a cyclic ele- 
ment of M provided that £ is either (a) a maximal cyclic curve of M, (b) a 
cut pointt of M or (c) an end pointt of M. A point set N is said to be a 
simple cyclic chain of M between two cyclic elements £; and E; of M provided 
that WN is connected, contains Z; and £2, is the sum of the elements of some 
collection of cyclic elements of M, and furthermore no proper connected 
subset of NV contains E; and £2 and is the sum of the elements of such a 
collection. 


THEOREM 1. If M is a continuous curve and K is a subset of M containing 
more than one point, then the arc-curve M(K) is a collection of cyclic elements of 
M. Conversely, if the connected subset H of M is a collection of cyclic elements 
of M, then there is a subset K of H such that H is the arc-curve M(K). 


* These definitions are given in Arc-curves, first paper, p. 568, and Structure, pp. 167-8. 

+ The point P of the connected set M is said to be a non-cut point or a cut point according as the 
set M —P is connected or not. See R. L. Moore, Concerning the cut points of continuous curves and other 
closed and connected point sets, Proceedings of the National Academy of Sciences, vol. 9 (1923), 
pp. 101-106. 

t The point P of a continuous curve M is said to be an end point of M provided that if P’ is any 
other point of M and P’Pis any arc of M with end pointsP and P’,then the set M—P’P> contains 
no connected subset containing more than one point that contains the point P. See R. L. Wilder, 
Concerning continuous curves, Fundamenta Mathematicae, vol. 7 (1925), p. 358. For other definitions 
that are equivalent to that of Wilder, see H. M. Gehman, Concerning end points of continuous curves 
and other continua, these Transactions, vol. 30 (1928), pp. 63-84. 
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Let A and B be any two points of K and let abe any arc of M from A to 
B. Let P be any point of the set <a>. If P is a cut point of M, then it is 
itself a cyclic element of M. If P is not a cut point of M, then by a result due 
to G. T. Whyburn* there is a maximal cyclic curve C having in common with 
a an arc B which contains P. Let X and Y denote the end points of 8 such 
that we have the order AXYB on the arc a. If Q is any point of C-X—YF, 
it follows by a theorem due to the author} that there exists an arc y of C 
with end points X and Y and containing the point Q. Then the arc y together 
with the subarcs AX and YB of a is an arc of M with end points A and B. 
Hence every point Q of C belongs to the arc-curve M(K). Thus if P is not 
a cut point of M, it belongs to a maximal cyclic curve of M which belongs 
to the arc-curve M(K). 

Now consider the point A, the case for B being similar. If A is an end 
point or a cut point of M, then it is itself a cyclic element of M. If the point 
A is neither, it belongs to some simple closed curve J which is a subset of M.t 
There is a maximal cyclic curve C containing the simple closed curve J.§ 
As A is a non-cut point of M, the curve C and the arc a have in common 
an arc 8 containing A.|| Let X be the end point of @ different from A. If 
Q is any point of C—A, there exists an arc 7 of C with end points A and X 
and containing the point Q. Then the arc y plus the subarc XB of a is an arc 
of M whose end points A and B belong to K. Hence every point Q of C 


belongs to the arc-curve M(K). 
We have shown that every point of the arc-curve M(K) is a subset of 


* G. T. Whyburn, Some properties of continuous curves, Bulletin of the American Mathematical 
Society, vol. 33 (1927), pp.305-308. Whyburn states the result for two dimensions only, but with the 
use of certain results established in my paper Concerning continuous curves in metric space, to 
appear in the American Journal of Mathematics, it may be easily extended to the more general 
space considered here. 

t See my paper Continuous curves which are cyclicly connected, Bulletin de I’ Académie Polonaise 
des Sciences et des Lettres, 1928, pp. 127-142. 

t See W. L. Ayres, Concerning continuous curves and correspondences, Annals of Mathematics, 
vol. 28 (1927), pp. 396-418, Theorem 3, and G. T. Whyburn, Concerning continua in the plane, 
these Transactions, vol. 29 (1927), pp. 369-400, Theorem 22. These results are extended to more 
general space in my paper Concerning continuous curves in metric space. In general this is true 
of all other references in this paper which state results for two dimensions only. When this is not the 
case mention will be made of the extension. Otherwise it will be understood that the extension is to 
be found in the above paper. 

§ G. T. Whyburn, Cyclicly connected continuous curves, Proceedings of the National Academy 
of Sciences, vol. 13 (1927), pp. 31-38, Theorem 3. 

|| If P is a non-cut point of a continuous curve M belonging to a maximal cyclic curve C of M, 
and @ is an arc of M containing P, then C and a have in common an arc § containing P, and if P 
is interior to the arc a it is an interior point of 6. 

The proof is sufficiently evident to be omitted. 
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some cyclic element of M that belongs to the arc-curve M(K); or in other 
words, the arc-curve M(K) isa collection of cyclic elements of M. 
Conversely, we shall show that if H is a connected subset of M which is 
a collection of cyclic elements of M, then H contains a subset K such that H 
is the arc-curve M(K). Let K be the set H. G. T. Whyburn* has shown 
that H contains every arc of M joining two points of H; hence the arc-curve 
M(H) is a subset of H. But evidently H is a subset of the arc-curve M(H). 
Therefore H is identical with the arc-curve M(H). There are also many 
proper subsets K of H such that H is identical with the arc-curve M(K). 


THEOREM 2. If A and B are distinct points of the continuous curve M, and 
K is the arc-curve M(A+B), then there are two cyclic elements E, and E,t 
of M containing A and B respectively such that K is a simple cyclic chain of M 
between the two cyclic elements E, and E,. Conversely, if H is a simple cyclic 
chain of M between two cyclic elements E, and E, of M, then E, and E, contain 
points A and B respectively such that H is the arc-curve M(A+B). 


By Theorem 1 there are two cyclic elements E; and E; of M that contain 
A and B respectively and belong to the arc-curve K. Also the set K is con- 
nected and is the sum of the elements of a collection of cyclic elements of M. 
There is a uniquet simple cyclic chain H of M between £, and E; which is a 
continuous curve§ and is a subset of K.|| If H is a proper subset of the con- 
tinuous curve K,{ let N be a component of K—H. If the component WN of 
K—H has more than one limit point in H, it is easy to see that M contains 
an arc whose end points belong to H and which lies except for its end points 
entirely in the set N. But this is impossible since H contains every arc of 
M joining two points of H.** Hence the set H contains just one limit point 
of VN. Let P be this point. Then P is a cut point of the arc-curve K and the 
component N of K—P contains neither A nor B. This is impossible by a 
theorem of the author.{{ The assumption that H is a proper subset of K 
leads to an absurdity. Thus Z is identical with K. 

For the converse, if EZ; is a single point let this point be A. If Zi isa 


* Structure, Theorem 8. 
t The two elements £, and £; are not necessarily different. 
t Structure, Theorem 3. 
§ Structure, Theorem 4. 
|| Structure, Theorem 8. 
] Whenever X is a closed point set, the arc-curve M(X) is a continuous curve. See Arc-curves, 
Jirst paper, Theorem 7. 
** Structure, Theorem 8, 
Tt If P is a cut point of the ar:-curve M(K), every component of M(K)—P contains a point of 
K. See Arc-curves, first paper, Theorem 9. 
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maximal cyclic curve of M, let A be any point of E; that is not a cut point 
of H. Only one point of EZ, is a cut point of H and thus A may be chosen as 
any other point of Z;. In a similar manner let us select a point B of the cyclic 
element E2. Since every arc of M joining two points of H belongs to H, 
the arc-curve M(A+B) is a subset of H; and in much the same manner as 
above we may show that it is not a proper subset. Then the arc-curve of 
A+B with respect to M must be identical with the simple cyclic chain H. 

In view of the relation between collections of cyclic elements and arc- 
curves shown in the preceding theorems, we have the following forms for 
three results of G. T. Whyburn.* 


THEOREM 3. If A and B are distinct points of the continuous curve M, K 
is the arc-curve M(A +B) and G is a cyclic element of K that contains neither 
A nor B, then K—G=K,+Ke2, where K, and Kz are mutually separated 
point sets, and (1) K, and Kz are connected and contain A and B respectively, 
(2) the cyclic element G contains a point C such that Ki+-G and K2+G are the 
arc-curves of A+C and B+C respectively with respect to M. 


THEOREM 4. If A and B are distinct points of the continuous curve M, the 
arc-curve H of A+B with respect to M is not disconnected by the omission of 
any cyclic element of M which contains either A or B and belongs to H, or by 
any set of such cyclic elements. 


THEOREM 5. Every arc-curve of the continuous curve M is uniformly con- 
nected im kleinen. 


Since every connected collection of cyclic elements is an arc-curve, and 
every arc-curve of two points is a simple cyclic chain, and the converse of 
each is true, it is to be expected that there is some overlap in the results of 
the two papers. For instance, Whyburn{ proves that if H is a connected 
collection of cyclic elements of M, then (1) H is arc-wise connected, cyclicly 
chainwise connected{ and contains every simple continuous arc of M 
which joins two points of H, (2) each point of H —H is a cyclic element, (3) if 
H is closed it is a continuous curve. Property (1) is contained in Theorem 3 
of Arc-curves, first paper, which states that if K is any subset of M and ais an 
arc of M whose end points belong to M(K), then the arc-curve M(K) 
contains every point of a except possibly the end points. In Arc-curves, 


* Structure, Theorems 5, 6, 9. 

+ Structure, Theorems 8, 10, 11. 

t A subset H of a continuous curve M is said to be cyclicly chainwise connected if every twocyclic 
elements of M which belong to H can be joined by a simple cyclic chain of M that is a subset of H. 
See Structure, p. 175. 
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first paper we have the result that every point of M(K)—M(K) is an end 
point of the continuous curve M(K). This corresponds closely to property 
(2). Property (3) is identical with Theorem 6 of Arc-curves, first paper. 

Menger* has shown that a regular curve B is an acyclic continuous curve 
if and only if the common part of any two subcontinua of B is connected or 
vacuous. We may state a similar property of the arc-curves of any continu- 
ous curve. 


TueoremM 6. If K and H are two subsets of a continuous curve M, the set of 
common points of the arc-curves M(H) and M(K) is either vacuous or itself an 
arc-curve of M. 


Let N be the set of common points of the arc-curves M(H) and M(K). 
If N is vacuous or contains but a single point, our theorem is true, for a point 
is the arc-curve of that point with respect to M. Now let x and y be two 
distinct points of NV, and let a be an arc of M with end points x and y. By 
a theorem of the author,} every point of an arc joining two points of an arc- 
curve belongs to the arc-curve. Hence every point of a belongs to both 
M(K) and M(H), and thus N contains the arc a. Thus every arc of M 
joining two points of N belongs to N. Hence N is its own arc-curve with 
respect to M. 

Expressed in terms of cyclic elements, Theorem 6 is as follows: The 
common part of any two connected collections of cyclic elements of the continuous 
curve M is either vacuous or itself a connected collection of cyclic elements of M. 


III. THE NODES AND BASIC SETS OF A CONTINUOUS CURVE 


Definitions. The subset K of the continuous curve M is said to be a 
basic set of M if M is identical with the arc-curve M(K). The subset K of M 
is said to be an irreducible basic set of M if K isa basic set of M_ but no proper 
subset of K is a basic set of M.t A subset EZ of a continuous curve M is said 
to be a node of M if EZ is an end point of M or is a maximal cyclic curve of M 
that contains at most one cut point of M.§ If H is a connected collection of 
cyclic elements of the continuous curve M, the subset E of H will be said 
to be a node or an end point of H provided it is a node or an end point of the 
continuous curve H. 


* Ueber regulére Baumkurven, Mathematische Annalen, vol. 96 (1926), p. 575. 
t Arc-curves, first paper, Theorem 3. 

t For these definitions, see Arc-curves, first paper, p. 575. 

§ See Structure, p. 178. 
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THEOREM 7.* In order that a cyclic element E of a continuous curve M 
should be a node of M itis necessary and sufficient that the set K should contain 
a point of E whichis a non-cut point of M, for any arc-curve M(K) that contains 
the set E. 


The condition is necessary. Let M(K) be any arc-curve of M containing 
the set E. If E is an end point of M, no arc of M contains E as an interior 
point.t Hence, as E belongs to the set M(K), it must be a point of the set K. 
As every end point of the continuous curve M is a non-cut point of M, 
our condition is satisfied. If Z is a maximal cyclic curve of M containing no 
cut point of M, then M=E and every point of K is a non-cut point of M 
and belongs to E. If EZ is a maximal cyclic curve of M containing just one 
cut point P of M, then either our condition is satisfied or E—P contains no 
point of the set K. Suppose the latter holds. Then the set K is a subset of the 
set M—(E-—P). It is evident that 


M=E+(M-—(E-P)), 


and that the sets E and (M —(E—P)) have just one point in common. Then 
the set M—(E—P) contains every arc of M whose end points belong to it. 
As K is a subset of M—(E—P), the arc-curve M(K) is a subset of M— 
(E—P). But this is impossible as the arc-curve M(K) contains the set E. 


The condition is sufficient. Suppose the cyclic element EZ is not a node of 
M. Then E£ is either a cut point or a maximal cyclic curve of M containing 
more than one cut point of M. If Eis acut point of M, let x and y be points 
of M—E that do not belong to the same component of M—E. Then every 
arc of M with end points x and y contains E. Thus the arc-curve M(x+y) 
contains E but the set x+y belongs to M—E. This is contrary to our 
assumed condition. If Z is a maximal cyclic curve of M containing more than 
one cut point of M, let x and y be two cut points of M that belong to E. 
As every point of E lies on some arc of E with end points x and yf, the arc- 
curve M(x+,) contains every point of Z. But neither x nor y is a non-cut 
point of M, which contradicts our assumed condition. The assumption that 
E is not a node has led to a contradiction with our condition in both cases. 
Hence the condition is sufficient. 


* Compare this result with Theorem 13 of Structure. 


+ See G. T. Whyburn, Concerning continua in the plane, loc. cit., Theorem 12, and my paper 
Concerning continuous curves and correspondences, loc. cit., Theorem 4, 


t See my paper Continuous curves which are cyclicly connected, loc. cit. 
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THEOREM 8. In order that a subset K of a compact continuous curve M, 
which is not cyclicly connected, be a basic set of M it is necessary and sufficient 
that each node of M should contain at least one non-cut point of M that belongs 
to K. 


The condition is necessary by the preceding theorem. We shall show 
that the condition is also sufficient. Let P be any point of M. If P is an end 
point of M, then P belongs to K, for every end point is a node. If P is a cut 
point of M, let M, and M; be two components of M—P. If Mi+P is cyclicly 
connected, then M,+F is a node of M and M;, contains a point of K by the 
condition. If Mi+FP is not cyclicly connected, then Mi+P contains two 
nodes of itself.* There are three cases to consider: (a) one of the nodes is an 
end point z of M,+FP distinct from P, (b) P is an end point of Mi+P and 
the other node is a maximal cyclic curve C of M:+P, (c) both nodes are 
maximal cyclic curves of M,+P. Under case (a) if there exists an arc of M 
containing the point z as an interior point, then this arc contains a subarc 
containing z as an interior point and belonging to M,+P, for there is a 
neighborhood of z such that every point of M belonging to this neighborhood 
belongs to Mi+P. But, as z is an end point of Mi+P, no arc of Mi+P 
contains z as an interior point. Thus no arc of M has z as an interior point 
and zis an end point of M. Hence z belongs to K by our condition. In case 
(b) let Q be the cut point of M,+P belonging to the node C. The point P 
does not belong to C since P is an end point of M,+P and hence belongs to 
no simple closed curve of M,+P. Then 


P-—-Q=(C—Q)+Mp, 


where C—Q and Mp are mutually separated sets and Mp contains the point 
P. As M—(M,+P) has just one limit point P in M,+P, the sets C—Q 
and M—C are mutually separated. Then the set C is a node of M. Then 
C—Q contains a point of K by our condition. In case (c) let C;: and C2 be 
two nodes of M,+P which are maximal cyclic curves of Mi+P. If either C: 
or C2 does not contain P, then, as in case (b), that maximal cyclic curve is a 
node of M and contains a point of K by the condition. If both C; and C2 
contain P, then P is a cut point of M,+P as every point common to two 
maximal cyclic curves of a continuous curve is a cut point of that curve. 
But P is not a cut point of M,+P, for the set M, is connected. Thus in any 
of the three cases we see that M, contains a point x of K. Similarly the 
component M; of M—P contains a point y of K. Every arc of M whose end 


* See Structure, Theorem 14. 
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points are x and y contains the point P. Hence every cut point of M belongs 
to the arc-curve M(K). 

If P is neither a cut point nor an end point of M, then P is a non-cut point 
of M which belongs to some simple closed curve J of M. Let C be the maxi- 
mal cyclic curve of M containing the curve J. As M is not cyclicly connected 
the maximal cyclic curve C contains at least one cut point of M. If C con- 
tains just one cut point Q of M, then C is a node of M and contains a non-cut 
point y of M belonging to K. If this point is P, then the arc-curve M(K) 
contains P. If not, let Mi be a component of M—Q not containing C—Q. 
As shown in the preceding paragraph, the component M, of M—Q contains 
a point x of K. There exists an arc of C with end points Q and y and contain- 
ing P, and there exists an arc with end points Q and x and lying wholly in 
M,+Q. The sum of these two arcs is an arc of M containing P and whose 
end points belong to K. Hence P belongs to the arc-curve M(K). If C con- 
tains more than one cut point of M, let Q: and Q2 be two such points. Let 
M, and Mz be components of M—Q, and M—Q, respectively that do not 
contain C—Q. Evidently M; and M;2 are mutually separated. By the argu- 
ment of the preceding paragraph we see that M, and M; contain points x 
and y of K. There exists an arc of C with end points Q; and Q2 and containing 
the point P, and there exist two arcs with end points x and Q, and y and Q2 
and lying in M,+Q; and Mz+(Q; respectively. The sum of the three arcs is 
an arc of M containing P and whose end points belong to K. Hence P be- 
longs to the arc-curve M(K). 


Corotiary 8A. The set of all nodes of a compact continuous curve is a 
basic set of the continuous curve. 


With the use of the preceding theorem we may demonstrate the following 
three results. 


THEOREM 9. In order that a subset K of a compact continuous curve M, 
which is not cyclicly connected, be an irreducible basic set of M it is necessary 
and sufficient that (1) no point of K be a cut point of M, and (2) each point of K 
belong to some node of M and each node of M contain exactly one point of K. 

THEOREM 10. The compact continuous curve M has a unique irreducible 
basic set if and only if every node of M is a point (i.e. every maximal cyclic 
curve of M contains at least two cut points of M). This unique irreducible basic 
set of M is the set of all end points of M. 

THEOREM 11. The compact continuous curve M has a unique irreducible 
basic set if and only if the common part of every two basic sets of M is a basic 
set of M. 
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THEOREM 12. Jf x, y, 2 are three points of a continuous curve M, then 
either there is an arc of M containing all three points or there is a cyclic element 
C of M such that M —C contains all three points x, y, 2 and no two of them lie 
in the same component of M—C. 


If the arc-curve M(x+~¥) contains the point z, there is an arc of M with 
end points x and y and containing the point z. If not, then the component 
N of M—M(x+y) containing z has just one limit point win M(x+y).* Ifthe 
point w is either x or y, it is easy to see that the curve M contains an arc 
containing x, y and z. Suppose x~w+y. It is evident that neither x and z 
nor y and z can lie in the same component of M minus any subcontinuum 
of M containing w. If the point w is a cut point of the arc-curve M(x+y), 
then w is a cut point of Mf and is the desired cyclic element of M. If the 
point w is not a cut point of the arc-curve M(x+-), it belongs to some simple 
closed curve J of M(x+~¥), and let E be the maximal cyclic curve of M con- 
taining J. It is not difficult to see that the set E is a subset of the arc-curve 
M(x+y). If E contains both x and y, then there exists an arc a of E with end 
points « and w and containing the point y. There exists an arc 8 with end 
points w and z and lying in N except for the point w. The set a+ is an arc of 
M containing x, y and z. If the curve E contains one of the two points x and 
y, but not both, we will suppose it contains x and not y. Let v be the limit 
point in E of the component H of M(x+y)—E containing the point y. 
Since we have assumed that the point w was not a cut point of M(x+y), 
the points w and v are distinct. There exists an arc y with end points v and y 
and lying in H+. There exists an arc 7 of E with end points w and v and 
containing the point x. Then 8+7-+7 is an arc of M containing x, y and z. 
If the maximal cyclic curve £ contains neither x nor y, since each point of E 
lies on some arc of M with end points x and y and no component of M—E 
has more than one limit point in Z, then x and y must belong to different 
components of M—E. Then E is the desired cyclic element of M. 


Coro.Liary 12A. In order that every three points of a continuous curve 
M lie on some arc of M it is necessary and sufficient that M—E should be con- 
nected or the sum of two connected sets, for each cyclic element E of M. 


THEOREM 13. In order that a compact continuous curve M should have a 
basic set consisting of two points it is necessary and sufficient that every three 
points of M should lie on some arc of M. 


* See Arc-curves, first paper, Theorem 10, part (2). 
t Arc-curves, first paper, Theorem 9, part (2). 
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The condition is necessary. If M contains two points x and y such that 
M=M(x+y), then, by Theorems 3 and 4, the set M —E is connected or the 
sum of two connected sets for each cyclic element E of M. Thus, by Corol- 
lary 12A, it follows that every three points of M lie on some arc of M. 

The condition is sufficient. If M is cyclicly connected, any two points of 
M form a basic set of M. If M is not cyclicly connected, by Theorem 1 and 
a result due to G. T. Whyburn,* the set M has at least two nodes of itself. 
And the continuous curve M cannot have more than two nodes, for if it did 
contain three nodes, then, as each node contains a non-cut point of M, there 
would be an arc of M containing three such points by the condition of the 
theorem. But it has been pointed out that no non-cut point of M which 
belongs to some node of M can be interior to an arc of M whose end points 
do not belong to this node. Hence M contains just two nodes, and let x 
and y be points of these two nodes which are non-cut points of M. Then 
x+y is a basic set of M by Theorem 8. 


Corotiary 13A. If the compact subcontinuum K of the continuous curve 
M is the sum of a collection of cyclic elements of M, then K is a simple cyclic 
chain of M if and only if every three points of K lie on some arc of M. 


In view of Theorem 2 we get the following form for a theorem of G. T. 
Whyburn.t 


THEOREM 14. ij x and y are points of a compact continuous curve M, then 
there exist two points w and z of M such that the arc-curve M(w+z) contains 
the arc-curve M(x+-) and is not a proper subset of the arc-curve with respect to 
M of any two points of M. 


In the next theorem we will give an analogue to Theorem 14 for a more 
general arc-curve. Before doing this we will prove several lemmas. 


Lemma 15A. A continuous curve M contains a countable set of points 
X1, V1, X2, Yo, Xs, Ys, ° > * Such that (1) every point of M is either an end point of 
M or a point of one of the arc-curves M(x;+¥;), (2) for any positive integer n, 
the set M(x:+41) +M (xe+y2)+ --- is a continuous curve M,, 
(3) M,, has only one point in common with the arc-curve M (Xn4i1+Vn41) and this 
is either the point Xn41 or the point yn+z1, (4) for each positive number € and each 
hypersphere S there exists an integer p such that for n>p, the set M—M,, con- 
tains no component of diameter greater than € which contains a point interior to S. 


* See Structure, Theorem 14. 
+ See Structure, Theorem 15. 
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This lemma may be proved in much the same way as a theorem of R. L. 
Wilder of which it is an analogue.* 


Lemma 15B.+ If K is an arc-curve of the continuous curve M (or if K isa 
connected collection of cyclic elements of M), then there are only a countable 
number of nodes of K that are not nodes of M. 


Let G be the collection of all nodes of K that are not nodes of M. Since 
every cyclic element of K is a cyclic element of M and no continuous curve 
contains more than a countable number of maximal cyclic curves, all but a 
countable number of the nodes of the collection G are end points of K. 
Let G’ be the collection of all elements of G that are end points of K. As 
each cyclic element of K is a cyclic element of M and no node in G is a node 
of M, each point of G’ is a cut point of M. Then each point of G’ belongs to 
one of the arc-curves M(x;+y,). If any arc-curve M(x;+¥,) contains three 
points of G’, then, by Theorem 13,{ there is an arc a of M(x;+¥,) with two 
of these points as end points and containing the third. The arc a belongs to 
the arc-curve K since every arc-curve contains every arc of M whose end 
points belong to the arc-curve. But no end point of an arc-curve K is interior 
to an arc of K. Then no arc-curve M(x;+¥,) contains more than two points 
of the collection G’. Then the collection G’ is countable. Hence the collection 
G must be countable. 


In proving the last lemma we have established a somewhat more general 
result. 


Lemma 15C. If K is an arc-curve of the continuous curve M, then there are 
only a countable number of nodes of K that are not end points of M. 


THEOREM 15. If K is any subset of the compact continuous curve M, there 
exists a subset K' of M such that (1) the arc-curve M(K’) is closed and contains 
the arc-curve M(K), (2) if K"’ is any subset of M such that the arc-curve M(K’) 
is a subset of the arc-curve M(K’’) then every node of M(K’) is a node of 
M(K’’), (3) the set K’ is countable unless M(K) contains an uncountable 
number of end points of M, (4) if M(K) has n nodes (n finite and greater than 
one) then K’ contains just n points. 


If M(K) is a point or is cyclicly connected, we may apply Theorem 14 
and obtain a set K’=w-+z such that the arc-curve M(w+z) contains the 


* R.L. Wilder, Concerning continuous curves, loc. cit., Theorem 15. 

t This lemma is closely related to a theorem of R. L. Moore. See his paper Concerning the cut 
points of continuous curves and of other closed and connected point sets, loc. cit., Theorem B*. 

¢~ Compactness was not used in proving the necessity of Theorem 13. 
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arc-curve M(K), and is not a proper subset of any arc-curve of two points 
of M. It is not difficult to see that the set K’ satisfies the conditions of the 
theorem. 

If M(K) is not cyclicly connected, let G be the set of all nodes of M(K). 
Let E be any node of G. If Eis a node of M, let P. be a non-cut point of M 
which belongs to E. If E is not a node of M, then E is either a cut point of 
M or a maximal cyclic curve of M containing more than one cut point of M. 
In either case there is a component H, of M—M(K) that has just one limit 
point Q, in E, and Q. is not a cut point of M(K). Asin the proof of Theorem 8 
we may show that H, contains a node E’ of M. Let P.- be a non-cut point of 
M which belongs to the node E’. Let K’ be the set of all points P, and all 
the points P,,. We shall show that the set K’ has the desired properties. 

By Theorem 8 the set [P.]+[Q.] is a basic set of M(K). Hence if each 
point of this set belongs to the arc-curve M(K’), then every point of M(K) 
belongs to M(K’) since every other point of M(K) is on an arc whose end 
points belong to the set [P.]+[Q.].* Since each point P, belongs to K’, 
it belongs to M(K’). Let g} bea point of [Q.] and let P. be the correspond- 
ing point of [P.-] and H} be the component of M—M(K) containing P,.. 
Let P?2 be any point of K’—P,4. Then M—H} contains P? and thus any 
arc of M from P,“ to P? must contain the point Q}. Hence the arc-curve 
M(K’) contains the arc-curve M(K). 

We shall now show that M(K’) is closed. If M(K’) is not closed, every 
point of M(K’)—M(K’) is a limit point of K’.{ Let X be any point of 
M(K')—M(K’). Either (1) the point X is a limit point of points of K’ that 
belong to M—M(K), or (2) it is a limit point of points of K’ that belong 
to M(K). Since M(K) is a continuous curvej and is a subset of M(K’), case 
(2) is impossible. In case (1) the point X is a limit point of the subset 
[P.-] of K’. But no component of M—M(K) contains more than one point 
of [P.-] and thus every limit point of [P.-] belongs to M(K). But X cannot 
be such a point for M(K) is a subset of M(K’) while X belongs to M(K’) 
—M(K"). Thus we obtain a contradiction in both cases and the set M(K’) 
must be closed. 

Every point P, of K’ is a non-cut point of M which belongs to a node 
E of M andevery point P., of K’ isa non-cut point of M that belongs to some 
node E’ of M. It follows easily that M(K’) contains every point of all the 
nodes [E] and [E’] of M. Then each of these sets is a node of M(K’) and 
of every arc-curve of M containing M(K’). This proves part (2). 

* Arc-curves, first paper, Theorem 3. 


¢ Arc-curves, first paper, Theorem 2. 
t Arc-curves, first paper, Theorem 7. 
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From the definition of the set K’ it is seen that the cardinal number of 
the set K’ is the same as that of the set of nodes of the arc-curve M(K), 
except when M(K) is a point or is cyclicly connected. This establishes 
part (4) and, with Lemma 15C, establishes part (3). 


Coro.iary 15A. If the connected subset H of the compact continuous curve 
M is the sum of a collection of cyclic elements of M, then there exists a subcon- 
tinuum K of M such that (1) K contains H and is the sum of a collection of 
cyclic elements of M, (2) if N is any connected subset of M which contains K and 
is the sum of a collection of cyclic elements of M, then every node of K is a node of 
N, (3) the set of nodes of K has the same cardinal number as the set of nodes of 
H, unless H is a point or is cyclicly connected, in which case K may have one or 
two nodes. 


IV. THE IRREDUCIBLE BASIC SETS AND THE SET OF END POINTS 


In Arc-curves, first paper it was shown that every basic set of a con- 
tinuous curve contains every end point of the continuous curve. However, 
a basic set may contain many other points, in fact it may be the entire 
continuous curve. The set of end points may or may not be a basic set of 
the curve. The condition under which this was true was given in Theorem 
10. If the set of énd points is a basic set, it is an irreducible basic set. An 
irreducible basic set of a continuous curve may contain a countable number 
of points that are not end points of the curve,* but in many respects an 
irreducible basic set is similar to the set of all end points of the continuous 
curve. No end point of a continuous curve is a cut point of the curve, and 
similarly no point of an irreducible basic set is a cut point of the curve. No 
end point of a continuous curve is interior to an arc of the curve. We have 
the somewhat analogous property that no point P of an irreducible basic set 
of a continuous curve M is interior to any arc of M, neither of whose end 
points belong to that node of M containing the point P. Karl Menger,t 
G. T. Whyburn{ and the author§ have shown that the set of all end points 


* By Theorem 9 there is a (1, 1) correspondence between the points of an irreducible basic set 
and the set of nodes in which they are contained. By Lemma 15C, all but a countable number of 
nodes are end points. Hence all but a countable number of the points of an irreducible basic set 
are end points of the continuous curve. 

{+ K. Menger, Grundziige einer Theorie der Kurven, Mathematische Annalen, vol. 95 (1925), 
pp. 277-306. Menger defines the term end point in a different sense from that of R. L. Wilder, but 
the two definitions have been shown to be equivalent by H. M. Gehman. See his paper Concerning 
end points etc., loc. cit., Theorem 1. 

¢ G. T. Whyburn, Concerning continua in the plane, loc. cit., Theorem 21. 

§ W. L. Ayres, Concerning continuous curves and correspondences, loc. cit., Theorem 5. 
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of a continuous curve is totally disconnected.* It has been shown by the 
authorf that if K is any subset of the set of end points of a continuous curve 
M, then M—K is strongly connected.{ We shall show that both of these 
properties hold for irreducible basic sets of a continuous curve. 

THEOREM 16. Jf M is a continuous curve, then every irreducible basic 
set of M is totally disconnected. 

Let K be an irreducible basic set of M and suppose that K contains a 
connected subset H containing more than one point. Since the set of end 
points of M is totally disconnected, the set H contains a point P which is not 
an end point of M. Since no point of K is a cut point of M,§ the point P 
belongs to some simple closed curve J of M and let C be the maximal cyclic 
curve of M containing J. By a theorem of G. T. Whyburn,|| the common part 
of H and C is a connected set N. As P is not a cut point of M, the set N 
contains points other than the point P. Then the irreducible basic set 
K contains a connected set N containing more than one point and lying in a 
maximal cyclic curve C of M. But this is impossible for no maximal cyclic 
curve of a continuous curve contains more than two points of an irreducible 
basic set of the continuous curve by Theorem 9. 

THEOREM 17. If K is any subset of an irreducible basic set of a continuous 
curve M, which is not cyclicly connected, then M — K is arc-wise connected. 

Let P; and P: be points of M—K. There are four possible cases: 
(1) both P; and P: belong to a maximal cyclic curve C of M 
which is a node, (2) neither P; nor P, belongs to a node of M 
containing a point of K, (3) both P; and P, belong to nodes of M 
containing points of K but not both to the same node, (4) either P; 
or P, belongs to a node of M containing a point of K but the other does not. 
In case (1), since M is not cyclicly connected, the curve C contains at most 
one point Q of K by Theorem 9. And as Q is not a cut point of C, there is an 
arc of C—Q whose end points are P; and P2. Since this arc belongs to C—Q, 
it belongs to M—K. In case (2) let a be any arc of M with end points P; 
and P:. Every point of K is a non-cut point of M belonging to some node of 
M and no such point isinterior to any arc of M whose end points do not belong 
to the node. Hence no point of K is an interior point of the arc a. 


* A point set is said to be totally disconnected if it contains no connected subset containing more 
than one point. 

t Concerning continuous curves and correspondences, loc. cit., Theorem 6. 

} A point set K is said to be strongly connected if each pair of points of K belongs to some con- 
tinuum which is a subset of K. 

§ Arc-curves, first paper, Theorem 13. 

|| Structure, Theorem 30. 
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In case (3) let Ni and Nz be the nodes of M containing P; and P; respec- 
tively. Let Q; and Q2 be the points of K and X; and X2 be the cut points of 
M belonging to N; and respectively. Evidently P;~Q;#X; (i=1, 2). 
Then, as V;—(Q,; is connected, there exists an arc a; of N;—Q; from P; to X;. 
Let a; be any arc of M with end points X; and X2. It isseen that M—Ni—WN2 
contains the set <a;> and that no point of K belongs to the arcas. Then the 
set a1+a2+a; is an arc of M with end points P; and P: and containing no 
point of K. 

Case (4) is very similar to case (3) and need not be considered separately. 


Corotiary 17A. If K is an irreducible basic set of a continuous curve M, 
then M —K consists of a finite number of components. 


Lemma 18A. In order that a connected subset K of a continuous curve M 
be connected im kleinen at a point P of K it is necessary and sufficient that the 
set H-K should be connected im kleinen at the point P for each maximal cyclic 
curve H of M containing the point P. 


The condition is necessary. If P belongs to no maximal cyclic curve of 
M, the condition is satisfied vacuously. If not, let H be any maximal cyclic 
curve of M containing the point P, and let ¢ be any positive number. Since 
K is connected im kleinen at P, there exists a positive number 6, such that 
any point of K whose distance from P is less than 6, lies with P in a connected 
subset of K of diameter less than e. Let Q be any point of H-K such that 
d(P, Q) <6, and let N be a connected subset of K of diameter less than ¢ 
containing both P and Q. As H is a maximal cyclic curve of M, the set V-H 
is connected. It is a subset of H-K of diameter less than ¢ and contains P 
and Q. Hence H- K is connected im kleinen at P. 

The condition is sufficient. If € is any positive number, there are only a 
finite number of components of M—P of diameter greater than ¢,* and 
let Ni, N2, Ns, - - - , Nm denote these components. If P does not belong to a 
simple closed curve of N;+/P, then there is a point Q; of V; such that every 
point of the component L; of V;+P—Q; containing the point P is within a 


* For two dimensions this result may be found in my paper Note on a theorem concerning continu- 
ous curves, Annals of Mathematics, (2), vol. 28 (1927), pp. 501-2. While this result does not hold 
in space of more than two dimensions, it may be shown that if M is a continuous curve and N is a 
compact subcontinuum of M, « is any positive number and n is any positive number less than e, then 
only a finite number of the components C of M—N that are of diameter greater than ¢ are such that the 
set of limit points of C in N is of diameter less than n. The result of the paper mentioned above may be 
obtained from this theorem since if M lies in the plane and N is a continuous curve, we can show that 
there are only a finite number of components C of M—WN such that the set of limit points of C in V 
is of diameter greater than or equal to 7. 
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distance e of P.* It is easy to see that the set K-(L;+(Q,) is connected. 
Let 6.=3d(P, Ni +P—L,). Then every point of K-N; whose distance from 
P is less than 6,; belongs to K-(Z;+(Q;) and thus lies with P in a connected 
subset of K of diameter less than e. 

If P belongs to a simple closed curve of N;+ P, there is one (and only one) 
maximal cyclic curve C; of VN;+P containing P. The set C; is also a maximal 
cyclic curve of M. Hence by the condition there exists a positive number 
5./ such that any point of K-C; whose distance from P is less than 6./ lies 
with P in a connected subset of K -C; every point of which is within a distance 
e/2 of P. Since only a finite number of the components of V;+P—C; are 
of diameter greater than a given positive number and each of them has just 
one limit point in C;,f there exists a positive number 6./’ such that if X 
is any point of V;+P—C; whose distance from P is less than 6,/’, then X 
belongs to a component of diameter less than ¢/2 and the limit point of this 
component in C; is within a distance 6,./ of P. Let 6.; be the smaller of the 
numbers 6,/ and 6,./’ . Now let Q be any point of K- NV; whose distance from 
P is less than 6,;. If Q belongs to V;+P—C;, let L; be the component of 
N;+P —C; containing Q and let Y; beits limit point in C;. Theset W;=K-L; 
+Y, is a connected subset of K of diameter less than ¢/2 and containing the 
point Y;. If Q belongs to C;, let W; and Y; be identical with the point Q. 
Since d(P, Y;) <6./, there is a connected subset V; of K-C; containing P 
and Y;, every point of which is within a distance e/2 of P. Then every point 
QO of K-N; whose distance from P is less than 6,; lies with P in a connected 
subset W;+V; of K-N; every point of which is within a distance ¢ of P. 

If 6. is the smallest of the numbers 6a, 5.2, 5.3, - - - , Sem, it is easily seen 
that every point of K whose distance from P is less than 6, lies with P ina 
connected subset of K every point of which is within a distance ¢ of P. 


THEOREM 18. Jf K is any subset of an irreducible basic set of a continuous 
curve M, then M —K is connected im kleinen. 


If M is cyclicly connected, then K has at most two points and M—K is 
connected im kleinen since it is an open subset of M. If M is not cyclicly con- 
nected, by Theorem 17 the set M—K is connected. Then, by the preceding 
lemma, the theorem is true if (M—K)-C is connected im kleinen for every 
maximal cyclic curve C of M. As M is not cyclicly connected, the maximal 


* Any such point P is an end point of V;+P by Theorem 3 of my paper Concerning continuous 
curves and correspondences, loc. cit., and thus the point Q; exists. See H.M. Gehman, Concerning end 
points etc., loc. cit., especially property 7. 

+ If 7 is chosen as any positive number less than e, then there is no component C of N;+P—C; 
such that the set of limit points of C in C; is of diameter greater than 7. 
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cyclic curve C contains at most one point of K. It is evident that any maxi- 
mal cyclic curve or a maximal cyclic curve minus one point is connected im 
kleinen. 

Whyburn* has defined the end elements of a continuous curve and has 
shown that in many respects they resemble the end points of a continuous 
curve. He has shown that if the continuous curve is neither cyclicly connected 
nor the sum of two cyclicly connected continuous curves, the set of end 
elements is totally disconnected in the sense that it contains no connected 
subset containing more than one end element. However the end-point 
properties mentioned in the two preceding theorems of this paper are not 
true for end elements, as is seen in the following example. Let M consist 
of the square with vertices (0, 0), (1, 0), (1, —1) and (0, —1) together with 
the circles with center (1/n, r,) and radius r, where n=1, 2, 3,---, and 
r,=1/(2n(n+1)). In this example each circle is an end element of the 
continuous curve M. If K is the set of end elements, then M —K consists of 
a countable infinity of components and is not connected im kleinen at the 
point (0,0). 


* See Structure, p. 178 and Theorems 16-19. 
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ON FERMAT’S LAST THEOREM* 


BY 
H. S. VANDIVER 


In two recent paperst the writer stated without proof four theorems 
concerning Fermat’s last theorem. These results were employed to prove 
the theorem for all exponents greater than 2 and less than 211. In the present 
paper the proofs of Theorems I to IV of my previous papers will be given, 
as well as one of an additional Theorem V. 

I shall first indicate the relation of the present results to the previous work 
done on the problem. In the year 1850 Kummerf proved that the equation 


(1) a + =0 


is impossible if a, 8 and y are integers in the field k(¢) prime to each other; 
¢=e*'*/! and / is an odd prime greater than 3 such that Bi, Bo, --- , Bus 
have numerators which are prime to /, where B;=1/6, B, =1/30, etc. are the 
Bernoulli numbers. 

As shown by Kummer§ the above condition concerning the Bernoulli 
numbers is equivalent to the statement that the class number of the field 
k(¢) is prime to /. Primes / which have this property are called regular. In 
particular he showed that the second factor of the class number is divisible 
by / only if the first factor of the class number is divisible by /. This is not a 
sufficient condition, however, for the divisibility of the second factor by I. 
He computed|| the first factor of the class number for all primes /<164. 
He found that / is regular for all these primes excepting /=37, 59, 67, 101, 
103, 131, 149, and 157. 

For /=157, the first factor of the class number is divisible by 157? and 
not by 157%, but in the other cases by the first power of / only. For /=101, 


* Presented to the Society, December 27, 1928; received by the editors in April, 1929. 

t Proceedings of the National Academy of Sciences, vol. 15 (1929), pp. 48; 109-110. 

t Crelle’s Journal, vol. 40 (1850), pp. 130-138. Proof extended by Hilbert, Algebraische Zahl- 
kérper, Jahresbericht der Deutschen Mathematiker-Vereinigung, 1894, pp. 517-523. 

§ Crelle’s Journal, vol. 40 (1850), pp. 117-129; Journal de Mathématiques, (1), vol. 16 (1851), 
pp. 473-486; abstract in Berlin Monatsberichte, 1847, pp. 305-319. Also Vandiver, Bulletin of the 
American Mathematical Society, vol. 25 (1918-19), pp. 458-461. For a full history of the problem 
as far as it is connected with algebraic numbers, cf. Bulletin of the National Research Council, 
No. 62, February, 1928. 

{] Crelle’s Journal, vol. 40 (1850), pp. 93-116; Hilbert, Bericht, p. 377. 

|] Crelle’s Journal, vol. 40 (1850), p. 117; Journal de Mathématiques, (1), vol. 16 (1851), p. 473. 
Berlin Monatsberichte, 1847, p. 319. Berlin Monatsberichte, 1874, pp. 239-248. 
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the 34th Bernoulli number is divisible by 7; for 1=103, the 12th Bernoulli 
number; for /=131, the 11th Bernoulli number; for ]=149, the 65th Ber- 
noulli number; for /=157, the 31st and 55th Bernoulli numbers. 

In the year 1857 Kummer attempted to prove that 


(2) x! yt = 
is impossible for rational integers x, y and z under the following three as- 
sumptions: 

AssumpTION I. The first factor of the class number of k(¢) is divisible by 
1 but not by 7?. 


AssumpTION II. If B,=0 (mod 1), »<(J—1)/2, there exists an ideal in 
k(¢) with respect to which as a modulus the unit 


/2 
i=0 
is not congruent to the /th power of an integer in k(¢). Here 


and e¢(¢7’) indicates the unit obtained from e by the substitution (¢/¢r'); 
also r is a primitive root of 1. 


AssumpTION III. The Bernoulli number B,, is not divisible by /*. 


He then applied these criteria to the exponents /=37, 59, and 67, the 
only /’s less than 100 which are not regular. From the remarks made above 
concerning the computations of the first factors of the class numbers it follows 
that Assumption I is satisfied, and carrying out extensive computations 
Kummer concluded that Assumptions II and III were satisfied also for the 
three values of / mentioned above. He gave, however, only the results of the 
latter computations and in connection with Assumption III did not give the 
formula that he used on which his calculations were based. 

If in (2) x, y and gz be prime to / this is called the first case of Fermat’s last 
theorem; if x, y and z are prime to each other and xyz=0 (mod /) then this 
is called case II of the theorem. Before the appearance of the papers of Kum- 
mer and between their appearance and the present time many contributions have 
been made to the first case of the theorem; in particular* the theorem has been 


* Dickson, Messenger of Mathematics, (2), vol. 38 (1908), pp. 14-32; Quarterly Journal of 
Mathematics, vol. 40 (1908), pp. 27-45; Beeger, Messenger of Mathematics, vol. 55 (1925), pp. 17-26. 
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proved for all exponents 2<1<14,000 in case I. The situation in connection 
with the second case is quite different, however. With the exception of the two 
articles by the writer cited above and another of Bernstein’s* no paper has been 
published since the year 1857 which gives any new criteria for the solution of (2) 
in case II which are independent of x, y and z and expressible in terms of rational 
integers. 

In the year 1920 the writer? pointed out that the proofs of the results 
given in Kummer’s 1857 Memoir on Fermat’s last theorem are inaccurate 
and incomplete in several respects. 

He latert completed Kummer’s proofs by modifications and extensions of 
the latter’s arguments. 

As noted above the prime /=157 is irregular and the first factor of the 
class number k(¢) for this case is divisible by /?. Hence the methods of 
Kummer’s 1857 paper do not apply to this exponent since the first assump- 
tion states that the first factor of the class number &(£) is not divisible by /*. 
The present paper is the result, in part, of efforts to obtain criteria for the second 
case of Fermat’s last theorem which would yield a proof of the theorem for the 
case 1=157 at least, and hence to effect an advance over Kummer’s work. 
Theorems I and IV as proved in the present paper each yield a proof for this 
exponent as well as the proofs for all other irregular primes | as exponents which 
are less than 211. 

Concerning the computations which prove Fermat’s last theorem in the 
second case for all exponents greater than 2 and less than 211, all primes 
less than this limit were tested as to being irregular. For a particular /, this 
was accomplished by testing each of the Bernoulli numbers B,, Bo, - - - , 
Bu_s)/2 as to the divisibility of their numerators by /. By a systematic method, 
for primes / less than 100 the necessary computations were made by Mrs. 
A. C. S. Williams; for the primes / between 100 and 200 they were made by 
Professor Elizabeth T. Stafford. The results showed that the only irregular 
primes in this range were those that had been discovered by Kummer, who 


* Bernstein, Géttinger Nachrichten, Mathematisch-Physikalische Klasse, 1910, pp. 507-516. 

It was pointed out by the writer, however (Proceedings of the National Academy of Sciences, 
vol. 6 (1920), pp. 416-421), that Bernstein’s first theorem constitutes no advance over the results of 
Kummer’s paper of the year 1850 on Fermat’s last theorem, and it was shown by Pollaczek (Mathe- 
matische Zeitschrift, vol. 21, pp. 36-38) that in order for Bernstein’s second theorem to yield a proof 
of Fermat’s last theorem for a particular exponent / a number of conditions concerning the field 
k(¢) must be satisfied. In particular, his theorem yields no proof for any of the three cases ]=37, 59 
and 67. 

+ Proceedings of the National Academy of Sciences, vol. 6 (1920), pp. 266-269. 

t Bulletin of the American Mathematical Society, vol. 28 (1922), pp. 400-407; Proceedings of 
the National Academy of Sciences, vol. 12 (1926), pp. 767-772. 
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carried his computations up to and including /=163. These computations 
concerning the Bernoulli numbers obviously do not give as much information 
as Kummer obtained, as he, in his work, computed the actual values of the 
first factor of the class number of each /. However, I regard the former com- 
putations as a sufficient check on Kummert’s results. 

The computations in connection with the irregular primes in testing the 
criteria of Theorems I to IV of this paper were carried out by Professor E. T. 
Stafford, Mrs. A. C. S. Williams, Mr. S. S. Wilks, and the writer. 

In none of the criteria found by Kummer for the second case of Fermat’s 
last theorem was any use made of the fact that x, y and z in (2) are rational 
integers. The criteria apply also if x, y and z are integers in the field defined 
by (¢+{-'), prime to each other. In Theorem V of the present article I 
give for the first time criteria for the second case of the theorem which are 
obtained by use of the fact that x, y and z are rational. 

1. We first consider 


Lemma 1. If the ideal (w) in k(¢) is the lth power of an ideal in that field 
and w is a primary number, then (w) is the lth power of a principal ideal in the 
field provided that the second factor of the class number of k(¢) is prime to 1. 


This was proved in full in another paper by the writer.* It is also noted 
that this lemma may also be proved using a result of Takagi.f This follows 
since Takagi shows that if the second factor of the class number of k(£) is 
prime to / then any singular primary number in the field may be expressed 
in the form 76! where 7 is a unit and 6 a number in k(¢). This statement is 
equivalent to the one in the lemma since a singular primary number w 
is defined to be such that (w) is the /th power of an ideal which is not a prin- 
cipal ideal, w being a number in k(£). 

We now proceed to 


Lemma 2. If a unit n exists in k(¢) which is of the form 
n=c! (mod 


where c is a rational integer, then n is the lth power of a unit in k(f) except 


possibly when 
Bu = 0 (mod /*) 


for n some integer in the set 1,2, - - , 


To prove this we set 


* Proceedings of the National Academy of Sciences, 1929. Note that the relation just above (7) 
gives = 6! which with ww_;=y:0;' yields w=yo', where y and are units. 

t Crelle’s Journal, vol. 157 (1927), p. 236. Cf. also Bernstein, Géttinger Nachrichten, loc. cit., p. 
514. 
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(3) nt = E\%E.™--- 


the a’s and ¢ being rational integers Since the Z’s form an independent 
system in k(¢) this is always possible. Further we may assume that / is not 
a common factor of all the integers ¢, a1, a2, - , 4=(J—3)/2. For if it 
is, and a1, "aj, with / prime to at least one of the 
integers a}, @3, , @,, then (3) holds with in lieu of ¢, a} in lieu of a, 
etc., since all the Z’s are real. 

We may, by the hypothesis in the theorem, set 


(3a) n=c'+ da, = Pa, 
where a; and a@ are integers in k(¢). We may write 
a = mo + mi +--+ + 
with the m’s rational integers. If w is an arbitrary variable, set 
a(w) = mo + mwt---+ 
Now e may be put in the form 


Set r’ =(1—r)/2 (mod J), with r’ a positive rational integer. Put 


e(w) = 
w—i1 


4 
j=1 
€(w) is obviously a polynomial in w with rational integral coefficients. Set 


5 


then (£;(w))* is also a polynomial in w with rational integral coefficients, 
since it may be written as 


hh 


j=0 


and pr~**? is a positive integer because 1? >277. Now consider the expression 


h 
A = — (ct + 
i=1 


i 
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It is a polynomial in w with rational integral coefficients, and vanishes for 
w=f¢ by (3) and (3a). 


Since 
w' —1 


w—i 
is irreducible in the rational field it therefore follows that 
—1 
A = 


where X is a polynomial in w with rational integral coefficients. Further 
if A is divided by w!—1 we obtain a remainder which is of degree </ and di- 


visible by 
w'—1 


w—l1 
Hence this remainder is of the form 
— 1) 


where 0 is a rational integer. We therefore write 


w'—1 


h 
(3b) = + V(w' — 1) +5 


i=1 


where V is a polynomial in w with rational integral coefficients. Put w=1 
in the above; we have 
l 
i=1 
Since 


| 
then 
— 1 
— 
is an integer divisible by /, and since 
= =] 

the relation (3c) gives 

bl = 0 (mod 7?) ; b = 0 (mod /). 


Set b=6,/ and w=e’; then (3b) gives 
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ev? — 1 


h 
(3d) = (c! + + V(ert — 1) + 


v 
i=1 = 


To proceed further with this relation we first derive some properties of the 


. 
B, = 1/6, Bz = 1/30, ---; |v) <—> 
r 


qt] —1 
‘lo 
| 21 — 1) 
dv?* = 21 


We shall now show that 
d* logF(e’” d* log F(e” 
(3e) | gF( ‘| g F( ‘| 
dv* v=0 dy* v=0 
where F(e*) is a polynomial in e’. Set 
d*— log F(e”) _ A(e”) 
dy*-! 7 B(e”) 
where A (e*) and B(e*) are polynomials in e*. Assume that 
d*-! log F(e"”) A(e’’) 
dy*-! B(e’’) 


This is true for k=2. We shall then show that this then holds for & in lieu 
of k—1. Differentiate each member of this equation and we obtain 


d* log F(e’”) dA(er*) r*A(er*) dB(er’) 
dv* Bier’) dv dv 
and in the same way 


= 


d* log F(e”) 
dv* 


Putting v=0 in these relations we obtain (3e) which gives the relation 
desired. Applying this to the E’s, 


v 
dv** v=0 


= (1 + p2i (1-3) /2--2n (1-3) /2) 


= G(e’). 


(- 1)**1B; 


— 1). 


619 | 
E’s. We have | 
dv 
whence 
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Hence if 


d* log E,(e*) By 
= (- - 0), 
2i 


— ] 


(4a) 


and if i=n, 


d*" log E,,(e”) (— 1)"*'B,(1 — 1)(r?* — 1) 
| 
4n 


So far in this paper we have put no limitation on r except that it be a 
primitive root of 1; we may then further assume that r/-'=1 (mod /*). 
In (3d) take logarithms of both members, differentiate 2k/ times, k=1, 2, 

- ++, hh, with respect to v, set v=0 and reduce the result modulo /?. Inthe 
left hand member we employ (4) and (4a) modulo /? and using r’“'=1 
(mod 1?) we obtain, modulo /?, 


1? 
2kl 


(r2#!— 1), 


As to the right hand member, denote it by Z; then 
d™ logZ —( 1 dZ 


dv =) 


say. With the latter notation we have 
= Z-"Dii(Z) + (kl — 

eee 
When we substitute v =0 in this relation we obtain on the right hand side the 
sum of a number of fractions each of whose denominators is of the form 1 
(mod /*) and whose numerators are each divisible by /? except possibly the 
term [Z-'D,.(z)],-0 . It may be shown that this term is divisible by /*, 
however, since 


e— 


ev! — 1 
Dru G 1)V + bil 
v=0 


= — + — 1)],-0 = 0 (mod 


observing that 


=o (modi); i#0 (mod (I—1)), 


[D.(e*! — 1)].-0 =0 (mod/?); s>1. 


and 
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Hence [D;:(Z)],-0 is divisible by /* and therefore 
a,By, = 0 (mod /'), 
and using the hypothesis of the lemma we have 
a, =0 (mod /), 


hence by our assumption at the beginning of the proof, 40 (mod J), giving 
from (3) 
nt = 6! 

where 6 is a unit in k(f). Raise each side to the power 4, with ¢, a rational 
integer such that ét;=1 (mod 1); we have n =6,', which proves Lemma 2. 

2. We now enunciate 

THEOREM I. Under the following assumptions: 

(1) the second factor of the class number of the field k(£) is prime to 1; 

(2) none of the Bernoulli numbers By, n=1, 2, - - - , (I—3)/2, is divisible 
by 18; 
the equation (2) is impossible in case II. 

The proof is, in the main, an extension of Kummer’s argument employed 
in his 1857 memoir already cited here. 

We consider the equation 


(6) w! + = 
where w, @ and £ are integers in the field defined by ¢+¢~' and are also prime 
to each other in that field; 7 is a unit in this field and 
a= (1 — — 
Also the rational integer m is greater than 1. We shall show this equation to 
be impossible under the assumptions mentioned; it follows easily that (2). 
is impossible in case II under the same assumptions. 
Evidently 

(7) + 56) = 

a=0 
We note that from 

w + + — = w 

it is possible to infer that each one of the factors of (7) is divisible by (1—¢) 
but the right hand member of (7) is divisible by a higher power of \=(1—f¢) 


than /. Hence one of the factors on the left hand side is divisible by )?. 
Since w+ is real it is divisible by x and since, if a40 (mod J), 


1)8, 


| 
| 
i 
| 


621 
1 
3 
| 
} 
| 
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we have that the expression on the left is divisible by \ but not by A?. Also 
w+f*0 and w+? have no factor in common aside from \X since their dif- 
ference is (¢*—{°)@ and @ is prime to w, hence 


= ie =1,2,---,¢—1), 
( =) i (a ) 
(w 6) = (x) 


w+ (wo + 
(7a) ==) GS) -o. 


By Lemma I, 


where p,’ is an integer in k(¢).* But we also have 


(7b) (===) G=2)- 


and since jaj-a belongs to the field k(¢+¢-') we have, if 4 is the class number 
of 
(7c) (jaj—a)" ~1, 


with h prime to /; hence if i, =1+sl, s and /, rational integers, then 


(jaj—a)*™ (jaf—a) (jaf—a)*", 
which with (7b) and (7c) gives 


joi-a ~ ‘1; 


hence by (7b), 


w + £0 ot 
(7d) - one, 


where 6 is a unit and p”’ an integer in k({+¢-'). Multiplying this by (7a) 


we have 
GS) B(pa pa) 


and 

(8) (@=1,2,---,#—1), 
where 7, is a real unit in &(¢), p. an integer in that field. Also since the second 
factor of the class number of k(¢) is prime to / we have 


* Here p is not used in the same sense as on p. 617. 
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where pp is an integer in k({+¢-'). If we write p_, for the integer in the field 
k(¢) which is obtained from ¢, by means of the substitution (¢/¢-"), we have 
from the relation (8) for a and —a, and (8a), three relations from which we 
may eliminate w and 6 and obtain, if 7’ is a unit in & (¢), 


Pat — pat = nd (1— 


Decomposing the left hand member into linear factors we note from the 
above that we have, if a is an ideal in k (¢) 


(9) (i 


(9a) Pa — = (mod (1 — 


The left hand member of (9) is unaltered by the substitution (¢/¢-') and 
since the second factor of the class number of k(¢) is prime to / we have in 
the same way that (7d) was obtained 
= 7} i =1,2,---,l-— 1), 
where 7?’ is a unit and y; is an integer in k({+¢-'). This relation with (9a) 
gives 
Pa = ni' wi! (mod 
Since m>1, then (2m—2)/=2/. Using the relation (8) with the last relation 
given, we obtain 
ot = na(ni’) (mod \(2m—2)1) | 
1 — 
We have a similar relation with 0 in place of @ and division of these two. 
relations gives 


nani’)! _ 
where c is a rational integer with 7, and 7; units in k(¢). By Lemma 2 it 


follows that the unit on the left hand side is the /th power of a unit in k(¢). 
We may now write, if p.* = (n/’)~"pa, 

ot 

= na(ni’ )'pa 


from the product of this expression and that obtained after making the 
substitution (¢/f-!) we have 


(10) (mod \*/), 


| 


i 

§ 
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w? + + + 6? = — — 
na* = (na(ni’)")? 
and * is an integer in k(¢+¢-'). We have a similar equation for bd in place of 
a and also from (8a) 
w? + + 62 = 
Elimination of the quantities w?+ 6? and w@ from these three equations gives, 
if a#+b (mod J), 
Dividing through by 7.* we obtain as a coefficient of 6* the quantity which by 


(10) we saw was the /th power of a unit in k(¢), and noting also that the right 
hand member may be simplified by using the relation 


(10a) Na*w*! — = 


we obtain 
(10b) wy! + Oy! = 
with 6 a unit in &(¢). This equation is exactly the same form as (6) with w, 


6;, &: integers in k(¢) prime to each other and 2m—1>1, since m>1. Com- 
paring the value of £, with the value of — we see, however, that since £;=p?, 


then &, necessarily contains a lesser number of distinct prime ideal factors 
than does é, aside from the exceptional case when £/pp is a unit in k(¢), in 
which event 


w+ 
is a unit in the field k(¢) where i=1, 2, - - - ,—1, whence 
+ 5-6) 
1—¢ 1— 
which gives, using w+0=0 (mod J), 
(i-¢*)1-¢) =0 (mod /), 


and this is impossible for />3. 

Hence we obtain by repetition of the process used in connection with 
(6a) an unlimited series of integers in the field k(f), &, &, &&,---, in 
each of which the number of distinct ideal factors is less than in the preceding, 
which is impossible. This completes the proof of Theorem I. 

3. We now consider 
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THEOREM II. Under the assumptions 
(1) only one of the Bernoulli numbers (say B,) in the set 


(11) By, Bo, +++, By 


is divisible by l; 
(2) the Bernoulli number B,, is not divisible by |?; 
the equation (2) is impossible in rational integers none zero. 


For proof suppose first that the second factor of the class number of 
k(¢) is prime to /; it then follows from Theorem I that (2) is impossible in 
case IT in view of Assumption 2 of the present theorem. The theorem follows 
immediately for case I since it is known* that if (2) is satisfied in this case 
then at least two of the Bernoulli numbers in the set (11) are divisible by /. 

Consider now the only other possibility, that is, when the second factor 
of the class number is divisible by/ in case II. Furtwanglert showed that if f 
is an arbitrary algebraic field and f’ the superfield of f obtained by adjoining 
¢, then any class in the irregular class group{ of f may be represented in the 
form 


(c)y = C1 + 
(x, 


where gl” is the class number of f with g prime to /, and also any class in the 


irregular class group of f’ may be written in the form (if (c), is now inter- 
preted in f’) 

(c),C, 
where C is a class in f’ such that, if s:, - - - , s; are the substitutions of the 
relative group of f’ with respect to f, then if C=C.,, 


7 


where C, represents the class of ideals obtained from C by. the substitution 
son the ideals of C. Let the field f be k({+¢-") and then f’ is k(f), so every 
class in the irregular class group of k(¢) may be written in the form 


* Kummer, Berlin Abhandlungen, Mathematisch-Physikalische Klasse, 1857, pp. 61-65. 

+ Mathematische Annalen, vol. 63 (1906), pp. 21-22; Pollaczek, Mathematische Zeitschrift, vol. 
21 (1924), p. 22. 

} The irregular class group is obtained by considering the group of classes formed by the gth 
powers of all the ideals in f. Hence the principal class in the irregular class group consists of ideals 
which are /*’th powers of ideals in f. 


| 
625 | 
| 
{ 
| 
| 
| 

i 
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where 


with s = (¢/¢-"). Now consider from (6) 
wo + £6 
( 
This has no prime ideal factor which belongs to the field k({+-") since if 
q is such an ideal, then 


fm 0+ 


= 0 od 
(mod q) 


which gives 

— = 0 (mod q), 
which contradicts the assumption that w and & are prime to each other. 
Hence all prime ideal factors of (w+¢76)/(1—¢+) belong to the C classes and 
the relative norm of each belongs to the principal class of the irregular class 
group in k(¢). We may then write 


and using gg:=1 (mod J) since q is prime to / we have, using notation of (8), 


= 


92 w? + = noe 


with a 4 +6 (mod /), and elimination of the two quantities 6?+w? and w@ 
from these three equations gives 


(12) nd — mir, = 


where 6’ is a unit and é’ an integer in k({+¢-'). This relation shows that 
n2/né is a primary unit in k(¢+¢-'). But we shall now show that if the 
second factor of the class number is divisible by / this is contrary to the second 
assumption of our theorem. 

Using the assumption as to the second factor it follows that E, is the 
Ith power of a unit in k(¢), but that E,., 2’ ¥n, is not an /th power. Suppose 


cc, = 1 
06+ Sw 6+ 
1-—¢ 


1929] ON FERMAT’S LAST THEOREM 627 


that there exists a primary unit 7 which is not the /th power of a unit in 
k(¢), we may then set 


nt = Ey"E," Ey). 


As in the proof of Lemma II, we may replace this by an identity in e* of the 
type (3b). Differentiating 2 times and setting »=0 we have, using (4a) and 
5), 

=0 (mod 
and s;=0 (mod /) except fori=n. Now E,=(E’)'. Hence 7° is the /th power 
of a unit with 7 not the /th power of a unit, hence =0 (mod /), and as in the 
proof of Lemma II, we have s,#0 (mod /). It then follows that n‘=c! (mod 
/?) and we find as from (3b), B,,.=0 (mod /*) which contradicts Assumption 2 
of our theorem. Hence in (12), 72/n? is the /th power of a unit in k(¢) 
and (12) reduces to the same form as (6). Repetition of this process leads to 
a contradiction as in the proof of Theorem I. This completes the proof of 
Theorem II. 

4. We now proceed to 

THEOREM III. Jf 1=1 (mod 4) and all the numbers in (11) which are di- 
visible by | have even subscripts, then (2) is impossible in rational integers none 
zero. 
This proof depends, in part, on a remarkable device employed by Miri- 
manoff.* Consider first the relation (2) in case I. Then Kummer, as pointed 
out in the proof of Theorem II, proved that, if (2) holds in this case, B;,,= 
=0 (mod /) and one of these subscripts is odd. This proves the theorem for 
case I. 

In case II, consider the generalized form (6) again. Using the result em- 
ployed in the proof of Theorem II, that all ideal divisors of (w+¢£*0)/(1—¢*) 
are such that their relative norms with respect to the field k(¢+¢-') belong to 
the principal class of the irregular class group, we obtain as before 


and this may be written, if x,=(1—¢*)(1-—-¢-*), 
(13) (0 + — = Nakata’, 
(13a) (0 + = 


Now, following Mirimanoff, we may assume, since /=1 (mod 4), that (6+w)? 


* Crelle, vol. 111 (1893), pp. 26-30. 


| 

i 
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and @w belong to the sub-field of k(¢) defined by (0+6-!+0"+6-™) which 
we shall call k’; w=(/—1)/4. Suppose that the distinct Bernoulli numbers in 
the set (11) which are divisible by / are 


Ba,,Ba,, B,,. 


By the hypothesis of the theorem the a’s are all even. Now according to 
Pollaczek* there exists a fundamental system of /, real units in k(¢) such that 


(13b) (8; )! (i =1,2,---, h), 


s standing for the substitution (¢/f{"), and r is a primitive root of /. It was 
also shown by the writerf that there exists a certain system of independent 


real units in k(¢), 
M2, * Alyy 


which have the property 
= (af)!, 
and also 


as = 
c; a rational integer and 6/’ a unit in k(¢). As the E£’s as defined in the 
present paper also have this property, it follows as in the Annals paper that 
(14) E; = B4(6;)', 


where 8; is a unit in k(¢) and d; is a rational integer. 
Now consider the primary units in k(¢). Any such may be written in the 
form 


(15) stol=y7= 
i=1 


where s is a rational integer and ¢ an integer in k(¢). Asin the proof of Lemma 
II, we may replace this by an identity in e* and obtain 
vl 


ev? —1 
X 


(15a) (s+ lo(er))= + 


where 


;=1 (mod A), 
and X is a polynomial in e* with rational integral coefficients. Now using 
(14), replacing it by an identity in e*, differentiating 2i times and setting 
v=0, we have from (4a) 


* Loc. cit., p. 7. 
+ Annals of Mathematics, 1929. 
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d** log 
v=0 


dv2* 


— 
(16) (— 1) —— 


— 1) = al 


modulo /. We have similarly, ¢</—1, 


at i(e” at i(c” 
(17) _ log vilc*) 
v=0 dv* 
We also have from (13b) after replacing it by an identity in e* 
d‘ i(e” 
(18) =0 (mod 1) 
dv' v=0 


for t~2i. Differentiating (15a) 27 times and setting »=0, we have, using 


(17) and (18), 
d?*B;(e”) 
i = l 


dy** 


and employing (16) we see that d;40 (mod /); g;=0 (mod /) except for 
i=, G2,-+-+, a. Hence, from (15), any primary unit in k(¢) may be 
written in the form 


y= |] 


where 6 is a unit in k(¢) and @ ranges over the set ai, - - - , de. 
Now consider the unit 7. which occurs in (13). We may write it in the 


form 
n= 


i=1 


Let h/ =2h; (mod 1), where h; is a rational integer, and we have - 
no = OS <1, 
t=1 
where 4; is a unit in k(¢). The relation (13) then becomes 


(19) (0 + — = ka )'. 
Set 


6 = = (0/0’)u’, 


where §,(¢"") represents the unit obtained from 6; by the substitution 
(¢/¢r*) with w=(J—1)/4. Now 6,6(¢™) belongs to the field k’. Hence 


629 | 

| 

| 
| 
| 
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(0’+w’)? and 0’w’ belong to this field, since (@+w)? and @# do. From (19) 


IIs." 


we then have 


(20) (0° + w’)? — = ka )’. 


We have 
Bio") = 
where 6, is a unit in k(¢). Hence 
Bi(gr’) = = 
if 7 is even and the 6’s are units in k(¢). If 7 is odd we have 
= Bri 
Hence (20) becomes 
(21) + — = Ka [] 1, 


where s ranges over all the odd integers in the set 1, 2,---,4. Dividing 
through by we have, using 0’++-w’ =0 (mod /*), 


= (mod /). 


Setting ¢*" for ¢ in this relation we have, since 6’w’ is unaltered by this 
substitution, 


[ =¢ (mod /), 


where c is a rational integer. Since all the Bernoulli numbers divisible by / 
have even subscripts and none can be an s and all the g’s in (15) are divisible 
by / except for i=a, a2,--- , a, then 


— 1) = 0 (mod /) 
and h,=0, so (21) becomes 
(0 + — = Kaba’. 
Setting ¢*” for ¢ in this relation gives 
+ w’)? — (2 — gare — = 


Taking these two equations with (13a) and eliminating (0’+w’)* and 0’w’ 
we obtain 


ba! — (bel = 
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where ¥ is a unit in k(¢). This equation belongs to the same class as (6) and 
we obtain an equation therefrom of the same form as (13) and having the 
property that (¢.—¢.(¢))? and ¢.@.(¢") each belong to the field k’. We 
may then proceed as in the last part of the proof of Theorem I and ulti- 
mately reach a contradiction. 

5. We may now proceed to 


THeckeM IV. Under the following assumption: 

None of the units E., a2, , Gs, is congruent to the lth power of an 
integer in the field k(€) mod p, where p is a prime ideal divisor of p, p is a 
prime < (l?—1) of the form 1 mod 1, and ay, ds, - - - , a, are the subscripts in the 
Bernoulli numbers in the set (11) which are divisible by 1; 
the relation (2) is impossible in case II. 


To prove this we note first that it follows from this assumption that the 
second factor* of the class number of k(¢) is prime to /. Instead of the gen- 
eralized equation (6a) we shall here consider the same form with 7=1 and 
w, @ and é integers in the field k({+¢-') prime to each other, that is, we 
consider the equation 

+ = — 
Set 
so that 


(22) 


As in the proof of Theorem I we note that (w+{*p)(w+{*%)'“' is a primary 
number in k(¢), so that we have as in the said proof 


(23) w + = nada’ =1,2,---,t—1), 


where 7. is a real unit in k(¢). Hence we have 

(23a) o—a'(w + §%p) = oa'(w + $9). 

Now @ is prime to p, for if divisible by p, we may assume p prime to w and 
we obtain from (22), in the same manner in which (23) was derived, 

(24) = Yar’, 


where y, is a real unit and 7 an integer in k(¢). Since @ is divisible by p it is 
also divisible by p_ since @ belongs to the field k(¢+¢-'). Hence using power 
characterst we have 

* Stafford and Vandiver, Proceedings of the National Academy of Sciences, 1930; Vandiver, 


Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 333-35. 
Tt Hilbert, loc. cit., p. 365. 


‘ 
| 
— 
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and since ¢ and y, are in the field k(¢+¢-") we obtain 


a 2a 
and p—1=0 (mod /?), which contradicts our hypothesis concerning p. Hence 


the o’s are prime to p. Hence we obtain from (23) by raising both members 
to the power c, p=1+cl, 


(24a) (w + = (w + (mod p), 


or 
w? a cw oh = w* cw — (mod p). 
Multiply both sides by ¢*. We have, after setting a=0 (for which the above 


relation obviously holds), 1, 2,---,2—1, and adding the resulting con- 
gruences, 


(25) gw! = 0 (mod p) 
under the assumption that c</—1. Now w is not divisible by p, as we can 


obtain a contradiction by assuming it divisible by p and employing (23) 
in the same way that (24) was used. Hence we obtain from (25) 


(25a) ¢=0 (mod p). 


Since p=1+cl, it is of the first degree and we may therefore write 


the p’s being distinct ideals. Now p was an arbitrary prime ideal divisor of p 
and since is not divisible by the square of an ideal it follows that we may 
write in lieu of (25a) 


¢=0 (mod 


We shall now show that (w+) is divisible by (p). In order to effect this we 
again consider (22) and obtain, exactly as in the proof of Theorem I, 


w+ £0 
26 = we’, 
(26) 


(26a) +O = 


632 
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where the 7’s are units and the p’s integers in k(£). Since ¢ is divisible by p 
let us assume that 
(mod pn), 
where p, is a prime ideal divisor of p for 
k#0 (mod /). 
Make the substitution in this congruence (¢/f*’) where 
(mod /). 


By this substitution p, is changed into another prime ideal divisor of » which 
we shall call p, hence, if w’ and 6’ are the corresponding conjugates of w and @, 


(27) w’ + = 0 (mod p). 
It then follows that w’+ 6’ is prime to p for a1, and, from (26), 


,, ,, 
ae 


1 


If we assume now that & is any integer in the set 1, 2, - - - ,—1 excepting 
unity, we may raise both sides of this relation to the power c and obtain, 
since the p’s are prime to p, 


(27a) (w’ + = + (mod p), 
k=2,3,---,l—1. 
We also have 


+ — — = — (mod p), 
and from (27) and (27a), 


the symbol denoting the /th power character, or 


(28) 


Now consider the expression 


p p p 

whence 
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where 


Using a known formula* we have 


4, ind E,(¢*) — ind £,(¢) 


1 
9 j =—(t — 1) ind¢ — 2 
(29) ind (———) ) ind ¢ (mod /) 


Now if 
t=ri (mod /), 


then because of the relationt 
= ; 1a unit in R(f), 


we may write 


(29a) ind E,(¢*) = #" ind E,(¢) (mod 
Substituting in (29) we obtain 
1 (#" — 1) ind E, 
(29b) ind ( ) =~ —1)indg 25 
—1 2 n=l — 


Now apply this relation to (28). We obtain 
((k — — 1) ind E,($) + 1)?” — 1) ind 


n=1 — 1 


(mod?) . 


n=1 
Now expand the powers of k—1 and k+1 by the binomial theorem and 
arrange the results in descending powers of k. We have, after noting that 
the coefficients of the even powers of k are the same on both sides of the 
congruence, 


(30) + eee Aik =0 (mod 
where the A’s are expressions involving #, r, and ind E,(¢). We have 
— 3). 
ind 
—1 


Formula (30) is true for all values of k excepting k=1. If we put k=2, 4, 


* Kummer, Crelle’s Journal, vol. 56, p. 277. , 
+ Here we are using the Kronecker-Hilbert notation of symbolic powers, E,** corresponding to 


the substitution 


— 

= 

r = ina (———). 
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. ++, 1—3, in turn, we obtain /, congruences from which we infer that (cf. 


(31a)) 
(mod 


since the determinant formed by the coefficients of the A’s is prime to /. 


From the coefficient of A;_, already found we obtain 


ind E4\(¢) = 0 (mod /). 
Also 


(' — 3\ind E,(¢) — 5)ind Ey,-1(¢) 
Ais = 2 ) 
3 —] — 
From this we obtain 
ind = 0 (mod /). 
Proceeding in this way we find that all the Z’s are such that 
ind E, = 0 (mod J), 


which contradicts the first assumption in our theorem. From this it easily 
follows that 


= 


using (29a), hence, w+{+#040 (mod p;); 40 (mod 7). We have then com- 
pletely established the fact that 


o+0=0 (mod 
in (26a). Because of this relation we obtain from (26a) 
po = 0 (mod p) . 


Taking (26) and multiplying it by the equation which was obtained from it 
by a substitution (¢/¢-'), then substituting 6 in lieu of a in the result and 
also squaring equation (26a), we obtain three equations from which we may 
eliminate w?+6? and w@ as was done in the proof of Theorem I. We obtain an 
equation of the type (10a), the only possible difference being in the unit 
which appears in the right hand member. If we transpose the term 7;*6*! 
to the right hand member and take /th power characters of each member we 


obtain, since 
po = 0 (mod p) ’ 


Na* 


where » is a prime ideal divisor of . From this we have 


| 
| 
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p 


In transforming this expression we shall employ a”method which has 
proved of great use in handling a number of questions,in cyclotomic field 
theory. Since the Z’s form a system of independent units in k(¢) we may set 


Suppose now that d is divisible by /; then we may assume, as at the beginning 
of the proof of Lemma II, that not all the d’s are divisible by 1. Hence by a 
previous paper of the writer’st we infer that E,% is the /th power of a unit 
in k(¢), s=1, 2,---,h, where /:=(/—3)/2, and therefore E,=y', where y 
is a unit in k(f), for some s. Then, as we have already seen during the 
course of the proof of Theorem III, s is included in the set a, a2, +--+ , de. 


But this gives 
E, 


contrary to the assumption stated in Theorem IV. Hence 
dF#0 (mod 2). 


Then in the revised equation (10a) we can also set ¢* in lieu of ¢; k=1, 2, 
- + +,1—1. In view of the relation (29a) we have, from (31), 


d ind = Sod, E, = 


n=1 


k = 
We obtain /, congruences, and since the determinant 


1 1 1 1 
24 26... QI-3 


ltol, 
= 


1? 1,4 

is prime to / we obtain 

d, ind E, = 0 (mod /) ; 
m=1,2,---,h. 


fT Bulletin of the American Mathematical Society, vol. 35 (1929), pp. 333-335. 
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Now also the unit 7.*n,'—! is a primary unit in k(¢). This follows immediately 
from the revised equation (10a). Hence the only E’s which can appear in (31) 
are those referred to in the Assumption of our Theorem IV which shows 
that all the d’s appearing as exponents are divisible by /. Hence (n.*n*'-')¢ 
and therefore .*n**'—! is the /th power of a unit in k(¢). Now using our re- 


vised equation (10a) and dividing through by 7.2", we obtain 
(32) wy! + Oy! = 


where w, 61, £: are integers in k(¢) and 6; is a unit in that field. Also the first 
three integers mentioned are prime to each other in k(¢) with £, divisible by 
p. This equation is a more generalized form than (22). However we may pro- 
ceed as in the treatment of (22), obtaining 


+ 


+ 6; = /2y 


= 


where a=1, 2, - - - ,J—1; the a’s are units and the »’s integers in k(£). Since 
£, is divisible by # it follows that either y) or y, is divisible by a prime ideal 
divisor of and we may show exactly as in our treatment of (26) and (26a) 
that w:+4, is divisible by p. Also eliminating w; and @; as w and @ were 
eliminated from the equations based on (26) and (26a) and showing that 
the units involving a@ are /th powers of units in k(¢) as it was proved that the 
units involving the n’s were /th powers, we find 


(32a) wo! + Og! = 


with & divisible by p and prime to the integers w, and 62, and 62 being a unit 
in the field. This equation is of precisely the same form as (32), hence by 
repetition of this process we obtain as in the proof of Theorem I an un- 
limited series of ideals in each of which the number of distinct prime ideal 
factors is less than in the preceding, which is impossible. This completes 
the proof of Theorem IV. 

6. We shall now consider the equation (2) with x, y and z rational 
integers, and derive criteria for the solution of it in such a way that the fact 
that x, y and 2z are rational integers is employed during the argument. 
As noted in the introduction to this paper this is apparently the first time 
criteria of this type have been obtained for the second case of Fermat’s 
last theorem. The theorem is as follows: 


¥ 
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THEOREM V. Under the following assumptions: 
(1) there exists a rational prime integer p such that the congruence 


=0 (mod 


has no solution u,v and w all rational integers prime to p, and p1 (mod /*); 


(2) the relation 
Ea 
{=} «1 
d 


holds, where a ranges over the values a, d2,- ++, s, these integers being the 
subscripts of Bernoulli numbers in the set (11) which are divisible by 1, and » is 
a prime ideal divisor of p; 

the equation (2) is impossible in rational integers none zero. 

For proof consider the equation (2). If this holds then by the first assump- 
tion in our theorem it follows that one of the integers x, y, and z is divisible 
by ~. If none of these integers is divisible by / then the theorem follows 
because of Theorem IV in a previous paper.* If we suppose that one of these 
integers, say 2, is divisible by /, then it follows that z is divisible by since if 
x or y is divisible by p we have by Furtwingler’s Theorem 


(mod /*), 


which contradicts the assumption that 


(mod 


for it is known that in order that Assumption 1 of the Theorem hold we must 


have 
p=1 (mod /). 


We now proceed with equation (2) in the same manner as in the treatment of 
(32), and we find that x+y is divisible by p. We then find as before an 
equation of the type (32a) with & divisible by p and we ultimately reach a 
contradiction as described previously. 

7. We now consider the application of these theorems to Fermat’s last 
theorem for special exponents. The work of Kummer concerning the 
examination of special exponents has been described in the introduction to 
this paper. It was also stated in the introduction that the primes / less than 
211 were tested as to being regular. The main formula employed for this is 

— 3l-2a _ 4l—2a [2/4] 


4a s=[1/6)+1 


* Annals of Mathematics, (2), vol. 27 (1926), p. 55. 


3 

[October 


1929] ON FERMAT’S LAST THEOREM 639 


The proof of this formula and the details of the computations will be given 
in a paper by Professor E. T. Stafford and myself.* As noted before, the only 
irregular exponents found within the range mentioned were those which had 
previously been discovered by Kummer. Hence we may state 


THEOREM VI. The equation 
+ 7' =0 


is impossible for all odd prime exponents | less than 211 excepting possibly 
1=37, 59, 67, 101, 103, 131, 149 and 157 if a, B and y are integers in the field 
none zero. 


As already noted only one of the Bernoulli numbers in the set (11) is 
divisible by / in each of the cases ]=37, 59, 67, 101, 103, 131, 149. We then 
apply Theorem II to these cases by employing the formula given by 


Lemma 3. If 1<a<(/—1)/2 and lis a prime integer >5 then 


(— — 1) 
(33) = 1%l-1 4 320l-1 4 4... 4 — 


2al 
(mod /?) 


and 
(= — 1) 


(33a) Aa 


t—1 


2al—1 


To prove these relations we employ the Bernoulli summation formula 
n n(n — 1) 
= lbn + 1 Cons) + 


y+ 
r+i\r 
where 
= 1" +2" 1)", 
and 
boa = (- 1)*'B,, = 0, a> 0, 


and » is an arbitrary positive integer. 

Set 2 =2al. The second term in the right hand member of the summation 
formula is zero. The third term is divisible by /‘, since by the von Staudt- 
Clausen Theorem /b,_: is either a fraction divisible by / or, if m—2 is divisible 
by /—1, then / appears to the first power in the denominator of b,_2, but the 


* Proceedings of the National Academy of Sciences, 1930. 
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latter condition can not hold for »=2al. Also it is easily seen by induction 
that /*-!>/* (r+1) for/>5, andr>3. Hence /*-1/(r+1) is divisible by / 
and the corresponding term in the above expansion is divisible by /*, hence 
=1b, (mod for n =2al. 

We now introduce the formula* 


ES 


where is an arbitrary integer, 2 is an integer prime to p and not unity, and 


a 
(mod n), 0S ya <n. 


Setting m =2 in this formula, i=2al and p=1, and employing the congruence 
just obtained, we have 
2al(2al — 1) 


It is known that 
(mod /) 


if kis even. Consequently the last relation reduces to (33). Also it is known 
that 


(mod /*) 


if m is odd and m1 (mod (J—1)). Hence subtracting this congruence from 
the preceding we obtain (33a), since 2a] —1#1(mod (J—1)). The congruence 
(33a) was previously obtained for the case m arbitrary by Mirimanofff who 
gave a different proof. 

For /=37 the right-hand member of (33), with a=16, was computed 
directly by Mrs. A. C. S. Williams, who found 


Bye.37 = 42-37 (mod 372). 
This agrees with Kummer’st calculations, as he found 


Bie-37 


= 35-37 (mod 372). 


* Vandiver, Annals of Mathematics, (2), vol. 18 (1925), p. 112, relation (7a). 
t Crelle’s Journal, vol. 115 (1895), p. 300. 
¢ 1857 Article, p. 73. 
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Similarly Mrs. Williams found that 
Baz.so = 59-17 (mod 592), 


which also checks with Kummer’s computations for that prime. For the 
case 1=67 she found B’9.¢;=67-13 (mod 672). This gives Booe7=67?-41 
(mod 672), in lieu of Kummer’s result that Bo9.¢7=672-49 (mod 67). In my 
opinion this indicates a misprint in Kummer’s article. Also, the computa- 
tions of Mrs. Williams concerning these three primes were all checked by 
the writer. 

An excellent check on the computations of the A’s and B’’s is the fact 
that we must find them in each case divisible by /. 

For the known irregular primes >100 and <211 the A’s in (33a) were 
computed by Mr. S. S. Wilks using Monroe and Marchant electrical comput- 
ing machines. He found Ay=96-101 (mod 1012); Ai2=10-103 (mod 103%); 
Ay =103-131 (mod 131%); Asgs=133-149 (mod 1492). In the case 157 
where Bs; =B;;=0 (mod Mr. Wilks found As,=39-157 (mod 157?) and 
Ass=156-157 (mod 1572). 

All the computations concerning the B”’s and A’s were abbreviated by 
a method which I shall describe for the case 67. We note that the right hand 
member of (33) may be put in the form 

332-37 5 32:37 3532-37 


1 


and 258-67 was reduced modulo 67? so that 25**7=3188 (mod 672). Similarly 
358-67 = 3859, and it was noted that 55*67=(3?.23)5§67 (mod 672), so that 
558-67 js obtained easily from our reductions for the cases 2 and 3. Similarly 
758-67 = (5. 2. 3)58-67 (mod 672) and so on. These powers of all the odd integers 
less than /—1 were found modulo 672, then the expressions 1/3, 1/5, - - - , 
1/65 were computed modulo 672, and the resulting integers were multiplied 
in the corresponding powers in the formula. 

Applying the above mentioned computations to Theorem II, we establish 
Fermat’s last theorem for all the regular primes less than 211 excepting 157. 

Theorem III includes two assumptions which are satisfied simultaneously 
only in the cases] =37 and/=101. 

In order to test Theorem IV for the known irregular primes less than 211 
the symbol 


was computed for the particular values of / and a. For /=37 we have a=16, 
p=149, r=2, and £=17 (mod p). Hence to test whether or not the above 
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mentioned symbol is 1 we reduce Ej. (17) modulo 149, obtain its index modulo 
148 using Cahen’s tables of indices in the second volume of his Théorie des 
Nombres (which companion tables were checked independently by comparing 
one with the other). These computations were carried out by Professor Staf- 
ford (except for / = 157, which case was computed by the writer) and are fully 
described in the joint article already referred to. She found ind Ey. (17) =24 
(mod 37) which agrees with Kummer’s results in his 1857 Memoir. Similarly 
for 1=59, p=709, £=385 (mod p),r=2, a= 22, and ind Ex: (385) =50 (mod 
59). For 1=67, p=269, ¢=47 (mod p), r=2, a=29, and ind Ee, (47) =4 
(mod 67). The cases 59 and 67 agree with Kummer’s computations in his 
Memoir just cited. For /=101, p=809, ¢=100 (mod p), r=2, a=34, and 
ind Ey (100) =45 (mod 101). For /=103, p=619, ¢=315 (mod p), r=5, 
a=12,andind Ey (315) =65 (mod 103). For /=131, p=263, r=2, ¢=100 
(mod 131), a=11 and ind EZ, (100)=52 (mod 131). For /=149, p=1093, 
r=10, £=354 (mod p) and a=65, we have Eg (354) =127 (mod 149). For 
1=157, p=1571, r=139, ¢=1024 (mod p), and a=31, we have ind Ey 
(1024) =150 (mod 157). For] =157, a=55, we have p = 1571, r=139, ¢=1024 
(mod p) and ind £;,=39 (mod 157). These computations show that the 
assumptions in Theorem IV are satisfied for all the known irregular primes 
we are considering, and also show that the second factor of the class number 
of each of the fields defined by these known irregular primes is prime to /. 
The latter statement follows because if the second factor of the cyclotomic 
field defined by / is divisible by /, then E7; Ey; - - - Ej is the Ith power of a 
unit in the field with not all the n’s divisible by /. It follows therefrom that 
each E} is the /th power of a unit in the field.* Through these results and 
those obtained concerning the A’s and B’s, we have also a test of Theorem I 
for all the irregular primes. 

We have then tested the first four theorems for all of our known irregular 
primes and we may enunciate 


THEOREM VII. The equation 
+ y™ = 2" 
is impossible in rational integers none zero if 
2<n"< 211. 


Note. Since the above was written, Theorem VII has been extended to 
n<269. 


* Vandiver, Bulletin of the American Mathematical Society, vol. 35 (1929) pp. 323-335. 
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1. The paper to which this is a sequel had to do only with those multiply 
transitive groups of class u(>3) in which at least one substitution of degree 
nis of even order.| Among other results, it was there proved that the degree 
n of triply transitive groups of class u(>3), which contain a substitution of 
even order on yu letters, does not exceed 2u. Triply transitive groups of 
class w and degree 2u exist. This measure of success was due to the simplicity 
of structure of diedral rotation groups of class « generated by two similar 
substitutions of degree w and order 2. Up to the present time no better 
limit than that of Bochert, <3yu(u>6), has been found to apply to these 
triply transitive groups of class u(>3) in which all substitutions of degree yu 
are of odd order.t But it will here be proved that if such a group contains a 
substitution of order p¢ (p an odd prime) on yu letters, 


>=(1 2 
p>—oi-—)-—.- 
2 


For doubly transitive groups the lower limit for the class u( >3) in terms 
of the degree when there is a substitution of even order on yu letters present 
in the group is given by 


Whenever applicable, this replaces Bochert’s limit of ”/3—2n'/?/3.4 We 
can now prove that, when a doubly transitive group of class u(>3) contains 
a substitution of odd prime order p, and (when p =3) 1 is sufficiently large, 


n 1 nil2 1/2 
2 p 2 


* Presented to the Society, triply and quadruply transitive groups, San Francisco Section, 
October 27, 1928; doubly transitive groups, December 31, 1928. Received by the editors in De- 
cember, 1928. 

7 Manning, these Transactions, vol. 18 (1917), p. 463. 

t Bochert, Mathematische Annalen, vol. 40 (1892), p. 185. 

§ Manning, Bulletin of the American Mathematical Society, vol. 20 (1914), p. 468. 

{| Bochert, Mathematische Annalen, vol. 49 (1897), p. 144. 
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For p=3, this is only up >n/3 —(2n)'/2/3—1. It was stated by Bochert with- 
out proof that ”/3—(2n)/?/3 is a limit to which his ascending series of 
inferior limits for ~ approaches on repeated use of his inequality (19). That 
is a mistake. His inequality is satisfied by /3—(2n)'/2/3 and also by n/3— 
(2n)'/2/3—1/2 while a true inferior limit for » is a number that does not 
satisfy the given inequality and which therefore is less than n/3 —(2m)"/?—1/2. 

2. Bochert’s Lemma will be used in the following form: 

If the substitutions S and T have exactly m letters in common, and if S 
replaces q, and T r, common letters by common letters, the degree of S*>T—“ST 
is not greater than 3m—q—r. 

This lemma remains indispensable in studying quadruply transitive groups 
of class u(>3) and those doubly and triply transitive groups of class u(>3) 
in which all the substitutions of degree uw are of order 3. But additional in- 
formation is given in other cases by the following lemma: 


Lemma. If S and T are two substitutions of degree u and odd order d which 
generate a group of class yw, and if no power of S is commutative with a power of 
T (identity excepted), S and T have at least /2—p/(2d) letters in common. 


Let S and T have exactly m letters in common, m roman letters, say. 
Let the other letters of S and T be greek letters. From Bochert’s Lemma it is 
known that m2 [y/3], the integral part of 4/3. Then no proof is needed 
when d=3. We assume that d=5. Now we say that S has s; cycles each of 
which contains 7 roman letters, and that T has #; cycles each of which 
contains 7 romans. Then 


tht 


the number of cycles in S and T. Also 
$1 + 252 + 353 + + dsq = + 2te + +--+ + dta 
=p/3-etkh =p/3+ hk, 


where «=0, 1/3, or 2/3, as required to make u/3—e=[y/3], and k is a 
positive integer or zero. 

Consider a cycle of S in which there are 7 romans. It generates a regular 
cyclic group. Therefore in the d—1 powers of this cycle every sequence of 
two letters occurs once and only once; then in these d—1 powers of one 
cycle of S there are i(i—1) roman sequences. In the d—1 powers of S the 
number of roman sequences is exactly 2s2+6s3+ --- +i(¢—1)sit+--- + 
d(d—1)s.4, and the average number of roman sequences in the d—1 powers of 
Sis [2s.+6s3+ --- +d(d—1)sa]/(d—1). Similarly, in the powers of T the 
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average number of roman sequences is [2f+6¢;+ - - - +d(d—1)ta|/(d—1). 
From the powers of S and T let two substitutions S* and T’ be chosen, each 
of which has the average or more than the average number of roman se- 
quences. Since the number of roman letters is u/3+-k, the total number of 
roman sequences in S“ and TJ” jointly cannot exceed 3k. For Bochert’s 
Lemma asserts that the degree of S-“T-*S*T* is at most 4+3k diminished 
by the number of roman sequences in S“ and T*. And since S“ and T” are 
not commutative this degree is at least u. Then 


it — 1)s; IG — 
d—1 ~ d—1 


and one of the two summation terms of this inequality is not greater than 
3k/2, say the first. Thus we have simultaneously 


Sot Si Sa 


+ 2s2 + 353 + --- + 


2 
6s3 12s, + + d(d —_ =< 1)k. 


Let two terms, s, and s,, be eliminated (x<y). The result is 


(x+y — 1)d — 3xy d 1 
— 2)(i — (3d — — 2y — Dk. 
i=0 


If now x+1 be put for y, 


d 
x — 1)s, = 0, 
i=0 
and therefore 
3d(3d — 4x — 3) 


2x(2d — 3x — 3) 


We may choose the integer x to make the coefficient of k a minimum. The 
continuous curve 

3d(3d — 4x — 3) 
2x(2d — 3x — 3) 


has a minimum between x=0 and x=2d/3—1. From D.y=0 we get x= 


— 
d 
= + 
3 
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{3d—3—[(d+1) (d+3)]2}/4, lying between (d—3)/2 and (d—1)/2, and 
to these two integers correspond equal ordinates, 6d/(d—3). Then 


and 


It follows that the degree of {S, T} is at most 3u/2+y/(2d). 
3. We prove the following theorem: 


THeEorEM I. The class u(>3) of a triply transitive group of degree n that 
contains a substitution of degree u and of order p* (p an odd prime) is greater 


than 
n 1 2 
“(1 ~) 
2 


One of the substitutions of degree w in the group G is S=(a--- 
b---)-+-+-+, of order p*. In case the exponent c is greater than unity, 
b is one of the letters in the same cycle of 5?’ as a, and therefore in the same 
cycle as a in every power of S. There are in G subsitutions similar to S 


which displace ¢ and fix b. Let S:, S2,---,S. be a complete set of w such 
substitutions, conjugate under the transitive subgroup G(a)(b) of G that 
fixes a and b. No power of S; (¢=1, 2, - - - , w) is commutative with a power 


of S. The substitutions of this complete set of conjugates displace exactly 


Pete 1)(u — 2) 
n—2 


letters of S.* For they all displace a, and each of the other w(u—1) letters 
in the set S;, Se, - - -, S.occurs as often as any other, that is, w(u—1)/(m—2) 
times. Thus the u—2 letters of S, disregarding a and J, occur in the set 


S;, Ss, - - - the number of times stated above. Then, by our lemma, 
wu —2 
n—2 2 2p° 
whence 
n— 


IV 
— 


* For a detailed explanation of this and of similar formulas which follow, see Bochert, Mathe- 
matische Annalen, vol. 40 (1892), p. 176. 


6d 
m > 
24 
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If now we put 2/2—n/(2p°) —6 for uw in the left member of this inequality, 


3 + 2 
=) + 2 
p 
negative if m is greater than 8+28/(p°—3). It is known that there is no 
triply transitive group of class 5. Hence the theorem is true a -tated without 
exception. 
4. We prove the following theorem: 


Tueorem II. The class u(>3) of a triply transitive group of degree n in 
which every substitution of degree u is of order 3 is not less than (n+4)/3. 


Let S=(abc) ---, a substitution of degree u of G. Let S:=(a--- ) 
-- + (b), similar to S. Under G(a)(b), S: is one of w conjugates, no one of 
which is commutative with S. If S and S; have exactly 4/3 common letters 
(their roman letters), S; can have no roman sequence. This fact is an 
immediate consequence of Bochert’s Lemma. In other words, if S; has a 
roman sequence, it has at least u/3+1 letters in common with S. If S and 
S; have u/3+1 letters in common, S, because it has only u/3 cycles, has some 
two letters of S; in sequence. Hence, if S; has a cycle of three roman letters, 
which means three roman sequences, S and S; have u/3+2 or more common 
letters. Now in w/(m—2) substitutions of the set Si, S2,--- , S. the letter a 
is followed by a given letter of G(a)(b). Then in w(u—2)/(m—2) substitu- 
tions S;, a is followed by a letter of S, and similarly a is preceded by a letter 
of S in w(u—2)/(n—2) substitutions S;. Therefore 


1)(u — 2) 


w—2 


We 
—+2w 
3 


This inequality reduces to 


(4 — — 3) 
n—2 


whence, because by hypothesis py >3, 


5. We prove the following theorem: 


we get 

nN (s 6 1 1 ) 4 5425 6 

2 p° 2p 
This is positive if 6=1/p*, but if 5=2/p-< it reduces to 

WwW 
n—2 
3 
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THEOREM III. The degree of a quadruply transitive group of class p (>3) 
does not exceed 2u+1. 


For quadruply transitive groups of class » Bochert’s limit is 2u+2, 
while the limit found in the preceding paper under the restriction that one 
of the substitutions of degree uw is of even order is 2u—1. In the following 
proof it is assumed that all the substitutions of degree uw in G are of odd 
order. 

Two cases are to be distinguished: (1) At least one substitution of degree 
wis of order >3. (2) All substitutions of degree u are of order 3. 

Case 1. Let bea substitution of degree and of 
order >3. The letters a and b are in the same cycle of S but are not adjacent. 
There are w substitutions S,=(b) (a@---)---, Se, conjugate under 
G(a)(b), a doubly transitive subgroup of G. It was shown in §3 that the 
number of times the letters of S are to be found in the set S;, So, - - - is 
w+w(u—1)(u—2)/(n—2). The number of times letters of S occur just 
before or just after a in the set S;, Se, - - - is 2w(u—2)/(m—2). The number 
of sequences in Si, Sz, - - - is w(u—2), if we exclude those of which one letter 
is a. Since G(a)(b) is doubly transitive each sequence occurs as often as any 
other and therefore exactly w(u—2)/[(m—2)(n—3)] times. Now there are 
(u—2)(u—3) permutations two at a time of the letters of S (excluding a 
and b). Therefore 2w(u—2)/(n—2)+w(u—2)2(u—3)/[(n—2)(n—3)] is the 
number of sequences in S;, Se, - - - of which both letters are letters of S. 
The number of times the letter before a (and the letter after a) in S occurs 
in the set S,, Se, - - - is 2w(u—1)/(m—2). Excluding a and b, S has p—4 
sequences. Excluding a, S; has (u—1)(u—2) permutations of letters two at 
a time, and therefore the set Si, Se, - - - contains w(u—1)(u—2) such per- 
mutations of w—1 letters two at a time, each occurring w(u—1)(u—2) 
-[(n—2)(n—3) | times, so that each sequence of S (not including a or 5) is 
in w(u—1)(u—2)/[(m—2)(n—3)] subsitutions of the set S;, Sz, - - - . There- 
fore 2w(u—1)/(m—2)+w(u—1)(u—2)(u—4)/[(n—2)(n—3)] is the number 
of times permutations two at a time of letters of S,, Se, - - - are a sequence 
in S. Therefore the sum of the degrees of the w commutators S-'S;-'SS; 
(¢=1, 2, ---,w) gives 


3w(u — 1)(u— 2) 2) w(u — 2)*(u — 3) 
n— 2 n—2 (n — 2)(n — 3) 
_ 1) wu — — 2) — 4) 
n—2 (n — 2)(n — 3) i 
Whence, if z is put for n--2n—3, 


3w+ 
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(u — 3)[2? ++ (u + 5)z] + 2(u? — 10) <0, 


2+ (u+5)2+22+650 (u> 5S). 


Therefore 
—2, nsQ+1. 


Case 2. The substitutions of degree ware all of order 3. We have S = (abc) 
--and the set of w conjugates under G(a)(b): S,:=(b)(a---)---, 

Ss, +++. Since G(a)(b) is doubly transitive we can choose the two letters 
in one of these substitutions, in S, say, at will from the »—2 letters of 
G(a)(b). If S;=(aca)(b) - - , - - - . If this substitution 
is of degree u, m<2u—1, and the theorem is true. Hence the degree of this 
commutator is not less than w+1. Also if S:=(aac)(b) - - - , 1SS,= 
(ac)(ba) - - - , which must be of degree=y+1. 

In the first cycle of each of the substitutions S;, S2,--- there occurs 
every possible sequence of the letters of G(a)(b), and any such sequence occurs 
w/|[(n—2)(n—3)] times. Then the 2(m—) sequences in which the letter 
c of S is followed or preceded by one of the m —y letters of G fixed by S occur 
2w(n—)/[(n—2)(n—3)] times in the first cycle of the substitutions S$, 
So, ++. Thus the commutator of S and 2w(n—y)/[(n—2)(n—3) substitu- 
tions of the set S;, Se, -- is of degree=y+1. 

In theset Si, S2, - - - ,a is a letter of 2w(u—2)/(m—2) sequences in which 
the other letter is in S, and ¢ occurs in w(u—1)/(m—2) of the substitutions 
So,- Inthe set S,, - - - there are w(u—2)?(u—3)/[(n—2)(m—3)] 
sequences, not involving a, whose two letters are the »—2 letters c, d, - - - of 
S. There are 1—3 sequences in S (not including a or 6) and each such per- 
mutation of letters two at a time occurs in S,, S2,---, w(u—1)(u—2) 
-[(n—2)(n—3)]— times. Hence 


3w(u — 1)(u — 2) _ 2w(u — 2) wu 1) _ we — 2)%(u — 3) 
n—2 n—2 n—2 (n — 2)(n — 3) 


3w + 


_ 3), 2w(n — p) 


or, with z=n—2y—3, 


e+ (ut 4e+ut+4s0, 


and therefore 


6. We prove the following theorem: 


or 
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THEOREM IV. Let yp be the class and n the degree of a doubly transitive 
group in which one of the substitutions of degree u(>3) is of prime order 


p(>3); then 
n 1 nil2 1 1/2 
- 
2 p) 2 p? 


There is a substitution S=(ab--.-) ---of prime order p (>3) in the 
given doubly transitive group G, and S is one of w conjugates under G. 
Any sequence of two letters, as ab, occurs wu/[n(m—1)] times in this set. 
The number of possible sequences in m letters, in which one letter belongs 
to S and the other does not, is 2u(n—y). Then in the complete set of w 
conjugate substitutions such sequences as ga and aa occur in all 2wy?(m—p) 
-[n(n—1)]-! times. There can be at most p—1 such sequences in a cycle. 
Let us say that Si, S2, - - - , S, are y substitutions of the set not commutative 
with S. Then 

2wu(n — pw) 

n(n — 1)(1 — 1/9) 

We recall that if one of the w conjugate substitutions has exactly x 

letters in common with S, 


y 


n n?(n — 1) 


w 


Now by our lemma, if S and S; (i=1, 2, - - - , y) have x; letters in common, 


and therefore 


Let us now restrict our attention to those doubly transitive groups for 
which 


For such groups 


wy 
- 
wy*(u — 1)? 
n(n — 1) 
and 
2 
x2 —l1-—-—}). 
inl 2 p 
1 2 
<(1--)-4+ 20, 
2 p 2 
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n 
w-y nN 


and therefore 


[= ( 


so that 


— 
n?(n — 1) 


— 


n?(n — 1) 
Substituting for w/y, 
2n n*(n — 1) 


or finally, 
n(n — w)(1 — 1/p) — -(- n 


Qu n—1 2 2p 


Let n/2—n/(2p) —en'/?/2 —6 be substituted for w in the final inequality. 
In the resulting polynomial in 2'/? it will be seen that the coefficient of n° 
vanishes if e=(1—1/p?)!/*. With this value of ¢ agreed upon, the polynomial 
may be written 


2 46 2e? 45? 
(2 + 40-4) ens + ( +85 — 
p p p 


86 2 85 4 
+ (ss +—+ 128-24 =) en” + (si + 86+ — 4+ —)in. 


651 
x 2 2\ 2 
6-3-5. 
n 2 2p Mn 
Next, 
pr? 
ome 2 2p n 
Also 
n 
w— y\2 2p n 
| 
w— y\2 2p 
or 
— 1) w—y\2 2%» ’ 
or 
w 2(n — 2 2\ 2 
2 2p 
2 n n 2 
n?\ 2 2p 
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If 6=}, this polynomial is positive; if 6=1, it reduces to 


2 1 1 5 6 


which is negative for ~>57. Any possible cases of exception are covered by 
the known theorems on non-alternating primitive groups which contain 
substitutions of order p and degree gp (¢=1, 2, 3, 4).* 

7. The above proof is valid for =3 until we come to the discussion of 
the polynomial 


— 4.10 - + 4 27 - 21/2, 
which is negative when 7 >292. If however we put 6=4/3, the polynomial 


1S 
— + 11 - 22m + + 58 - 21/2, 


and this is negative if n>73. If n=73, 70, 69, 60, 59, [n—(2n)?—4]/3= 
18.9, 18.1, 17.8, 15.0, 14.7, respectively. It can be shown that this limit 
holds for »<73. It is known to be true for doubly transitive groups of class 
6,9,and 12}. For groups of class 15 or 18, we can use the following theorem: 

A primitive group that contains a substitution of order p and degree pq 
(p an odd prime, p<q<2p+3), contains a transitive subgroup the degree 
of which is not greater than the larger of the two numbers pq+q°—q and 2q?— p*.t 


Thus our doubly transitive group of class 18 contains a transitive sub- 
group H of degree < 63, and we know from the proof of the theorem cited 
that the latter is generated by substitutions of order 3 and degree 18. We 
are concerned only with 2=70, 71, 72, 73. Then G is more than doubly 
transitive unless the transitive subgroup H is imprimitive. Since Z is 
generated by similar substitutions of order 3 and degree 18, its systems of 
imprimitivity are of two, three, or six letters. If H has systems of imprimitiv- 
ity of six letters each, its degree is not greater than 60, and G has a doubly 
transitive subgroup H’ of degree $67; and if the systems are of two or three 
letters only, the same is true.§ Thus G is more than doubly transitive and we 
should have (by §4) u>/3. 

If Gis of class 15, H is of degree $41, and the doubly transitive subgroup 
H’ is of degree S 46. 


* Manning, these Transactions, vol. 10 (1909), p. 247. 

t Manning, these Transactions, vol. 6 (1905), p. 45; American Journal of Mathematics, vol. 35 
(1913), p. 229. 

t Manning, these Transactions, vol. 12 (1911), p. 382, §12. 

§ Manning, these Transactions, vol. 7 (1906), p. 499; Primitive Groups, part 1, 1921, p. 93. 
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Our result for p=3 leaves much to be desired but is at any rate of the 
same form as Theorem IV: 

THEOREM V. Let p be the class and n (>292) the degree of a doubly transi- 
tive group in which one of the substitutions of degree w(>3) is of order 3; 


then 
(2n)1/2 
3 
If nS292, 
(2n)1/2 
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ALGEBRAIC COMBINATIONS OF EXPONENTIALS* 


BY 
J. F. RITT 


By an exponential polynomial, we shall mean a function 
P(z) = + + dne%™ 


with arbitrary complex numbers for a’s and a’s. We shall refer to the a’s 
as the exponents of P(z). 
We study here functions defined by an equation 


(1) P,w* + Po = 0, 


with every P an exponential polynomial. When the exponents of the P’s 
are all integers, the substitution e?= converts w into an algebraic function 
of u. Thus, in a sense, the theory of the equation (1) is a generalization of the 
theory of algebraic functions. 

The present investigation arose out of the problem of determining all 
uniform functions which satisfy an equation (1). It is a natural conjecture 
that if w, defined by (1), is uniform, then w=Q/R with Q and R exponential 
polynomials. One might, further, expect the exponents in Q and R to be 
linear combinations of the exponents in the P’s, with rational coefficients. 
Both of these conjectures are verified by our work. 

We have already proved{ that if the quotient of two exponential poly- 
nomials is an integral function, the quotient is an exponential polynomial. 
This result is obtained again here, under the weaker hypothesis that the 
quotient is analytic in a sector of opening greater than 7. 

The problem of uniformity settled, we are able to discuss the relation 
between the reducibility properties of (1) and the number of analytic func- 
tions which (1) defines. Our result, which generalizes a well known theorem 
on algebraic functions, is stated in §21. 

In examining these questions, we were led to study the behavior, for large 
values of z, of functions determined by (1). It turns out that the Riemann 
surface for w can be divided into a finite number of sectors, in each of which, 
after a border of the sector of finite width is removed, w can be represented 
by a Dirichlet series with complex exponents. The sectors admit of precise 
description. 


* Presented to the Society, February 23, 1929; received by the editors May 1, 1929. 
T Ritt, (1). (List of references at end of paper.) 
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In §21 we prove that if S is any sector of opening greater than 7, the 
branch points of w lying in S, and lying outside an arbitrarily large circle, 
serve, in their totality, to connect up all of the branches of w, and, in fact, 
to generate the entire group of monodromy of w. 

The developability of w in Dirichlet series with complex exponents is 
proved by the Newton polygon method of algebraic function theory, with 
appropriate modifications. We have found serviceable, also, the results of 
Tamarkin, Wilder and Pélya on the zeros of exponential polynomials, Hille’s 
work on Dirichlet series with complex exponents, and the notion of almost 
periodic function. 


I. EQUATIONS WHOSE COEFFICIENTS HAVE REAL EXPONENTS 
1. We consider an equation* 
(2) f(w) = P,(z)w® + Pr_i(z)w""! + Pilz)w + Po(z) = 0, 


where each P; is a function defined by a Dirichlet series with a half-plane of 
absolute convergence 


Pi(z) = + ane + aig +---, 
the \’s, independent of 7, being real, and such that 


We make the non-restrictive assumption that P)> 40, P,,40. 

2. We shall prove that a real A exists, such that, for x>A (2=4%+ 
y(—1)"/*), the m solutions w, - - - , w, of (2) are analytic and representable 
by absolutely convergent Dirichlet series 


(3) wi(z) = + + +---, 


the p’s, which decrease toward — ©, having expressions 


1 
(4) Pp = + M p22 Mayday) 


with 7 a positive integer independent of , and with integral m’s. 

3. It will suffice to show that (2) has one solution of the form (3). 

If P; (¢=0,---, m) is not identically zero, we represent by o; the 
largest \ which occurs in P; in a term with a coefficient a not zero. If P;=0, 
we let 


* It is convenient to write f(w) rather than f(w, z). 


| 

| 
— 
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Let gi be the greatest value of i (¢=1, - - - , 2) which makes 


Gy 
(5) 
i 
a minimum. Let p; denote this minimum. 
Let a; (¢=1, - - - , gi) denote the coefficient of e* in P;, or denote 0, 
according as (5) equals por exceeds p;. Let ao™ be the coefficient of e707 in Py. 
Let c, be any root of the equation 


(6) gi(c) = +a; + = 0. 
We put w=ce"*+w’. Then (2) gives an equation for w’, 
(7) = Py (z)w’'™ + Pi(z)w’ + Po(z) = 0, 


where P,’ =P,,, and where every P’ is a function represented by a Dirichlet 
series with a half-plane of absolute convergence, whose exponents are the 
d’s plus integral multiples of p:. The exponents in the P’’s will have expres- 
sions like the second member of (4). 

If Pj =0, the function w=cy,e?* is a solution of (2). If Pj 40, we treat 
fi(w’) as we did f(w), determining a p2 and a cz, then making the substitution 
w’ 

We build, in this way, a series 


(8) + coe? + + - 


If, at some stage, a Po‘ is found which is identically zero, the series (8) 
is finite and is a solution of (2), of type (3). 

4. We assume, in what follows, that (8) is an infinite series. We say that 
(a) limpp=—-o@., 

pro 

(b) The p’s are of the form (4). 
(c) The series (8) has a half-plane of absolute convergence. 
(d) The function defined by (8) satisfies (2). 

We remark that (b) is obvious on the basis of §3. 

5. The equation which defines cz in (8) is 


(9) = ap + =0, 


We are going to show that" if c, is a root of (6) of multiplicity s,, then 


* In §5, we follow closely Hensel und Landsberg, Algebraische Funktionen, Leipzig, 1902, pp. 53 
et seq. In §§6, 7, however, situations peculiar to the Dirichlet series problem require us to deviate 
from the methods used in algebraic function theory. 
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We prove also that p,4:<p, for every p. 
For c arbitrary, we have 


(10) S(cer#) = + ilc,z)e", 
where yi(c, 2) is a polynomial in ¢ with coefficients which are Dirichlet series 
with non-positive exponents, and where t <a». 

If, in (10), we put c=c,+w’e-", the first member becomes f(c,e*?+w’) 
which is f;(w’). Hence 
Comparing this result with (7), we find that 

$1 (c1,2) 


where the superscript (z) indicates 7 differentiations with respect to c. 
As tT we find, indicating by accents the o’s for (7), that, if (c:) 
then 


(13) of = a0 — ips, 
but that, if @°(c,) =0, 
(14) <o0— ipy. 


Thus, if c, is a root of (6) of multiplicity s,, we have (14) for i<s,, in par- 
ticular, for 7=0, and (13) for 7=5,. 
We have 


(15) 


From (13) and (14), we see that (o,—¢/)/i is a minimum, namely pu, for 
i=s,. As (14) holds for i=0, we have of <ao, so that (o¢ —oo)/i is greater 
for i>s, than for i=s,. Hence the greatest value of i for which the first 
member of (15) is a minimum cannot exceed s;. This proves that go<sy. 
« Furthermore, for i=s,, the first member of (15) is p; decreased by 
(o9—a¢ )/s,, so that po, the minimum of the first member of (15), is less than 
pi.« Similarly pp41<pp for every p. 

6. We are going to prove (c) of §4, and to complete the proof of (a). 

With every positive integer p, we have associated a Cy, pp, Zp, and Sp. 
For every ?, 
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Thus there exists a g such that 


for p2q. Let g, be represented by s. For p2q, the s roots of ¢,(c) =0 are 
all equal. Then 
= by(c — Cp)* 


with 6, a constant. 
We consider the relation, analogous to (10), 


and put in it c=w?-"e*p*. We find, for p2q, 


Differentiating s—1 times with respect to w’-", we find 


(s—1) 


The expression y,‘*~" in (16) is the result of replacing c by w°—Ye~*»* in the 
(s—1)th derivative with respect to c of ¥,(c, 2). 
We shall now find a function w- of z such that 


(8-1) 
= 0. 


We must have, by (16), 


We put 


= (u + cp)err*. 


Then (17) becomes 


1 (p—1)_,, (p—1) 
(18) 


Since ,(*-(u+cy, 2) is a polynomial in u whose coefficients are absolutely 
convergent Dirichlet series with non-positive exponents, and since 
we can write (18) 


(19) 
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where the Q’s are absolutely convergent Dirichlet series, with negative 
exponents, of the type (4). When «+, every Q approaches 0. 

Now if the Q’s are regarded as independent variables, (19) has a unique 
solution for u which is analytic when every Q is small, and which equals 0 
when the Q’s are all zero. Let this solution be 


(20) u =F(Qo,---, Qn), 


where F is a series of positive powers in the Q’s. If the Q’s are replaced by 
the Dirichlet series which correspond to them, u becomes a Dirichlet series 
with a half-plane of absolute convergence, 


(21) u = dye™* + doe’? +--- 


where 0>7;>72>---, limtT,=—®. 
Then the equation f,:‘*- (w‘®-»)) =0 is satisfied by the Dirichlet series 


= Cperr* + dye rtep)z 


which has a half-plane of absolute convergence. 
Now 


Hence the equation 

(22) fo-Y(w) = 0 

is satisfied by 

(23) w= + --- + + 


For every #, there is a solution of (22) of type (23). Of course, the 7’s and 
d’s, in (21), depended, as far as we knew, on p, but as (22) has at most 
solutions, and as two distinct series (23) cannot represent the same function, 
there can be at most m series (23) for the various values of p. One of these 
series must be the series (8). Hence lim p, = — ©, and (8) has a half-plane of 
absolute convergence. This proves (a) and (c). 

7. To prove (d), it will suffice to show that (8) satisfies (2) formally. 
This will follow if we can show that o°?>»— © as po. As f, is obtained 
from f by replacing w by w‘”) plus a segment of (8), it is obvious that an M 
exists such that o,‘”) <M for every i and p. Now, for p=q, by (13), 


M > o,(Pt)) = SPp41 


so that oo <<M+5pp41, and +— ©, because — ©. 


3 
| 
= 
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II. DirICHLET SERIES WITH COMPLEX EXPONENTS 


8. In what follows, series represented by small letters (as a(z)) will be 
series 
where the yw’s are real and either increase with their subscripts, tending 
toward+, or else decrease as their subscripts increase, tending toward 


The v’s are constants. 
Series represented by large letters (as P(z)) will be of the form 


(25) a(zje* 

where the X’s are real and decreasing, with — © as their limit. The a’s are 
of type (24), and while the y’s in any two of them need not be the same, 
the w’s must either increase with their subscripts in all a’s, or else decrease 


in all a’s. 
9. We shall use, in what follows, sectors of the complex plane bounded 
by two half-lines which emanate from a point. The boundary of a sector will 


be understood to belong to the sector. 
10. If a(z) is of type (24), we shall use a(z) to represent the sum of the 


moduli of the terms of a(z). 
We shall say that (25) converges normally in a sector, if every a(z), and 


also 
(26) ~4,(z) | , 
p=1 


converges in the sector, and if, for every 4>0, a positive integer g exists such 
that 


(27) DX 4,(z)| det | < 


p=aq+1 


for z in the sector. 

11. We prove that if P(z) is normally convergent in a sector S, then P(z) 
is uniformly convergent in S. 

It suffices to prove that P(z) is uniformly convergent in any finite tri- 
angular part of S. The normal convergence of P(z) will then guarantee that 
the convergence is uniform throughout S. 

The uniformity of the convergence in any triangle is essentially a result 
of Hille.* Let the vertices of the triangle be 2:, 22, 23. Then any z within or 
on the boundary of the triangle has a representation 


* Hille, p. 263. 


~~ 
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= + Y2%2 + 
where the y’s are non-negative numbers whose sum is unity. Then, for any 8, 
| ef | = | (e821) | < max | | , #=1,2,3. 


It is thus clear that the remainder of (25) at any point in the triangle has 
a modulus not greater than the sum of the corresponding remainders of (26) 
at the points 2, 2, 23. This shows that the convergence is uniform. 

If (26) is convergent in S, we know that P(z) converges uniformly in any 
finite part of S. Thus to prove that P(z) is normally convergent in S, it suf- 
fices to show that (26) converges in S and that for every h>0, an r>0 can 
be found such that some remainder of (26) is less than e~*!*! for |z | >r. 

12. Let S be a sector with one side extending in the direction of the 
positive real axis. Let 


P(2) = Q(z) = 


where each pair a, and 6, have the same y’s, be normally convergent in S. 
Furthermore, suppose that P(z) =Q(z) in S. We shall prove that a,(z) =b,(z) 
for every p. 

It will suffice to prove that a:(z) =0;(z). 

Consider any half-line in S which is directed like the positive real axis. 
We have, in S, 


(28) ai(z) + = b,(z) + 


p=2 p=2 


Because the two series in (28) are normally convergent, the remainder after 
a large number of terms in either series approaches zero as z goes to © on the 
half-line taken above. But as every \,—A, is negative for p>1 and as every 
a, and b, is bounded on the half-line, the sum of any finite number of terms 
of either series approaches zero as z increases on the half-line. Hence, for 
such an increase of z, both series approach 0. Now a;(z) and 6;(z), functions 
defined by absolutely convergent Dirichlet series, are almost periodic, with 
real quasi-periods. Thus there is a sequence of positive numbers /y, - - - , 
hy, + + + , tending toward +, such that, for any z on the half-line, 


+ hy) > ai(s), bi(z + ky) 
as p>«.* This, by (28), means that a;(z) =0,(z) for every z on the half-line. 


Hence a;(z) is identical with 6,(z). 


* Bohr, Acta Mathematica, vol. 45 (1925), p. 37. 
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13. We consider two series of type (25) 
P= Yia,(z)e*, Q = 


where a, and b, have the same yp’s, which tend toward +. We assume 
that P and Q are both normally convergent in a sector S, which has one side 
extending in the direction of the positive real axis, and whose second side is 
inclined at a positive angle less than 7 to the first one. It is understood that 
S is generated by a positive rotation from its first side to its second.* 

The product PQ can be written as a series of type (25), Docp(z)e7»’* 
where each X’ is a sum of two X’s and where each ¢ is a bilinear combination 
of a’s and b’s. Furthermore, every Z,(z) and also )0Z,(z) |e*»’*| will be con- 
vergent in S. 

We are going to prove that PQ is normally convergent in S. 

It is easy to see that the product of P by an e*” or by an absolutely 
convergent series of type (24), with increasing y’s, is normally convergent 
in S. (Cf. final remarks of §11.) Hence the product of P by the sum of a 
finite number of terms of Q is normally convergent in S. 

Let 4>0 be assigned arbitrarily, and let g be taken so that 


4,(2) | | <cm > 6,(z) | | < hlel 


p=q+l p=qtl 
in S. Let, furthermore, 
P = aj(z)e" + --- + ag(z)eo? + P,(z), 
QO = +--+ + + Q,(z). 


Now FP0 is the sum of an infinite number of infinite series of the form 
c(z)e’*. We shall consider PQ as a double series of terms ve‘****, Those 
terms of the double series which come from multiplying terms of P, and Q, 
have less than e~*"!+! for the sum of their moduli. From this, and from the 
fact that the product of P,, (Q,), by the sum of the first g terms of Q, (P), 
is normally convergent in S, it follows that PQ is normally convergent in S. 

Of course, we can derive a similar result for a’s and b’s with decreasing 
u’s, provided that the second side of S makes a negative angle less than 7 
with the first side. 

14. Let S be a sector which has one side extending in the direction of the 
positive real axis, and whose second side makes a positive angle less than 7 
with the first one.t (See Fig. 1.) 

* This will always be understood when we say that the opening of a sector is a positive angle. 


+ The assumption that the opening is less than x has no bearing on our final results, but it con- 
tributes simplicity to our discussion. 


[October 
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Let Q:,---,Q, be m series of type (25), with negative \’s and increasing 
u’s, all normally convergent in S. 

Let u=F(m, - +--+ , u,) be a function analytic in all of its arguments at 

Let Q; be the series (26) for Q;. Consider any term a(z) |e*| of Q;. Be- 

cause \ <0, there is an h>O such that a(z) |e | <e-*!+! for z sufficiently large, 
in a sector whose first side is the horizontal side of S and whose second side 
makes a sufficiently small positive angle with the first one. For, if the 
opening of the new sector is made sufficiently small, a(z), if it becomes in- 
finite at all, as z+, will become infinite like e*!! with & small. 


(0 


Fic. 1 


From this fact, and from the normal convergence of Q;, we see that there 
is an h>O and a sector S,, contained in S and with one side coincident with 
the horizontal side of S, such that, for every 7, Oi<en*lel for z large and in 
S;. In what follows, we suppose an >0 and an S; to have been found, and 
we hold them fixed. 

Let F, a majorant for F(m,---, u,), converge for |u;|<6, where 
6>0(i=1,---,m). Let S, be a sector contained in S;, with vertex on the 
horizontal side of S,, with one side horizontal and with its second side parallel 
to the second side of S:, such that 0;<6in S2, for every i. 

When each wu; is replaced by Q; in u=F(m,---, un), u will become a 
series U(z) of type (25), absolutely convergent (considered as a double 
series) in So. 

We say that U(z) is normally convergent in S». 

For ¢ any integer, arbitrarily large, let 


, Un) = A(t, Un) + , Un), 


5 


i 
j 
i 

J 
{ 
3 


664 J. F. RITT [October 


where A consists of those terms of F which are of degree not exceeding /, 
and where B consists of the remaining terms of F. Let B be the majorant 
of B. Then there is an 7>0, depending on #, such that, for |. | <n, 


(29) |B) < max(|m|t,---,| 


When each 1; is replaced in A by Qj, we get, according to §13, a series (25) 
normally convergent in S, hence in S:. But, by (29), B will yield a double 
series the sum of the moduli of the terms of which is less than e~*‘!! for z 
large in S,. Furthermore, ¢ may be taken arbitrarily large. These facts and 
the final remarks of $11, show that U(z) converges normally in any sector 
contained in S; in which U(z) converges (as a double series) absolutely. 
The sector S_ is such a sector contained in S,. 

A similar result holds for the case where the y’s are decreasing and the 
second side of S makes a negative angle with the first. 

15. We consider a sector AMB (Fig. 2) consisting of those points z, for 
which 

| amp (2 — M)| <8, 
where 0<@<z, the point M being on the real axis. Let O, be on MA, O2 
be conjugate to O;. Let O,C; and O.C, be horizontal half-lines having the 
direction of the positive real axis. 


Fic, 2 
Let ¢(z) be a function analytic in the sector AMB. Let ¢(z) have in 
AO,C, a normally convergent representation 
(30) +---+,(z)* +--- 


A 
0, 
O M 
G 
i, 
B 
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with increasing y’s, and, in BO2.C2, a normally convergent representation 
(31) bi(z)e* +eeet b,(z)e* +... 


with the same* )’s which appear in (30) but with decreasing p’s. 
Furthermore suppose that a k>0 exists such that |¢(z) | <e*!#! in AMB. 
We say that 

(a) For every p, a,(z) and b,(z) are exponential polynomials, and a,(z)=b,(z). 

(b) The identical series (30) and (31) converge normally to o(z) in a sector in- 

terior to AMB, with vertex on the real axis, and with sides parallel to those of 

AMB. 

In proving (a), we may limit ourselves to the case of p=1. 

Let 1, and /, be horizontal half-lines respectively interior to AO,C, and 
BO.C, and at equal distances from the real axis. We take any half-strip 
between /, and /,, that is, a region contained in AMB, limited by 1, /, and 
a segment perpendicular to /; and 2. 

Consider the function y(z)e—**¢(z). By (30), (31), it is bounded on 1, 
and /.. Hence as | | in the half-strip between /, and lz, y(z), 
according to the Phragmen-Lindeléf theorem, must be bounded in the half- 
strip. 

The functions a;(z) and b,(z) are almost periodic, with real quasi-periods, 
on O,C, and O2C; respectively. We consider a sequence of positive numbers 
hp, +++, increasing to infinity, such that for z on O,Ci, ai(2+h,) 
—a;(z) as p>, and such that, for z on O2C2, +h,)—bi(z) as poo. 

Then ¥(z+h,)—ai(z) on and ¥(z+h,)—bi(z) on O.C2 as poo. 

Consider any rectangle cut from the half-strip between /, and /, by vertical 
lines. In such a rectangle, the functions ¥(z+/,) have a common upper bound 
for their moduli. The sequence ¥(z+/,) converges on two horizontal lines 
inside of the rectangle. By the Vitali-Porter theorem, the sequence converges 
uniformly in any area interior to the rectangle. The analytic limit approached 
by ¥(z+h,) equals a;(z) on and b;(z) on O.C2. Hence ai(z) and 0;(z) are 
continuations of each other. That is, there is a function c(z), analytic in a 
right half-plane T, which coincides with a:(z) above O,C;, and with 6,(z) 
below O2C,. Furthermore, c(z) is bounded in any horizontal half-strip of T. 

It is now easy to see that a,(z) contains only a finite number of p’s. 
For if v,,¢e*m* is a term of ai(z), then, w being a positive variable, 


(32) 


* The assumption that the \’s are the same is not a restrictive on¢ 


4 

| 
{ 

; 

} 

i 
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the integration being performed along O,C;. Now, as e~*m**c(z) is bounded in 
any horizontal half-strip of 7, we have also 
gto 


1 
(33) Vm = lim — 
ao 0, 


For the difference between the integrals in (32) and (33) is 


0; 
which is bounded for all w’s. 


Imagine that y,, exceeds the first in As the y’s in b,(z) decrease, 
Will be distinct from every yp in b,(z). By (33) we will have 1, =0. Hence 
a,(z) has only a finite number of y’s and is an exponential polynomial. The 
series },(z) is an exponential polynomial identical with a,(z). 

To prove (b), we consider any term w(z) =ve “= of (30) regarded as a 
double series. Let z be any point between O,C; and O2C2, and 21, 22 two points 
of the same abscissa as 2, but respectively above O,C; and below O.C:. Then* 


where 0<k<1. Hence 


| w(2) | = | | |* max (| , | w(e2)|), 


and this is easily seen to imply (b). 
16. Let 


(34) P(s) = Q(z) = 


with every a(z) and every b(z) an exponential polynomial, be normally con- 
vergent in a sector S, of opening less than 27, which is symmetrical with 
respect to, and contains an infinite portion of, the positive real axis. 

Suppose that P/Q is analytic in S. 

We shall prove that there is a sector 7, contained in S, symmetric with 
respect to, and containing an infinite portion of, the positive real axis, in 
which P/Q admits a normally convergent expansion }°c,(z)e’*, with every 
c(z) an exponential polynomial. 

We shall show first that in some sector S;, contained in S, with one side 
in the direction of the positive real axis, and generated by a positive rotation 
less than 7, the quotient P/Q has a normally convergent expansion (25) 
with increasing p’s. 

Let ¢ be the smallest value of p for which b,(z)#0. Then Q(z) =6,(z)e# 


* Cf. Hille, p. 263. 
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- (1+R(z)), where R(z) has a normally convergent expansion (25), with in- 
creasing u’s, and with negative )’s, in a sector U like the S; just described. f 
By §14, 1/(1+R(z)) has a normally convergent expansion (25) in a sector 
V with one side horizontal, interior to U. Then 1/Q(z) has a normally con- 
vergent expansion (25) in a sector Si, described as above, interior to V. By 
§13, P/Q has an expansion (25) with increasing y’s, normally convergent in 
Si. 

Similarly, in a sector S., generated by a negative rotation, P/Q has a 
normally convergent expansion (25) with decreasing y’s. 

We are going to show that the expansions in S; and S; are identical, and ‘ 
that the a(z)’s in them are exponential polynomials. This, according to the 
proof of (b) of $15, will give us our result. 

Let a,(z) and b,(z) be, respectively, the first a(z) and b(z) which are not 
identically zero. We shall show that a,(z)/b,(z) is an exponential polynomial 
with pure imaginary exponents. 

It is no specialization to assume that g=/=1 and that \,;=0. These cir- 
cumstances may be brought about by multiplying P and Q by exponentials 
and using a new set of )’s. 

There exists a horizontal strip L which contains all of the zeros of b,(z) in 
its interior. Let B be the difference between the greatest and least y’s in ,(z). 
The number of zeros of 6,(z) whose abscissas lie between u and v (u<v) is 
equal to* 


Biv — u) 
2r 


+ O(1). 


We may obviously take L so broad that 6;(z) is bounded away from zero 
along the sides of L. We suppose this to be done. 

Because b;(z) is almost periodic, we can break L up into an infinite number 
of rectangles, whose lengths have a common upper bound, such that for some 
h>0, |b, (z) | >h along all of the vertical sides of the rectangles. 

Now Q(z) =b:(z)+R(z), where R(z) has negative \’s. R(z) approaches 
zero as 2 goes towards © in L, in the right-hand direction. 

Consequently, in any of the rectangles mentioned above, situated at a 
great distance to the right, Q(z) has the same number of zeros as J,(z). It 
follows easily that the number of zeros of Q(z), in the region common to L 
and to S, with abscissas between wu and 2, is equal to 

Biv — u) 
(35) O(1). 


* Tamarkin, p. 24, Pélya, Schwengler, Wilder, p. 420, Ritt (1). 


| 
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Suppose that a/b; is not an exponential polynomial. Then it is possible to 
find an exponential polynomial g(z), with pure imaginary exponents, the 
difference between whose greatest and least y’s is less than B, above, such 
that 


ay(z) = d(z)bi(z) + g(z), 


with d(z) an exponential polynomial having pure imaginary exponents.* 
We consider the function P(z)—d(z)Q(z), which, because P vanishes 
wherever Q does, in S, also vanishes where Q does, in S.| We have 


P(z) — d(z)Q(z) = g(z) + K(z), 


where K(z) is a series of type (25), with negative \’s. This means, by the dis- 
cussion leading up to (35), that P(z)—d(z)Q(z) has fewer zeros than Q(z) 
in a long horizontal rectangle. We have here a contradiction which shows 
that a;(z)/b:(z) is an exponential polynomial. gsi 
Thus a,(z)/b,(z) is, as we stated, an exponential polynomial, ¢:(z). : 
Now the first coefficient in the expansion of 1/Q in S, is 1/b,(z) expanded 
with increasing y’s. Hence the first coefficient in the expansion (25) of P/Q 
is a,(z)/b,(z), which is c:(z). The same is true of the expansion of P/Q in S3. 
Let the first term in the expansion of P/Q, either in S; or in Si be 
The second term in the expansion of P/Q, say in Sj, is the first term in the 
expansion of 


P- 
Q 


(36) 


Since (36) is analytic in S, we know that the first coefficient in its expansion 
is an exponential polynomial. 

Continuing in this way, we find that the developments of P/Q in S, and 
in S, are identical, and that the coefficients in them are exponential poly- 
nomials. We thus have the result stated at the beginning of this article. 

17. Let OX (Fig. 3) be the positive real axis, and OA a ray of positive 
inclination less than 7. Let S be any sector contained in XOA, with sides 
parallel to those of XOA. Let 


(37) P(z) = 


with increasing y’s, be normally convergent in S. 


* Ritt, (1). 
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Let ¢ be a positive angle less than angle XOA. Suppose that, in (37), we 
replace z by e**z. 
Consider any term 


(38) 
of (37) regarded as a double series. This term goes over into 
(39) 


We shall prove that, given any real h, there are only a finite number of 
pairs w, A such that cos sin 


O 
Fic. 3 


We shall thus know that P(e‘*z) can be written in the form 
(40) +--+ +--+, 


with \”s decreasing toward —®, and with every b an exponential poly- 
nomial. Furthermore, (40) will converge absolutely to P(e‘*z) in the sector 
obtained by rotating S about the origin through an angle —¢@. 

For the proof, consider any term of (37). There can be in it only a finite 
number of terms like (38) for which \ cos ¢—y sin ¢>h, for any h, since 
sin ¢>0 and the p’s in any term of (37) increase to +0. Again, because of 
the normal convergence of (37), a term (38) coming from a large p of (37) 
must approach zero along the line amp z=¢ like an e~™ with k very large and 
positive. A similar fact is therefore true of (39) along the positive real axis. 
Hence \ cos ¢—yp sin @ must be large and negative when # is large. This 
proves our statement. 

Let T be the sector into which S goes, after a rotation about the origin 
through an angle —¢. Let U be a sector whose vertex is that of 7, whose 
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first side has the inclination —¢+ , where ¢ is arbitrarily small and positive, 
and whose second side is the second side of T. That is, U is found from T 
by cutting away a small sector at the lower edge of T. 

We say that, in U, (40) converges normally to P(e‘#z). 

We take any a,(z) of (37), and consider it as a Dirichlet series. For any 
sector of opening less than 7, symmetrical with respect to the positive 
imaginary axis, and for any h>0, the remainder after a large number of terms 
in d,(z) is less than e~*!#!, 

Hence, in the sector U, the sum of the moduli of those terms (39) which 
come from a particular a,(z)e*»?, and whose w’s are sufficiently large, will be 
less than e~"'+!, where h is large at pleasure. 

On the other hand, because of the normal convergence of (37) in S, we 
can fix an m such that the terms (39) which come from the remainder after 
m terms in (37) have, in 7, a sum for their moduli less than e-*!?!. 

For p sufficiently great, in (40), the terms (39) in b,(s)e come either 
from a term beyond the mth in (37) or else from terms (38) of large u in one 
of the first m terms of (37). 

Thus, for p large, 


(41) ; > bi(z) | | < (m + 


i=p+l 


For any k<h, the second member of (41) is, for |z| large, less than e~*!*!. 
This, by the final remarks of §11, proves our statement. 


III. EQUATIONS WHOSE COEFFICIENTS HAVE COMPLEX EXPONENTS 
18. We consider an equation 
(42) f(w) =P,(z)w" + --- + Pi(z)w + Po(z) = 0, 


where every P(z) is of type (25), with increasing y’s, normally convergent 
in a sector S whose first side has the direction of the positive real axis, the 
sector being generated by a positive rotation less than 7, starting from the 
first side. We assume that P,,(z) #0. 

We shall prove that the » solutions of (42) are all analytic in a sector U 
interior to S, the sector U having one side in the direction of the positive real 
axis and being generated by a positive rotation starting from its first side. 
In U, the nm solutions will each have a normally convergent representation 
(25), with increasing y’s. Each ) in the representations of the solutions will 
be given by an expression like the second member of (4), in terms of the 
\’s in the P’s. Each yp in the representations of the solutions will be similarly 
expressed in terms of the y’s in the P’s. 
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For the case in which the P’s have decreasing p’s and are normally 
convergent in a sector generated by a negative rotation, similar results hold, 
the solutions having representations (25) with decreasing y’s. 

We assume that P,(z) #0. For every 7, we define o; as in §3, using series 
a(z) instead of constants a. Similarly, we define g; and pi. 

We consider the equation (6), where now each a is a series (24) with 
increasing w’s. The g; solutions of (6) will be analytic in some upper half- 
plane, and will have absolutely convergent expansions (24) with yw’s found 
from the y’s in the a®’s by expressions like the second member of (4), with 
r fixed. Let c, be any solution of (6). 

We put, in (42), w=cie"*+w’. Then w’ is determined by (7), where, 
now, each P’ is of type (25), normally convergent in S;, the sector common 
to S and the half-plane of absolute convergence of ¢:. 

As in §3, we build a series 


We continue as in §5. In (10), y:(c, z) is a polynomial in c, with coefficients 
of type (25), which have non-positive \’s and are normally convergent in S. 
In (12), yi (cq, z) is normally convergent in S, and has non-positive )’s. 
If s; is defined as in §5, we find again that g.Ss;. Also, it is seen that pe<pu. 
We arrive finally at (19) of §6, where now each Q is of type (25), with 


negative \’s, normally convergent in a sector S, which has one side in the 
direction of the positive real axis, and whose second side is the second side of 
S. 

Let Q; be defined as in §14. We see, as in §14, that in some sector T whose 
first side is the horizontal side of S, and whose second side makes a suffi- 
ciently small positive angle with the first side, every 0,0 as |z|—0. 

Hence we can replace every Q; in (20) by its expansion (25), and get an 
expression (25) for u, normally convergent in a sector U with vertex on the 
horizontal side of T, the first side of U being horizontal, and the second side 
of U being parallel to the second side of T. 

The function u thus obtained is a solution of (18). It leads, as in §§6, 7, 
to a solution of (42) of type (25). 


IV. APPLICATIONS TO ALGEBRAIC COMBINATIONS OF EXPONENTIALS 
19. We consider now an equation 
(43) P,w" + =0, 


with every P an exponential polynomial and P,,40. 
Evidently a function w, defined by (43), has, in the finite part of the 
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plane, only isolated singularities, which are poles or branch points. When 
P,,=1, there are no poles. 

If a sector T is contained in a sector S, and if the sides of T have the same 
directions as those of S, we shall call T a subsector of S. The vertex of T may 
be on the boundary of S. 

Consider a series 


(44) v1e7 1? ese we 
with constant v’s, and with real or complex o’s such that, as p>”, |¢,|>. 
We shall say that (44) is xormally convergent in a sector, if it is absolutely 


convergent in the sector, and if, for every h>0, a q exists such that 


| 


p=q+l 


throughout the sector. We see, as in $11, that (44) converges uniformly in 
any sector in which it converges normally. 

Let S be a sector of opening less than 27, and suppose that some branch 
w=f(z) of a function defined by (43) is analytic in a sector which has the 
same vertex as S, and which contains in its interior every point of S other 
than the vertex. 

We are going to show that, in some subsector of S, w=f(z) has a normally 


convergent development of type (44). The real part of each o is expressed 
in terms of the real parts of the exponents of the P’s by a relation like (4), 
and the imaginary parts of the o’s are expressed analogously. 

Let the angles between the sides of S and the positive real axis be ¢; and 
where 


Let be such that 

We shall show that f(e‘¥z) has an expansion (25), with a’s which are 
exponential polynomials, normally convergent in some sector symmetrical to, 
and containing an infinite portion of, the positive real axis. 

When P, is a constant, this follows quickly from §15, for f(e‘¥z) satisfies 
all of the hypotheses of that article when P, is a constant. 

When P, is not a constant, we make the substitution P,w=y, where- 
upon (43) goes over into an equation in y with unity for the coefficient of 
y". Thus P,(e‘¥z)f(e'¥z) satisfies the hypotheses of §15. Also the pair of 
functions P,,(e‘¥z)f(e'¥z) and P,,(e*¥z) satisfy the hypotheses of §16, so that 
we have our result for f(e¥s). 

Let the expansion of f(e'¥z) be normally convergent in a sector symmetric 


= 4 
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to the positive real axis, of opening 26,<2z. By §17, for |n|<éy, we can get 
the expansion (25) of f(e‘‘¥+™z) from that of f(e‘¥z) by replacing z by e'z. 
(Evidently the result of §17 holds, for decreasing y’s, when OA has a negative 
inclination greater than — 7.) 

Consider the intervals (¥—6,, Y+6,) and pick out a finite number of 
them whose interiors cover the entire interval (q1, ¢:). 

We see now that, for every y, the expansion of f(e‘¥z) can be found from 
that of f(e**:z) by replacing z by e*‘¥-*»z; for we can pass from ¢; to y across 
the small intervals, in a finite number of steps. 

We now consider the expansion (25) of f(e**:z) as a double series and 
order its terms so that the moduli of the exponents are non-decreasing. We 
have thus 


(45) f(ez) = + eee 


where the 7’s are real or complex numbers such that |r,|—>* as poo. 
We have from (45) 


(46) f(z) = + +.--, 


where 

It is now easy to see that the second member of (46) converges normally 
to f(z) in a subsector of S. 

For the expansion (25) of f(e'%z), ¢1.<~S¢e, is obtained from (46) by 
replacing z by e‘¥z. Now as the expansion (25) of f(e‘¥z) has a’s which are 
exponential polynomials, the distant terms of (46) give distant terms in the 
expansion of f(e‘¥z). Hence, for every y, (46) is normally convergent in a 
sector symmetrical with respect to the line amp z=y. The Heine-Borel the- 
orem does the rest. 

Furthermore, f(z) can have only one expansion (46) normally convergent 
in a sector contained in S. For the proof, we assume, multiplying z by a 
constant of modulus unity, if necessary, that the sector contains an infinite 
portion of the positive real axis. Then the normal convergence of (46) 
implies that the real part of o, approaches — as p increases. Hence, 
grouping finite sets of terms in (46), we can form a normally convergent series 
(25), which, of course, is unique. This shows that (46) is unique. 

Let us see now what happens under the assumption that f(z) is analytic 
throughout S, but not analytic throughout any sector containing S, with 
the same vertex as S and of greater opening than S. 

There will be a subsector of S in which (46) converges absolutely. For 
(46) is obtained from the expansion (25) of f(e‘*z) by replacing z by e~‘z, 
and (46) is obtained similarly from f(e‘*:z). 
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On the other hand, in the expansion (25) of f(e**:z) (the w’s of the ex- 
pansion will increase) there must be an a(z) which contains an infinite num- 
ber of terms. For a series (25) with all a’s exponential polynomials, found 
by the Newton polygon procedure from (43), could be considered either as 
having increasing p’s or decreasing p’s. It would therefore converge normally 
in a sector above, and in a sector below, the positive real axis; thus, by (b) 
of §15, in a sector symmetric to the positive real axis. Hence f(z) would be 
analytic in a sector containing S and of wider opening than S. 

Thus some term in the expansion of f(e‘*:z) will give an infinite number 
of terms of (46). There will be an />0 such that an infinite number of terms 
of (46) exceed e~"!-! in modulus as z increases with amp z=q;. A similar state 
of affairs holds for amp z=¢2. Hence (46) is not normally convergent in any 
subsector of S. 

20. Suppose that some branch f(z) of a solution of (43) is analytic in a 
sector of opening greater than 7. According to Hille, the domain in which 
(46) converges absolutely is convex, and (46) converges uniformly in any 
closed region interior to its domain of absolute convergence. (This is es- 
sentially (b) of §15 and the result of §11.) 

Hence the expansion (46) of f(z) will converge absolutely for every 3, 
and uniformly in every finite area. Thus f(z) is an integral function. 

We shall prove that f(z) is an exponential polynomial. 

Since, in every sector of opening less than 27, there is a subsector in which 
f(z) has a normally convergent expansion (46), and since (46) is unique for 
any sector, f(z) has a development (46) normally convergent all over the 
plane, that is, in a sector of opening 27. Thus, the remainder after a large 
number of terms in (46) approaches zero uniformly all over the plane. As 
every remainder is an integral function, the remainder after a large number 
of terms is a constant, which has to be zero, for no ve with ¢ #0 and 1+0 
can be a constant. 

Thus f(z) is an exponential polynomial. We shall prove that every ex- 
ponent in f(z) is a linear combination of the exponents of the P’s in (43), with 
rational coefficients. 

We have, identically in w and z, 


(47) +---+ Po = (w— f(z))(Praw™! + Qiw™? + --- +Qn-1), 


with every Q an exponential polynomial. 

From among the exponents present (effectively) in all of the P’s, we 
select those whose real parts are a minimum, and from those just selected we 
pick that exponent which has a minimum coefficient for (—1)'/*. Let 6 be 
the exponent thus selected. We write (47) 
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In the functions e~**P;, those exponents which are not zero have either a 
positive real part or a zero real part and a positive coefficient for (—1)!/?. 
Also zero is actually present as an exponent in certain of the functions. 

If w is given a constant value, the first member of (48) becomes an ex- 
ponential polynomial in z. We attribute to w such a constant value that 
the first member of (48) and also w—f(z), when written as exponential 
polynomials, may each contain a constant term, that is, a term of exponent 
zero. This is clearly possible. 

In w—f(z), with w the constant taken above, we pick out those exponents 
whose real parts are a minimum, and from the exponents just selected we 
choose that one for which the coefficient of (—1)!/2 is a minimum. Let y 
be the exponent thus found. We write 


w — f(s) = er(e(w — f(e))). 


By the first theorem of our paper* A factorization theory for functions > a,e** 
every exponent in e~*(w—f(z)) is linear in the exponents in the first member 
of (48) with rational coefficients. But since the exponent zero is present in 
w—f(z), the exponent —y is present in e~”*(w—f(z)). Hence 7 is linear in the 
exponents of the first member of (48), with rational coefficients. Then 


every exponent in w—f(z) is linear in the exponents in the functions e~**P,, 
with rational coefficients, and from what we know of 8, this gives our result. 
The results of the present article are given by the following two theorems: 


THEOREM I. Jf a solution w of (1) is a uniform function, more generally a 
function uniform in a sector of opening greater than x, then w=Q/P,,, where 
Q is an exponential polynomial whose exponents are linear combinations of the 
exponents in the P’s, with rational coefficients. 


TuHeorEM II. If P/Q, with P and Q exponential polynomials, is analytic 
in a sector of opening greater than x, then P/Q is an exponential polynomial.t 
21. We write (43) 
(49) 


where Q;=P;/P,. We shall call (49) irreducible if its first member is not 
the product of two polynomials in w, both of degree less than m, with coef- 
ficients which are the quotients of two exponential polynomials. 


* Ritt, (2). 
+ Cf. Ritt, (1). [Remark inserted in proof. The method of (1) can be extended so as to yield 
Theorem II.] 
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THEOREM III. An irreducible equation (49) defines only a single analytic 
function. 

Consider any area in which the solutions of (49) are analytic. 

Suppose that w,---, wr, 7<m, are distinct solutions of (49) which are 
continuations of each other, but of no other solution of (49). Then the 
symmetric functions of w, - - - , w, are uniform all over the plane. Since the 
symmetric functions satisfy equations like (49), the symmetric functions are 
quotients of exponential polynomials. This shows that (49) is not irreducible. 

We prove now 


THEOREM IV. Let (49) be irreducible, with n>1. Let S be any sector of 
opening greater than 7. Then there exist in S, and outside an arbitrarily large 
circle, branch points of w which generate the entire group of monodromy of w. 


Suppose that those branch points which lie in S, and outside some circle, 
generate only a proper subgroup H of the group of monodromy, G. Construct 
a rational combination R of the solutions of (49) which is invariant (as a 
function of z) under H, but not under G. Then Ris uniform in S. As Risa 
solution of an equation like (49), R is uniform all over the plane, hence 
invariant under G. This contradiction proves our theorem. 

22. We consider an equation (43) for which the corresponding equation 
(49) is irreducible. A ray emanating from the origin will be called singular 
if there does not exist a sector, containing in its interior an infinite portion 
of the ray, in which all of the m branches of w are analytic. 

We shall prove that w has at most a finite number of singular rays. 

Let @ be any angle. Then, by section III, the m solutions of 


P,(e*z)w" + - +--+ Po(e*z) = 0 


are analytic in two sectors, one below, one above the real axis, each with a 
side in the direction of the positive real axis. Then the ray amp z=¢@ cannot 
have singular rays making arbitrarily small angles with it. This proves that 
there are at most a finite number of singular rays. 

According to Theorem II, if w is not an integral function, every sector with 
vertex at the origin, of opening greater than 7, contains at least one singular 
ray. Hence, if w is not an integral function, it has at least two singular rays. 
When there are just two singular rays, the angle between them is 7. 

If w is not uniform, then no branch of w can be uniform in any sector of 
opening greater than 7. In that case, w must have at least two singular rays 
such that, in any sector containing one of them, there are an infinite number 
of branch points of w. Singular rays of this type will be called branch rays. 

Let w have r22 singular rays, which divide the plane into sectors 
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Si,::-,S,. It is easy to see that in every S; there is a subsector in which 
every branch of w is analytic. According to §19, every branch of w has a 
development (46), absolutely convergent in some subsector of S;. If 7; is 
any sector with vertex at the origin every point of which, except the vertex, 
is interior to S;, the development (46) of every branch is normally convergent 
in a subsector of 7;. 

It will be shown later by examples that some of the branches of w may 
be analytic in a sector containing in its interior an infinite portion of a singular 
ray of w. 

We summarize the principal results of $§19, 21 in the following theorem, 
in which it is understood that every Q is the quotient of two exponential 
polynomials. 


THEOREM V. Let w be the solution of the irreducible equation 
(50) 


Then w has a finite number of singular rays. Given any two adjacent singular 
rays, there is a subsector of the sector formed by them in which every branch of 
w is analytic. If w is not integral, it has at least two singular rays. If n>1, 
w has at least two branch rays, and no branch of w is uniform in a sector of 
opening greater than w. If a branch w, is analytic in a subsector of the sector 
S formed by two (not necessarily adjacent) singular rays, then w, can be ex- 
panded in a series 


+ --- + + --- > lim| o,| = 


with constant v’s, absolutely convergent in some subsector T of S. In any sector 
with the same vertex as T, and lying, except for its vertex, interior to T, the ex- 
pansion is normally convergent. There is but one expansion of this type which 
converges normally to wi in a sector contained in S. If w, is not analytic in any 
sector with the same vertex as T, and containing T, except for the vertex, in its 
interior, the expansion is not normally convergent throughout T. 


23. The singular rays of w admit of quite precise description in terms of 
the exponents in the P’s of equation (1). 

The poles of w are all located at the zeros of P,. Those branch points of 
w which are not zeros of P, are found by equating the discriminant of (1) 
to zero. The discriminant is a polynomial in the P’s divided by a power of P,. 
Hence the singular points of w are found by equating to zero two exponential 
polynomials, P,, and the numerator of the discriminant. 

The distribution of the zeros of exponential polynomials has been in- 
vestigated by Tamarkin, Wilder, and Pélya in papers to which reference 
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has already been made. Of their results, the following is the one of chief in- 
terest for us. 

Consider any exponential polynomial P. Let the exponents in P be 
plotted in the complex plane, and let the smallest convex polygon % which 
contains the exponents, in its interior or upon its boundary, be constructed. 
Let the sides of & be a1, ---,o,. Let d; be a ray which is the image, with 
respect to the real axis, of the normal to o; directed outwardly to A. Then 
there exist p half-strips, each parallel to, and directed like, some ray d,, 
which contain all of the zeros of P. If the length of o; is s;, the number of 
zeros in the strip parallel to d; and less than r in modulus is equal to 


Qn 


The singular rays of w are parallel to the rays d;, constructed for P, and 
for the numerator of the discriminant. Of course, not every d; need give a 
singular ray. 

We shall show by means of an example that, along the distant part of 
a branch ray, the branches of w may break up into sets such that branches 
belonging to different sets are not connected by those branch points of w 
which cluster about the given branch ray. For instance, w may have a branch 
which is uniform in a sector containing an infinite portion of a branch ray of w. 

Let w be defined by 


ws + + 


The exponents in the discriminant of w are found to be 6+2i, 6+3:%, 0, 3 
and 3+i. The rays d; for the discriminant are found to have inclinations 0, 
n/2, arctan 3/2 (first quadrant), arctan 2 (third quadrant). When we seek 
the expansions (25), according to the method of ITI, for the three branches 
of w, we find one expansion with a’s which are exponential polynomials, and 
two with a’s which are infinite series. This means that one branch of w is 
uniform along the distant part of the positive real axis, while two branches 
are connected with each other by branch points of arbitrarily large modulus 
in a half-strip directed like the positive real axis. 

We find a similar state of affairs along the ray of slope 3/2, which is in- 
vestigated by making the substitution z=(2+3z)z’. There is one uniform 
branch and the other two are connected. 

Along the rays of slopes © and 2, all of the branches are connected. 

The following example shows that w may have an infinite number of poles 
along a singular ray and that still some branch of w may be analytic in a 
sector containing the distant part of the ray. Let w be defined by 
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(e* — 1)w? — 


Then w has a pole for every integral value of z. Still one of the developments 
(25) of w has a’s which are exponential polynomials. This is seen on writing 


w= 


— 1 


and expanding the radical in powers of (e*—1)/e*. Thus one of the branches 
of w is analytic in a sector containing an infinite portion of the positive real 
axis. 

24. Let us imagine that some branch f(z) of w is analytic in a half-plane, 
to fix our ideas, in an upper half-plane. Then the development (25) of 
f(—2), with decreasing y’s, is found from that of f(z) with increasing y’s by 
replacing z by —z. As both developments have decreasing )’s, both de- 
velopments have only a finite number of \’s. Hence f(z) is of the form 


(51) a;(z)e* +---+ a,(z)e 


where each a(z) is an algebraic combination of exponentials with pure 
imaginary exponents. It is evident that (51) will represent all of the branches 
of w, all over the plane. Hence we can remove a strip from the plane and leave 
two half-planes in which every branch of w is analytic. 

Consider a w which has just three branch rays. From what precedes, we 
see that no two of them are extensions of each other. It follows from Theorem 
IV that the branch points which cluster about the distant portion of any 
branch ray connect up all of the branches of w. 
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ON THE ZEROS OF EXPONENTIAL POLYNOMIALS* 


BY 
J. F. RETT 


By an exponential polynomial, we shall mean a function 


(1) + + 


with constant a’s and with constant a’s distinct from one another. The 
distribution of the zeros of such functions, and of more general functions 
in which the a’s are polynomials in z, rather than constants, has been in- 
vestigated by Tamarkin, Pélya and Schwengler}. The very elegant results 
secured by them will be described, to some extent, below. The present writer 
has treated the question of factorizing an exponential polynomial into a 
product of exponential polynomialsf. 

We present here two results. In §1, we prove that if every zero of one 
exponential polynomial is also a zero of a second exponential polynomial, 
the quotient of the second function by the first is an exponential polynomial. 
In §2, we study the function 


1 + + + 
with real a’s such that 


am. 


We consider any horizontal strip of the complex plane, and derive an ex- 
pression for the sum of the real parts of those zeros of the exponential 
polynomial which are situated in the strip. The result obtained is analogous 
to the theorem that the product of the zeros of 


1 + + + + 


is (—1)"/an. 


* Presented to the Society, October 27, 1928. Received by the editor of the Bulletin in Novem- 
ber, 1928, accepted for publication in the Bulletin, and subsequently transferred to these Trans- 
actions. 

+ Tamarkin, Mathematische Zeitschrift, vol. 27 (1927), p. 1, and earlier papers there referred to; 
Pélya, Miinchner Berichte, 1920; Schwengler, Geometrisches ueber die Verteilung der Nullstellen etc., 
Dissertation, Zurich, 1925. 

t These Transactions, vol. 29 (1927), p. 584. 
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ZEROS OF EXPONENTIAL POLYNOMIALS 


1. Division. THEOREM. Let 
(2) A(z) = +--+ + ame™, Bz) = + --- + 


Suppose that B(z) 40, and that A(z)/B(z) is an integral function. Then there 
exists 
C(z) = + - - + + 
such that A(z) =B(z) C(z). 
We begin our proof by describing a result of Tamarkin, Pélya and 
Schwengler. Let the exponents a in A(z) be plotted in the complex plane, 


and let the smallest convex polygon %& which contains them be constructed. 
Let the sides of & be designated by 


°° * 


Let d;,i=1, - - - , 1, represent a ray which is the image, with respect to the 
real axis, of a perpendicular to o; erected exterior to Y. It is proved by the 
above-named writers that there exist / half-strips,* each parallel to, and ex- 
tending in the same direction as, one of the rays d;, which contain all of the 
zeros of A. If s; is the length of o;, the number of zeros in the half-strip 
parallel to d; whose moduli are less than r is asymptotically equivalent 
to rs;/(27). 

Consider now the convex polygon % corresponding to B(z). As every 
zero of B is also a zero of A, it is clear, from the asymptotic formula for the 
number of zeros in a half-strip, that to every side rt of SB there corresponds 
a side of %& which is parallel to 7, at least as long as 7, and whose outward 
perpendicular has the same direction as the outward perpendicular to r. 

We shall suppose that the a’s in (1) are so ordered that a; comes before 
a; if the real part of a; is less than that of a;, or if the real parts are equal but 
the coefficient of (—1)!/? in a; is less than that in a;. When the a’s are real 
and non-negative, and a, 0, we shall call a, the degree of the function (1). 


Lemma. If A(z), and B(z)40, are two exponential polynomials with 
real non-negative exponents, we have 
(3) A=QB+R, 
where Q and R are two exponential polynomials with real non-negative ex- 
ponents, and where R, if not zero, is of lower degree than B. 

If, in (2), we have amn<8n, we have (3) with Q=0, R=A. Suppose then 
that am =Bn. 


* By a half-strip is meant an infinite region comprised between two half-lines and a line perpen- 
dicular to both of them. 
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Let am, * * *,;@m-i be those a’s which are at least as great as 8,. Consider 
the exponential polynomial 


tua 
(a + +a ) P 


4 C=A- 
(4) 


whose exponents are non-negative. 

Suppose first that B consists of one term. Then C is either zero, or of 
smaller degree than B, so that we have, in (4), a representation (3) with Q 
the fraction in the second member of (4), and R=C. 

Suppose now that B has at least two terms. If C is not zero, its degree 
is either less than 8, or equal to am—(8n—Bn-1). If C is zero, or of degree 
less than 8,, we have, in (4), a representation (3). Otherwise, we repeat the 
process just described, subjecting C to the treatment received by A. As 
8,—Bn-1 is a fixed quantity ,we arrive in a finite number of steps at a repre- 
sentation (3). 

It is a simple consequence of the asymptotic formula for the distribution 
of the zeros of exponential polynomials that the representation (3) is unique. 

We return now to the A and B of our theorem, whose exponents may, of 
course, be complex. We assume that A #0. Grouping together those terms 
of A whose exponents have like real parts, we write 


(S) A = Pere Pete, 


where the w’s are real, increasing with their subscripts, and where the P’s 
are of the type 


(6) 


with real v’s which increase with their subscripts. 

As it does not disturb the zeros of A, or affect the divisibility problem 
which we are studying, to multiply A by an exponential, we suppose that 
ui, and the smallest v in P; are both zero. 

Similarly, we suppose that 


with stipulations identical with those made above for A. 

The quantity ; is the difference between the abscissas of any rightmost 
point and any leftmost point of %. Then because to every side of 8 there 
corresponds a side of % at least as long, and having the same direction, it is 
clear that 

Let us suppose, for the present, that B consists of at least two terms, 
that is, in (7), Qi, 0,40. 
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Let u;, be those w’s which exceed We shall 
prove that the quotients of P;, - - - , P;_, by Qs are exponential polynomials 
of the type (6). 

If Q, is a constant, this is certainly so. Suppose that Q, is not a constant. 
Then % has a right-hand vertical side whose length is the greatest v in Qy. 
Then % must have a right-hand side of at least the same length. That 
is, the greatest v in P; is not less than that of Q,. By the lemma above, 


P;=SQ,+R 


where S and R are of type (6), with non-negative v’s, and where, if R40, 
the greatest v in R is less than that of Q,. 
We say that R is zero. Suppose that this is not so. Then 


(8) A — SBeui-wnt + Revit, 


The terms which precede the last in the second member of (8) are products 
of polynomials (6) by exponentials e’ with every d = 0 and less than 
u;. Now the first member of (8) has every zero of B. But the right hand 
vertical side of the polygon for the first member of (8) is shorter than the 
corresponding side of 8. This shows that R=0. 

If >u;—(wa—Wa_i), we have 


A — + 
and it follows as above the P;_, is the product of Q, by a polynomial of type 


(6)*. Similarly, P;-2, - - - , P;-, are such products. 
Consider now 


On 


D=A 


If it is not identically zero, it is of the form 
D = + +--+ 


where the S’s are of type (6), where the #’s are non-negative and increasing, 
and where ¢,Su;—(wa—wWa). If D is not zero, we can, since D has every 
zero of B, repeat the above procedure. As w,—wWh-1 is a fixed positive quan- 
tity, we can repeat our process only a finite number of times, so that, at some 
stage, we must reach a function like D above, which is zero. When that 
happens, we have A expressed as the product of B by an exponential poly- 
nomial. 

When h=1, in (7), we have B=Q. It follows, as above, that every P 


* The presence of negative v’s in P;_; would be of no significance. 
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is the product of B by a function of type (7). Our theorem is thus com- 
pletely proved. 
2. Real exponents. We deal with functions of the type 


where the a’s are any constants with a,, #0, and thea’s are any real numbers 
such that 
an. 

Because f(z) is close to unity when x (z =x+-yi) is large and negative, and 
and close to © when x is large and positive, there exist two vertical lines be- 
tween which all of the zeros of f(z) are comprised. 

Let R(u, v) be the sum of the real parts of those zeros of f(z) for which 
u<y<v, where u and v are any real numbers with y>u. We shall prove that 

(v — u) log | Am | 


(9) R(u,v) = — + O(1). 


Let A be such that 
(10) | -1] <1 
for x <A, and let B>A be such that 


(11) 


for x=B. For any zero of f(z), we have A <x<B. 

Let S represent the sum of those zeros of f(z) for which u<y<v. We 
assume that no zero of f(z) lies on the lines y=u or y=v. This assumption does 
not affect our results. 

We have 


(12) aris = fs 


the integration being performed in the positive sense around the rectangle 
of sides x= A, x=B, y=u, y=. 
Now 


f'(2) 
(13) z——dz = zlog f(z) — ]} log f(z)dz. 
f(2) 
As R(u, v) is the real part of S, we have to determine the imaginary part 
of the second member of (13). 
We shall use that determination of log f(z) for which the coefficient of i 
at the point (A, v) is greater than — 7 but not greater than 7. 


| 
| <2 
ame*™ 
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Let us determine first the variation of z log f(z) as z makes a circuit rf the 
rectangle, starting from and returning to the point (A, v). Evidently 
z log f(z) is increased by (A +22)Ci, where C is the variation in the amplitude 
of f(z). 

Because of (10), the variation of amp f(z) along the side x =A is less than 
x. To get an idea of the variation along y =u and y =v, we consider that* 


Y 
amp f(z) = arctan —» 
f(z) 


where X and FY are respectively the real and imaginary parts of f(z). As z 
travels along a segment of the line y =x, for instance, amp f(z) cannot under- 
go a variation as great as 7 unless X is zero at some point on the segment. 
Hence the variation of amp f(z) along either horizontal side of our rectangle 
cannot exceed +(p+1) where p is the number of zeros of X on such a side. 
On the line y=, for instance, 


X = 14 + 


where the b’s are real numbers depending upon uw. It is known that a func- 
tion like X cannot have more than real zeros.t Hence the total variation 
of amp f(z) along y=u, y=v, x=A, is less than (2n+3) 7. 

In virtue of (11), the variation of amp f(z) along x=B differs from the 
variation of the amplitude of @,,e*™* by less than 7. The variation of the 
amplitude of along x = B isan(v—u). Hence the variation of amp f(z) 
as z goes around the rectangle differs from a»(v—«) by less than (2n+4)z. 

The change in z log z is thus of the form 


(A + vi) [an(v — u) + O(1)]i. 
The coefficient of i in this variation is, since the O(1) is real, 
(14) Alan(v — u) + O(1)]. 


We shall estimate the imaginary part of the integral of log f(z). We put 
upon A the further condition that log f(z) have, for «<A, an expression as 
an absolutely convergent Dirichlet series 


log f(z) = + +--+, 
where the p’s are positive and increase indefinitely. We seeimmediately 


that 


* Tamarkin, loc. cit., p. 27-28, or Wilder, Expansion problems etc., these Transactions, vol. 18 
(1917), pp. 415-447; pp. 420-427. 
t Pélya and Szegi, Aufgaben und Lehrsdtze aus der Analysis, vol. 2, p. 49. 
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(15) seas = O(1). 


We now take the side y=u. The amplitude of f(z) at (A,u), differing 
by less than 7 from the amplitude at (A,v), does not exceed 27 in absolute 
value. As the variation of the amplitude along y=vw is less than (n+1)zx 
the absolute value of amp f(z) is less than (n+3)x on y=u. Hence the im- 
aginary part of the integral along y =~ is less in absolute value than 


(16) (n + 3)x(B — A). 


We need the integral along x = B of the real part of log f(z). We put upon 
B the restriction that, for «=> B, log f(z) admit an absolutely convergent 
development 


log f(z) = amz + log am + die** + doe"* +---, 
where the o’s are negative and decrease indefinitely. Thus the coefficient 
of i in the integral along x=B is 
(17) anB(v — u) + (v — u) log | Om | + O(1). 
Finally, we must have the integral along y=» of the imaginary part of 
log f(z). Along y=v, we have 


| amp f(z) — an(v — u) | < (2n + 4)x. 
Hence 


v+Ai 
(18) f ~ ado ~ HA - < Gn = 2. 


+Bi 


Understanding now that A and B are fixed, we have A =O(1), B—A =O(1), 
and find, from (14), (15), (16), (17) and (18), the expression (9) for R(u,v). 
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ON THE SINGULARITIES OF LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS* 


BY 
BERNARD OSGOOD KOOPMAN 


The equations considered in this paper are linear systems of as many 
partial differential equations as there are unknown functions, of arbitrary 
order, and of coefficients analytic in the independent variables (x, - - - , Xn). 
We shall prove certain theorems regarding the region of existence of analytic 
solutions and the relation between the mobile singularities and the character- 
istics of the system. Our theorems have been proved in the case of one equa- 
tion in two independent variables by Le Roux (Annales Scientifiques de 
l’Ecole Normale Supérieure, (3), vol. 12 (1895), p. 227; Journal de Mathé- 
matiques, (5), vol. 4 (1898), p. 402), and in the real region under the same 
restrictions by Delassus (Annales Scientifiques de l’ Ecole Normale Supérieure, 
loc. cit., Supplement p. 53). They have been extended to equations in m inde- 
pendent variables by these authors, and by Hadamard (Lectures on Cauchy’s 
Problem, Yale University Press, 1923, p. 72), but only under the severest 
restrictions, and by methods which do not admit of generalization. 

We shall consider the system 


(1) Li(t,--+, Um) = 0 4m), 


linear in the dependent variables u and their partial derivatives with respect 
to %1,---,%, up to the orderr. The fact that r is the common highest order 
of the derivatives of all the w’s in all the equations involves no restriction, 
for it may be brought about by means of suitable linear substitutions of the 
u’s and the L’s. The coefficients in (1) shall be analytic in (~) =(m, - - - , Xn) 
at the point (x) = (x). 

Let us pass briefly in review the classical treatment of the Cauchy problem 
for the system (1). 

The object is to find m functions 


(2) uz = , Xn) L 


analytic at the point (x) = (x°), which, on substitution into (1), reduce it to an 
identity, and such that, on the preassigned analytic manifold through (x°*): 


as 


jm | OX; | (20) 
* Presented to the Society, October 27, 1928; received by the editors in February, 1929. 
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the functions (2) and their first y — 1 derivatives take on the preassigned analy- 
tic values 


) 


4 


Here the Oth derivative means the function undifferentiated. The ¢’s must, 
of course, satisfy certain conditions of compatibility; thus, for example, we 
must have for all (x) on (3): 


By hypothesis one of the derivatives of S—let us say 0S/dx,—is not zero 
at (x°). The transformation 
= 21, °°* , Sunt 
(6) 1 1 
Xn = S(x1, Xn) 
is, then, analytic and of analytic inverse near (x°). It transforms (1) and (4) 
into equations of the same form, but with (3) replaced by 


(7) = 0. 
The new conditions of compatibility, (5) etc., will not contain x, or dx, , and 


indeed (4) and (5) etc., may be replaced by the following simpler initial 
data, in which the ¢, “’s are freed from all relations of the type (5): 


j 


i=1,---, m). 


The new equations obtained from (1) by the substitution (6) constitute 
m linear equations in the m quantities 0’u;/dx,’" for which they may be 
solved, at least formally, so that they yield 


(9) 


The/’s are linear polynomials in the w’s and their derivatives other than those 
appearing on the left; each of their coefficients is the quotient of a poly- 
nomial in the coefficients of the L’s and in S and its derivatives, divided by a 
certain determinant D; hence the equations (9) exist effectively, and their 
coefficients are analytic at (x’°)~(x°), provided D0 at this point. 

The determinant D is found on computation to be a homogeneous poly- 


OU; 

(¢=1,---,m). 
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nomial of degree mr in the first derivatives of S, the coefficients being them- 
selves homogeneous of degree mr in the coefficients of the L’s. The deter- 
minant D, regarded as a differential operator, shall be denoted by D(S). 
In general, if the analytic manifold F(x, - - - , x,) =0 is such that 


>. | aF/ax;|40 and D(F)roo = 0, 
i 


this manifold is said to be a characteristic of the system (1). If the two pre- 
ceding relations hold merely at (x°), the manifold is said to be tangent at 
this point to a characteristic. 

We shall complete the solution under the supposit on that (3) is not 
tangent at (x°) to a characteristic, i.e., D(F),2») #0, and that the equations 
of the problem are reduced to the form (9) and (8); and, further, that 
(x’°) =(0),—i.e., x} is replaced by x} —<;?. 

By introducing certain derivatives of u; as further unknowns, our equa- 
tions are replaced by an increased number of equations in an equal number 
of unknown functions, but involving only derivatives of the first order. 
Thus, after a change of notation, (9) and (8) are replaced by the equations 

Oui 


(10) = 


a=1 p=1 OX, 
For the details of this reduction, cf., e.g., Goursat and Bourlet, Lecons sur 
lV’ Intégration des Equations aux Dérivées Partielles du Premier Ordre, Paris, 
Hermann, 1891, Chap. I. 


We shall assume that in (10) B=C=0. This entails no loss of generality; 
for consider the Cauchy omnes with the differential equations 


-> 


OXn a=l a=1 


OXn 


> Baits + Ci (¢=1,---,m); 


=0 


and the following conditions for x, =0: 
U; = xopi(X1, Zant) » Uo = Xo, 


xo being a new independent variable. This system is of the homogeneous 
form; and it is equivalent to (10) (11). For if u; is a solution of the latter, 
U;=x ui, Uo=xo, is a solution of the former, and conversely. The first 
statement is proved by substitution; the second results from the computation, 


OXo OXo ‘ 

(i=1,--++,m), 
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by means of the above equations, of the coefficients in the formal expansion 
of U; in powers of the x’s. 

We have, then, to consider the system 

(12) p= m) 

a=1 p=1 OX, 
along with the Cauchy data (11). The problem is solved by the calcul des 
limites of Cauchy. First, it is shown that (11) and (12) suffice exactly to 
determine the formal expansions of the functions u; in power series in 
%1,°*+,%,. Then it is proved that these formal series converge in the domain 
of convergence of solutions of a second system like (11) (12), in which ¢; 
and A‘,, are replaced by power series whose coefficients are positive and 
greater than the absolute values of the corresponding coefficients in ¢; and 
A‘,, of the given equations (11), (12) (cf. Goursat-Bourlet, loc. cit.). 

It is at this point that we depart from the classical treatment, inasmuch 
as our special assumption of the linearity of the system (1) enables us to make 
use of dominating equations whose coefficients do not contain the unknown 
functions themselves (contrast: Goursat-Bourlet, loc. cit., p. 6: (2); our A’s 
contain only («), while in this reference they are functions of (x)). 

By hypothesis, the functions A‘, and ¢; are analytic in and on the 
boundary of a certain neighborhood of («) = (0): 


(13) |«;| <a 
Hence, for all (x) in (13), and for a suitable M>0 and N>0, 
|Aus| <M, |¢:| <N. 


We shall, accordingly, make use of the following dominating equations: 


00; a=1p—1 OX, 


OXn 
(1- 
a 


N 


a 


i— 


To solve these, we set %1= =Vm=v; the equa- 


tions become 
dv Mm(n — 1)a? ov Na 


[a—(n— 1)y][a — z] dy (2) a—(n—I1)y 


(15) 


| 
(14) a 
i 
— 

4 
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The first is reduced in the familiar manner to an ordinary differential equa- 
tion, which is integrated by the separation of variables. The solution of the 
equations is found to be 


vay [a — (m — 1) y]*? + 2Mm(n — log(1 =)" 
a 


—more precisely, that branch of the radical which reduces to Na/|[a— 
(n—1)y] when z=0. The formal solution of (12) is analytic in a neighbor- 
hood |y|<b, |z|<b(b<a), determined by the conditions that (16) shall be 
analytic within it. But the radicand in (16) depends only on M and a and not 
on NV. Hence (14) admits a solution analytic in |x;| <b, b independent of N. 

These results insure the existence of a solution of the Cauchy problem 
(11) (12), analytic in the neighborhood |x;|<b, where b depends on the 
initial data ¢; only insofar as ¢; must be known to converge for |«;| <a. 
Furthermore, the substitutions by means of which the general Cauchy 
problem (1) (3) (4) was reduced to the form (11) (12) involve in no wise the 
functions ¢},...,,. From whence follows 


THEOREM I. [f the coefficients of L; and the function S are analytic in the 
neighborhood 


(17) GG=1,---,), 
throughout which D(S)> const.>0, there will exist a certain fixed neighborhood 
(18) |x;— «|<, (j=1,---,m) 


in which the Cauchy problem for L;=0 and S=0 has an analytic solution. In 
the problem in question, the Cauchy data on S=O0 are arbitrary, subject 
merely to the restriction of being analytic at all points of (17) lying on S=0. 


THEOREM II. [f the coefficients of L; and the function S are analytic at the 
point (x) =(X), and if D(S) .x) #0, there will exist a closed neighborhood 
(19) (g=1,---,m), 


and a constant B >0, such that, if (x°) be taken arbitrarily in (19), and if analytic 
Cauchy data be assigned on that portion of the manifold S(x) =S(x°) which lies 
in the larger neighorhood 


(20) | X| < 2y GG=1,---,m), 


the corresponding Cauchy problem will admit a solution analytic in (18). It is 
to be emphasized that B is independent both of (x°) and of the Cauchy data. 


For the proof, we have but to take y so small that throughout (20) LZ; 


J 
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and S§ are analytic, and D(S)> const. >0. Then if («°) is taken such that 
lw —X | <-y, and a=y, Theorem I will apply. Since this furnishes a positive 
8 for each point (x°) of the closed neighborhood (19), we have but to take for 
the 6 of the present theorem their lower limit, which is positive. 

When the process of analytic continuation is applied in an obvious 
manner, the following theorem is obtained: 


THEOREM III. Let Ro, be a 2n-dimensional region of the complex x, + + + Xn- 
space; let L; have analytic coefficients in Ren; finally, let Sone be a (2n—2)- 
dimensional region of the analytic manifold S(x1,---, X,)=0, where Sons 
lies in Ron, and at no point of Sen, does S(x1, +--+ , Xn) satisfy the equation of 
characteristics D(S)=0. There will then exist a 2n-dimensional subregion Pon 
of Ren, containing Son-2, and such that, whatever be the analytic data on S2n-2, 
the Cauchy problem will admit a solution analytic throughout Pn. 


In this theorem the coefficients of L; as well as the Cauchy data may be 
multiple-valued. 


THEOREM IV. Let the coefficients of L; be analytic in the 2n-dimensional 
region Ron. If u1,---+, Un are solutions of L;=0 which are analytic in Ren 
except at all points of an analytic manifold Son. lying in Ron, then Sons is a 
characteristic manifold of L;=0. 


Suppose the theorem false. Then we could find a point (X) on S2,-,ina 
sufficiently small neighborhood of which S2,_2 is represented by the equation 
S(x) =S(X), where S(x) is analytic, and D(S) #0, at (X). Let Theorem II 
be applied to L;, S, (X), and let the point (x°) be so chosen that 

B 

(21) X| <> G=1,---,#), 
and that S(x°)#S(X). Evicenjly the functions -- - , are analytic at 
those points of the manifold S(«)=S(x°) which lie in (20), for it is an easy 
matter to insure that all our points be in Re». Hence, by Theorem II, 
analytic solutions of L;=0 exist in (18) which take on the values of uy, - - -, un 
and of appropriately chosen ones of their derivatives on the manifold S(x) = 
S(x°). By the uniqueness of the analytic solution of Cauchy’s problem, these 
solutions are identical with the original solutions m, --- , 4. But, by (21), 
the neighborhood of their analyticity (18) contains (X). But this is con- 
tradictory to the hypothesis that (X), which is on S2,-2, is a singularity of 
Ui,°**,U%m. The truth of the theorem follows. 

It is to be emphasized that these results are not in general true when 
stated for the real domain. Thus, if Theorem I were true for Laplace’s 
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equation in real space, there could be no such thing as a solution with an 
isolated point singularity. As for Theorem IV in the real domain, even with 
equations with real characteristics, we may consider the equation 


Ou 


Ox? ay? Az? 


and the solution u=f(x, y), where f(x, y) satisfies 
0 
dx? ay? 


and admits the circle x?+y?=1 as a locus of essential singularities, without, 
however, being singular near this circle. This gives an example of a function 
satisfying the hypotheses of Theorem IV for reals, with S2n-2 as the cylinder 
x*?-+y?=1, which singularity is not a characteristic: if S=2’?+y*—1, 


—{—)=45+4. 
Ox oy 02 
CoLumBIA UNIVERSITY, 
New York, N. Y. 


A GENERALIZATION OF DIRICHLET’S SERIES AND 
OF LAPLACE’S INTEGRALS BY MEANS OF A 
STIELTJES INTEGRAL* 


BY 
D. V. WIDDER 


INTRODUCTION 


When one seeks to generalize a Taylor’s series 


(1) Diane", 

n=0 
a natural method of procedure is to replace the set of integers m that appear 
as exponents by a more general set of numbers, 


(2) =o. 
If, however, A» is not an integer, 2” is a multiple-valued function, and compli- 
cations arise. This difficulty is easily met by making the transformation 
z=e~*, which transforms the circle of convergence of (1) into a half plane. In 
this way one is led to Dirichlet’s series 


(3) f(s) = 


n=0 


It is only natural to proceed further and to replace the discrete set (2) 
by a continuous set, replacing A» by a variable ¢, which may vary from zero 
to infinity, and the sign of summation by the integral sign. The result is a 
function of the form 


(4) f(s) -f a(t)e-**dt. 


Functions of this type were first studied by Laplacet and Abel,{ who 
designated the function f(s) as the generating function of a(#), and a(t) as 
the determining function of f(s). 


* Presented to the Society in part February 25, 1928, under the title The singularities of functions 
defined by the Stieltjes integral [5 e~*da(t); in part March 29, 1929, under the title On the composition 
of singularities of functions defined by factorial series; received by the editors in May, 1929. 

t Laplace, Théorie Analytique des Probabilités, Paris, 1812. 

t Abel, Oeuvres, 2d edition, 1881, vol. 2, p. 67. 
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A GENERALIZATION OF DIRICHLET’S SERIES 


By the introduction of the Stieltjes integral 


(5) f(s) -f e~**da(t), 


functions of types (3) and (4) may be considered simultaneously. Moreover, 
this integral serves to generalize both (3) and (4) since it includes a class of 
functions not included in either. It was shown by M. Fréchet* that an in- 
tegral of type (5) with a(#) a function of bounded variation may be decom- 
posed into the sum of three terms 


(6) f(s) -f e~*ta(t)dt + + f e~*tdu(t), 
0 0 


where a(¢) is a summable function, the \» are the points of discontinuity of 
a(t) with an=a(An+0)—a(An—0), and w(t) is a continuous function of 
bounded variation which has a derivative zero except at a set of measure 
zero. In this way it is seen that (5) is more general than (3) or (4) from 
two points of view. The first integral in (6) corresponds to (4), but the 
summation, although it may be a Dirichlet’s series, is not so in general. 
For, the points of discontinuity A» of a(t) may lie at a denumerable set of 
points which can not be arranged in the order (2), as for example at the 
rational points. Again, when the last term of (6) is present, f(s) is on 
this account different in nature from either (4) or (5). For example, if a(#) 
is a continuous function for which there exists an everywhere dense set 
of non-overlapping intervals each one of which is a line of invariability for 
the function,t (6) defines a distinctly new type of function. 

The integral (5) may in certain cases be transformed into a Riemann 
integral by the familiar formula for integration by parts.{ If Ris any positive 
number. 

R 


R 
f e~*tda(t) = e~*®a(R) — a(0) + sf e~*ta(t)dt, 
0 0 


f e~*'da(t) = im e~*8a(R) — a(0) + sf e~*ta(t)dt 


* M. Fréchet, Sur les fonctionnelles linéaires et Vintégrale de Stieltjes, Comptes Rendus du Congrés 
des Sociétés Savantes en 1913, pp. 45-54. 

+ E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series, 
2d edition, 1921, vol. 1, p. 344. 

} E. W. Hobson, loc. cit., vol. 1, p. 507. 
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provided that the integral on the right hand side exists or that the 
indicated limit exists. This equation shows that a study of the integral (5) 
and that of 


(7) f e~**a(t)dt 


are not equivalent. Either integral may converge for a function a(t) which 
makes the other diverge, as the following examples show. 
Define a(t) by the equations 

a(t) = 0, OSt<1, pr<t<n+l, 
a(t) =e", 
Here px» is defined by the relation 

e™ — em] = 1/2" 
Since : 

1 — > 1/2 


it is easily seen that 
n<pn<n+1, 
so that equations (8) define a(¢) without ambiguity. It is sufficient for our 
present purposes to suppose s real. 
With this determination of a(t), (5) reduces to 

Uom—1 = em —ms om = em 

n=l 
a series which clearly diverges for all s,since its general term does not approach 
zero. On the other hand (7) becomes 


— 


n=1 


By the definition of un this series is seen to reduce to the convergent series 


21/2" 
n=l 
for s=1. It is not difficult to show that (7) also converges for all real s 


greater than unity. Thus (7) may converge when (6) diverges. 
The opposite situation is illustrated by taking 


a(t) = nst<n+l, 
m=1 


a(t)=0, OSt<n., 


n 
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For this determining function (6) becomes 


n=l 
a series which evidently converges for s>—2. But (7) is divergent when s is 
negative. For, since a(#) is a monotonic increasing function we have 


a(t)e-** = = 


The right-hand side of this inequality becomes infinite as ¢ becomes infinite if 
s is negative, so that (7) can not converge. Thus (6) may converge when (7) 
diverges. Consequently we shall generally treat the Stieltjes integral directly 
without appeal to the corresponding Riemann integral. Moreover, the results 
obtained in this way are more compact, better suited to the applications to 
which they are put. 

The chief purpose of the present paper is to discuss the effect of the deter- 
mining function on the singularities of the generating function, and in 
particular to obtain a result for the composition of singularities analogous to 
the familiar theorem of Hadamard for Taylor’s series. In order to obtain such 
results it is found necessary to study the fundamental properties of the func- 
tions (5). It is found that many of the familiar properties of Dirichlet’s 
series are common to these functions, as is to be expected. For example, the 
region of convergence is a half plane or the whole plane; a half plane of ab- 
solute convergence may or may not exist. A discussion of the rate of increase 
or decrease of the generating function f(s) as s recedes to infinity along lines 
parallel to the axis of imaginaries is necessary for subsequent developments. 
It is seen that f(s) can not increase more rapidly than in the case of Dirichlet’s 
series. An expression for the determining function in terms of the generating 
function is next obtained. Fractional derivatives and integrals of the deter- 
mining function are also obtained by similar formulas. Part I closes with a 
proof that the product of two generating functions is itself a generating func- 
tion in certain cases. 

Part II begins with a proof that if a(¢) is monotonic, then f(s) has a singu- 
larity at the real point of the axis of convergence. If the Stieltjes integral 
reduces to a power series, this reduces to a familiar result concerning power 
series with positive coefficients. In the next section the most important result 
of the paper is obtained. In its simplest form it states that if the function 
f(s) defined by (5) has singularities at the points a and if the function 


o(s) = f 
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has singularities at the points 6, then 


F(s) = f (2) 


has singularities at most at the points a+ and 6 under certain conditions 
imposed on the rate of increase of f(s) and ¢(s) on vertical lines and upon 
the distribution of the singularities a and 8. The result reduces to Hada- 
mard’s if the functions a(¢) and 8(¢) are step functions with discontinuities at 
the integral points and to a result of the author for Dirichlet’s series if the 
discontinuities are at a set of points (2). After developing certain sufficient 
conditions that a function f(s) can be expressed as a generating function it is 
shown that Hurwitz’s result regarding the addition of singularities of power 
series is also included in the above result. Generalizations of familiar 
theorems of Faber and Leau are also obtained, and generating functions for 
which the corresponding determining function has special form are treated. 
For example, the case in which the determining function is itself a generating 
function is of particular interest, since the function I'(s) is of this nature. 
An application of the result of the paper is made to functions defined by 
factorial series. A necessary and sufficient condition that a function f(s) can 
be developed into such a series is known. The condition demands that the 
function f(s) be a generating function of specified type. Hence it is possible 
to discuss the composition of singularities of such functions. It is found that if 


Ss = 
has singularities at points a, and if 


(s)= > 


nao S(S + 1)---(s +n) 
has singularities at points 6, then 
(dobn + + + Anbo)n! 


a,n! 


b,n! 


has singularities at most at the points a+ under suitable restrictions. The 
similarity of this result with that of Hurwitz is apparent. 

It is thus seen that the introduction of the Stieltjes integral does much 
toward the unification of the theory of functions of a complex variable, since 
by it power series, Dirichlet’s series, factorial series, the generating functions 
of Laplace, etc. may all be treated together. Functions defined as differently 
as I'(s) and ¢(s), for example, come to be special cases of a single theory. 
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Part I. THE FUNDAMENTAL PROPERTIES OF THE GENERATING FUNCTION 


1. The region of convergence. Let a(#) be a complex function of the real 
variable ¢ of bounded variation in every interval 0 <t<h, t, being arbitrarily 
large. In order to simplify certain subsequent formulas we assume further 
that a(0) =0. If a(0) were not zero, a redefinition to make it so would amount 
only to adding a constant to the function f(s) defined by (5), so that no essen- 
tial change in the properties of f(s) is effected. Under these conditions it is 
a familiar fact that the Stieltjes integral 


exists for every continuous function F(¢).* Let s be a complex variable, 
s=o+ir. Then the integral 


(1.1) S(ti,5) = 


exists for all values of s and for all values of t; >0. S(0, s) is defined to be zero. 
We wish first to discuss the conditions of convergence of the corresponding 
improper integral obtained by allowing ¢; to become infinite in (1.1), 


(1.2) f(si= f e~*da(t). 


Following Laplace we shall designate the function defined by this integral 
when it converges as the generating function and the function a(#) as the 
determining function. We prove first 


THEOREM 1. [f the integral (1.2) converges for a value s5=09+%7» of s, then 
it converges for all values of s for which o >a». 


Since (1.2) converges for s=so, the function S(t, so) defined by (1.1) 
approaches a limit as ¢, becomes infinite. Consequently there exists a con- 
stant A independent of #, in the interval 0<t,;< © such that 


| S(ti,50)| <A, O<t<m. 


Let s:=0,+77, be an arbitrary complex number for which o1>¢, and set 
h=s,—So. Then the real part of 4, o:—a, is positive. We wish to show that 


lim 
0 


* E. W. Hobson, loc. cit., vol. 1, p. 506 et seq. 
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exists. In order to prove this we note that* 
ty 
f = f e-**dS(t,so), 
0 0 


and apply the formula for integration by parts, 


ty ty 
(1.3) f = + S(t, so)e~**dt. 
0 0 


But 
| S(t, so)e“™* | < 


and the limit of the first term on the right-hand side of (1.3) is seen to be zero. 


The second term also approaches a limit since 


ty 
S(t, so)e~**dt < f 1-70) , 
0 


A f 1-90) 
0 


converges. It follows that (1.2) converges for ¢>oo. It is important to ob- 
serve that the transformation (1.3) has enabled us to replace the integral 
(1.2) which is not in general absolutely convergent{ by an absolutely con- 
vergent integral: 


and since the integral 


(1.31) f e~**da(t) = S(t, so)e~**dt 
0 0 


The transformation (1.3) reduces to the transformation of Abel when the 
Stieltjes integral becomes a series. 

As an immediate consequence of Theorem 1 it follows that the divergence 
of (1.2) for a point so =o +i7o implies its divergence at all points for which 
a <0». Consequently the same possibilities arise here as in the case of Diri- 
chlet’s series: (a) the integral may converge for all values of s; (b) it may con- 
verge for no value of s; (c) there may exist a constant ¢, such that the integral 
converges for o>o, and diverges for ¢<a,. In case (c) the line o =<, is called 
the axis of convergence and the half plane o >¢, the half plane of convergence. 


* See, for example, T. Carleman, Sur les Equations Intégrales Singuliéres @ Noyau Réel et 
Symétrique, p. 11, Theorem III. 

+ The integral (1.2) is said to be absolutely convergent if {> lest |du(?) converges, where /(#) is 
the total variation of a(t) from zero to ¢. The definition of the total variation of a complex function of 
the real variable is exactly the same as chat of a real function, no separation into real and imaginary 


parts being necessary. 
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In a similar way one defines the axis of absolute convergence and the region of 
absolute convergence. 

Theorem 1 enables us to discuss the region of convergence of an integral 
of the form 


(1.4) f 


where a(¢) is now considered to be of finite variation in every finite interval. 
By the transformation s = —s’, the integral 


(1.5) etda(t) = 1) 


becomes one of type (1.2). Consequently the region of convergence of (1.5) is 
a half plane lying to the left of a line e=const. Hence the region of conver- 
gence of (1.4), which is the analogue of Laurent’s series, is a strip of the plane 
or obvious modifications of such a strip. For example, in the case of the func- 
tion 


T(s) = f —le-tdt = f ‘dt 
0 


the strip of convergence becomes the half plane ¢>0. On the other hand the 
region of convergence may reduce to a straight line or a set of points on a line, 
or it may disappear completely. That these cases may actually occur is 
evident in view of the fact that power series form special cases of the integral 
(1.2). 

2. Uniform convergence. We prove the following theorem: 

THEOREM 2. If the integral (1.2) converges for s=So, and if H is any 
positive number, then it converges uniformly in the region 


| so| S (0 — =a. 


Let ¢€ be an arbitrarily small positive number. Then it is possible to 
determine a number T greater than H and so large that 


t 
| Si,(t,50) | = 


But 


te ts 
f e~* (sot) da(t) = + 
ty 


ty 


Hence 
o— 


t 
f ‘ete da(t) < 0) ts 
t 


1 
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If s is in the region defined in the theorem, this becomes 


<et+ < (H+ >t >T. 
The theorem is thus established. 
Corotiary 1. The integral converges uniformly in the angle 
|s — so| H(e—o), 


CoroLtary 2. The integral represents a holomorphic function f(s) in its 
region of convergence, and in this region 
d* f(s 
AAs) f e~**(— t)*da(t) (k =0,1,2,---). 
ds* 0 


For it is a familiar fact that for any positive numbers a and 6 the integral 


f = €*a(b) — tala) + 5 f 


represents an entire function.* Hence to establish the corollary one has only 
to apply a classical theorem of Weierstrass} regarding uniformly convergent 
series of analytic functions to the series 

THEOREM 3. If the integral (1.2) converges absolutely for so=ao+%70, it 
converges uniformly for 


n+1 
n 


e~*'da(t). 


The hypothesis implies that for an arbitrary positive ¢ there exists a num- 
ber T such that 
ts 
f e~'du(t) << e€, te >t > T, 
t 


where u(¢) is the total variation of a(t) from zero tol. Butt 


ty ty 
| f < f e~*'du(t) S f c2a0, kk >T. 
ty t t 


1 1 


This proves the theorem. 


* Apply, for example, the theorems on p. 282, vol. I of W. F. Osgood, Funktionentheorie, 1923, 
4th edition. 

t W. F. Osgood, loc. cit., p. 303. 

t For the properties of the Stieltjes integral here employed see, for example, T. H. Hildebrandt, 
On integrals related to and extensions of ihe Lebesgue integrals, Bulletin of the American Mathematical 
Society, vol. 24 (1918), p. 180. 
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We may apply the result of Theorem 2 to the integral (1.4) to establish 
that it also represents an analytic function within its region of convergence 
provided that region does not reduce to a linear region. 

3. Abscissa of convergence. To establish a formula for the abscissa of 
convergence we shall need two lemmas. 


Lema 1. Jf a real number y exists for which 
|a(t)| <<ev', 
then (1.2) converges for o>v. 


By an integration by parts we have 


1 1 
te ty 
| f e~*'da(t) < e | s| f ottrtdt 
ty ty 
| s| 


< + —— [e-em _ e~ 
If o>vy the right-hand side of this inequality may clearly be made as small 
as desired by taking ¢, and & sufficiently large, so that the lemma is proved. 
Lemma 2. Jf (1.2) converges for s=a9>0, then a constant K exists such that 


| a(t)| < 
Set 


U(t) = 


Then we may write* 


a(t) = few = = evavo. 


Integrating by parts we have 
t 
a(t) = — U(t)eo'dt. 
0 


Since (1.2) converges for s=oo, a constant K exists such that |U(é)|<K/2, 
O<t<a. Hence 


K K 
| a(é)| < 1) < Kee. 


* See T. Carleman, loc. cit., p. 11, Theorem III. 


704 D. V. WIDDER [October 


This proves Lemma 2. As an additional result the above method would show 
that, if (1.2) converges for a negative value of o, then a(t) would be bounded 
in the interval OSi<o. 


THEOREM 4. The abscissa of convergence of (1.2), if it is positive, is given by 


lo t 
(3.1) lim sup 
t=a 


We prove first that (1.2) converges for a>o,. Let 59=oa +77» be an arbi- 
trary point for which o,>o,. Let € be chosen so that 


€>0. 
Then 


<oa(1+e), 


log | a(t) | 
t 


| a(t) | < 


By Lemma 1, (1.2) converges for ¢>(1+€)o., and hence at s=5o. 
We now prove that if (1.2) converges for a value with oo >0, 
then For, suppose that Choose ¢€ so that 


Oo < og te < oo + 2€ < a. 


Since (1.2) converges for s =a it also converges for s=o +e, and by Lemma 
2, 
| a(t) | < 
provided ¢,+¢€>0. But by definition of ¢. we have 
log | a(t) | > t(oo + 2e) 


| a(t) | > et 
for certain values of ¢ as large as desired. Since it is impossible to have 


et(ot2e) < 


for large values of ¢ our assumption that o)<o¢, must have been false. Hence 
(1.2) converges for ¢>o, and diverges for e<o,. The theorem is thus es- 
tablished. 

Since in Lemma 1 it was unnecessary to have y positive, we may be 
assured that even if ¢, as computed by (3.1) is a negative quantity then (1.2) 
converges for g>¢,. In this case it will not be known, however, that (1.2) 
does not also converge for ¢<«,, so that , will not necessarily be the abscissa 
of convergence. 


or 
or 


1929] A GENERALIZATION OF DIRICHLET’S SERIES 705 


Finally we note that if lim sup (log |a(é) |)/#= 0, (1.2) diverges over the 
entire plane. The proof may easily be supplied. 


Corottary. The abscissa of absolute convergence of (1.2), if it is positive, 
is given by 
log u(t) 
o, = lim sup ie 


t=o 
where u(t) is the total variation of a(t) in the interval from zero to t. 


It should be pointed out that although formula (3.1) applies only when o, 
is positive, it may always be used indirectly to determine the axis of con- 
vergence. For, one has only to displace the origin by a translation to make the 
formula applicable. It may also be used to determine the region of conver- 
gence of an integral (1.4). As an example consider the function 


(3.2) T'(s) -f = f 
0 


f e*te-e'dt. 
0 


In the first integral of this sum set s’=s+1. Then the function a(t) of for- 


mula (3.1) becomes 
t 
a(t) -f 
0 


lo t 
=e,+ 1. 
t 
Hence the abscissa of convergence of the first integral iso. =0. In the second 
integral of (3.2) set s’=—s-+k, where k is positive but arbitrarily large. 
Then 


(3.3) a(t) = 


Since the integral (3.3) is less than e~* for ¢ sufficiently large, it follows that 


lo t 


for all k. That is, the second integral in (3.2) converges for all values of s. 
Consequently the integral defining ['(s) converges for ¢>0 and diverges for 
<0. 

4. The uniqueness of the determining function. We shall show in this 
section that a given generating function f(s) can not give rise to two deter- 


and 
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mining functions that have different values at a set of points of positive 
measure. For, suppose there were two such functions a;(#) and a2(é), both 
vanishing according to our agreement at ¢=0. Then we should have 


0= 6) = alt) 


This integral must converge for some value s = 59, and hence, by Lemma 2 of 
§3, 
| | < 


Therefore 
lim e~*‘@(t) = 0, o > ao, 
faa 


so that 


f e~*'do(t) = sf e*'g(t)dt = 0, >a. 
0 0 


It is now only necessary to apply a result of M. Lerch* to see that ¢(é) is 
zero except at a set of points of measure zero. Hence a;(é) and ae(¢) differ at 
most at a set of points of measure zero, contradicting the assumption. The 
result is thus established. 

5. Order of f(5) on vertical lines. As in the case of Dirichlet’s series the 
study of the behavior of f(0+ir) as r becomes infinite (with o fixed) is of 
considerable importance. From equation (1.31) we see at once that 


f(o1 + ir) =O(7), o1> 0. 
For, if lies in the interval ¢, <o;, then 


| for + #7) | “ ((o1 — oo)? + 7?)!/? 


| 7| 


f | S(t,o0) | < M,|7| = 70. 
0 


Here M is some constant independent of 7, and 79 is any positive constant. 
A more general result than this may be obtained, as in the case of 
Dirichlet’s series. We state it in 


THEOREM 5. If the integral (1.2) converges for s =So, then 
flo + ir) = 
uniformly for =a 9+c, c>0. 
Let ¢ be an arbitrarily small positive quantity. We wish to show that 


*M. Lerch, Sur un point de la théorie des fonctions génératrices d’ Abel, Acta Mathematica, vol. 27 
(1903), p. 339. 
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there exists a number 7, independent of / in the interval c<h< © such that 


| f(oo + h + ir) | 


Se, |r| = 70. 


| 


(5.1) 


As before we have 


J 


We show first that 


e~ @othtir) tdo(t) = (h + in) f S(t, dt, 
0 


1 


T a 


for a sufficiently large. We have 


f = — + (h + ir) f S(t, 


—f e~ < + |r| >n, hee. 


T T1 


Since the right-hand member of this inequality is independent of r and of h 
for r=71, h=c, and since it approaches zero as a becomes infinite, we see that 
(5.2) is established. Likewise we have 


1 


1 
—f tdo(t)| < f e~ ot) tdu(t) , 
0 | = | 0 


where u(t) is the total variation of a(#) from zero tot. Since h=c we havea 


fortiori 
1 a 
| f e~ ote) tdy(t) 
0 


| 


f ht < 
tT Jo 
The right-hand side may clearly be made less than ¢/2 by taking |r| 
sufficiently large, say greater that 72. Take 7» greater than 7; and 72. Then 
(5.1) is established by combining the two inequalities just obtained. 

Since this result reduces to a familiar one in the theory of Dirichlet’s 
series when the function a(é) is replaced by a step function, one might be 
tempted to suppose that all the facts about the order of Dirichlet’s series on 
vertical lines would carry over to the more general generating functions here 
treated. This is by no means the case. One of the most fundamental results 
in the theory of Dirichlet’s series is that the order of a convergent series is 
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always positive or zero. That this is no longer necessarily the case for the 
Stieltjes integral is seen by the example 


f e~**dt. 
5 0 


Here the order is clearly negative. Moreover, it is known that for a Dirich- 
let’s series f(s) the limit as r becomes infinite of f(¢+77) can not exist.* This 
is no longer the case for the functions (1.2) as the above example shows. We 
shall investigate later the relation between the order of f(s) on vertical lines 
and the continuity properties of the determining function. 

6. The determination of a(/). In the theory of Dirichlet’s series the 
formula for the determination of the sum of the first coefficients is of the 
utmost importance. In this section we obtain an analogous formula for the 
Stieltjes integral. The problem here amounts to the solution of the integral 
equation (1.2) under the assumption that a solution a(¢) of bounded variation 
exists. For the case in which the Stieltjes integral reduces to a Riemann 
integral this equation is known as Laplace’s integral equation. The result 
to be proved is stated in 


THEOREM 6. If (1.2) converges for o>0., and if c is a positive constant 
greater than a., then 


a(w + 0) + a(w — 0) a 1 ott f(s) 


=— ——eds, w> 0. 


Let R be an arbitrary positive constant greater than w. Then 


R 
f(s) = f e~*tda(t) + f e~*'da(t), 
0 R 


f(s c+ ico e”*ds R 
f das = f f e~*'da(t) 
0 


e”*ds 
+ f e~*'da(t). 


— ico 5 R 


It will first be shown that the second term on the right-hand side of (6.1) is 
zero. Setu=t—R. Then 


f e~*'da(t) = on f e~“da(u), a(u) = a(u+ R). 
R 0 
Set 


* K. Ananda-Rau, Note on a property of Dirichlet’s series, Proceedings of the London Mathe- 
matical Society, (2), vol. 19 (1920-21), p. 114. 
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0 
and consider the integral 
(w—R) 
f o(s)ds 


extended over the rectangle whose vertices are c —ir, d—ir,d+ir,c+ir (d>c). 
This integral is zero by Cauchy’s theorem. The integral 


d+ir (w—r) 
f o(s)ds 
d. 


—ir 


clearly approaches zero as d becomes infinite, since (6.2) is uniformly con- 
vergent in the infinite region —r<7<r (Theorem 2). Hence 


(6.3) o(s)ds -f o(s)ds -f o(s)ds 


c—ir c—ir 5 ir 5 


provided that these two infinite integrals exist. But by virtue of Theorem 5 
we know that to an arbitrary positive ¢ there corresponds a number 7p such 
that 

| + ir) | <elr| 


for and r=7ro. Hence 


e(w—R)s e(e-R)e 
f (s)ds | f erda < 
c—ir R 


r 
(6.4) 


o+ir e(e-R)s € 
s)ds| < 
| <> 


+ ir s —@ 


Consequently both of the infinite integrals in (6.3) converge. Moreover, the 
inequalities (6.4) show that each of these integrals approaches zero as r 
becomes infinite. The result stated is thus established. 

We turn now to the first integral on the right-hand side of (6.1). It is 
evidently equal to 


ctir pws R ctir gus R 
lim as f ée~*'da(t) = lim +s f jas 
0 


c—ir 5 fue c—ir 0 


But 
c+ ico es (e-R) 
since* w—R<0O, and 


* See G. H. Hardy and M. Riesz, The General Theory of Dirichlet’s Series, p. 13. 
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ct+ir R R e+ir 
lim eras e~*ta(t)dt = lim f 
0 c—ir 


ad 

= lim 2i f sinr (w—Z)dt . 
r=00 

This integral is a Fourier integral,* and the limit is known to be ix[a(w+0) 

+a(w—0)]. The proof of Theorem 6 is thus complete. 

7. Fractional derivatives of the determining function. If in the integral 
of Theorem 6 the denominator of the integrand is replaced by s*+! where 
p is any real positive number, a new formula of importance may be obtained 
involving the fractional derivative of order —p of the determining function 
a(t). 

THEOREM 7. If the integral (1.2) converges for o>o, and if c is a positive 
constant greater than o., then 


1 ctio f(s)e** 
ds = w>0, p>d, 
sett 


where Dz*a(w) is the fractional derivative of Riemann: 


1 w 
= —— a(t)(w— t)e'dt, p>O, w>QOD. 
I'(p) Jo 


Let R be any real positive number greater than w. Then 


and 
1 c+ioo f(s)e** 


seth 


1 e+ ico R 1 c+ ico evs 
=— f e~*'da(t) + — asf e~**da(t) . 
0 R 


We prove first that the second integral on the right-hand side of this equation 
is zero. The proof follows closely the lines of that given in §6 for the case in 
which p is zero, so that it will be unnecessary to give the details. One extends 


the integral 
f 


where ¢(s) has the same significance as before, over the rectangle defined in 
§6. By Cauchy’s theorem the result is zero. As first d and then r becomes in- 


* See, for example, C. Jordan, Cours d’ Analyse, 1913, 3d edition, vol. 2, p. 277. 
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finite, the integral extended over three sides of the rectangle approaches zero. 
The integral over the fourth side approaches 


ctio ev bed 
—st 
e~**da(t) 


and must be zero. The inequalities of §6 hold a fortiori when s is replaced 
by |s since 1/|s |e+?<1/|s| when |s|>1. 
We turn now to the integral 
pws R 
J e~**da(t). 


ont 


If it were permissible to interchange the order of integration we should have 


R 1 etic ps(w—t) 
I= f da(t)—— f ds 


But it is known that 
1 +1), w20, 
—— Ss = 
sett 0 us0, 


if p>0.* Hence it would follow that 


(w — #eda(s) 


= + 1) 
= Tp) alt)(w — 


and the theorem would be established. It remains then only to justify the 
interchange in the order of integration. This may be done by showing that 


the integral 
etix gs(w—t) 
ds 
c—too gots 


converges uniformly in the interval 0<¢<R.t This follows since 


* See G. H. Hardy and M. Riesz, loc. cit., p. 50. 
+ That this is sufficient may be seen by writing 


ctin 


and applying Property (7) of Stieltjes integrals as given in the article of T. H. Hildebrandt, loc. cit., 
p. 181. The admissibility of the change of the order of integration in 


Sa 


can not be held in question. 


a 
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ap 
yee ir| | e+ ir| et 


the last of these integrals is independent of ¢t and converges. 

8. The order of f(s) on vertical lines as affected by a(/). In §5 we pointed 
out that f(c+ir) may approach zero as |r| becomes infinite. In this section 
we shall develop certain sufficient conditions imposed on a(é) so that this 
should be the case. We shall show that f(c+ir) may be made to approach 
zero at least as rapidly as 1/ |r |* (p being any positive number) by a suitable 
choice of a(t). 


THEOREM 8. If a(t) has continuous derivatives of orders 1,2, +--+ ,n which 
satisfy the conditions 


(8.1) a‘®)(0) = 0 (ba 
(8.2) | a*)(t)| < Mev (OSt<0;k=0,1,2,---, 
for certain constants M and vy independent of k, then 


+ ir) = oc | r|!-*), 


Since a’(#) is continuous, the Stieltjes integral (1.2) reduces to the Rie- 
mann integral 


f(s) = f e-*ta'(t) dt, 
0 


which converges absolutely for ¢ >v by virtue of (8.2). Integrating by parts 
we have 


1 


By conditions (8.1) and (8.2) the first term of this sum is seen to be zero if 
o>vy. Proceeding in this way by successive integration by parts we finally 


obtain 
f(s) = + : f dt. 


1 srl 
This integral is absolutely convergent by (8.2), so that 


+ it) = O(| |"), o> v. 


As examples consider the integrals 
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f(s) = f e~*d sint = s/(s?+ 1) = O(|7|-), 
0 


f(s) = f e~*'d(1 — cost) = + 1/(s?+ 1) = O(| 7 


This result shows that the order of f(s) is dependent to some extent on the 
continuity properties of a(#). Conversely, the order of f(s) affects the con- 
tinuity properties of a(t). In this connection we prove 


TuEorEM 9. Jf (1.2) converges for o>o., and if f(c+ir)=O(|r|*) for a 
positive c>o, and p< —n (n a positive integer), then the function 
a(w + 0) + a(w — 0) 
2 


= 


is continuous with its first n derivatives and satisfies the conditions 
| | < (k =0,1,2,---,m). 


By Theorem 6 we have 


c—ico 


1 c+io 
$(w) = —{ (k= 0,1, 


provided that these integrals are all uniformly convergent in the arbitrary 
interval OS w<wo. But this fact follows from the inequality 


c+ io 
| f (c + ir)*'f(s)e**ds| < f | c+ ir , g>0. 
c+ig g 


The dominant integral is independent of w in the given interval and converges 
since p<—mn. Since $‘*)(w) is expressed as a uniformly convergent integral, 
it is continuous. Moreover, 


1 c+ico 


so that the theorem is proved. The continuity of ¢(w) does not of course 
imply the continuity of a(w). But we should not expect the continuity of 
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a(#) to be completely determined by any property of f(s), since the value of 
a(t) may be changed at an infinite set of points without altering /(s). 

9. The multiplication of generating functions. In this section we shall 
show that the product of two generating functions is itself a generating func- 
tion. Let 


f(s) = J e"'dalt), = 


have abscissas of convergence a, and @ respectively. Let s=o+ir be a 
fixed point for which ¢>¢.,0>¢/,0>0. We have seen that 


(9.1) f(s) = sf e~*ta(é)dt, o(s) = sf e~**B(t)dt 
0 0 


when these two integrals are absolutely convergent (§3, Lemma 2). Then 


S(s)o(s) = f e~**B(x)dx 


= sf a f a(t) B(x)dx. 
0 0 


Set ¢+x=y and eliminate x: 


(9.2) = st fat f — 


If it is permissible to interchange the order of integration, we have 


f(s)o(s) = s? f dy f "a(t)B(y — 


To establish the validity of this interchange we employ a familiar theorem 
of analysis.* To apply the theorem we introduce a function K(#, y) by the 
definition 


K(y,)=1, y>t, K(y,t)=0, ySt. 


By use of this function, (9.2) may be written 


f(s)o(s) f dt f 
0 0 


* E. W. Hobson, loc. cit., vol. II, p. 347. 
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Hence we have only to show that 


dt a(t) || B(y — | K(y, dy 


converges. This is clearly equal to 


a —otd d 
| (t) |e | B(x) | x 


which converges by virtue of the fact that the integrals (9.1) converge ab- 
solutely. We have thus established 


THEOREM 10. If the integrals 


fis) = f 4(s) = f 


converge at a point s=a+-ir for which a>O0, then at that point 


(9.3) —f(s)o(s) = s f 


0 


where 
9.4 = a — x)dx = — x)dx. 
(9.4) vt) (a)B(t — x)dx J B(x)a(t — a)dzx 


It is interesting to see how Cauchy’s rule for the multiplication of power 
series is included in formula (9.3). Let a(é) and B(¢) be defined as follows: 
a(0) = 0, aft) n-—-1<tSn (nm =1,2,3,---), 
B(0) = 0, BY) m-1<tSn (n=1,2,3,---). 
Then 4 


n=0 n=0 
To evaluate y(/) suppose that »—1<t<m. Then the integral (9.4) may be 
broken up as follows: 


k 


n—1 t—n+k+1 n-1 
— x)dx + > a(x)B(t — x)dx 


k=l t—n+k 


t—n+k+1 n—1 k 
f + 2, 
k 


k=1 t—n+k 
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Se =A a, or 


Hence 
n—1 and 
y(t) = (¢ — m+ 1) + — t) 


n 
k=0 k=l 


To evaluate the integral (9.4) we have 


s f e~*dy(t) = s f = — 


1 1 
where 


n—1 n—1 
= SkOn—1-k — = 
k=0 k=1 k=0 


We thus obtain for the product f(s)¢(s) the series 


n=1 


If this series is subjected to Abel’s transformation, it becomes 


S(s)o(s) = + — = 


n=1 n=0 
where 
Cn = + + + dobn. 
This is the classical Cauchy method of multiplication of power series. The 
rearrangement of terms of the series (9.5) effected above may be justified by 
use of Lemma 2, §3. 
We turn now to the proof of 


THEOREM 11.* If the integrals 


= f = f 


converge absolutely at a common point s =a +ir, then 


(9.6) —_f(s)o(s) = f dt 
where 


y(t) = f a(x)B(t —x) dx = f B(x)a(t — x)dx. 


* A similar theorem was given by T. Kameda, Theorie der erzeugenden Funktionen und ihre 
Anwendung auf die W ahrscheinlichkeitsrechnung, Proceedings of the Tokyo Mathematical and Physi- 
cal Society, (2), vol. 8 (1915), pp. 262-295 and 336-360. The conditions imposed, however, are not 
sufficiently general for our purposes. 
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The proof of this theorem follows the lines of that of the preceding 
theorem. We have 


f(s)o(s) = = dt — 


where ¢+x=y. If now it is permissible to interchange the order of integra- 
tion, equation (9.6) results. To justify this interchange we employ the same 
theorem as before and show that 


faf le» || a(t) || — dy 


converges. By setting y—‘=2 this becomes 


fi a(t) | e~*'dt fi B(x) | e~**dx. 


This clearly converges since the given integrals converge absolutely. 
We show that the familiar formula of Riemann 


1 1 


is only a special case of this theorem. Take the functions f(s) and ¢(s) of 
Theorem 11 as {(s)/s and I'(s), respectively. Since 


¢(s) = f e~*'da(t) 


a(t) =0, 
a(t) =n, logn log(n+ 1), 


¢(s)/s = f o>, 


by Lemma 2, §3. The function 8(¢) of the theorem will be 
=e", <t<o, 


Both ¢(s)/s and I'(s) are represented by absolutely convergent integrals in 
the half plane ¢ >1, so that the theorem is applicable there. Hence 


(9.7) ¢(s)T(s) = sf e~**y(t)dt, 


| 
with 

then 
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where 
+ 


(9.8) f as. 


Integrating (9.7) by parts we obtain 


¢(s)P(s) = f 


since 
lin e~**y(t) = 0, lime~*y(4) = 0 > 1).* 
But 
(9.9) = f x, 
0 


The differentiation under the integral sign is justified since the integral (9.9) 
is uniformly convergent in any finite interval a<i<b. For 


—t+z 


f 
0 


converges. The integral (9.9) may be transformed to a Stieltjes integral, so 
that 


(9.10) 7'(t) = f x). 
0 


In this transformation we have used the fact that 


lim 0. 


z= 


Since a(x) is a step function, the Stieltjes integral (9.10) reduces to an 
infinite series, and 


v(t) = = 1). 


n=1 


It follows that 
¢(s)I(s) = f — 1 Jat. 


* It is easily seen from formula (9.8) that 
v(t) < f = 
0 
whence the result stated. 


and 
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It is interesting to note that the functional equation of the I'-function 
also results immediately by an application of Theorem 11. For, take 


T(s + 1) f e"a(t)dt, 1/s = f dt. 


By Theorem 11 
T(s + 1)/s f e~**y(t)dt, 
where 


x(t) f “a(2)B(t — x)dx = f =e, 


Hence 
T(s + 1)/s f = T(s). 


This the classical functional equation referred to above. 


Part II. THE SINGULARITIES OF THE GENERATING FUNCTION 
AS AFFECTED BY THE DETERMINING FUNCTION 


10. Monotonic determining function. We propose to study in Part II 
the analogue of the problem set by Hadamard for power series, to determine 
the effect of the determining function on the singularities of the generating 
function. The problem seems scarcely to have been touched for the case of 
Stieltjes integrals of the form (1.2). The following theorem stated by H. 
Hamburger* is the only result in this direction that the author has been able 
to find in the literature: 


THEOREM 12. If a(t) is real and monotonic, then the real point of the axis of 
convergence of 


(10.1) f(s) = f 
0 


is a singular point of f(s). 


* Hamburger, Bemerkungen zu einer Fragestellung des Herrn Polya, Mathematische Zeitschrift, 
vol. 7 (1920), p. 306. A similar theorem was first proved by E. Landau for the corresponding Rie- 
mann integral. For the reference see Hamburger’s article, footnote 7. 

Pincherle has treated the problem for the related integrals /{¢(t)#—%dt but has obtained no 
result regarding the addition of singularities. See his memoir Sur les fonctions déterminantes, Annales 
Scientifiques de Ecole Normale Supérieure, (3), vol. 22 (1905), p. 9. 
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First make the change of variable s’=s—o., o. being the abscissa of 
convergence of (10.1). We have then to consider the integral 


(10.2) f exp (— s’t) exp (— to.)da(t) = f exp (— s’t)dB(t) 


0 


where 


B(t) = f exp (— to.)da(t), 


where, for the moment, we write exp k& for e* because of the complicated ex- 
ponents. The axis of convergence of (10.2) is the axis of imaginaries, and 6(t) 
is clearly a monotonic function. Consequently there is no loss of generality 
in assuming that o,=0. We may assume further that a(¢) is an increasing 
function. For, if it were decreasing we could replace a(#) by —a(#) and f(s) 
by —f(s). Suppose that s =0 were a regular point of f(s). Then f(s) is analytic 
in some neighborhood of s=0, and the series 
fe) = 
n=0 n. 
must converge for some value of <0. But 


= (- t"e~‘da(t) , 


0 


(e—1)° 


fo) => 


n=0 n! 


fc t)"e~‘da(t) 


iP 
(— #)"da(t) 


0 n=0 ! 


f e~*'da(t), 
0 


provided that the integration term by term is permissible. To justify this 
we note first that the series 


— 1)* 


» (— 4)" 


n=0 n! 
is uniformly convergent in any finite interval 0</<T, and that the series 


— (¢— 1)" 


> 


n=0 n! 


T 
f (— t)"e~'da(t) 
0 
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is uniformly convergent in the interval OS 7T<© since it is dominated* 
by the series, independent of T, 


(1—o)" 
ne-tda 
J t"e (t) 


n=0 n! 


Hence it follows that (10.1) is convergent for a value of ¢ <0 contrary to the 
hypothesis that ¢,=0. The contradiction shows that s=0 must be a singular 
point of f(s). 

As illustrations of this theorem we recall that the function I'(s) has a 
singularity at the point s=0, ¢(s) one at the point s=1. 

11. The addition of singularities. In this section we seek to generalize 
a theorem of J. Hadamard concerning the multiplication of the singularities 
of functions defined by power series. Since a power series in z becomes a 
Dirichlet series, or an integral of type (1.2), by the transformation z=e~*, 
we ought clearly to be concerned here with the addition of singularities. 

Let the integrals 


(11.1) fs) = f = f 


converge, the first for ¢ >i, and the second absolutely for ¢>o02. We suppose 
that the singularities a;=a} +aj’i of f(s), the singularities 8. of 
¢(s) and the points y obtained by adding points a; to points f; are all isolated, 
and that further there exists a number r such that the following conditions 
hold: 
Condition A: 
las —ali|>r, af #al, 


| —ai’ | al’ ~ aj’ 
| Be - B: | >T, 
| ve >f. 


This means that between any two projections of points a on the axes there 
is a distance greater than 7, that the distance between any two points 8 or 
between any two points y is greater than r. Regarding the order of f(s) and 
¢(s) we assume further that for an arbitrarily small number 7 there is a 
number yp such that 


f(s) =O(|7/), s=otir, 


* The fact that a(#) is monotonic enters the proof at this stage. 


| 
4 

‘ 
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uniformly for |s—a;| =, and a number such that 


o(s) = O(| 7 |”) 


uniformly for |s—8;|27. Here the numbers » and v may be positive, 
negative, or zero. As examples take f(s) =1/s, in which case f(s) =O( |r |-") 
uniformly for |s |=; or f(s) =1/(1—e7*), in which case f(s) =O(1) uniformly 
for |s—2kwi| =n, k=0, +1, +2,---. 

Now let z=x+7y be a point in the common region of convergence of the 
integrals (11.1) such that x>o,+02 and x>o2. Then it is possible to find a 
positive number c such that x—c>o2 and c>o;. Form the integral 
1 f(s)o(z — s) 


F(z) = — 


where p is any number greater than » + and greater than wy. We have shown 
elsewhere* that the integral represents a holomorphic function in the half 
plane in which the inequalities x >0:+02, x >o2 are both satisfied, and that 
the analytic continuation of this function into the other half plane along 
lines parallel to the axis of reals is analytic except perhaps at points a+8 
and £. 

On the other hand the function F(z) can be expressed as a generating 
function. To establish this point we make use of a 


Lemma. Let B(t) be a function of bounded variation in any finite interval 
0<t<R, and denote its total variation in this interval by u(R); let f(x, t) be 
continuous in the region 0Sx<0, OSt<o and such that the integrals 


converge. Let the integral [,°f(x, t) dx be continuous for 0<t<«. Then 


The proof follows the lines of that of a corresponding theorem for 


* D. V. Widder, The singularities of a function defined by a Dirichlet series, American Journal of 
Mathematics, vol. 49, p. 321. The particular method of representation of the functions f(s) and ¢(s) 
has no effect on the proof. 
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Riemann integrals,* and is omitted. We apply the lemma to the inter- 
change of the order of pings in the iterated integral 


fs) —zt pst 
(11.2) F(z) = =. e*'dB(t). 


Since this integral is improper due to its upper and also to its lower limits of 
integration, we must apply the lemma twice. We give the details of the appli- 
cation in one case only. The integral 


f | dp(t) | 
0 


converges since the integral representing ¢(s) is assumed to converge ab- 
solutely for ¢ >a: and here x—c>o2. Moreover the integral 


LA) | 
0 | Ss | a 
converges since p>y. Finally, the iterated integral 


converges since it may be written as the product of the two foregoing con- 
vergent integrals. The change in the order of integration in (11.2) is thus 
justified, so that we have 


1 ct+io fo 
Fa) f f 


Tt got 
But by Theorem 7 it follows that 
f( s) ett 
(11.3) ds = D: Pa(t) 
provided that p>0. We may also show that this formula holds if p is negative 
but not an integer. For, in this case the integral 


1 s 
(11.4) — Ko) 


converges uniformly in any finite interval 0 <¢<R for any positive integer k. 
Chose k so that p+k>0 but p+k—1<0. Then by Theorem 7 the integral 


* E. W. Hobson, loc. cit., vol. II, p. 347. 


a 
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is equal to D;-*~a(t). Morever the integral (11.4) may be differentiated & 
times under the integral sign since p>y, and the result will be a continuous 
function. Hence 


—f f( ) ds Dir *al?). 


govt dt 


But by the definition of fractional derivatives of positive order this is D,-*a(t), 
so that (11.3) holds for all non-integral values of p>. We have already seen 
that if p is a negative integer or zero, 
1 S(s)e** 
etl ds D; y(t), 


where 


a(t + 0) + a(t — 0) 
2 


v(t) = 
Consequently 
(11.5) F(z) f a(t) dB(t) #0, coe), 
0 


0 


We sum up the results in 


THEOREM 13. Let 


f(s) = f e~*tda(t) 


converge for >o,, and let 


= 
0 


converge absolutely fora >o.. Let the singularities a, of f(s) and the singularities 
8: of o(s) satisfy Conditions A. Furthermore, let 


f(s) = O(| 
uniformly for |s—ox|2n and 
$(s) = O(| 


uniformly for |ls—By | =n (n being arbitrarily small). 
Then the function F(z) defined by 
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+ 0) + a(t — 0) 
0 


dp(t) 


has singularities at most at the points B and a+ 8, where p>u+v and p>up. 
Corotiary 1. If p=0 and if f(0) =0, then the function defined by 


f sil a(t + 0) + a(t — 0) dB(2) 
0 


2 
has singularities at most at the points a+. 


To establish this fact we need to modify only slightly the discussion of 
the singularities of 
1 om 
f 


in the paper already cited. In that paper the origin was excluded from the 
region under discussion by a loop. In the present case this is no longer neces- 
sary since the integrand of the above integral has a removable singularity 
at the origin. This modification shows that only the points a+ (and not 
the points 8) are possible singularities of F(z). 


CoroLitary 2. If p is any negative integer, then the function defined by 


dB (t) 


+ 0) a(t 0) 
0 


has singularities at most at the poinis a+8. 


In this case the integrand of the integral defining F(z) is analytic at 
s=0 unless a point a lies there. In the first case it is unnecessary to exclude 
the origin from the region in question, and in the second case the points 8B 
are included in the set a+8. The result is consequently as stated in the 
corollary in either case. eles 

The theorem takes on its simplest form when yw and w+» are negative 
and a(t) is continuous, so that p may have the value zero. In this case the 
integral (11.5) takes the simple form 


f e~*ta(t)dB(t). 
0 
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As an example take a(#) =/, B(#)=t. Then f(s)=¢(s)=1/s. The theorem 
states that the function defined by 


f te~*"dt = 1/2? 
0 


has no singularities which are not at z=0. 

As another example take a(#)=sin¢t. Then f(s) =s/(s?+1), =1/s. 
Both functions satisfy the order requirements of the theorem. Consequently 
the function 


f e~** sin tdt = 1/(2? + 1) 
0 


can have singularities at most at the points 7, —7, 0. This example shows 
that the points a+ and 6 need not be effective singularities. In this case 
the vanishing of f(s) at the origin explains the disappearance of the points 
6 as singularities. If we interchange the réles of f(s) and ¢(s) we obtain the 
result that 


f e**t cost dt = (2? — 1)/(z? + 1)? 
0 


has singularities at most at the points 7 and —7. 

12. A sufficient condition that a function f(s) should be a generating 
function. In the applications which we shall make of Theorem 13 the 
following result will be useful: 

THEOREM 14.* A sufficient condition that f(s) should be a generating 
function is that it be analytic at infinity and vanish there. 


Since f(s) is analytic at infinity and vanishes there we can expand it in 
a power series of the form 


ann! 


fe) = 


n=0 
Here the constants a, must satisfy the condition 
(12.1) lim sup(| an| #!)!/" = 
where & is a positive number or zero (but is not infinite). Now form the func- 
tion . 
(12.2) ant". 
n=O 


* This theorem was first established by Cauchy. See Encyklopiidie der Mathematischen Wissen- 
schaften, II, 2, p. 26. The proof there given involves contour integration and is less convenient for 
our purposes than the proof given here. 
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On account of equation (12.1) it follows that 


lim (| a, | =0 


and the function (12.2) is seen to be an entire function. Now multiply the 
series (12.2) through by e-*' and integrate term by term from zero to in- 
finity. This is permissible provided that 


an f t"e~**dt 
0 


converges (as it clearly does for ¢>0) and provided that the series 


bed R 
Yan f e~*4"dt 
n=0 0 


converges uniformly for R= Ro.* To establish this result we have 


R R 
n=0 n=0 0 


«K >| a,| f e~*t"dt 
n=0 0 


= |an| m! 


The dominant series is independent of R, and if 7 >k it converges by (12.2). 
Integration term by term is permissible, and we have 


nt+1) 
f e~*ta! (t)dt = f = f(s). 
0 0 oan 
The theorem is thus established. 

It is not true, conversely, that every generating function is analytic at 
infinity, as the simplest examples show. The foregoing proof showed that for 
this to be the case it was necessary that the determining function be entire. 
But the addition of this condition on the determining function does not make 
the corresponding generating function analytic at infinity, as the example 
of the function ['(s) shows. By consideration of the order of the entire 
function a(¢) one does arrive at a necessary and sufficient condition. 


* Weare applying a familiar criterion of Dini. See, for example, T. J. Bromwich, An Introdu.tion 
to the Theory of Infinite Series, 2d edition, 1926, p. 502. The criterion requires further that (12.2) 
should converge uniformly in an arbitrary interval0<‘<R. This is obvious since the series is entire. 
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THEOREM 15. A necessary and sufficient condition that the function de- 
fined by 


f(s) = f 


be analytic outside the circle |s|=k, have a singularity on the circumference 
of the circle, and vanish at infinity is that a(t) be an entire function of order* 
unity and of type* k greater than or equal to zero (but not infinite). 


To establish this result we make use of a theorem from the theory of 
entire functionst which states that a necessary and sufficient condition that 
a(t) be of order unity and of type & is that 


(12.3) lim sup n(| a™(0)| /n!)/" = ke, k=O. 


Suppose first that the expansion of f(s) in power series about the point 
at infinity has radius of convergence k. That is, if 


a’(t) = 
n=0 


then 


(12.4) f(s) = > 


n=0 


a,n! 


gntl 
has radius of convergence k and 
(12.5) lim sup (| an| m!)!/ =k, 


whence 
lim sup (| a,|)!/" = ke, 


since lim n/(n!)/"=e. But a, =a‘"+(0)/n! so that one easily obtains (12.3). 
Conversely (12.3) implies (12.5), so that an entire function of the kind 
specified in the theorem leads to a series (12.4) whose radius of convergence 
is k. The theorem is thus completely established. 

As a result of this theorem we see that if 


f(s) = f e~**da(t) 


is analytic outside the circle |s|=k>0, thent 


* For definitions of order and types of an entire function see L. Bieberbach, Lehrbuch der 
Funktionentheorie, vol. II, p. 228. We are demanding that a(t) be of normal type but not of maximal 
type. 
Tt L. Bieberbach, loc. cit., p. 231. 
} L. Bieberbach, loc. cit., p. 228. 


= 
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| a(t) | < elktelel 


for sufficiently large values of |t| and for all positive numbers e. 

13. Hurwitz’s theorem regarding the addition of singularities as a special 
case of Theorem 13. It is scarcely necessary to point out that if a(é) 
and A(¢) are step functions with points of discontinuity at <=0, 1, 2,---, 
Theorem 13 reduces, by the transformation z=e-*, to the familiar theorem 
of Hadamard regarding the multiplication of singularities of power series. 
It is, however, more surprising that the classical theorem of Hurwitz on 
the addition of singularities should also be included as a special case. 

Let 


n bn 


gntl 


both series being convergent in some neighborhood of the point at infinity. 
Then, by Theorem 14, 


f(s) = f etdalt), 


o(s) = f 


for o sufficiently large, where 
= 
n=0 nN. 
Let the singularities a of f(s) and those 8 of ¢(s) satisfy Conditions A. 
Since f(s) and ¢(s) vanish at infinity we have 


f(s) =O(|r|-), o(s) =O(| r|-). 
Let us first suppose that a,.=0. Then 


ao 1 
f(s) 


sf) = 
0 


sf(s) = | r| 


Apply Theorem 13 to the functions sf(s) and ¢(s). Clearly we may take 
p=0, since u+v= —2 and y=—1. It follows that 
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f (t)B’ (t)dt 
0 


defines a function with singularities at most at the points a+ and 6. In 
the present case we may also be sure that the function has singularities at 
most at the points a+. For, if s=0 is not a point a, then sf(s) has a zero 
at the origin, and we may apply Corollary 1 of Theorem 13. But this integral 
can be expanded in a power series 


nt” 


where 
> 
= 
Hence 


Ca 
(13.1) f = > 

0 
This is the result of Hurwitz.* 

In the case in which a)~0, we proceed differently, taking p=—1. The 
condition p>u+v of Theorem 13 is still satisfied, but the condition p> 
is now violated, so that special considerations are necessary. For the special 
case in which a(t) and @(#) are entire functions of order unity and of finite 
type, less stringent conditions on p are necessary. The condition p> was 
needed only to show the permissibility of the interchange in the order of 
integration in 


I= (s)ds f 
0 


c— ico 


We can verify this directly in the present case. Write 


f(s) = W(s) + =, 


where 
an 


n=l 


Then 


ct+io c+ ico ds 
(13.2) J= visas f e*te~**dB(t) + a» e*te-**dB(t). 
0 c-io 0 


c— ico 


* For a reference see J. Hadamard, La Série de Taylor et son Prolongement Analytique, Scientia, 
1901, p. 73. 
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Here ¥(s)=O(|r|-*). Since p>—2 we may apply the result obtained in 
the proof of Theorem 13 (see equation (11.2) ) to show that the order of 
integration may be interchanged in the first of the integrals (13.2). To treat 
the second of these integrals note that 


bo 1 — 
-++—f "1B" (dt, 


so that the second integral of (13.2) becomes 


ao f + do f f dt. 
— S) S(2 — S) 


The first of these integrals is clearly zero, and the order of integration 
of the second may be interchanged, as we see by again referring to equation 
(11.2). If in that equation we replace f(s) by the function 1/(z—s), for 
which » = —1, and take p=0, then p>yw and the result holds. Hence 


I= f e~**dB(t) f e*(s)ds + ao f (2) 
0 0 


—ivo Ss) 


= f e~**[a’(t) — ao]dB(t) + ao f — e"*)/z] dt. 
0 0 
By integration by parts we have 


I= e~**[a’(t) — ao]dB(t) + = J e~*ta’ (t) dB(t). 


This is the integral (13.1) so that the result is the same as before. By 
Corollary 2 of Theorem 13 we see that the singularities of the function must 
again be at most at the points a+. 

14. Wigert’s theorem as a special case of Theorem 15. Asan immediate 
consequence of Theorem 15 we have the following result, which may be 
regarded as a generalization of a theorem of Wigert :* 


THEOREM 16. A necessary and sufficient condition that the function de- 
fined by 


f(s) = f e~*'da(t) 


should be analytic in the extended plane except at the origin is that a(t) be entire 
and satisfy the inequality 

(14.1) | a(t) | < ent 

for an arbitrarily small positive number e. 


* Georg Faber, Uber die Fortsetzbarkeit gewisser Taylorscher Reihen, Mathematische Annalen, 
vol. 57 (1903), p. 369. 
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The inequality of the theorem is equivalent to the statement that a(é) 
is an entire function of order unity and of minimal type. By Theorem 15 
the series 


fy = 


n=0 


a,n! 
where 
a’ (t) Dent”, 
n=0 
is convergent for |s|>0 if and only if the inequality (14.1) is satisfied. The 


theorem is thus established. 
Wigert’s theorem appears as a simple corollary to this theorem. For 


let B(t) be defined as follows: 
B(0) = 0, = n, n—-1<itsSn. 


Then 
= ff = Dew =a 
0 


n=0 
Let f(s) be defined as in Theorem 16, and apply Theorem 13 to the functions 
f(s) and ¢(s). Clearly »=—1 and v=0, so that we may take p=0. Then 
a=0 and +27i, +47i,---. Consequently the function defined by 


f = 


n=0 


has singularities at most at the points a+@6=0, +2mi, +4wi, ---. That 
is, the function defined by the power series 


n=) 


has no singularities in the extended plane except at the point z=1. This is 


Wigert’s theorem. 
15. A generalization of a theorem of Leau. The following theorem is a 


generalization of a familiar theorem of Leau regarding power series :* 


THEOREM 17. Let a(t) be a function of bounded variation in every finite 
interval OStSto, and let a(t) coincide with the function y(t) for t=k, where 
V(t) is analytic in the region \t|=k. Then the function defined by 


(15.1) f(s) = f e~*tda(t) 


* See, for example, G. Faber, loc. cit., p. 371. 
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is analytic in the entire plane cut along the negative real axis from 0 to ~. 
Moreover the points 0 and & are the only singular points on the cut. 


We first note that the integral (15.1) converges absolutely for o>0. 
For, since ¥(t) is analytic at infinity, there exists a constant M such that 


la’(t)| <M, t= k. 


We break the integral (15.1) into two parts 
k 
f(s) = f e~**da(t) + f e~*'dy(t). 
0 k 


Since the function y(#) is analytic at infinity, its derivative y’(#) is also 
analytic at infinity and vanishes there. y’(#) is therefore a generating func- 
tion, 


= f = f 
0 0 


Here 8’(y) is an entire function of order 1 and of type less than , since 
y(#) is analytic exterior to and on the boundary of the circle |t| = (Theorem 
15). That is, there exists a constant € so small that 


(15.2) | B’(y) | < efk-olul 
for |y| sufficiently large. Then 


(15.3) f(s) = J e~*tda(t) + 


The integral 
[caf 
k 0 


converges by virtue of (15.2). Here it is permissible to interchange the order 
of integration in the integral in (15.3).* Hence 


(15.4) f(s) da(t) + dy 


The first of these integrals is analytic over the entire plane, while the second 
is analytic in the plane cut along the negative real axis from zero to infinity.f 


* E. W. Hobson, loc. cit., vol. II, p. 347. 

+ This may be seen by changing s to —s and applying a familiar theorem of the theory of func- 
tions. See, for example, W. F. Osgood, loc. cit., Hauptsatz, p. 282. The path of integration is there 
considered to be finite, but only slight modifications are necessary in order to treat the present case. 
Compare also E. Picard, Lecons sur quelques Types Simples d’ Equations aux Dérivées Partielles, 1927, 
p. 65. 
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It remains only to show that the cut may be altered except at its end 
points without altering the truth of the above statements. This may be done 
by showing that the integral 


Bi(y)en 
c s+y 


has the same value as the second integral in (15.4), where C is a continuous 
curve (regular) obtained by slightly displacing any finite set of points on 
the positive real axis, and where s is any point not between the axis and C. 
An obvious use of contour integration establishes this point. 

To obtain the theorem of Leau as a special case of this theorem we de- 
fine the function ¢(s) as in the preceding section and apply Theorem 13 to 
the functions f(s) and ¢(s). 

16. Periodic determining function. We return now to the proof of 


THEOREM 18. Jf a(t) is a function of bounded variation of period 2r, 
then the function defined by 


(1.2) f(s) = f e~*'da(t) 
0 


has no singularities in the entire plane except perhaps poles of the first order 
at the points nisn=+1,+2, ---. 


We note first that the integral (1.2) is convergent for ¢>0 since a con- 
stant M must exist for which |a(#) | <M for all ¢ (Lemma 1, §3). A change in 
the value of the function a(t) at a set of points forming a denumerable set 
causes no change in the function f(s). Hence we may suppose, without loss 
of generality, that at a point of discontinuity £ of a(t) we have 


a(t + 0) + — 0) 
2 


a(é) = 


Since a(t) is a function of bounded variation it may be expanded in a con- 
vergent Fourier’s series, 


a io} 
(16.1) a(t) = 3 + Soa, cos mt + b, sin nt, 
n=l 


1 1 
(16.2) a, = —f a(t) cos nt dt, b, = —f a(#) sin nt dt. 
0 0 


We now make use of a theorem from the theory of Fourier’s series* regarding 


* E. W. Hobson, loc. cit., vol. If, p. 583. 
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integration term by term. To apply the theorem we need to know that 
(a) e~*t is of bounded variation over the interval (0, ©), and 

(b) |e-**|dé converges. 

Both of these facts are evident if ¢>0. Consequently it is permissible to 
integrate term by term from 0 to ©. We thus obtain the result 


bn 
f e~*ta(t)dt = + > GnS Ont 
0 2s 


n=1 s? 4- n? 


f(s) = — a(0) + sf e~*ta(t)dt 
0 


>0, so that 


do + bans 
16.3 s) = — a(0) +—+ 
But we can show that this series defines a function analytic in the entire 
plane except perhaps at the points mi, n= +1, +2, +3,--.-. For, let m 
be a positive integer arbitrarily large. The series 


ans? + bans 


n=m+1 + 


(16.4) 


is uniformly convergent in the circle |s|<m-+1/2, and consequently repre- 
sents an analytic function there. The uniform convergence of the series 
may be established as follows. The coefficients a, and 6, satisfy the in- 
equalities 

|an| K/n, |b,| < K/n 


where K is some constant, since a(t) is a function of bounded variation.* 
Hence 
1 


< |K(m + 3)? + K(m + 3) s|} 
The dominant series is independent of s and converges, so that the desired 
result is obtained. But f(s) is the sum of the analytic function (16.4) and the 
rational function 
™ + bans 


— a(0) + 2+ > 


n=1 s? + n? 


* E. W. Hobson, loc. cit., vol. II, p. 516. 


But 
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which has poles of the first order at most at the points +i, +2i,--.-, 
+i inside the circle |s |<m-+1/2. Since m was arbitrarily large the theorem 
is completely established. 

As an example let us define a(t) as follows: 


a(t) =0, 
a(t)=1, (2n+1)4 <t < (2n + 2)z, 


a(nr) = 34, n=1,2,3,---. 


Then 
f(s) = f e~*da(t) = = 1/(1 + e**). 


n=1 
By (16.3) we have 
a + bans 


n=l s? + n? 


1 
ao = —f a(t)dt = 1, 
T 0 


1 Qn 
a, = —f a(t) cos ntdt a> i, 


0, meven, 


1 Qn 
b, = —f a(t) sin nt dt —2 
T 


n odd. 


We have thus obtained the Mittag-Leffler expansion of the function 
(1+e7*)-!. 

17. The determining function a generating function. We have seen that 
the function I'(s) is the sum of two functions 


0 
= f dt + f “dt, 
0 


the second of which is analytic over the entire plane. Consequently, the 
first function must have singularities at the points 0, —1, —2,---. The 
determining function in this case is 


= 


nt 
Hence 
ite 2 ¢ 
bed — 1)"e-"! 
n=0 n! 
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a Dirichlet’s series. One is thus led to consider the case in which the determin- 
ing function a(#) is defined by a general Dirichlet’s series 


(17.1) a(t) = Doane, OS <A <a <---, =O. 
n=1 n=o 


Since the derivative of a Dirichlet’s series is itself a Dirichlet’s series, no 
loss of generality is caused by taking the generating function f(s) in the form 


f(s) = f e~*'a(t)dt. 


We shall suppose the series (17.1) absolutely convergent for ¢=0. It will 
be shown that the series (17.1) may be multiplied by e~*t and integrated 
term by term from 0 to © ifa>0, so that 


(17.2) f(s) = f = 
0 


n=0 n=0 S n 


To justify this step we again apply Dini’s criterion, and note first that 


R R 
(17.3) = De, f R>O 
0 0 


n=0 


for every finite R. This follows since a Dirichlet’s series converges uni- 
formly in any finite region of the half plane of convergence. It remains only 
to show that (17.3) converges uniformly in the interval R2 Ry. But 


n=0 0 n=0 0 + 


The dominant series is independent of R and converges for ¢=0, since (17.1) 
converges absolutely, so that (17.2) is established. 

The representation (17.2) of f(s) was established fora >0, but by analytic 
continuation it holds throughout the region in which the series converges. 
By virtue of the absolute convergence of the series of coefficients this series 
converges uniformly and represents an analytic function in any region not 
including a point —A,. In a neighborhood of a point —A,, f(s) clearly has 
the form 

an 
f(s) = + A(s), 
where A(s) is analytic in the neighborhood of —A,. We have thus proved 
that f(s) is meromorphic with poles of the first order at most at the points 
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—Xo, —Ai, -. The position and character of the singularities of the 
function I'(s) are thus explained by this result. 
Let us consider now the more general case in which a(¢) has the form 


a(t) = f e-dB(y), 


the integral being assumed absolutely convergent fore 20. Then 


f(s) = f J 


Appealing once more to the lemma of §11, we see that the order of integration 
may be interchanged since the integral 


converges fora >0. Consequently, 


Although this relation has been established for o>0, we see by analytic 
continuation that it is valid except on the negative real axis. The function 
f(s) is thus seen to be analytic* in the entire plane cut from 0 to © along 
the negative real axis. This cut may be artificial or a genuine boundary of 
the region of analyticity according to the nature of the function A(y). For 
example, f(s) may reduce to the series 
(17.4) 


n=O an 


where the points a, are dense on the negative real axis, and the series 


n=0 


converges absolutely.t In this case Goursat has shown that the line on which 
the a, are distributed is a cut for the function f(s). We sum up the results in 


* T. J. Stieltjes, Recherches sur les fractions continues, Annales de la Faculté des Sciences de 
Toulouse, vol. 8 (1894), p. J 72. Compare also O. Perron, Die Lehre von den Kettenbriichen, 1913, p. 
369. 

t For a description of the functions of this type see E. Borel, Lecons sur les Fonctions Monogénes 
Uniformes d’une Variable Complexe, 1917, p. 37. 


d —tistwdt = f 
« o oty 
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THEOREM 19. Let the function f(s) be defined by 


fs) = f 


where a(t) is a generating function 


f 
0 


absolutely convergent in the interval OSt<«. Then f(s) is analytic in the whole 
plane with the negative real axis removed. This line may or may not be a cut 
for the function f(s). 


18. The addition of singularities of functions defined by factorial series. 
In order to discuss the singularities of functions defined by factorial series 
we first show the relation of these series to the generating function under 
discussion. We begin by the proof of 


THEOREM 20. A mecessary and sufficient condition that a function f(s) 
can be developed in a convergent factorial series 


is that it be a generating function 


a,n! 


f(s) = f e~*'a(t)dt 


for which a(t) can be represented by a series of the form 


(18.1) a(t) = — 1) 
with 
(18.2) | an| < n* 
for some value of k and for n sufficiently large. 
We prove first the sufficiency of the condition. By (18.2) we see that 


(18.3) lim sup (| < 1. 
Hence the radius of convergence of the power series 


is at least unity, and (18.1) converges for all real non negative values of ¢. 
Let us prove that it is permissible to multiply (18.1) by e-** and integrate 
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term by term from 0 to ©. We again employ Dini’s criterion. It is clear that 


R 
e~*a, (e~* — 1)"dt = an 


0 n=0 n=0 


R 
1) "dt, 
0 
for the series (18.1) is uniformly convergent in the arbitrary interval 0<i<R. 
Again 


R 
(18.4) f — 1)"dtK — at 
0 n=0 “0 


| a,| 
nao O(o + 1)---(0 +n) 


The dominant series has the same region of convergence as the series 


(18.5) > 


n=1 n? 


and the latter is certainly convergent by virtue of (18.2) foro >k+1. Series 
(18.4) is therefore uniformly convergent for RZ Ro, and term by term integ- 
ration is justified. Hence 


a,n! 


f e~*ta(t)dt = 2. » o>k+1. 
0 


S(S+1)--- (s+) 


The sufficiency of the condition is thus established. 
For the necessity of the condition, assume that the series 


a,n! 


(18.6) 
s(s ++ 1)---(s+n) 
converges for o sufficiently large. Then the series (18.5) converges for some 
positive value of ¢, aso=k. Hence its general term approaches zero, and for 
n sufficiently large, 

| a,| /n* <1. 


Define a(t) by the series (18.1). The foregoing proof shows that the corre- 
sponding generating function is equal to the series (18.6) for o sufficiently 
large and the proof is complete. Other forms of this necessary and sufficient 
condition have been given by Pincherlej and Nielsen.t 

* For the properties of factorial series here employed, see E. Landau, Uber die Grundlagen der 
Theorie der Fakultitenrethen, Sitzungsberichte der mathematisch-physikalischen Klasse der Kgl. 
Bayerischen Akademie der Wissenschaften zu Miinchen, vol. 36, pp. 151-218. 


T S. Pincherle, loc. cit., p. 52. 
} N. Nielsen, Handbuch der Theorie der Gammafunktion, 1906, p. 239. 
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We may now establish a result concerning the addition of singularities 
of functions defined by factorial series. Let f(s) and $(s) be defined by the 
series 


(18.7) =< 


both convergent for o sufficiently large. It is known that the series will have 
a half plane of absolute convergence. By Theorem 20, 


f 


a,n! 


= f 


a’(t) = — B'(t) = — ew 
n=0 n=0 
Let the singularities a of f(s) and those B of ¢(s) satisfy Conditions A, 
and let these functions satisfy the order conditions of Theorem 13. We are 
thus in a position to apply that theorem provided that (18.8) converges 
absolutely. This follows by use of the inequality 
|b, | m! 


J | dt < | (1 — e-*)"dt = o(o+1)-- 


This series converges by reason of the absolute convergence of (18.7). We 
conclude that if p>u+yv and p>y, the function 


(18.9) F(z) = f t)dB(t) 


has singularities at most at the points a+ and 8. 

There is one case when this result is of particular interest, namely that 
in which p= —1. For then (18.9) can be very simply expanded in a factorial 
series. We have 

F(z) = f (t)B’(t) dt. 
0 
But 


a’(t)B'(t) = — 


n=0 


Cn = + Aibn-1 + + Ando. 


where 
where 
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Then can! 
F(2) = 
nao 1)--- (2 +2) 

For a direct application of Theorem 13 with p= —1 we must have p< —1. 

As in the case of Hurwitz’s theorem we may take y= —1 in certain cases. 

Let us suppose in order to have a situation analogous to that assumed for 

Hurwitz’s theorem, that f(s) and ¢(s) are analytic at infinity, vanishing 

there. Then yp and v are at most equal to —1, and if p= —1, then p>y-+». 

The discussion of the singularities of F(z) given in §11 is consequently valid, 

and it is only when it comes to expressing F(z) as a generating function that 

a special discussion is necessary (due to the violation of the condition p>y). 
For p=-—1 


1 c+ ico 
F(z) = — d dt. 
(z) f(s) of B’(t)dt 


c— ico 


Set 
ao 
f(s) = + ¥(s), 
a, 


ao c+ ico ds 
F(z) = — f f (t)dt 
5 0 


c+ iv 


1 
d 
of 


c— ico 


¥(s) = 


Since ¥(s)=O(|r|-?) the order of integration in the second integral 
may be interchanged, as was shown in §11. To discuss the first integral 
integrate (18.8) by parts and obtain 


1 
¢(s) = +—f dt. 
AY 0 


0 


Since |b, | <n* for some value of k, we have 


| < — K Vint + (n+ e+)", 


n=0 n=0 


| | < et(kt), 


Hence lim B’(é)e~** = 0, 
tec 


and bo 1 sg 
¢o(s) =—+ —f dt. 
AY 0 


[October 
Then 
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Hence the first integral of (18.10) becomes 


1 c+ico bo ao c+ico 
ds + — f dt. 
c-io S(z— s) Jo 
The first of these integrals is zero, and the order of integration of the second 
may be interchanged, as we see by again referring to equation (11.2). In 
that equation replace f(s) by 1/(z—s) (for which »=—1) and take p=0. 
Then p>uy, and the result holds. Hence 
c+iso ett 
e~**B’"(t)dt f ds, 


e~io S(z — 5S) 


1 —ztQ’ = 
F(z) = e*'B (ai f e*y(s)ds + 


0 


e*B'(t) [a'(t) — ao]dt + ao f at 
0 


We have here employed Theorem 6. If we integrate by parts the second in- 
tegral of (18.11) we have 


F(z) = f e~**[a’(t) — ao]B'(t)dt + f -f e~*ta'(t)B’ dt. 


0 


But we have already seen that this is a factorial series, 


By Corollary 2 of Theorem 13 we see that the function has singularities at 
most at the points a+. 
As an example take 


Can! 


n! 


1 


All conditions assumed above are satisfied, and since c,="-+1 we conclude 
that the function defined by the series 


(n + 1)! 
S(S+1)---(s+n) 


has singularities at most at the point a+8=2. But it is seen by direct com- 
putation that the function is 1/(s—2), so that the predicted result is verified. 


Bryn Mawr COLLeEGE, 
Bryn Mawr, Pa. 
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A STUDY OF CONTINUOUS CURVES AND THEIR 
RELATION TO THE JANISZEWSKI-MULLIKIN 
THEOREM* 


BY 
LEO ZIPPIN 


1. In this paper we treat of continuous curves{ in n-dimensional euclidean 
space; the arguments, excepting the use of inversion, are established in more 
general space.§ The principal theorems are devoted to the relation of such 
curves to the Janiszewski-Mullikin Theorem.|| This, stated generally, is to 
the effect that two bounded] subcontinua of a space, C, neither of which 
disconnects C, can disconnect C in their sum if and only if their product is 
not connected.** The theorem is shown to characterise, among bounded 
cyclicly connected} continuous curves, the simple closed surface;{{ among 
bounded continuous curves in general, those whose maximal cyclicly con- 
nected subsets are simple closed surfaces; among unbounded cyclicly con- 
nected continuous curves, the cylinder-trees;$§ and, in general, unbounded 


* Various parts of this paper were presented to the Society October 27 and December 1, 1928, 
and March 30, 1929; it was received by the editors in April, 1929. 

t+ For definitions and theorems, see R. L. Moore, Report on continuous curves from the viewpoint 
of analysis situs, Bulletin of the American Mathematical Society, vol. 29 (1923), pp. 289-302. It is 
assumed that the reader is familiar with this Report. 

t See C. Kuratowski, Sur la méthode d’inversion dans l’analysis situs, Fundamenta Mathemati- 
cae, vol. 4 (1923), pp. 151-163. 

§ For a discussion of this space and continuous curves, see H. Hahn, Mengentheoretische Charak- 
terisierung der stetigen Kurve, Wiener Sitzungsberichte, vol. 123 (1914), pp. 2433-2489. 

|| See Z. Janiszewski, Sur les coupures du plan faites par les continus, Prace Matematyczne- 
Fisyczne, vol. 26 (1913), p. 48; also, Miss A. Mullikin, Certain theorems relating to plane connected 
point sets, these Transactions, vol. 24 (1922), p. 154. The theorem is readily seen to obtain on the 
surface of the sphere, from the manner of its proof in the plane. 

{| For the cases that one or both of the continua are unbounded, see B. Knaster and C. Kura- 
towski, Sur les continus non-bornés, Fundamenta Mathematicae, vol. 5 (1924), pp. 35-36. 

** When we speak of our hypothesis, without further qualification, we shall be understood to 
refer to this theorem. The Lemma and Theorems 1 and 3 are aside from this hypothesis. Theorem 2 
is proved independently of Theorem 5 (of which it is a consequence) and affords the opportunity for 
introducing methods of proof which are essential to the development of the paper. 

tt See G. T. Whyburn, Cyclicly connected continuous curves, Proceedings of the National Academy 
of Sciences, vol. 13 (1927), pp. 31-38. Also, W. L. Ayres, Continuous curves which are cyclicly con- 
nected, Bulletin de l’Académie Polonaise, 1927, p. 127. 

tt A set of points homeomorphic with the surface of the sphere. 

§§ I have adopted this term from the analogy with one-dimensional trees, and the relation of this 
surface to the unbounded cylinder 
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continuous curves whose maximal cyclicly connected subsets are cylinder- 
trees. From the work of G. T. Whyburn and the generalizations of this 
work by W. L. Ayres, the complete structure of these curves is known. 
Moreover, the acyclic continuous curves are found to stand in peculiar 
relation to the Janiszewski-Mullikin Theorem, and it is shown that a con- 
tinuous curve which may be characterised by this theorem is equivalent in 
the sense of a Zerlegungsraum* to an acyclic continuous curve of elements, 
and these are either points of the given curve, or its simple closed subcurves 
or, exceptionally, the sum of three independent arcs joining two points of 
the curve. 

For his assistance in the solution of the problems of this paper, and for 
his untiring encouragement, I am greatly indebted to Professor John Robert 
Kline. 

2. We prove the following theorem. 

THEOREM 1. C is a continuous curve, B a closed and totally disconnected 
subset. There exists in C an acyclic continuous curve which contains B, and whose 
end points ave a subset of B.t 


We assume, at first, that B is bounded; it is immaterial whether C is 
bounded. Any point x of C is contained in a subcontinuous curve M(x, e) 
of C, which is of diameter less than e€, a preassigned positive number, and 


which in some neighborhood U% of x is identical with C.{ Then x is an in- 
terior§ point of M(x, e«). For an arbitrary e’,|| suppose every point b of B 
covered by continuous curves M(d, e’). Let >> U;,, where the summation 
runs from i=1 to i=n,, be a finite covering set of neighborhoods U‘; 
corresponding to these curves, and assemble the curves of M(, e’) corres- 
ponding to the neighborhoods U%, into maximal connected sets, Mu, Mu, 
--+, My,,. Then, since the connected sum of a finite number of con- 
tinuous curves is a continuous curve, M,; (i=1, 2, - - - , ki) is a continuous 
curve. Let Bi=>-j1, My; Every point 6 of B is an interior point of some 
subcurve of B:; we shall say that B is interior to Bi. 

Given B, Mai, we cover B by curves M(b, €:/41), €/41<(1/2")€’, 


* See L. Vietoris, Uber stetige Abbildungen einer Kugelfliche, Koninklijke Akademie van Weten- 
schappen te Amsterdam, vol. 29 (1926), pp. 443-453. 

+ See H. M. Gehman, Concerning acyclic continuous curves, these Transactions, vol. 29 (1927), 
p. 566, Theorem 5’. 

t See H. Hahn, loc. cit., p. 2475, Theorem 21; the condition of boundedness is not necessary to 
this theorem. 

§ A point x is an interior point of a subset X of C, if it is not a limit point of C—X. In this case, 
X is said to cover x in C. 

|| The numbers in this paper are always positive. 


| 
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such that each curve belongs entirely to Uj", (of the preceding finite covering 
of neighborhoods) if it has any point in common with U;.. Then, extracting 
a finite covering of the neighborhoods related to the curves M(b, €’n4:), we 
assemble the continuous curves corresponding to these neighborhoods into 
maximal connected sets, Masia, they are con- 
tinuous curves. Let Bayi=>. 77) Masi. Then Bis interior to Bays; every 
curve of B,,, and, therefore, B,.,, is interior to B,. 

2.1. There is an arc Li; of C joining a point of Mu to a point of + aml Mi, 
and this has a subarc Zu from the last point of Mu to the first point thereafter 
on > wn M),; say this is a point of Mw. There is an arc Li joining a point 
of My to a point of : M,,, and a subarc Liz from the last point on Mu+Zu 
+Mx to the first point thereafter on b we! Mi;; say this is a point of Mi;. 
Then Mi;+> Li; is a continuous curve, and every point of Li; 
is a cut point of it. Inductively, there is a finite set of arcs T1=)- 7} Li; 
such that T/ =71+A,: is a continuous curve, and every point of 7: is a cut 
point of that curve. Let Pi=71 XB; P: is a finite set of points. 

Suppose that we are given T,’. Let Pa Mm, and let be that 
subset of B,,, which contains all, and consists only, of the curves contained 
in My? Basisa=BnisXMm. As above, but now in M,, we find a finite set 
Trai. of arcs of M,, such that Pai is a subcontinuous curve 
of Mm, and every point of 7%,,,; (excepting the points P,,;) is a cut point. 
We repeat this for each of the sets M,,; (i=1, 2,---, kn) with respect to 
Pui=PaXMni, and Bair We have, finally, a set of arcs 

such that is a subcontinuous curve 
of T,’ ; and every point of a cut point of 41. 

We continue this construction for all integral values of n. Then T=]]%,, 
T,! is closed and connected. Let T=)>7., T;; we shall show that T=T+B. 
Since B is interior to every B, (n=1,2, - - -), Bc]]2_,B,¢[]%-:7%, =T. If 
tis any point of 7, there is an m such that ¢ is not a point* of T, and ¢¢ Ty41. 
Then (m=n+1). Since and 
Tx (m<n). Then te]]; =T; and TcT+B. 
If b’ is any point of T which does not belong to B, let r(b’, B) =r’ >0.t Find 
an # such that (1/2")e’<r’. Then 0’ is contained in no M(b, e/4:), and 
cannot belong to Bay. Since eT eT Then TeT+B, 
and T=T+B. 

» | If 2’ is any point of 7, it is contained in a first 7,,; and ¢’ is not a point of 
B,4: since =7T,+B, and B,,, is interior to B,. Then, in a sufficiently 
* To include the case that ¢ is a point of 71, allow n to take the value zero and define T» as the 


null set. 
t r(X, Y) is the distance of the point sets X and Y. 
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small neighborhood of t’, 7,41 is identical with T. Since 7,4: is connected im 
kleinen at all of its points (although not necessarily connected), T cannot 
fail to be connected im kleinen at ¢’, and therefore at any point of T. Since 
B is totally disconnected, T cannot fail to be connected im kleinen at any 
point.t Then T is a continuous curve. If it contains any simple closed curve 
K, there is an arc k of K no point of which belongs to B, andkeT. But 
every point of T is a cut point of T since it belongs to some 7, and is a cut 
point of T, ; it is clear that such a point separates two subcurves of B, and 
therefore at least two points of B, while T is a connected subset of 7, 
containing every point of B. Then this is not possible.{ Moreover, it must 
follow that every end point of T is a point of B. Then T is the desired acy- 
clic continuous curve. 

We have given the necessary condition of Gehman’s theorem (he is 
concerned with the case that B is bounded, and that C is a plane curve); 
the sufficient condition follows his proof precisely. 

2.2. Suppose, now, that B is unbounded; then C is unbounded. Let C* 
be the inverse of C with respect to a center of inversion v which is a point 
of the embedding euclidean space, but not of C.§ Then C* is a continuous 
curve, and B*+v a bounded, closed, and totally disconnected subset. There 
is in C* an acyclic continuous curve 7’ which contains B* +2, and whose end 
points are a subset of B*+v. Then T’=)_; T;, where 7; is an acyclic con- 
tinuous curve (tree), 7;=v (i+); and d(T,,) Se,|| where ¢ is preassigned 
and m2n,.J The trees 7;(i=1, 2, ---) convergett tov. It is clear that 
v cannot be a cut point of C*; if x* and y* are two points of C*, the cor- 
responding points x and y of C belong to an arc xy of C, and v is not a point 
of C. Then there is in C*—v an arc L/ joining a point of T, to a point of T>. 
Retain on this arc (which can meet only a finite number of the trees, since 
these converge to v while L/ is closed in C*—v) the subarc from the last 
point on 7; to the first point thereafter on 7; (j7>1); then, if 7 #2, the further 
subarc from the last point on 7; to the first point thereafter on T, (1#k#/) 


Tt See C. Kuratowski, Quelques propriétés topologiques de la demi-droite, Fundamenta Mathemati- 
cae, vol. 3 (1922), p. 60, lemme. 

t See S. Mazurkiewicz, Un théoréme sur les lignes de Jordan, Fundamenta Mathematicae, vol. 2 
(1921), p. 119, lemme. 

§ See Kuratowski, §1 loc. cit.; also, in Knaster and Kuratowski, loc. cit., pp. 25-31. 

|| For d(X) read diameter of X. 

{ See K. Menger, Uber regulére Baumkurven, Mathematische Annalen, vol. 96 (1926-27), pp 
574-575. Also, R. L. Wilder, Concerning continuous curves, Fundamenta Mathematicae, vol. 7 (1925), 
p. 365. 

tt We shall say that a sequence of sets Ki, Ke, Ks,- ~~ , converges toa point x, if x is the unique 
sequential limit point of any sequence of points x, x2, %3,°-- , such that x; is a point of K;. 
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and so on inductively until we have a subarc with last point on 72. If m of 
the trees have been thus connected, we may suppose the trees renumbered 
so that these are the first m, and T,* =)? T;+L” (this is the set of m—1 
subarcs of L/, corresponding to the above process) is a continuous curve, 
such that 2 is not a cut point of it, but that every simple closed curve of 
T,.* contains v. It is obvious that we can continue in this fashion to join any 
finite number of the given trees; we wish so to connect all of them, and it is 
essential that the set of arcs which we thus add to T’ converge to 2. 

We shall show that for any preassigned ¢, these arcs may be chosen so 
that not more than a finite number fail to be contained in an ¢-neighborhood 
of v. Let M(v, €) be a subcontinuous curve of C*, of diameter less than e 
and in some e’-neighborhood, U,,-, of v(e’ < €) identical with C*. If v is a 
cut point of M(v, e) there are at most a finite number of distinct componentst 
of M(v, €)—v (see Lemma); since v is not a cut point of C* it is readily seen 
that each component is of diameter, and therefore at upper distance from 
v, at least e’. Then there is an m such that 7; (i>m) is contained entirely 
in U,., and has no point in any component of M(v, €)—v if every tree of 
> T; has no point in that component. Then if T* (k=n) is constructed, 
as above, to contain }>{ 7;, it is clear that for every tree T; (j >) there is an 
arc L; such that L;¢(U,..—v) and joins a point of 7; to a point of 7;*. 
Then we are able to define a set of arcs L’’ converging to v, such that T*=T’ 
+L” is connected and closed (since trees and arcs converge to 7), that T* —v 
is connected, and that every simple closed curve of 7* contains v. It is clear 
that 7* is a continuous curve since it is connected im kleinen at every point 
of T*—v, being in a sufficient neighborhood of such points identical with T’ 
plus a finite set of arcs. 

Then 7, the image of 7*, on C is the desired acyclic continuous curve. 
It is connected, because 7* —v is connected, and therefore a continuous curve, 
since 7* is a continuous curve. Also, T is acyclic, for if it contains any simple 
closed curve K, K corresponds on 7* to a simple closed curve which does not 
contain v. Moreover, if } is an end point of T its image point b* is an end 
point of 7*, since the property of being an interior point of an arc is invariant 
under inversion (for points other than v), and every end point of 7* is an 
end point of T’ because each arc of L’’ has both of its end points on 7’. 
As b* images 6 of T, therefore of C, it cannot be the point v; then b* c B*, 
and consequently bc B. 


3. Lemma. A necessary and sufficient condition that a continuum M be a 
continuous curve is that if L is any bounded subset of M, not more than a finite 


{1 Maximal connected subsets. 
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number of the components of M—L are at an upper distance from L exceeding 
any preassigned 


If M fails to be a continuous curve there exists a number ¢ and a point x 
of M, such that no finite set of subcontinua of M can e-separate x.{ Since 
every connected subset of M joining x to a point not in U,, contains at least 
one point of the set N = (U 3/4). — Uzs/)2), it is clear that N cannot belong to 
a finite number of subcontinua of H =(U..—Uzaj).). If, therefore, L=(Uze 
—U.z)+(Usajy«—-Uszaj.), the number of components of HX(M-—L) 
containing points of N is infinite, and these are at an upper distance from L 
not less than }e. This establishes the sufficiency of our condition. These 
components are also of diameter not less than }¢ and, by a theorem of 
Lubben,§ have a countable subsequence with a continuum of condensation 
M,,; it is seen that at no point of M,, can M be connected im kleinen.|| It 
will be apparent that the Moore-Wilder Lemma is implicit in the foregoing. 

3.1. The condition is necessary. If M is a continuous curve and L is any 
bounded subset, and if M’ is any component of M—L, then r(M’, L) 
=r(M’, L)=0. Otherwise M=M’+WN’ (N’ is defined as M —M’) and is not 
connected. For if m’ is any point of M’, it cannot belong to Z and is an in- 
terior point of some component of Jf —L;tt and since M’X L=0, m’ is seen 
to be an interior point of M’. Then m’ is not a limit point of NV’. If n’ 
is a point of 7’, n’ does not belong to L and is an interior point of M’; then n’ 
cannot be a point of N’. Since M is connected, it follows that r(M’, L) =0. 
If the upper distance of M’ and L is greater than e, from the connectedness 
of M’, there is a point x¢ M’ such that r(x, L)=e. If the number of com- 
ponents relative to Lt{ whose upper distance from L is greater than e is in- 
finite, let (x) be an infinite set of points not more than a finite number of 
which belong to a single component of M@—L, and such that each is at a 
distance from L equal to e. Since L is bounded, L+(x) is bounded, and (x) 
is bounded.§§ Let x’ be any limit point of (x), and (x;) a subsequence of (x) 

+ The Lemma will be found to resemble in its details a number of known results. The author 
prefers to regard it as an opportunity for justifying, in a measure, his use of theorems for which he 
contemplates a more general space (see §1 third note) than that for which their proof is explicit. 

t See P. Urysohn, Uber im kleinen zusammenhingende Kontinua, Mathematische Annalen, vol. 
98 (1927), p. 297, Theorem 1. 

§ See R. G. Lubben, Concerning limiting sets in abstract spaces, these Transactions, vol. 30 (1928), 
p. 675, Theorem 5. 

|| See §2.1, third note. {| See the last paragraph of §2.1. 

tt See C. Kuratowski, Une définition topologique de la ligne de Jordan, Fundamenta Mathemati- 
cae, vol. 1 (1920), p. 40. 

tt A component relative to X of M is a component of M—X. 


§§ This is the only purpose in our restriction on L. Without it the Lemma, as stated, is untrue 
but is readily modified. - 
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of which x’ is the sequential limit. It is clear that r(x’, L) =e, and x’, and 
therefore all but a finite number of the points of (x;), belong to a single com- 
ponent of M—L contrary to our choice of the set (x). 

3.2. Remark. If M is a continuous curve and L is a closed and bounded 
subset, the complement of LZ in M is open and is the sum of a countable set 
of components; each component has at least one limit point on L, and is 
connected im kleinen.f Then Z plus any number of the components, entire, 
relative to L is closed and connected, although not necessarily bounded. 
Also, if Z is a continuous curve, then L*=L+)°’M; (where M; is a com- 
ponent relative to LZ, and the prime indicates that the summation does not 
include all of the components of M—L) is a continuous curve. For L* is 
clearly connected im kleinen at all points of }>’M;. If p is any point of L, 
for a preassigned ¢ there is an e’ such that any point of LX(U,.-) can be 
joined to p by an arc of L of diameter less than e. Also, there is an e’’ such 
that any point of M X(U,.) can be joined to p by an arc of diameter less 
than e’. It is readily seen that any point of L*X(U,.) can be joined to p 
by an arc of L* of diameter less than e. 

Suppose, finally, that K is a simple closed curve of M. If x of K is a cut 
point of M, K—x is contained in a single component of M—x, and there 
is another component M, relative to x which has no limit point on K—x. 
Then M, is seen to be a component also of M—K. The number of these is 
countable. If y of K is a cut point of M distinct from 2, there is a component 
M, relative to y, and relative also to K, which is distinct from M,. Then 
the number of cut points of M on K is countable. t 

4. We prove the following theorem: 


THEOREM 2. C is a continuous curve of dimension one, containing at least 
one simple closed curve K. Then C cannot satisfy the Janiszewski-Mullikin 
Theorem.§ 


Let x be a point of K such that C—x is connected. Form an e-separation 
of C at x, e<d(K).|| Then C=A+B+D, AXB=BXD=AXD=AXD=0, 
A>x,A+BcU.,, and B is closed and totally disconnected. Then there is 
in C an acyclic continuous curve T whose end points are a subset of B and 
which contains B: see Theorem 1. 


+ These are ready consequences of the proof of the Lemma. Compare, moreover, C. Kuratowski, 
§3.1 first note, and Sur les continus de Jordan et le théoréme de M. Brouwer, Fundamenta Mathe- 
maticae, vol. 8 (1926), pp. 136-149. 

t Compare the lemma of Mazurkiewicz, §2.1 fourth note. 

§ See §1, and the fourth note thereto. 

| See in P. Urysohn, Sur les multiplicités Cantoriennes, Fundamenta Mathematicae, vol. 7 
(1925), pp. 65-72. Also for all other references to dimension. 
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If x belongs to T it is of finite order on T. Otherwise ~« is a limit point of 
end points of 7,7 which is not possible since these belong to B. Likewise x 
is not a limit point of branch points of T. On each branch T; of T of which x 
is the foot, choose a point p; such that the arc xp; contains no point of B 
and no branch point of T. Omit from T the arcs (xp;—p;). In C—x, 
join the points (p;) by a set of arcs (f:p:), where /, is a fixed one of the 
points and p, the remaining points in succession. The set T—(xp;—p;) 
+(p1p;) is a continuous curve which contains the set B and is free of x. It has 
a subacyclic continuous curve which contains B; call this T’. 

Let M, be the maximal connected subset of C—TJ’ which contains x, 
and B’=T’XM.. Let T, be a subcontinuum of 7’ which is irreducibly con- 
nected about B’.{ Then 7, is an acyclic continuous curve.§ Since the end 
points of T, are non-cut points of T., it follows that the end points of T, 
are a subset of B’.|| Since M,cC—T’ and C—T’cC—B=A+4D, while 
M.XA >x, it follows that M,c A. Then M,c A=A+B. Let y be a point 
of K XD; by our choice of ¢€ at least one such point exists. Then yX M.cy 
xA=0, and r(y, M.)=6,>0. There are two points a and b of KXD such 
that the arc ayb of K XD satisfies the relation r(ayb, Mz) = }6y,. 

We shall suppose first that ayb c T,. If zis a point of ayb which is a branch 
point of T,, the corresponding branch or branches of 7, contain at least 
one end point of 7., and therefore at least one point of B’. But B’c M,. 
Then r(z, B’) =r(ayb, M.) =435,, and these branches are at least of diameter 
36,. But the number of such branches, and therefore the number of cor- 
responding branch points z of ayb, is finite. Then there is an arc a’’b’’ of ayb 
which contains no branch point of T,. This has a subarc a’b’, where a’ and b’ 
are non-cut points of C. 

4.1. By the Janiszewski-Mullikin Theorem, C—(a’+5’)] is connected. 
Then there is an arc of C—(a’+6’) joining an interior point 0’ of a’b’ to the 
point x. This has a subarc px, where # is the last point on [a’b’], in order 
from o’ to x. Since p is of order two on T.,{f{ in some neighborhood of p no 
point of px belongs to Since p¢ D and xc M.,, while DX M,.=0, there 
is on the arc px, in order from f, a first point g of M,; this is not a point of Mz, 


¢ See §2.2 and the third note thereto. 

t See W. A. Wilson, On the oscillation of a continuum at a point, these Transactions, vol. 27 (1925), 
§6, p. 433. 

§ See S. Mazurkiewicz, loc. cit., p. 123, lemme. 

|| See H. M. Gehman, Jrreducible continuous curves, American Journal of Mathematics, vol. 49 
(1927), p. 190, Theorem 3. 

¥ See Remark at conclusion of this theorem. 

Tt The arc a’p and pb’ belong to 7,, while no point of this arc is on 7, a point of order three 
or more (branch point). 


| 

| 

| 

| 

| 

| 

| 
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Then g¢ M,—M,cT’, since M, is maximally connected in C—T’. Then 
qg¢ M.XT'=B'cT,. Also, pgXM,=0. Therefore C—T, is not connected. 
And if, contrary to our first supposition, some point y’ of ayb does not belong 
to T., then y’ belongs to an arc py’g of K whose end points only belong to 7,, 
and py’gXM,=0. In either case, C—T, is not connected. 

The points p and g belonging to T., there is an arc pg of T,. The two arcs 
pq having only their end points in common, form a simple closed curve. On 
the arc pg of T, at most a countable set of points can be branch points of T,, 
and at most a countable number cut points of C. Let ¢ be an interior point 
of this arc which is neither a cut point of C nor a branch point of T,. Then ¢ 
separates and g on T,. Also, J; and J2 are trees, 

4.2. Suppose C—J/; is not connected; then ---, 
where M,; is a component of C—J;. Let My 3/2.—¢. Then and there- 
fore Mi,> [pq].¢ Also, J; has at least one end point of T., and this is a point 
of B’ and therefore a limit point of M,. Then My,2M,. Form J/*=1,+My 
+Mis+ --- ;C—Ii*=Mnu, and is connected. In the same manner form /+; 
C-—I*=Mx, and + [pqg]+M:. Then J* and are two continua 
neither of which disconnects C.t 

The set /*+J+ is a continuum, since Moreover, 
But C—(J*+I#) contains [pq] and M,; then it is 
not connected. Suppose Ji**xJ:*>?#’ distinct from ¢. Then ?¢’ is not a point 
of My or of My. and therefore it cannot belong to J, or to /;. But there is in 
C—tan arc t's’ of which s’, distinct from #, is the only point on T,. If s’ ¢ J, 
then s’t/c My; if s’ s’t’¢ My. Therefore J*xJ*=t, and J* and 
are two continua neither of which disconnects C, whose sum.disconnects C, 
and whose product is connected. This contradicts the Janiszewski-Mullikin 
Theorem. 

Remark. If it is desired to restrict our hypothesis so that it does not 
comprehend the case that the continua are points, it is possible to reduce 
this case to the restricted hypothesis, for continuous curves. If x and y 
are two non-cut points of a bounded continuous curve C, such that their 
sum disconnects C, there are two arcs xoy and xo’y in C which have only 
their end points in common so that they form a simple closed curve K, and 
which belong to no connected subset of C—(xy). Let J; and J, be two arcs of 
K which contain « and y respectively, and are without common point. 


t The symbol [pg] denotes py—p—g. We understand here that arc pq which has no point in 
common with M, and only its end points on 7;. 
t See Remark to Lemma. If C—/; is connected, J;*=J;(j7=1, 2). 
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Forming /* and J+ as before, we shall find that they contradict our restricted 
hypothesis. 
5. We prove the following theorem. 


THEOREM 3. C is a one-dimensional continuous curve, bounded or unboun- 
ded, not a simple closed curve. Then C is disconnected by some acyclic subcon- 
tinuous curve. 


If C is itself acyclic, there is an arc which disconnects it. If C contains a 
simple closed curve K, precisely as before we construct the acyclic continuous 
curve T,. Rehearsing the argument of the previous theorem, we find that 
either 7, disconnects C, or there are two non-cut points a’ and b’ on K whose 
sum disconnects C. Since C is not the simple closed curve K, one of the arcs 
a’b’ of K disconnects C. 

Although for any proper subcontinuous curve of the plane, and whether 
it is one- or two-dimensional, the acyclic continuous curve of this theorem 
may be replaced by an arc, I do not know whether this may be done in 
general. 

6. We prove the following theorem: 


THEOREM 4. C is a cyclicly connected} continuous curve satisfying the 
Janiszewski-Mullikin Theorem. Then C is a simple closed surface.t 


No arc of C disconnects C. Suppose that Z is an arc xy of C such that 
C—L=N,+N2+N3+ - - - ,in maximally connected sets, at least two being 
distinct. Since no point of C is a cut point of C, each set N; has at least two 


7 See G. T. Whyburn, and W. L. Ayres, §1 seventh note. Any two points of a cyclicly connected 
continuous curve C belong to a simple closed subcurve of C; for this it is necessary and sufficient that 
C have no cut point. The author has devised a generalization of this which is valid in compact metric 
space; the proof of W. L. Ayres has not yet been published. 

t After this paper was in the hands of the editors, there was received in this country volume 13 
of the Fundamenta Mathematicae. In this volume, Casimir Kuratowski in an article entitled Une 
charactérisation topologique de la surface de la sphére gives a most interesting demonstration of the 
above theorem. It results from the work of Kuratowski that if the Janiszewski-Mullikin Theorem be 
expressed as two theorems (as is done in the paper of Janiszewski, loc. cit.), then these theorems are 
equivalent for bounded continuous curves, with a consequent material reduction of our hypothesis. 
It had seemed, therefore, as if we might well omit our proof even though it little resembles that of 
Kuratowski and is related to a very different body of supporting theorems. However, it will be evi- 
dent that to our proof of Theorem 6 the arguments of Theorem 4 are absolutely essential, and that 
we should be obliged to reproduce the demonstration of Theorem 4 almost in its entirety as argument 
to Theorem 6; for this reason it is retained. And although the methods of Kuratowski would permit a 
considerable simplification of our work, it has seemed proper to acknowledge that fact and to leave 
the manuscript in its original form. 

In view of the equivalence referred to above, only one case needs to be considered in Theorem 5. 
For unbounded continuous curves the equivalence does not obtain, but it is still true that Theorem A 
implies Theorem B (see Janiszewski, loc. cit.). The Theorems 5 and 6 are not part of Kuratowski’s 


paper. 
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distinct limit points on ZL. Let x’ and y’ be the first and last points on L, 
in the order xx’y’y, which are limit points of N;. Since C—(x’+y’) is 
connected it contains an arc pz, where p is any point of C—(L+N,) and 
z¢[x’y’]. This has a subarc 92’, 2’ being the first point from p on x’y’. No 
point of pz’ belongs to N;. Otherwise, since p is not in Mi, there is a point n’ 
on pz’ such that n’c M,, and is a limit point of points not in N;. Then, 
Wi —N;, being contained in x’y’, it follows that n’ is a point of [x’y’] and con- 
tradicts our choice of z’. The arc z’p has a subarc 2’p’ of which 2’ is the only 
point on L. Then z’p’—z’ belongs to a single component relative to L, not 
N;; say this is Nz. Then 2’ is a limit point of Nz. Let z’’ be any other point 
of L which is a limit point of Nz. The arcs x’y’ and 2’z’’ have a common 
subarc; let ¢ be an interior point of this arc. Then ¢ separates x’ and y’ and 
also z’ and z’’. Calling xt of L the set J, and yt the set J2, we form the 
sets J* and J, as in Theorem 2, and obtain the same contradiction of our 
hypothesis. 

It readily follows that if K is any simple closed curve of C, C—K is not 
connected.f Then C-~K=M,+M2+M; - - , in maximally connected sets, 
at least two being distinct. Each set M; has at least two distinct limit points 
on K. Suppose that the point y of K fails to be a limit point of M:. Then, 
from y in either direction on K, there is a first point which is a limit point 
of M,; let these be x and z, and y’ any point of that arc xz on K which does 
not contain y. Then M,—M,cxy’s. Therefore C—xy’s=Mi+([xyz] 
+>> i>: M;), and is not connected; for M, consists of interior points, and no 
point of the bracket can belong to M@;. But no arc of C can disconnect it. 
Therefore every point of K is a limit point of each of the sets M;; symbolic- 
ally M;—M;=K. We wish to show that there are not more than two K- 
domains.{ 

6.1. We adopt the following notation: U,, is any e-neighborhood of a 
given point p, and the corresponding U,,; is any 5-neighborhood where 6 is 
so chosen that any point of C whose distance from # is not greater than 6 can 
be joined to p by an arc of C of diameter less than ¢; an arc, therefore, which 
is contained in U,.. Moreover, if g is any point of U,; and we construct the 
arc pq, we shall understand that pqc U,.. 

On K choose six points in the order a’b’oc'd’o’. Find U,,, and Ua. 
such that U.».(b’0c'd’0’) =Uw.X(0'a'b’oc’) =0. Let g be any point of 
U.sXM, and q’ any point of Uw; M,. Construct the arcs a’g and d’q’, 
and in M, any arc gq’. The sum of the three arcs is a continuous curve and 


+t Compare C. Kuratowski, §3.2 loc. cit., p. 145, Theorem 2. 
t A K-domain is a component relative to K. 
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contains an arc a’d’. This has a subarc amd, where mc M,, such that [amd] 
cM,,acKXU,,., and dc K XU«,; then we have on K the order ab’oc’do’. 
Similarly we construct the arc bm’c, such that [bm’c] ¢ M2, b+c ¢ K, and we 
have the order abocdo’. Then amd+dc+cm’b+ba, where dc and ba are the 
arcs of K which contain neither o nor 0’, is a simple closed curve K’’. If 
we assume that C—K contains at least three K-domains, M,, M2, and M;, 
we shall show that C—K”’ is connected. 

Suppose, otherwise, that C-K’’=M+N, MXN=MXN=0. Since K”’ 
has no point in common with M;, M; is connected in C—K” and belongs 
entirely to M or entirely to N; say M;¢ M. Then, M@;c McM+K"’. Since 
and ([ao0’d]+[boc]) x K’’ =0, it follows that 
[ao’d|+[boc]¢M; [ao’d] is that arc of K which does not contain 0, and 
[boc] the arc of K which does not contain o’. Therefore M>)>>;; M; (if 
this is not vacuous), since each M,(i=3) is connected in C—K’’, while M; 
> [ao’d|+ [boc] (i=1). There remains of C—K”’ the set M,— [amd] (the case 
for M:—[bm’c] is similar). Since o’ is a limit point of M, and therefore of 
M,—|amd], if M:—[amd] is connected it belongs to M. Let Mu be any 
maximal connected subset. If any point of [ao’d]+ [boc] is a limit point of 
My, My, ¢M. Then every point of K which is a limit point of My, belongs to 
one of the arcs ab or cd, and therefore to bamdc. It is seen that My is maxim- 
ally connected in C—(K+amd) so that it consists of interior points. On 
the other hand, every limit point of My, which belongs to M, is contained in 
My,+amd, while every limit point of My, which does not belong to M, is 
contained in K, and therefore in ab+cd. Then My,—M,, ¢ bamdc, and C— 
bamdc = M,,+4H (it is sufficient to regard H as defined by this relation) and is 
not connected. This is not possible. Then M>Mu, and likewise every 
maximal connected subset of M,— [amd] so that M>M,—[amd]. Similarly 
M > M.— [6m’c], and N is vacuous. Then C—K”’ is connected; since this is 
impossible, it follows that there are precisely two K-domains, which we 
shall call D; and Dz. Then D;—D;=K (i=1, 2); in the sequel, D;=M; (¢=1, 
2). 

The arc [amb] disconnects D,. For Ji:=amboa disconnects C. But 
and if D,— [amb] is connected, then 
C—J, is connected. Moreover, C—J:=Du+Dza; say that D2 contains a 
point d’ of Dz. Any other point d’’ of D, can be joined to d’ by an arc d’d”’ 
of D2; d’d’’ is free of points of Di+K, and therefore of points of J;. Then 
d’d'’¢ Dz, and consequently Then [ao’b]. Therefore Du is 
a maximal connected subset of [amb]. Similarly, if J2=amb+ [ao’d], 
C—J2=Dz+Dz2, and Dy: is a maximal connected subset of D,— [amb]. 
Then D,—[amb]=Du+Dy+ -- +, and we shall show that there are not 
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more than two such sets. For if D,; is a third, D,; has at least one limit point 
on [amb], we may suppose this to be the point m, and at least one limit 
point on K, since otherwise [amb] would disconnect C. We choose on [amb] 
four points in order ap’g’mr’s’b. We construct, as in the foregoing para- 
graphs, two arcs phs and gkr, such that [phs]¢ Du and [gkr] ¢ Dw, and we 
have on amb the order apgmrsb. Then, precisely as before, the simple closed 
curve K’’=phsrkgp, where sr and gp are the subarcs of amb, does not 
disconnect C. Therefore if K is any simple closed curve of C, and D, is either 
of its domains in C, and [amb] is an arc such that [amb] ¢ D, while a and b 
are on K separating two points 0; and 02, then D, — [amb] is the sum of two 
subdomainsf and Dy», and the boundaryf{ of Di; is the simple closed 
curve ambo,a(i=1, 2).§ 

6.2. Let x be any point of K and G’’=)>°#., G;a finite set of subcontinua 
of C which }¢-separate x in C, e<d(K).|| There exist subcontinuous curves 
F(i=1, 2,---, k) of C such that F;>G;, and d(F;) <d(G;)+4r’’, where 
<r(x, She, and 27’’<r(G;, G;), 1Si<jsk.§ It is clear that F;xF; 
=0, ixj. SinceG’’ ¢ it follows that Fic Ux. By our 
choice of r’’, the complement in C of F’’ contains x. By our choice of ¢, it 
contains a point «’ of K such that r(x, x’) > €; x’ does not belong to the Comp, 
(rel. G’’).¢¢ Since F’’>G’’, C—F”’ is not connected. It is seen that F’’, 
which is the sum of & disjoint continuous curves, ¢-separates x.tt 

Suppose x’ ¢ Comp.(rel. F;); i=1, 2,---, We discard from the se- 
quence of sets F;, Fz, - - - , Fy, any curve F; (1<i<k) such that F; does not 
belong to Comp.(rel. F;), 7<i. We reverse the order of the diminished 
sequence and repeat this process. We then have a sequence of sets, F/, 
Fi,---+, Fi (nsk), such that F/ ¢Comp.(rel. F/) if We add to 
each F/ the set of all F/-domains excepting Comp,(rel. F/), 1Sis<u. The 
resulting continua, Fy**, Fs, - - - , F,*, do not disconnect C. It is clear that 
Di, Fi. Also, Fi. For if F\(1Sj<k) is not 
contained in }>"., F*, F;¢ Comp.(rel. F/), i=1, 2, - - - , m; and it is readily 
shown that F; cannot have been discarded from the original sequence on 


+t Compare R. L. Moore, On the foundations of plane analysis situs, these Transactions, vol. 17 
(1916), p. 144, Theorem 27. _ 

t The boundary of a set X is the set X — X. 

§ In the argument of §6.1 we have made no use of the boundedness of C. In anticipation of the 
succeeding sections, see §9. 

|| See P. Urysohn, §3 loc. cit. 

{| By the method of §2, writing G; for B. 

tt Read the component relative to G’’ which contains x. 

tt Compare with this section G. T. Whyburn and W.L. Ayres, On continuous curves in n dimen- 
sions, Bulletin of the American Mathematical Society, vol. 34 (1928), pp. 349-360, Theorems 1 and 2. 
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n 


either the first or second traversing of that sequence. Since x+«’¢C—)>/, 
F¥, is not connected. But F{ XF/ =0, and F/ ¢ Comp.(rel. 
F{/). Since C—F*=Comp.(rel. F/), =0. Then ¢ Comp.(rel. 
and F* XF*=0. The argument holds for any i and j, 1Si<j<mn. We shall 
show that the sum of a finite number of disjoint continua, no one of which 
disconnects C, cannot disconnect C. 

Let L’ be any arc of C joining a point of F# to a point of one of the other 
continua, and L the subarc from the last point f on F* to the first point f’ 
thereafter on any of the other continua, say F*. Since L does not disconnect 
C,and LXF¥* =f, it is clear that the continuum F/*+LZ does not disconnect 
C. Similarly, F*+L does not disconnect C. But the product of these 
continua is connected: (Fi*+L)x(F*+L)=L. Then the continuum 
F*+L+F cannot disconnect C. But by this argument we have established 
the first case for an inductive proof, and reduced the number of the continua 
by one. Therefore there is a single continuous curve of >>/_, F; which sep- 
rates x and x’. 

6.3. Since x is a non-cut point of C, there is a finite set of arcs 0”, Li 
in C—x, which join the continuous curves F; (j=1, 2, - - - , 2) to each other 
and to Then G=F’’+)°?_, Li+«’ is acontinuum, and r(x,G)>0. Since 
« is an interior point of Comp,(rel. G), there is a U,,¢ Comp.(rel. G). Let 
F° be the sum of a finite number of continuous curves which 6-separate x. 
If y is any point such that r(x, y) >, any arc xy of C has at least one point 
in common with F’’¢G. Then xy has a first point g after y, which is a point of 
G. If yg has any point on F° it has a first point f’’ on F° such that yf’’ con- 
tains no point of G. Since F° ¢ Comp,.(rel. G), y ¢ Comp.(rel. G) ¢ Comp,(rel. 
F’'); but F’’ e-separates x. Then ygXF°=0. Then y belongs to the same 
component relative to F° as does G, and consequently as does x’. 

There is, by the preceding section, a single continuous curve F of F° 
which separates x and x’. But if y is any point such that r(x, y)>e, 
y¢Comp,-(rel. F°)¢ Comp.(rel. F), and F separates x and y. Then 
F e-separates x. 

6.4. Then x is an avoidable point:f i.e. for any ¢ there is a 6, such that 
if y+ze U.,, there is an arc yz of C—x, and d(yz) <e. If y and z are chosen 
to separate x and x’ on K, the arc yz has a last point a on xyx’ and a first 
point b thereafter on xzx’, and the subarc ad has only the points a and b on K. 
Then [ab] belongs to one of the two K-domains. We can construct an in- 
finite sequence of such arcs converging to x. An infinite subsequence of the 
open arcs belong to the same one of the K-domains, say 1; let the sequence 


j A “vermeidbarer Punkt.” See P. Urysohn, §3 loc. cit., Theorem 5. 
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be debe, - , Qndn, The arc a,b; divides D,; into two subdomains 
such that one of these, Du, has the boundary a,b\xa, (K —b,xa,> x"), while 
x is not a limit point of the other domain. Since the sequence of arcs converge — 
to x, and are contained in D,, all but a finite number of them belong to Dy. 
Say debe is the first which is contained in Dy. Then a2b. divides Dy, into two 
subdomains such that one of these, has the boundary (bexae 
We construct an infinite sequence of such domains, Dyn Dz > ; 
the boundary of D,, is an arc a,xb, of K and an arc a,b, of 
D,. Let y be a point of Di—Dy. Then y is not contained in any 
Dy, (n=1, 2,---+). Suppose there is an e’’ such that d(D,,)>e’’; then 
I] 2., Din defines a closed connected set of diameter at least e’’. If y’ is any 
point of this set, every arc yy’ of D, has at least one point in common with 
the boundary of every D,,, and therefore at least one point in common with 
the arcs anb,(m=1, 2, ---) and consequently it must contain the point x 
since these arcs converge to x.f But x is not a point of D,. Therefore no such 
e’’ exists, and for any preassigned ¢ there is an m, such that d(Dim)<e 
when m2n,. 

6.5. For a preassigned €, e<d(K), let D,, be one of the domains, defined 
above, of diameter less than e. There is a d, such that U 24, X Dic Dyn. 
Let F be a continuous curve which d,-separates x in C. Then on each arc xx’ 
of K (the x’ of the preceding sections), from x’, there is a first point # and k 
respectively which belongs to F. Then hxk>KXF. Moreover, F+hcxk is 
a continuous curve. Also, F—[hxk] is not connected, since there are points 
of F in D, and in D,,¢ D;. Let J=hxk+FXD2. Since F XD, is an open 
subset of F it consists of a number of domains relative to Axk in the curve 
F+hxk; by the Remark to the Lemma, it follows that J is a continuous curve. 
The closed set Din does not disconnect C. Also JX Din =hxk Xa,xb, and is 
connected. But /+D,,, > F. Since x and x’ do not belong to F, there are in D2 
a point p¢cComp.(rel. F) and a point gcComp,/(rel. F), and (p+q) 
=0. Then the complement of J+ Dyn is not connected. Therefore 
J disconnects C. There are two points h’ and k’ of K XF, in order hh'xk’k, 
such that no point of [h’xk’] belongs to F. We wish to show that J — [h’xk’] 
is connected. Otherwise it is the sum of two continuous curves J; and J2. 
We form J* and J# as previously, adding to J; and to J2 respectively those 
respective J;-domains and J:-domains which do not contain x, therefore 
not D, and not x’. It follows readily (compare §4.1 and §6.2) that J* x J*=0; 
that J*+h'xk’+J# > J, and disconnects C; moreover, that this. is impossible. 


t It is understood that the set of arcs need not be the set originally defined, but a suitable sub- 
sequence determined by the preceding construction. 
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Therefore J—[h’xk’] is connected. Then it is a continuous curve.t 
There is an arc h’k’ of J—[h’xk’], and this cannot be a subset of K since it 
contains neither x nor x’. Then this has a last point a’ on xh’x’ and a first 
point b’ thereafter on xk’x’, and [a’b’]}¢J-—JXK=FXD,¢D,. Then, 
precisely as in §6.4, for any preassigned ¢ we can find a domain Dz, such that 
Dan € Do, d(Don) <€, ANd Don—Don = by +b, Xan. Also, if Dz contains any 
sequence of which x is the sequential limit point, all but a finite number of 
the points of this sequence belong to Do,.t 

From the existence of the domains defined above, it is clear that x+D; 
(i=1, 2) is connected im kleinen. Then x is accessible§ from D; (i=1, 2). 
For any preassigned e’’ there is a domain (see §6.4 and the preceding para- 
graph) D,, of D; and a domain Dz, of Dz such that d(Din)<}e’’ (i=1, 2), 
K X Din =4nxb, and K X Don =a, Since every point of K (the arguments 
are not peculiar to any point of K) is accessible from each of the domains 
of K, and from any domain of which it is the boundary point (since any 
simple closed curve may replace K), we may suppose that the arcs a,xb, 
and a, xb,! coincide; i.e., =d,=a, and bf =b,=b. Let ao,b be that arc of 
D, which is on the boundary of D;,, and ao2b the arc of Dz which is on the 
boundary of De». Then K’’=ao,bo.a divides C into two domains D/’ and 
Di’; let D{'>x. It is readily seen that Dj’ contains [axb] and the two 
domains D,, and Dz,; moreover, that D/’ = [axb]+Don.. Then d(D}’) 
<d(D1,)+d(Don) <e¢’’. Therefore K’’ e’’-separates x. Since every point z 
of C belongs to at least one simple closed curve of C, it follows that every 
point of C can be e-separated, for any e, by a simple closed curve. This is our 
first assurance that the dimension of C cannot exceed two. 

6.6. Let o’ be any point of C, and call C—o’ the space S. We shall show 
that S satisfies all the axioms of R. L. Moore’s paper|| and is homeomorphic 
with the euclidean plane.§ Every simple closed curve R’ of S belongs to C 
and divides C into two domains, one of which contains 0’, the other not. We 
call the second domain, free of o’, the region R of S for the simple closed curve 
R’; every point of it belongs to S. The domain of R’ in C which contains 


+ Compare Theorem 1 of Gehman’s thesis, Annals of Mathematics, vol. 27 (1925), pp. 29-46. 

t For the case that C is bounded, the method of this section, replacing Dj, by D,, is applicable 
to either domain of K. The arguments are constructed to eliminate repetition in the treatment of the 
unbounded case; see the first sections of Theorem 6. 

§ See G. T. Whyburn, Concerning accessibility in the plane and regular accessibility in n dimen- 
sions, Bulletin of the American Mathematical Society, vol. 34 (1928), p. 509. The regularity of 
accessibility is implicit in our method. Compare Whyburn’s proof. 

|] See §6.1 loc. cit., p. 131. 

] See R. L. Moore, Concerning a set of postulates for plane analysis situs, these Transactions, "vol. 
20 (1919), pp. 169-178, 
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o’ is called the exterior of the region R in S. Every point x of S is a point 
x of C and can be e-separated in C, for preassigned ¢, by a simple closed 
curve of C. If r(x, 0’) =6., and R/ 46,-separates x in C, then R/ does not 
contain o’ and belongs to S, and the domain of R/ in C which contains x 
cannot contain 0’; therefore it is the region R,z of S. Then every point of S 
belongs to a region of S which is of diameter less than a preassigned e. 

6.7. Let | K*} be a set of regions of S of diameter less than a preassigned 
€;, such that every point x of S belongs to at least one region of the set, 
and such that if r(#, 0’) =6,, then every region of the set which contains x 
is of diameter less than }6,.{ From the Lindeléf theorem it follows that there 
is a countable subset of {K1} which covers S. We modify this subsequence 
as follows: If Ky is the first region, we discard from the sequence every 
succeeding region which is contained in Ky. If Ky is the first remaining 
region, we discard among its successors (in the new sequence) all regions 
which are contained in Ki,+Ky. Continuing indefinitely we arrive at a 
sequence Ky, Ky, ---, Kin, which cannot be vacuous, since it con- 
tains at least the one region Ky; which covers every point x of S, or it is 
readily seen that a region of the original set was discarded which should 
not have been; no region of it is contained in the sum of the preceding re- - 
gions; no region covers o’ nor is o’ on the boundary of any region; finally, the ° 
sequence cannot be finite. We construct a countable sequence of such se- 
quences: Ku, Kw,---, Ku, Ku, Ky, 3 where d(K,i) 
<(1/2)""e,, i=1, 2,---. We order this countable set in traditional 
fashion: if K,; and K,, are two regions of this set, K;; precedes Kp, if i+] 
<p+q while if i+j=p+q then K;; precedes K,, if i<j. We renumber this, 
K,, Ke, -- +, Kn, and call it our fundamental sequence of regions. 

Consider now any point x of S. In the set of regions ))7., Ki; every region 
which contains x is of diameter less than 36, (defined as above). Let M be 
the set of points of S whose distance from x is not greater than 35,. Then 
M does not include o’, and is closed. Then in the sequence >), K1i, there is 
a finite set of regions which covers M. If among the second indices of this 
finite set the index m is the largest, then Mc )0”, Ki. If now Kuz (k>m) 
contains x, it is clear that Ki,.¢ Mc)>\™, Ki. Since this contradicts our 
construction of the sequence, it is clear that at most a finite number of re- 
gions of the first sequence can contain x. The argument is valid for 
any sequence >.” , Kn: (n=1, 2,---). Then in the fundamental sequence 
there are at most a finite number of regions which contain a given point x 
and are of diameter greater than a preassigned e. From this, and the con- 


+ This is to be understood as true for every point in any region of the set. 
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struction of our fundamental sequence, it is readily shown that this sequence 
satisfies, for S, Axiom 1 of Moore’s paper. 

The regions of S are connected point sets; this is Axiom 2. If K is any 
simple closed curve of C and x a point of one of the K-domains, D, say, then 
K+D, (the other domain) does not disconnect C; therefore K+D.+2tT 
cannot disconnect C, and D,—x must be connected. But the exterior of a 
region S is some domain of C minus the point o’. Then the exterior of a 
region of S is connected (Axiom 3).f A region and its boundary is a closed 
and bounded subset of a continuous curve; therefore it has the Heine-Borel 
property (Axiom 4). Any sequence of points of S such that the same sequence 
on C has the sequential limit point 0’, has on S no limit point (Axiom 5). 
The Axioms 6 and 7 are readily derived from the existence of the domains 
defined in §6.4 and §6.5. By our definition, every simple closed curve of S 
determines a region of S (Axiom 8). 

6.8. Then S is homeomorphic with the euclidean plane.§ But this is 
homeomorphic with the complement on the surface of a sphere S’ of a single 
point o of S’. Then C—o’ is homeomorphic with S’—o, and the homeomor- 
phism must extend to C and to S’, if we merely add to it that it transforms 
o’ into o and reciprocally. Therefore C is a simple closed surface, and the 
theorem is proved. 

7. If T is an acyclic continuous curve, bounded or unbounded, there is 
in T a unique arc xy for any two given points x and y. Then if J; is a subcon- 
tinuum of T which separates x and y it must contain at least one point of this 
arc. Therefore if J; and J; are two continua of T neither of which separates 
x and y, their sum cannot separate x and y. It follows that if J; and J. are 
two continua of T neither of which disconnects 7, their sum cannot dis- 
connect 7. On the other hand, the product of two continua of T is always 
connected (or vacuous). Therefore T may be said to satisfy the Janiszewski- 
Mullikin Theorem. But since T never contains two continua whose product 
fails to be connected, we shall say that it satisfies this theorem vacuously. 
It is clear that no continuous curve which contains at least one simple closed 
curve can satisfy this theorem vacuously, in the above sense. 

8. We prove the following theorem. 


t See Remark to Theorem 2. A similar argument obtains. 

t In a later connection it will be observed that this argument is valid, even if C is unbounded, 
provided Dz is bounded. Moreover, this is the only case that need concern us, since regions of S are 
bounded. See the first sections of Theorem 6. 

§ See §6.6 second note. 
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THEOREM 5. C is a continuous curve satisfying non-vacuously the Janis- 
sewski-Mullikin Theorem. Then the maximal cyclicly connected continuous 


curves of C are simple closed surfaces. 


Since C cannot be an acyclic continuous curve, let K be any simple closed 
subcurve and J the maximal cyclicly connected continuous curve of C 
which contains K. If J is C our theorem is proved. We shall show that J 
satisfies the Janiszewski-Mullikin Theorem. There are two cases to consider, 

(1) Suppose that J; and J; are two subcontinua of J neither of which 
disconnects J and such that J,+J2 disconnects J although J, x J: is connected. 
We form J*, as previously, adding to J, all components in C relative to it, 
excepting that one which contains J —J,; also, J* by adding to J, all com- 
ponents of C—J, excepting that one which contains J—J;. Then if p and q¢ 
are points of J—(J,+J2) not in the same component in J relative to (J,+J,2), 
neither p nor q belongs to (Ji*+J2), and therefore C—(I*+J+*) is not con- 
nected. Since J* 231; and J; XJ2 is connected, to show that xI* 
is connected it will be sufficient to show that if m is any point of I* xI+# 
there is a connected set H, such that mc H cI*XI# and H has at least one 
limit point on J; XJ2. If mc I, XI2, let H=m. Suppose then that m is not a 
point of J;. Since mcI*, while J—I,¢cC—I,*, m is not a point of J—J, 
and therefore not a point of J. Then m belongs to a component H relative 
to Jin C. Then H hasa single limit point m’ on J. If m’c J—h, (J-1,)+H 
belongs to one component of C—J,, and H and therefore m cannot belong to 
I¥*, since this component is not added to J,. Therefore m’cJ,. Similarly 
m'cI,. Then the component of C—J, containing J—J, cannot also contain 
H since every connected set which has a point on J—J, and a point on H 
must contain m’(or we find in the complement of J a connected set which 
has two limit points on J; this is not possible).{ Then H must have been 
added to J; and He/J,*. Similarly, H c7*, and HcI*xI+#. Then we have 
found in C two continua, J* and J*, neither of which disconnects C, whose 
product is connected and whose sum disconnects C. But C satisfies the 
Janiszewski-Mullikin Theorem. 

(2) Suppose that J, and J, are subcontinua of J such that J—J, and J—J; 
are connected, that J; XJ: is not connected, but that J —(J,+J2) is connected. 
We form /* and J# as above. If J* J is connected, it contains an irre- 
ducible continuum G which contains p and g of I; XJ2, and p and g belong to 


+ A maximal cyclicly connected continuous curve J of C is a cyclicly connected continuous sub- 
curve J of C and is unique for a given simple closed curve K of C. The components in C relative to J 
have a single limit point on J. See G. T. Whyburn, §1 loc. cit. 

t See G. T. Whyburn, above, Theorem 2. 
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no connected subset of J; XJ2. Then G cannot belong to J; XI». Say m of G 
is not a point of J; XJ». As in the first case, mc H cI* XI*, and H is a com- 
ponent of C—J. Then G—(GX 2) is not vacuous since it contains p+, is a 
proper subset of G since it fails to contain m, and is closed because GXH 
is an open subset of G. If G-(GXH)=M+N, MXN=MXN=0, let M 
contain m’, where m’ is the unique limit point which H has on J; this is a 
point of G, since every continuum joining m and p must contain m’. Then 
G=(M+GXH)-+N and is not connected. Therefore G—(G is a proper 
subcontinuum of G joining and q, although G was assumed irreducible bet- 
tween and q. 

If now m is a point of C—(I*#+J#) it belongs to C—(J,+J:), and there- 
fore either to J—(J:+J2) or to a component H of C—J which has a single 
limit point m’ on J—(J:+J2); and therefore the complement of (Ji*+J/+*) 
is connected.f 

9. We prove the following theorem: 


THEOREM 6. C is a cyclicly connected unbounded continuous curve satis- 
fying the Janiszewski-Mullikin Theorem. Then C is homeomorphic with the 
complement on a simple closed surface of a closed and totally disconnected point 
Set. 


It is not possible, given an arbitrary continuum X such that C—X is not 
connected, to form the continuum X* which does not disconnect C and to 


argue a contradiction on X* as we did in the preceding theorems. For it 
may happen that X* is unbounded, and our hypothesis is not applicable. 
We can anticipate our use of this process so that it is available when we have 
need of it. 


If ab is an arc of C such that C—abd is not connected and if g is any point 
of [ab] either ag or gb must disconnect C. If ab is expressed as the sum of any 
finite number of arcs, two of which have at most an end point in common, 
at least one of these arcs disconnects C. But for any preassigned e, ab can 
be expressed as the sum of a finite number of arcs no one of which is of 
diameter greater than e. We can construct a sequence (¢) of such arcs, each 
a subset of the preceding, which converge to a point z of ab (z may be aor d). 
Since the number of unbounded ab-domains is finite, there is a finite set L’’ 
of arcs of C—z which join all of these domains. There is an arc of the se- 
quence (i), call it xy, such that xyXL’’=0. Relative to xy there is a single 


t Owing to the length of this paper it has seemed advisable to omit details which are essentially 
repetitions of previous argument, or too readily supplied by one familiar with the field of analysis 
situs. 
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unbounded domain; call this V;. For this arc xy, the argument of §6 is valid 
for C unbounded. Then §6.1 is also valid (see §6.1 third note). 

If, now, x is any point of a simple closed curve K of C, we e-separate x 
in C by the sum of a finite number of continuous curves, precisely as in the 
first paragraph of $6.2. By the argument of §6.3, omitting the last paragraph, 
we find for x a corresponding ¢-separating set relative to which there is a 
single unbounded domain, and this contains the point «’ of that argument. 
For this e-separating set the arguments of §$6.2, 6.3, 6.4, and 6.5 are valid 
independently of the boundedness or unboundedness of C. We define a 
region of C, for the simple closed curve R’ of C, as the bounded domain 
if it exists of R’. Replacing S by C, and omitting all reference to the point o’, 
the arguments of §§6.6 and 6.7 are valid to show that C satisfies all the axioms 
of Moore’s paper except the eighth. In general, there will be simple closed 
curves of C both of whose domains on C are unbounded; these determine no 
region in the sense of our definition. However, if R is a region of C and K’ is 
any simple closed curve of R, K’ has a bounded domain and dete:mines a 
region which is a subset of R. It is seen that R satisfies all the axioms of 
Moore’s paper, and is homeomorphic with the plane. When, therefore, our 
arguments are confined to a region of C we are at liberty to avail ourselves of 
any plane theorem. 

9.1. We shall show that if 0’ is a point and F a continuum (bounded) 
which does not contain o’, there is a finite set of simple closed curves of C 
which separate o’ and F, and whose upper distance from F does not exceed a 
preassigned e. Cover F by regions {K} of diameter less than e, such that 
none of these contains 0’ or has 0’ on its boundary. There is a finite covering 
set K,, Ko, ---, K,,, whose boundaries we denote by Ki, K/,---, Kn. 
Let F’’=) 7, Ki, and K’ then F’’>F, and >F’—F”. 
Let H=Comp,/(rel. F’’), and let x be any point of HXK’’. Let R, be a 
region of C containing x, such that R, does not contain o’ nor all points of 
any of the set K”’ of simple closed curves, and let R be a subregion of R, 
containing x, such that Re R,. We shall regard R. as a euclidean plane to 
the extent that we are free to use within it plane theorems; when convenient, 
we shall think of it as a region of C. 

Consider J = R’+RXK"’; it is a continuous curve.j Since every point 
k of RX K"’ belongs to a simple closed curve of K’’ not every point of which 
is contained in R, & is interior to an arc hkm of K"’ such that h and m are 
distinct points on R’, and [kkm]¢ RXK"’. It readily follows that J is cy- 


Tt See the argument on the J of §6.5; RP’ is the boundary of R and is a simple closed curve, from 
our definition of region. 
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clicly connected. Let r(x, R’)=p.;x is a sequential limit for points x1, 2, 
°°, Of HXRXUza,,. Each point x, can be joined to o’ 
by an arc of H, and this has a subarc x,x,/ such that x,x,/ —x,/ ¢ R, while 
a, CR’. Then It isseen that every point of HXRXU 
belongs to a complementary domain of J in R, consisting of points of RXH, 
and of diameter at least 3p.. By a theorem due to Schoenflies, at most a 
finite number of these can be distinct. Then x is on the boundary of at least 
one complementary domain D, of J (in R.), and D.c H XR; the boundary 
of D, is a simple closed curve.f This simple closed curve being a subset of J 
contains no point of H which is not a point of R’. On the other hand, it ust 
contain at least one point of HXR’, since H>D,+0’ and is connected. 
Then there is an arc [pag] ¢ 7XRXK"’, and p+q¢ R’, this arc being a sub- 
set of the boundary of D,. If x is on the boundary of another comple- 
mentary domain B, of J consisting of points of H and R, choose the points 
din D,and bin B,. There are arcs dx and bx such that dx —x ¢ Dz, and bx —x 
cB,. There is an arc db of H, which may be supposed to have only the 
points d and } in common with dx+xb.{ Then Q’=db+bx+<d is a simple 
closed curve of H+. Since every arc of R joining a point of dx —x to a point 
of bx—x must contain at least one point of J—R’ ¢ K”’, it follows from the 
existence of the arcs defined in §§6.3 and 6.4 that there are points of K’’ in 
each of the Q’-domains on C. Since x is the only point of K’’ on Q’, it follows 
that there is at least one simple closed curve of K’’ in each Q’-domain (except- 
ing perhaps the point x); therefore at least one region of F’’, and therefore 
at least one point of F in each Q’-domain. But Q’ contains no point of F, 
and F is connected. This is clearly not possible. If, now, («;) is a set of points 
of HXK" XRXU.a;2,, of which x is the sequential limit point, each of these 
is on the boundary of a complementary domain of J consisting of points 
of HXR. But in a sufficiently small neighborhood of x there are points of 
only one such domain, D,. Then all but a finite number of the points of 
(x;) belong to the boundary of D., and in consequence to pxq. 

Then it is seen that x is of order two on HX K’’. But x belongs to a max- 
imal connected subset, necessarily closed, of HXK"’; call this K7. It is 
apparent that every subcontinuum of K”’ is a continuous curve. Therefore 
K/ is a continuous curve. Since every point of it is of order two, K/ is a 
simple closed curve. Then HX K"’ is a set of simple closed curves. If the 
number of these is not finite, let («’) be a set of points of Hx K’’ not more 


+ See G. T. Whyburn, §1 loc. cit., p. 37, Theorem 10. 
t This is not essential, although convenient. Compare R. L. Moore, §6.1 first note, p. 147, 
Theorem 32. 
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than a finite number of which belong to any single simple closed subcurve. 
Then if x’ is any limit point of this set, x’ ¢ H xX K’’, and therefore to a simple 
closed curve K,/ ¢HXK’"’. But in a sufficiently small neighborhood of x’ 
every point of 77x K’’ belongs to an arc p’x’g’ of K./, and therefore in- 
finitely many of the points of («’) belong to this arc. This contradicts our 
choice of (x’). Therefore HX K”’ is a finite set of simple closed curves. It 
is readily seen that H x K”’ separates o’ and F. 

9.2. We form the inverse C* of C with respect to a center of inversion 
v which is a point of the embedding euclidean space but not of C. In C* 
we choose a }e-separating set F*=)°7_, F* for v, such that 2e<d(C*). 
Let o* be a point of C* such that r(o*, v) >. Then F* does not contain o* 
and separates o* and v. Consider on C the corresponding point 0, and the 
corresponding finite set of continua F=)>7_, F;. By the preceding section 
there is a finite set of simple closed curves which separate o and F, and are 
at an upper distance from F, not greater than 5’, where 4’ is chosen (as is 
possible since inversion is a (1, 1) reciprocal bicontinuous transformation of 
C into C*—») so that the corresponding simple closed curves on C* are at an 
upper distance from F* less than $e. It is clear that these curves are contained 
in U,*. Inductively there is a finite set of simple closed’curves Ku, Ki, - - -, 
Kn, which separate o-and F, such that the corresponding set K* =>", Kt, 
is contained in U,*. Since every arc o*v contains at least one point of F*, 
it has (from o*) a first point f* on F*. The corresponding arc fo on C contains 
at least one point of Ki=)>"', Ki;, and therefore f*o* contains at least one 
point of Ki*. Therefore K* separates o* and v. Let Mi*=Comp,(rel. K*). 
We define a sequence of sets, Ki*, K*, K3*, -- -, Kn®, - - - , of simple closed 
curves (K,*=)>/" K,*) such that the sequence converges to v, each set 
separates o* and v, and M,*=Comp,(rel. 
M,* >v’' distinct from v, every arc o*v’ contains 2; but v is not a cut point of 
C*. Then]]°_, =v. 

9.3. We may suppose that no ,—1 of the simple closed curves of K* 
separate o* and » (similarly for K,,.*). Consider, now, on C a region Ry 
containing 0, such that Ro=Ro+Ko (a simple closed curve) has no point in 
common with Ki=)>>7, Ki;. Then K; lies in E, the exterior of Ry. For each 
curve Ky; (i=1, 2, - - - , m) we call its “region” Ri; that one of its domains 
which does not contain 0. It is readily seen that Let 
(Rut+Ku) =Do. Suppose D)p=M+N, and MxN=MXN=0. 
Every point of Ko is a limit point of E, but not of 0%, Ri. Then every point 
of Ko is a limit point of Do. Suppose x of Ko is a limit point of M. There is a 
subdomain D, of E which has no point in common with >>”, Ri:, and whose 
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boundary has in common with Kp an arc axb.{ Then every point of D, 
belongs to Do, and since D, is connected and x a limit point of it, D.c M. 
Then every point of [axb] is a limit point of M and not of N. From the con- 
nectedness of Ko this is seen to be true for every point of Ko. If Kin, has any 
point in Ru,f since Kin,<Ku=0, it is seen to be a subset of Ru and Ku 
separates o and Kin. Then every arc ok, where kp, is any point of Kin, 
has at least one point on Ky and the corresponding arc o*k,* on C* has at 
least one point on Ki*; then >>%7' Ki* separates o* and v. Then it follows 
that Kin,<Ru=0. It is seen that Kin,X(D0"2; Ris) =0. Then, precisely as for 
Ko, every point of Kin, is a limit point of M and not of N or vice versa. Simi- 
larly for any Ki; (1<i<m). We may suppose that every point of >”, Kis 
(m<n;) is a limit point of M and not N, while every point of }>”,,,,; Ki 
(this is vacuous if m =m) is a limit point of N and not M. Then 


i=1 imm+1 

and is not connected. Therefore Dis connected. It is seen that C1: =R,)+Dois 
connected. § 

Let m* be any point of Comp,«(rel. Ki*),on C*. If the corresponding point 
m on C belongs to >>”, Rii, every arc mo has at least one point on K, and 
the corresponding arcs on C* have at least one point on K*. Therefore m ¢ Cj. 
It is seen that Cj*, corresponding on C* to Cy, is the Comp,«(rel. Ki*). Since 
Ki* does not separate o* and 2, there is an arc o*v in and 
this arc has at least one point in common with K,;*. Then there is a point 
ki* on o*v such that (vki*—ki*) x K*=0. The arc vk** corresponds on C to a 
ray with the single point k: of Ky, on K;. Then this ray has no point in 
common with ped » Ri; and cannot belong to Dy which is bounded;|| therefore 
it belongs to Ru which is therefore unbounded. Then the corresponding set 
R,* on C* contains 2, and Rii* ¢ M* =Comp,(rel. K*). Similarly M*¥ 
R,*, and it is seen that C*¥=C*#+K*+M7#. Inductively, if C* =Comp,» 
(rel. K;*), C*=C*+K*+M;*. Since (K.*+M,*) it follows that 
C*=>-".,C#*. Then C=)>>*_,C,, where C, is the set on C corresponding to 
C,*, and is the Comp,(rel. K,). 

9.4. Returning to C, we may suppose, purely for its convenience, that m, 
of the preceding sections is equal to two: then C=C,+Ki+).,-; Ris, where 


+ Compare the domains constructed in §§6.3 and 6.4. 

t The argument is general, the subscripts merely convenient. 

§ Combining this result with that of §9.1 it is readily found that HXK"’ of that section is a 
single simple closed curve. 

|| It is seen that Dc CY. 
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Kui, and C:=Ro+Do+Ko. We construct the arc kiku: [Riku] ¢ Do, 
kieKo, kueKu. If, now, Do—kiku=M+N, MXKN=MXN=0, by an 
argument parallel to that of the preceding section, it follows that C—hiku 
=M''+N"’, where M’’> M, N’’2N, and either ¢ M and (Ko—hi) 
xN=0, or vice versa; similar relations obtain for Ki—ku, and for Ke. 
Since no arc disconnects C, it follows that Do—kiku is connected. We con- 
struct an arc keky: [keke] ¢ Do—kiku, koe Ko, ¢ Ky. As above, we deduce 
that kiki: is connected. Let and be points of Ko separating 
ki and ks on Ko, and bibs an arc of Do—)>.7_, kikii; let k’’ be any point of 
bibe. The simple closed curve b,k’’bekib; separates Ku+(kuki—k:) from 
Kist+kike and from 0. Then its “region” R" (in the sense of that domain 
which does not contain 0) contains Ky. Similarly the “region” R® of 
bk’ bekob; contains Ky». It is seen that Ry, and that R°2 Ry». Then 
R'ii—(Ri,+ [kiki,]) is connected, by the first part of §9.3, and contains an 
arc b,b;; where 6; is a point of K,; distinct from ki; (¢=1, 2). 

Consider a sphere S in euclidean three-space. Let Jo be any great circle 
on S, and Qo a hemisphere of J) on S. On the other hemisphere of S choose 
two circles J), and J», calling Qu and Qi. those respective domains which do 
not contain Qo. We complete on S the configuration above, writing J for K, 
j for k, Q for R, a for b, and S for C, and preserving the subscripts. If, on 
C, Or is any point in the exterior of Ro, there is a sequence of simple closed 
curves, eachf of which separates Og and Ro, which converge to Ko. It is 
readily found that the domains of these simple closed curves converge to Ro, 
and that there is a first, therefore, which is bounded. Then Xp is interior to 
some region of C and, this being homeomorphic with the plane, Ry is homeo- 
morphic with the interior and boundary of a plane circle. Then there isa 
homeomorphism 79: To(Ro) =Qo, and To(Ko) =Jo. 

On K,; choose two points 7; and rz separating ku and by (on S replace r 
by q), and let r; be the point such that the subdomain Rj, of R" corresponding 
to the simple closed curve bikikuribub: does not contain Ry. By the method 
of Moore’s paper,f there is a homeomorphism 7, which transforms Rin into 
Qin (the corresponding domain on S), and preserves the correspondence To 
on the arcs b;k; of Ko and a,j; of Jo. Similarly, there is a homeomorphism 
Ti. which transforms the subdomain Ry» determined by the simple closed 
curve b,burekiukibeb; into Qu (on S), and determines a correspondence of their 
boundaries which reduces to T» along kb, of Ko and to Ty on the arcs kiku 
and of Inductively, we define a transformation Ti; such 


+ See §9.3 third note. 
t See §6.6, second note. 
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that (Tot+ =§), T (Ko) = T(Ko) =Jo, and =Jii, t= 3. 

9.5. From the relation on C*, }0}_, Ri*=Mi* > M¥+Kz%, it follows that 
on C the R2; (¢=1, 2, - - - , m2) fall into groups each contained within a single 
R,; (i=1, 2). Then for Ky and those curves of K2=)_™, Ks; which belong 
to Ru the construction of the corresponding homeomorphism, for the set of 
simple closed curves in Q;;, on S, does not differ from the method we have set 
forth. We construct on S a sequence of sets of simple closed curves Jo, 
J;, Js, , corresponding to the sequence Ko, Ki, Ke, - - - on C, each set on 
S having that relation to the “regions” on S determined by the previous set, 
which obtains for the sequence on C. We choose the curves on S of diameters 
converging to zero, so that there is defined on S a closed and totally dis- 
connected point set B. We define S,=Comp,/(rel. J,), where o’ is a point of 
Qo; it is seen that S-B=)>>*, S,. Inductively, as above, we construct a 
sequence of homeomorphisms, 7», 71,---, Tn, +--+, such that 
=Sn, and =Taii(Kn) =Jn. It is seen that T; 
is a homeomorphism of C into S—B. Therefore C is homeomorphic with the 
complement on the surface of a sphere of a closed and totally disconnected 
point set. If Bisa single point, it is apparent that C is a plane; if B consists 
of two points, C may be recognised as a cylinder unbounded at both ends. It 
can be seen that C is essentially a generalization of a cylindrical surface; it 
resembles a tree, moreover, in its effect of branching. For this reason the 
name cylinder-tree has seemed appropriate. 

9.6. The analogy with the tree (acyclic continuous curve) can be made 
more precise. For, by the method of Moore’s paper, there is constructed 
a set of rulings of R'— Ry by simple closed curves, such that the sum of these 
curves is the set R'— Ry, and each curve has in common with b,b, a single 
point; and the set of these simple closed curves is upper semicontinuous, so 
that the arc b,b1 is equivalent to R'!— Ry in the sense of a Zerlegungsraum. 
Correspondingly for the arc bib. of R®—Ris. Also there is an arc ob; of Ro, 
and an upper semicontinuous set of simple closed curves ruling Ro, each 
having a single point on 0b;. Then it follows that the tree 0b: +0:bu+)dibre 
is equivalent to C; in the sense of a Zerlegungsraum, and this construction 
can be continued inductively, to define on S an acyclic continuous curve 
with end points B+o0, almost all of whose cut points correspond to simple 
closed curves of S—B, and therefore to simple closed curves of C. Such 
points as b; may correspond to a sum of three, in general any finite number 
greater than two, of arcs distinct except for their end points. This tree cor- 
responds, by the homeomorphism, to an unbounded acyclic continuous curve 
on C with the single end point 9, and it is equivalent to C asa Zerlegungsraum. 

9.7. Suppose, now, that S is any sphere (surface) and B a closed and to- 
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tally disconnected subset. If J is a continuum of S—B which does not dis- 
connect S, then J+ B is an upper semicontinuous collection of continua no 
one of which disconnects S, and therefore their sum does not disconnect S.f 
It is seen that (S—B)—J is connected. If J is a continuum of S—B which dis- 
connects S, there are two points p and g which belong to different comple- 
mentary domains of J in S, and are not points of B (since B is nowhere dense 
on any domain of S). Then J disconnects (S—B). If, now, J; and J; are two 
continua of S—B neither of which disconnects S—B and their product is 
connected, their sum is a continuum which cannot disconnect S, and there- 
fore not S—B. If their product is not connected, their sum disconnects S, 
and therefore S—B. Then S—B satisfies the Janiszewski-Mullikin Theorem, 
and our theorem has given a necessary as well as sufficient condition. 

10. The corresponding theorems on an unbounded continuous curve C 
which is not cyclicly connected, and satisfies non-vacuously the Janiszewski- 
Mullikin Theorem, are exceedingly complicated by the possibility of exist- 
ence on a given maximal cyclicly connected subcontinuous curve J of C 
of a set of points such that the complement in C of one of these points con- 
tains at least one unbounded component distinct from J. For this reason 
no proof as in Theorem 5 is possible. Using the method of Theorem 5 on other 
points of J, it has seemed necessary to establish the arguments of Theorem 6 
on them, and then to argue exceptionally on these “singular” points. These 
are found to be a closed and isolated set, and it can be shown that J is a 
cylinder-tree. In default, however, of a sufficiently direct proof, and owing 
to the length of this paper, this case is not discussed. 


Tt See R. L. Moore, Concerning upper semicontinuous collections of continua, these Transactions, 
vol. 27 (1925), pp. 416-428. 
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ON EXTENDED STIELTJES SERIES* 


BY 
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1. Let 
(1) Co — C13 + coz? — --- 


be a power series with real coefficients such that the determinants 


Cn+1 


Cn—1) a *** Con—2 Cn> Cn+1; * 


n=1, 2,3, ---, are all positive. Then we define a kth extension of (1) to be 
a series 


C_k+41 


C_k 
() —+(- 


such that all the determinants formed from the A, and B, by replacing 
throughout c; by c;-x, 7=0, 1, 2, 3, - - - , are positive. 

In a previous papery in these Transactions the present writer gave a 
necessary and sufficient condition for the existence of a first extension of (1), 
and gave examples to show that for any & there are series possessing a kth 
but not a (k+1)st extension, and others possessing extensions of infinite 
order. The condition there given is as follows. Let 


1 z 

be the Stieltjest continued fraction corresponding to the Stieltjes series (1). 
Then if }°a.;=a2+a,+ --- converges, and only then, a first extension 


exists and we may choose c_1=).a»; at pleasure. If c_, exists then c_p-1 
exists if and only if the series§ a>? in the continued fraction 


(3) 


* Presented to the Society, December 31, 1928; received by the editors in February and April, 
1929 

+ H.S. Wall, On the Padé approximants associated with the continued fraction and series of Stieltjes, 
these Transactions, vol. 31 (1929), pp. 91-116, Chapter ITI. 

t Stieltjes, Recherches sur les fractions continues, Annales de Toulouse, vol. 8, J, pp. 1-122, and 
vol. 9, A, pp. 1-47, 1894-95; or Oeuvres, vol. 2. 

§ Here and hereafter I write the superscripts without parentheses. 


771 


C1, Co, on C2, C3, 
A,= ’ 
|| 


H. S. WALL October 


1 
(4) 


corresponding to the Stieltjes series 


(5) — + — 


converges. The minimum value of is p=0, 1, 2, -- - , 

It will be convenient to make the following definition. The th extension 
of (1) in which every c_,, p=1, 2, 3, - --, &, has its minimum value is the 
minimal kth extension of (1). 

In the following article I shall give a necessary and sufficient condition for 
a minimal &th extension of (1), and then show that throughout a large class 
of Stieltjes series, including among others all those for which }\a;=a:+a2 
+a3;+ -- + converges,* minimal extensions of infinite order exist. Further- 
more, if in this case we form the Stieltjes series 


(6) 


with corresponding Stieltjes continued fraction 


1 1 1 


ast +084 --- 


then the latter converges over any finite region not containing a part of the 
negative half of the real axis, and its limit is the limit of the even convergents 
of (3). The series (6) converges without a circle of known radius R to this 
same limit. 

The next paragraph contains preliminaries. 

2. In the above mentioned article I gave formulasf which may be used to 
connect the numbers a7” of (4) with the a7?-! and also with the a7?*". 
They run as follows: 


i-1 i 
—p —p—1 —p—1 
(8) doi = /( G2i+1 ) ‘ ( ), 
i=0 


i=0 
(9) a2i-1 = Q2i+1 
i=0 


* This case was treated in my article, loc. cit., p. 112, Theorem 5. The extensions there obtained 


were not minimal extensions. 
T Wall, loc. cit., formulas (49), (50), (65), (67). 
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t=1 
(11) Gei41 = C_p — a2 ° C_p — ao; 
t=1 t=—1 


If we solve (9) for a27?-!, replace p by p—1 and equate the value of 
a2; so found to that given by (10) we will obtain, after simple reductions, 


i-1 
(12) = diay” +1 
i=1 


Stieltjes* showed that the sequences of even and odd convergents of the 
continued fraction 
1 1 1 
always converge to limit functions F(z) and F,(z) respectively, and that these 
limits are expressible as Stieltjes? integrals 


(14) F,(2) = Fils) = 


where ¢:(u) and ¢2(u) are non-decreasing real functions such that ¢,(0) = 
$2(0) =0, =1/a;. The formal expansion of either integral into 
a power series P(1/z) gives the Stieltjes series corresponding to (13), namely 


(13) 


(15) 


and accordingly ¢:(u) and ¢2(u) are functions ¢(u) satisfying the equations 


(16) = (i =0,1,2,---). 
0 


When a; diverges, F,(z) =F.(z), and all functions ¢(u) satisfying (16) 
are equivalent, i.e. equal at all points of continuity. On the other hand, when 
>-a; converges, F,(z) #F,(z) and there is an infinite number of non-equivalent 
functions ¢(u) satisfying (16). In this case the integrals (14) reduce to 
infinite series of the form 


* Stieltjes, loc. cit., §§47-48. Note that (13) becomes (3) if we replace z by 1/z and then drop 
the factor z. 

T Stieltjes, loc. cit., §38. Cf. also O. Perron, Die Lehre von den Kettenbriichen, 1913, Chapter IX, 
for the definition and essential properties of Stieltjes integrals, and the chief results of Stieltjes. 
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Mi Vo 
F\(z) = » F,(2) =— 
(17) its) s+ is a(s) z+ 0; 


Vi 


in which yi, i, vi, 0; are all real and positive; and (16) for o(u) =¢.(u) 
become 


(18) DArAPui = Cp (p = 0,1,2, cee), 


with similar equations for ¢ = ¢>. 
3. These preliminary remarks having been made, I shall prove the follow- 
ing theorem. 


THEOREM 1. The Stieltjes series (1) admits a first extension when and only 
when the integral 


(19) f 


converges. When this condition is fulfilled we may choose c_, equal to (19) or 
any greater number. 


For the proof of this theorem the following lemmas will be needed. 


Lemma 1. If the Stieltjes integrals 


J 


where u is real and positive and n is a positive integer, exist, then o,(u), which is 
real, non-negative, and non-decreasing, satisfies the equations 


u*do(u) = ce (k =0,1,2,---), and ou) =f 


0 u” 


f = cy (k = 0,1,2,3,---). 
0 
Lemma 2. If 
= 
0 


where n is a positive or negative integer or 0, and p(u) satisfies the equations 


f u"tkdd(u) = cx (k = 0,1,2,3,---), 
0 
is convergent, then 


f u*do,(u) = cy (k = 0,1,2,3,---). 


(u) 
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According to the definition of a Stieltjes integral, divide the interval 
(0, b), 6>0, in m sub-intervals by the points --- <%m=d), 
and let the norm of the division be 6. Then if x;15£;S4%;, 


i=l 


= lim do(u) 


6=0 i=] u” 


= lim — ¢(x-1)], 
imi 

where £/ is a properly chosen point between x;-: and x;.* But since ¢:(™) 
is a non-decreasing, non-negative, real function, and u"*+* is continuous in the 
interval (0, 6), the integral f.’u»++d¢,(u) exists. Consequently we may take 
£;=£/ and the above limit becomes 


b 
0 0 


Now the integral on the right has a limit for b=. Hence the integral on 
the left has a limit for b= © and these limits are equal. This proves Lemma 1. 

To prove the second lemma, we choose b and %o, %1, X2, - - - , Xm as above 
and form the sum 


t=1 0 0 i=1 
which is equal to 


Deter [o(xi) — o(x:-1)], 


where £/ is a properly chosen point between x, and x;. But since &; is an 
arbitrary point in this interval we may take §;=£/. Hence the last sum is 
equal to 


Dest! [o(x:) — o(x:-1)] 


t=1 


* The theorem here used, which corresponds to the mean value theorem for Riemannian in- 
tegrals and is proved similarly, is as follows. If f(x) is continuous for aSx3b, and ¢(x) is non- 
decreasing and non-negative then there exists some point , aS), such that 


b 
f = - 
If f(x) is continuous only for a<x3b, and limza+f(x) = + ©, the same equation holds with a<éSb. 


ed 

Eq 

f 
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which by hypothesis has the limit c, for 5=0, b=. Consequently the left 
member of (20) has the limit c, for 5=0, b= ©, and this limit is the integral 
JPu'dg,(u). This proves Lemma 2. 

We now prove that the condition of Theorem 1 is sufficient for a first 
extension of (1). Assume that (15) converges and set 


u d 1 
= f » =0. 


Since ¢:() is a solution of (16) we have, by Lemma 1 with 


f = c; (i 
0 
Thus if 


d 
J do-"(u) = f = 3; G1=c! 
0 0 u 


the following equations hold: 
f uido-"(u) = (¢ =0,1,2,--- 
0 


It then follows from the work of Stieltjes that cg, co, 1, - - - are coefficients 
in a Stieltjes series. The sufficiency of the condition is thus proved. 

To prove the necessity of the condition, assume that a first extension of 
(1) exists, and consider separately the cases }\a; diverges, >>a; converges, 
respectively. 

(a) If diverges, then c_1.=}) where 6=0 (§1). If 5=0 it 
follows from (12) with p=1, that >°a;;', must diverge; and if 6>0, we see 
from (10) with p=1 that diverges. Hence in either case diverges, 
and consequently the continued fraction (4) with p =1 converges to the limit 


do—(u) 


f u'tidg—"(u) = (4 =0,1,2,---). 
0 


Therefore by Lemma 2 with n=1, ¢(u) =@~'(u), the function 


f 
0 


= 
and 
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is a solution of (16), and since } >a; diverges this function is equivalent to 
o:(u). 

Let now a, 6 be real and positive and points of continuity* of ¢:(u). 
Then if b><a it follows that 


> dd, dy 1 


where £/ is a properly chosen point between x;_1 and x;,7=1, 2,---, m, 
%o=a,Xm=b. Thus if b’>6, 


Now since f, d¢i(u) converges, J, d¢:(u)/u will surely converge if b21. 
Hence for any €>0, there exists a number B such that if b>B, b’>b, 


do;(u) 
b u 


and consequently 


doi(u) 
lim 


da u 


f = — 


or 
d 
(21) f =¢.1— ¢ (a). 


If now a approaches 0, over points of continuity of ¢:(w), the left member of 
(21) will have the limit 


1 
(22) lim 


= — 
2i-1 


Let a; be another point of continuity of ¢:(u) and let 0<ai:<a’<a. Then 


or simply 


* Note that ¢,(u), being monotone, has points of continuity everywhere dense in the interval 
(0, ). 
+ Cf. Stieltjes, loc. cit., §58. 
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a’ 
f f f 
a a, a; 


a 1 


and since ¢:(z) is continuous at a; we may make 
(24) <> ife>0, a’ 
Then by (22), (23), (24), 


J, 


Consequently 


if a, <n, a’ — a, <6. 


But by (12) with p=1, and therefore 


0 


a’=0t Jy 7 
This completes the proof of the theorem for the case that > a; is divergent. 
(b) When °a; converges, {*d¢i(u)/(z+u) reduces to the first series 
(17) and therefore if 0<a@<\i, supposing \1<2< - - - , this integral is equal 
to [Sdd,(u)/(z+u). It then follows by a known theorem* that this integral 
represents an analytic function for any z not contained in the interval 
(—«, —a). Consequently /,°d¢:(u)/u converges. Furthermore, 


P2n(0) 
im 
Qon(0) 


inasmuch as P2,(z)/Qen(z), the 2mth convergent of (13), has the value 
>-}-14% When z=0. This completes the proof of Theorem 1. 


= S¢-1 


THEOREM 2. The Stieltjes series (1) admits a minimal kth extension when 
and only when the integral 


(25) 


k 
converges. 


* Perron, loc. cit., p. 369. 
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Suppose first that (25) converges. Then /*d¢:(u)/u», p<k, converges. 
For if 0<x<x’<6<1, 


< 
uP u* 


if 6 is sufficiently small. 
Taking p=1 it follows from Theorem 1 that a first extension exists, and if 


C-1 -f do(u)/u = Soar, 


>oaz! must diverge by (12). Consequently 


ow) = 
0 
Then taking p=2 we find that 


u? 


converges and again by Theorem 1, a second extension exists and we take 
c_2 equal to (26), etc. Continuing this argument one will finally arrive at a 
minimal kth extension of (1). 

On the other hand suppose that (1) admits a minimal th extension, 
k=1. Then by Theorem 1, 


J “dox(u)/u = Dass 

converges, and c_, has this value. Then by (12) >\a7'! diverges and therefore 
= 

If k=2 it follows from Theorem 1 that 


f = f = Dan’ 
0 0 


converges and is equal to c_,. Hence 


u) = f dx(u)/u?, 
0 
and if k23, 


f = Son’ 


i 
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converges, etc. This argument may evidently be continued until we arrive 
at the integral [7'd¢.(u)/u*, whatever value k may have. 
4. We next prove the theorem mentioned at the end of §1, namely 


THEOREM 3. (a) If there exist a number a>0 such that 


(27) f = f 


then (1) admits a minimal kth extension for all values of k. 
(b) The continued fraction (7) converges to the limit 


l/a — yd 1 1 
(28) 


which is the limit of the even convergents of (3). 

(c) The series (6) converges for all z for which |z|>1/a, and represents 
F(z) in that region. 

(d) In case >-a; converges, a may be chosen arbitrarily in the open interval 
(0, and Cop =D p=1, 2, 3, 

For by (27) 

0 


a 


and this integral is readily seen to be convergent. Hence, by Theorem 2, 
(1) admits a minimal th extension. Consider now the integral (28). We 
have 


i(1 l/a 1 
0 0 


Since the series within the brackets converges uniformly over (0, 1/a) if 
|z|>6>1/a, it may be integrated term by term. Therefore 


l/a l/a 
-f f utdés(1/u) 


f u)/u J 


9 


22 


z 
C1 
=——-—+---, 
2? 
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convergent if |z|>1/a. It follows* that the continued fraction (7) converges 
and is equal to Fi(z). When >a; converges the integrals [*d¢i(u)/u* 
evidently reduce to the sums by (17). 


* Cf. Stieltjes, loc. cit., §10, in which it is shown that when a Stieltjes series converges, the 
numbers 1/(ajai4:), i=1, 2, 3,- ++, must increase to a finite limit, and consequently a; must 
diverge, thus implying the convergence of the continued fraction. 


NORTHWESTERN UNIVERSITY, 
EVANSTON, ILL. 


THE ASYMPTOTIC SOLUTION OF AN OPERATIONAL 
EQUATION* 


BY 
JOHN R. CARSON 


The subject of this note is the asymptotic solution of the operational 

equation 
. 

For the significance of this equation and general methods of solution, the 
reader is referred to two papers on the Heaviside operational calculus, which 
appeared in the Bulletin of the American Mathematical Society; one in the 
January-February 1926 issue by the writer, and the other in the May-June 
1927 issue by March.¢ For present purposes it is sufficient, however, to 
state that (1) is a purely symbolic equation in which p symbolically represents 
the differential operator d/di, and that h=h/(t), for real values of ¢=0, is 
uniquely defined and determined either by the Laplace integral equation 
(valid for all values of to the right of \ in the complex plane) 


(1) h= 


1 


or by the Fourier-Bromwich integralf 


(3) (c > dz) 


In equation (1), \ is an unrestricted parameter in the complex plane; with- 
out loss of essential generality, however, it will be assumed that |A|=1, 
and \=e**. The exponent r is a proper fraction; thus 0<r<1. For sim- 
plicity, r will be assigned the value 4 in the following; the methods of analy- 
sis applied to this case are applicable without change to all values of r lying 


* Presented to the Society, August 30, 1929; received by the editor of the Bulletin in February, 
1929, accepted for publication in the Bulletin, and subsequently transferred to the Transactions; 
revised copy received by the editors of the Transactions in June, 1929. 

¢ A paper by Wiener, The operational calculus, Mathematische Annalen, vol. 95, No. 4, may 
also be consulted with profit. 

¢ Bromwich, Proceedings of the London Mathematical Society, 1916, pp. 410-420. Jeffrey, 
Operational Methods in Mathematical Physics. 
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between zero and unity. We shall therefore limit explicit consideration to 
the equation 


pie 

p-—r 

The operational equation (4) is of considerable importance in the theory 
of asymptotic solutions of operational equations, because a fairly large class 
of operational equations is reducible to sums of expressions of the form of 
(4). In addition it serves to introduce the question as to whether the diver- 
gent solution derived by operational processes is a complete asymptotic 
expansion, or whether an additional term is required. 

In accordance with the usual Heaviside process, a divergent solution of 
(4) is obtained by the following remarkably simple process. Write (4) as 


1 
p--—(1-2 


and expand by the binomial theorem without reference to convergence; 
thus 


Now replace p"(n integral) by d"/di" and p/? by 1/(mt)*/*; (5) thus becomes 


(4) 


(6) h~ 


1 { 1 1-3 1-3-5 


1-3-5--- — 
(2n4)" 


The beautifully simple process sketched above whereby the divergent 
solution (6) is derived, can be applied to a large class of operational equations 
in which fractional powers of the operator p appear. Such divergent solutions 
which are derivable for a large number of operational equations representing 
physical problems, are true asymptotic solutions. In some cases, however, 
an extra term must be added, while in most cases the precise asymptotic 
character of the expansion, and the order of magnitude of the error com- 
mitted by stopping with the smallest term of the divergent series, require 
independent investigation. In all cases examined, however, and presumably 
in all cases, the divergent solution has a real significance, at least for restricted 
values of the argument ¢. The analysis of equations (1) and (4) serves as an 
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excellent illustration of these questions, and is not without interest in its 
own right. 
If we write 


(7) Sn 


it is easy to show by aid of either (2) or (3) (setting ry =}) that / is equal to 
S, plus a remainder. The investigation of the remainder directly from (2) 
or (3) appears to present difficulties. We can, however, easily derive from 
(2) the explicit solution 


t 
(8) f 
0 


(x7) 1/2 


That (8) is the solution of (1) and (2) for r =} is easily shown as follows. We 


f et. e-Ptdt = ——— 
0 


have the known identities 


for all values of p to.the right of \ in the complex plane. From the foregoing 
equation (8) follows;at once from a theorem due to Borel* which may be 
stated as follows: 


If 
f = Fp) FAD), 


f = rip), 


= Fup), 


* Legons sur les Séries Divergentes, 1901, p. 104; see also Electric Circuit Theory and the Operational 
Calculus, New York, McGraw Hill Book Company, p. 41. 


and 
then 
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Now suppose that the real part of \=0. For this case we can write 
t 


The first integral on the right hand side is equal to 1/X"/?, and repeated in- 
tegration by parts applied to the second integral gives 


et 
(9) 


where the remainder term is 


1 


enor 
t 


————— dr 
(2r)"+! 


This remainder term is easily seen to be less than the last term 7, of the diver- 
gent series; that is, |R, |< |7,|. Consequently we see that for the case where 
the real part of \=0, the divergent series (6), directly derived from the opera- 
tional equation, requires the addition of the extra term e/"?, and that h 
is asymptotically represented by e/A'/?+-S, with an error less than the last 
term included in the divergent series S,. This conclusion,it may be remarked, 
has long been known. 

When the real part of d is negative, the problem is quite different, and the 
method employed above is not applicable. We can, however, write (8) in 
the form 


1 t er 
(11) k= f ———_dr 
qril2 4 


For this case it has been shown by Gronwall (in an unpublished memoran- 
dum communicated to the writer) that S, is an asymptotic expansion of h. 
Gronwall, however, did not investigate the error committed by terminating 
the divergent series, nor did he examine the question as to whether the addi- 
tion of the “extra term” e*/\'/? does or does not contribute to numerical 
accuracy in computation. It is evident, of course, that when S, is asymp- 
totic to h, e*/X?+S, is also asymptotic, and vice-versa. 

In a recent paper* it is stated that (9) applies for all values of \ (except 
\=-—1, in which case the term e*‘/"/2 is to be omitted), and that the re- 


* Asymptotic expansions of Heaviside’s operators, Berg, Haefner and Smith, Journal of the Franklin 
Institute, February, 1928. In one and one case only Heaviside himself (Electromagnetic Theory, 
vol. IT) adds the extra term when the real part of is negative. His justification of his procedure, 
however, is exceedingly obscure. 


| 
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mainder term is less than the last term of S,. This statement is not correct, 
and the method of analysis employed is invalid. The question, however, 
admits of simple and rigorous investigation by contour integration, as em- 
ployed below. 

Returning to (8) it may be written as 


ert 
(12) h= f dz 
(wd) 1/2 0 gil/2 


representing integration in the complex plane along the straight line z=e‘*. 
Since we are concerned with negative values of A, we shall, without loss of 
essential generality, assume that Xd lies in the second quadrant, and write 
\=e*=—yp+i, so that both uw and vy are 20. 


C B 


Referring to the accompanying sketch, the integral is along the path 
OP where P =te‘*. Since the singularity at the branch’point z=0 contributes 
nothing, it follows from Cauchy’s theroem that 


P A B Cc Cc 
0 0 A B P 
where AB is the arc of a circle of radius R. If R is made infinite it is easy to 
see that the second and third integrals vanish, and that 


D 0 A 
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Along the path 0A(A—) set z=p, where p is real. Along the path PC, 
z= —pt+ip and the limits of integration are p=vt and ©. Consequently 
(12) becomes 


ert eit 
13 h=—-—i f dp. 
( ) ut + ip)*/2 


Applying repeated partial integrations to the second integral, we thus | 


get 


ert 


where the remainder term R, is given by 


1 int —ip 
(15) R, = i(— 1)" f 
vt 


. dp. 
Qntl (ad) 1/2 (- pt + ip)*t3/2 
If we now denote the extra term e/X!? by T.; the last retained term of 
S, by T,; and if we write »+3/2=m and v/y=p, obvious transformations 
of (15) lead to the expressions 
m—1 1-3-5---+ (2m — 1) 


(16) R, = evt.7,-T. 
(2t)"(at)*/? 


Xx m—1 
(17) viene (~) et], 


where 


et ( mi—ptz) 
(18) » 


and 


(x? + 1)'/2 

The investigation of the remainder term and the asymptotic character 
of the expansion is thus reduced to a study of the integral J,. Equations 
(16) and (17) conveniently correlate this remainder term with the “extra 
term” T, and the last retained term 7, of the divergent series. 

Now when a divergent series is employed for numerical computation it 
is the usual and logical procedure to stop with that term whose absolute 
value is the numerically smallest. Instead, therefore, of dealing with 7, for 
unrestricted values of ¢, we shall assign toé the value , so that T,, the last 


= 
|_| 
| 
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retained term, is the numerically smallest of the series. This restriction will 
be understood to apply to the following, and we write 


(19) I f + 3/2 
—————dx, m=n 


If is made sufficiently large, this integral can be evaluated to any required 
degree of accuracy by writing x=p+y, and expanding the integrand in the 
form 


exp [— n(co+ cy + +---)). 


For sufficiently large values of ¢=n, the integral becomes 


2n Co C2 3-1! 5-2! 


where B=nc?/(4c2). In this way we find, without going through straight- 
forward details, that for 1>p>0, 
T,, 
{2[1 —(1+ p?)12] } 1/2 


| 


with increasing values of m. On the other hand, for any fixed large value 
of n, it is always possible to choose a value of p so small that 


| Ru | =| Tn | (wn/2)". 


In the foregoing we have supposed that the index m=? is a large number. 
In practical applications, however, we are interested in relatively small 
values of m. For such cases the only way of evaluating the integral J, is by 
the pedestrian process of numerical or mechanical quadrature. Fortunately 
however, the convergence of the integrand is so rapid as to make this process 
relatively easy and accurate. For the case n=5, T,=T; is approximately 
1% of the leading term. The results of numerical integration for this case 
are tabulated below. ; 
p [Rn |/|T.| |Rat+T.|/|Ra| 

95 0.30 

.50 0.40 

0.68 

.86 1.08 

.65 1.65 

.50 2.45 

.20 6.60 

.10 10.60 
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From the foregoing we conclude as follows: 

(1) In the region 0<p<1, |R,| is everywhere greater than |T,|. The 
ratio |R,|/|T.| increases with decreasing values of p and with increasing 
values of m. In this region, therefore, the error committed by stopping with 
the term T, is greater than that term. 

(2) If p is less than a certain value p(m), depending on the values of t=n 
and decreasing therewith, |T.+R,|<|R,|. In this region, therefore, the 
omission of the extra term T, contributes to numerical accuracy. For n=5, 
p(n) =0.3 approximately, and as is made indefinitely large, p(m) approaches 
zero. Note, however, that as n—, the value of the extra term becomes 
negligible compared with S,. 

The foregoing will now be applied to deriving Heaviside’s “generalized 
exponential series.” 

If the operational equation (4) is expanded in the series 


1 »? 
the solution, in accordance with the well known methods of the operational 
calculus, is then 


h= + + 3 


us 


But it has been shown that 


1 1-3 
for all complex values. 
Equating we get 


> (Az) m—1/2 


+ 1/2) 


the expansion for negative values of m being divergent but asymptotic. 
More generally, from the operational equation 


(0 <Ir < 1), 


et 
h~— 
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In accordance with the foregoing analysis the expansion ceases to have 
any significance as \ approaches —1. 

This paper will now be closed by a very brief discussion of what I have 
termed the Heaviside Rule; it is as follows: 

If the operational equation h=1/H(p) admits of formal series expansion 


h = ao + + + aspp'?+--- 
+ + +---, 
then the equation has a solution, usually divergent and asymptotic, 
h(t) ~ ao + (0. + as 
dt” (wi)1/2 


To establish this result and the restrictions imposed on its generality we 
proceed as follows: 
The integral equation of the problem 


f h(t)e-?*dt = 


cannot be employed directly; instead we start with the auxiliary equation 
defining the auxiliary function g(t): 


1 
= - 
J, (p) 


It will be evident at once that h(¢) = (d"/di")g(t). Now we can always write, 
irrespective of the region of convergence of the expansion, 


f = + + ap +: 
0 


where R,,(p) is the remainder in the series expansion of 1/H(p). Remember- 
ing that h = (d"/di")g we have, by well established processes, 


2 


d d” 1 
h(t) = ao + +a — +--+ + + r,(é), 


where 7,,(¢) = (d"/dt)p,(¢) and p, is defined by the equation 


—pt 1 
= 
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We observe that by hypothesis (1/p"+!) Ra~den4:/p'/? as p30; if we can 
show correspondingly that as @ then r, =O(¢-(2"+ 9/2) 
and the asymptotic character of the expansion is established. The required 
restrictions on the function H(p) are given by the following proposition: 


If in the integral equation 


flie-tdt = F(p) 


the function F(p) is everywhere finite and continuous in the right hand side of 
the complex plane, including the axis of imaginaries, except at p=0, in the 
neighborhood of which F(p)~p'!?, then f(t)~1/(mt)!/? as 

In the light of the foregoing, the Heaviside Rule leads to a valid asymp- 
totic solution of the operational equation provided 1/H(p) has no singulari- 
ties on the axis of imaginaries or to the right thereof. Fortunately in the 
application of the operational calculus to physical problems this condition is 
satisfied in a great majority of cases, and in the rare cases where it is not, 
this is usually immediately evident from the physical problem itself. Con- 
sequently the engineer and physicist can rely on the Heaviside Rule with 
confidence. 

It will be noted, however, that the foregoing discussion merely estab- 
lishes the asymptotic character in the sense of Poincaré, and does not de- 
termine the magnitude of the error committed by stopping with the smallest 
term (for finite values of #), nor in particular the effect on numerical accuracy 
of including “extra” terms corresponding to singularities in 1/H(p) to the 
left of the imaginary axis. Such questions depend, for their answer, upon an 
independent and usually difficult investigation in each specific case. Further- 
more it is a reasonable inference from the analysis in the earlier part of this 
paper that the inclusion of such extra terms may or may not contribute to 
numerical accuracy depending on the location of the corresponding singu- 
larity in the complex plane. To attempt to include such terms in each case 
would mean giving up the beautiful simplicity and directness of the Heaviside 
process for a doubtful gain in numerical accuracy and a very small gain 
at best in the region where the expansion can be employed with numerical 
precision. 

March (Bulletin of the American Mathematical Society, May-June, 1927) 
briefly discusses the general problem dealt with above by aid of the Fourier- 
Bromwich integral (3), and derives the divergent expansion but does not 
attempt to discuss the magnitude of the error nor to establish the formal 
asymptotic character of the expansion. Wiener (The operational calculus, 


792 J. R. CARSON 


Mathematische Annalen, 1926, and appendix to Operational Circuit Analysis 
by V. Bush) discusses the problem in detail and sets up criteria for a true 
asymptotic expansion. As Wiener himself observes, however, the operational 
calculus he deals with differs under certain circumstances from that of 
Heaviside. For a third and quite different treatment of the problem, the 
reader is referred to a paper by Tibor v. Stacho (Operatoren Kalkul und La- 
placesche Transformation, publication of the Hungarian University of Francis 
Joseph, VI, 15, 1927). 


AMERICAN TELEPHONE AND TELEGRAPH COMPANY, 
New York, N. Y. 


ON COMMUTATION FORMULAS IN THE ALGEBRA 
OF QUANTUM MECHANICS* 


BY 
NEAL H. McCOY 


INTRODUCTION 


It is the purpose of this paper to make a study of commutation formulas 
in the algebra of quantum mechanics. The theories of quantum mechanics 
* introduced by Heisenbergt and Diracf are different in their conception and 
formulation but both make use of a non-commutative algebra. In Heisen- 
berg’s theory, the elements of the algebra are infinite matrices; in Dirac’s 
they are abstract “g-numbers.” Schrédinger’s§ theory, although mathe- 
matically equivalent to Heisenberg’s, does not make explicit use of this 
algebra. However, the operators which Schrédinger uses satisfy the same 
commutation formulas as Heisenberg’s matrices. 

We shall consider the algebra of the quantum mechanics from the 
matric standpoint although the results obtained do not depend upon the 
form of the variables. The variables enter in pairs as in classical mechanics 
and we shall use the expression “conjugate quantum variables” or simply 


“conjugate variables” in analogy with the idea of canonically conjugate 
variables in the classical theory. For a single pair of conjugate variables the 
properties of the algebra are determined by the fundamental commutation 
rule, || 


(1) pq -- qp = cl, 


where g and # are matrices representing the coérdinate and momentum re- 
spectively, c is a real or complex number and 7 is the unit matrix. In the 
quantum mechanics c=h/(27i), although the algebra does not depend upon 
the particular value assigned to c. The symbol J will be omitted but will be 
understood wherever a real or complex number occurs alone in a matric 
equation. 


* Presented to the Society March 30, 1929; received by the editors in June, 1929. 

1 Heisenberg, W., Zeitschrift fiir Physik, vol. 33 (1925), pp. 879-893; Born and Jordan, Zeit- 
schrift fiir Physik, vol. 34 (1925), pp. 858-888. 

t Dirac, P. A. M., Proceedings of the Royal Society, (A), vol. 109 (1925), pp. 642-653. 

§ Various papers in the Annalen der Physik beginning with vol. 79 (1926), pp. 361-376. 

|| Born and Jordan, loc. cit., p. 871. 
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For more than a single pair of conjugate quantum variables the relation 
(1) is replaced by the following :* 


PrYs = Core, 
(2) Prps — Pope = 9, 
— = 0. 


We shall be interested primarily in polynomials in a certain number of 
these variables. The results obtained in this paper are rigorously established 
for polynomials only, although they are formally correct for infinite series 
and thus give valid results if the series are convergent. 

Let f and g be any two polynomials in the conjugate quantum variables, 
p and gq, subject to the condition (1). In general fggf, but the relation (1) 
makes it possible to compute fg—gf when f and g are given. This type of 
calculation arises frequently as, for example, in taking time derivatives. 
In order to simplify the calculations, the following formulas were derived :{ 


og 
(3) bg — gp 
oq 


og 

(4) = 6 ap’ 
where g is a polynomial in p and g. We shall find it convenient to consider 
these equations as defining differentiation. It follows that the usual formulas 
for differentiating polynomials hold.f 

The obvious advantages of the formulas (3) and (4) suggest the desir- 
ability of obtaining a formula for computing fg—gf directly, where f and g 
are arbitrary polynomials. Such a formula has been found. This formula 
reduces to equations (3) or (4) if one of the functions is taken as # or g, and 
it becomes identical with condition (1) if f= p, g=g. 

This general commutation formula has been extended to functions of any 
number of quantum variables and applied to some special problems.§ 


* Dirac, loc. cit., p. 649; Born, Heisenberg and Jordan, Zeitschrift fiir Physik, vol. 35 (1926), 


p. 573. 
+ Born, Heisenberg and Jordan, loc. cit., p. 563. 
¢ Care must be taken to preserve the order of factors, that is, 


og 


§ A summary of some of the results obtained has been published in Proceedings of the National 
Academy of Sciences, vol. 15, pp. 200-202, March, 1929. 


of 
aq 


1929] ALGEBRA OF QUANTUM MECHANICS 795 


In the second part of this paper we extend these commutation formulas 
to the case of vectors in quantum mechanics. Born and Jordan* introduced 
the idea of using vectors whose components are functions of the quantum 
variables and Paulif proved its usefulness in the theory of the hydrogen atom. 

Let A =(A;, As, As) and B=(B,, Be, Bs) be any two vectors. Scalar and 
vector products are defined by 


A-B = A,B, + + A3B3, 


and 
A X B = (A2Bs — A3B2,A3Bi — — A2Bi). 


These are the ordinary definitions except that here the order A, B must 
be preserved throughout. It followsthatA-B¥B-A andAXB¥—BXA. 
This constitutes a difference from ordinary vector analysis. General com- 
mutation formulas for these scalar and vector products have been obtained. 


I. COMMUTATION FORMULAS IN QUANTUM ALGEBRA 


1. Transformations of identities.[ We shall establish two theorems on 
transformations of identities in the single pair of quantum variables, and q. 


THEOREM I. Any identity remains an identity if p, q, c are replaced by p’, 
q', Ac respectively, where p', q' are obtained from p, q by the non-singular linear 
transformation 
= ap + Bq, 
q = yp + 
of determinant A, the coefficients a, B, y, 5 being real or complex numbers. 


This theorem is readily established by noting that p’¢’—g’p’ = A(pq—qp) 
=Ac. Thus p’, q’ have an algebra equivalent to that of p, g with c replaced 
by Ac. This theorem was stated by Dirac§ for the special transformation 
given by a=5=0, B= =1, which is equivalent to the interchange of p and g. 

The following theorem was also given by Dirac|| but without detailed 
proof. 


THEOREM II. Any identity remains an identity if the order of all factors is 
reversed and c replaced by —c. 


* Loc. cit. 

T Zeitschrift fiir Physik, vol. 36 (1926), pp. 336-363. 

t The word “equation” will be frequently used to apply to an identity. We shall consider no 
equations of condition among the quantum variables. 

§ Dirac, Proceedings of the Royal Society, (A), vol. 110 (1926), p. 565. 

Ibid. 


796 N. H. McCOY [October 


The meaning of this theorem will be made clear by an example. Consider 
the identity 


1 1 
qP 


= (7-9). 


qp+2c 


According to the theorem, 


1 
= (gp + o) 
qp pq — 2¢ 


which may easily be verified by reducing it to the form 
_ 1 
An identity of this last type which merely states the equivalence of two 
expressions of the same form will be called a formal identity. 


Any identity may be reduced to a formal identity by means of the 
following transformations: 


(a) +e, 
(b) qp = 


together with algebraic reduction. By reversing this process it follows that 
any identity may be generated from a formal identity by using these same 
transformations. We shall consider identities which are thus obtained from 
formal identities in a finite number of steps. 

Theorem II is evident for formal identities. Hence we have only to show 
that if the theorem is true for a given identity it is true for those obtained 
from it by the transformations given above. 

If ¢ is any expression in p and q we shall use ¢ to denote the expression 
obtained from ¢ by reversing the order of all factors and changing the sign of 
c. Let f=0 be any identity for which f=0 also. If we replace any factor of 
the form pq in a single term of the expression f by gp+c, the result will be an 
identity which will be denoted by g=0. The expression g differs from f in 
only one term and there only in that pg has been replaced by gp+c. Thus Z 
differs from f only in that gp has taken the place of pg—c and it follows that 
z=0. The argument follows in a similar manner if a factor of the form gp is 
replaced by pg—c. The proof is completed by noting that if the theorem is 
true for a given identity it is true for any identity obtained from this one by 
algebraic manipulation. 

Theorems I and II are extended without difficulty to identities in more 
than one pair of variables. 
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2. A general commutation formula for functions of one pair of quantum 
variables. We shall prove the following theorem: 


THeEorEM III. If f and g are arbitrary polynomials in p and q, then (a) 


and (b) 


(6) fe-sf= 


s=1 s! 


the sum in each case being taken over all non-null derivatives of f and g. 


It will be seen that formulas (5), (6) reduce to equations (3), (4) in the 
special cases f= ~, f=q. While the theorem is stated for polynomials only it 
is formally correct for other analytic functions. It will give valid results if one 
of the functions is a polynomial and the other is any function whose first 
and higher derivatives exist under the definition given by equations (3) and 
(4). 

An outline of the method of proof of the first part of this theorem is as 
follows.* The validity of formula (5)inthe special cases f = p, f =q has already 
been noted. We shall show later that if formula (5) is true for a given poly- 
nomial f with g an arbitrary polynomial it remains so if f is replaced by pf 
or by gf. Since any term of a polynomial may be obtained by starting with 
either p or g and multiplying by » or g on the left in the proper order, it 
follows that equation (5) is true if f is any term of a polynomial. Furthermore 
this equation is valid for the sum of two functions if it is for each separately 
and thus the function f may be any polynomial. 

For convenience we shall introduce the notation 


H®(g,f) = 


Equation (5) may then be written in the form 


fe-ef= > H(f,g)). 


* Another proof of formula (5) where f and g are arbitrary functions subject to the condition 
that they be in the normal form for quantum mechanics has been given by M. Coulomb, Comptes 
Rendus, vol. 188, No. 20, May 13, 1929. Obviously no such restriction is made in the proof given 
here. 
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The following auxiliary relations may now be verified: 


(7) H(qf,g) = qH(f,g) + sHo-» 


H(g,gf) = gH (g,f) + (= 
ap 
H(pf,g) = pH (f,) 


og 
H(g, pf) = pH(g,f) — cH 


+ sHe-) 
oq 


Consider the last of these relations. Making use of the fact that 


ops} 
we have 
H(g,-f) =? s 
= == ¢ AY 


by equation (3). This is equation (10) in a different notation. The other 
relations may be verified in a similar manner. 

We now assume that the function f satisfies equation (5’) with g an arbi- 
trary polynomial, and shall consider the effect of replacing f by pf. We wish 
to show that 


- sof = X [HG 20) — H(pf,g)]. 


s=1 


By using relations (9), (10), this may be written in the form 


0g 


s=1 


2290.0]. 


In order to verify this equation, multiply equation (3) by f on the right and 
equation (5’) by p on the left and add. We get the result 


(9) 
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(12) ble — sof = — H(f,g)] + 


Subtract equation (11) from equation (12). We obtain 


ons 5! oq 0q 

which establishes the equivalence of these equations. Since equation (12) 

is known to be correct, we have thus established the validity of equation (11). 
The case f is replaced by gf may be disposed of similarly except for the 

necessity of mee that 


This is true since a polynomial g in (5’) is arbitrary and thus may be re- 
placed by dg/0p. This completes the proof of the first part of Theorem III. 

The proof of the second part is as follows. Let f=f(, g), g=g(p, g) be 
the functions considered. By equation (5) and Theorem I we know that 


(13) — P)f(9,0) 
ap* ag ag 
Since f(p, 9), g(p, are arbitrary polynomials it follows that p), 
are also arbitrary polynomials. If we replace f(g, p), g(q, p) by f(, 9), 
g(p, ) in equation (13) we are led at once to formula (6). 
3. An application to expressions of the type g"p”'g"p”""._ As an impor- 
tant special case of formula (5) let f=)", g=q™. We find 


m 
p"q™ q™p" = = ) (" 
s=1 
or 


ree 


We shall interpret (5) to be zero if a<b. The corresponding expression for 
qg™p" may be obtained by formula (6). The result is 


as ("orn 


s! 
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The relations (14) and (15) were given by Born and Jordan.* 
Let us consider the expansion of g"p™’g"p”’ in the form }a;; p'gi. We 
get, by an application of (15), 
m m’ 
eer = 
s=0 


Repeating the process with g™+"~* p”’, we find 
(16) q™p™’qrp™ 


By making certain restrictions on the exponents, m, m’, n, n’, we may 
obtain some interesting results. Assume that the left member of equation 
(16) is isobaric in p and gq, that is, m+n=m'+n’. Reverse the order of all 
factors, at the same time interchanging p and gq. Since the right member is 
unchanged, while the left member becomes g”’p"g”’p™, we have 

q™p”™’ qrp™ = p"g™ p™. 

It will be seen that in general any term isobaric in p and q will have an 
expansion similar to (16) which is unchanged by this transformation. We 
have then the following theorem. 


THEOREM IV. Let g be any term isobaric in p and q. Interchange p and q 
and reverse the order of all factors in g. If % denotes the resulting term, then g =. 


Since g™p™’q"p” =q"' p"q™ p™, the coefficient of g™+-* must be 
the same in their expansions, and we are led to the identity 


m 
-EMOOOC 


If we divide by m!m’ !n!n'!{k![(m+n—k)!]?}-1 this may be written in the 
form 


This identity may be proved directly by induction. 


* Loc. cit., p. 873. 


1929] ALGEBRA OF QUANTUM MECHANICS 801 


We may get a series of identities in a similar manner. If we consider the 
expansion of q"p”’q"p"’q'p"” under the condition m+n+l=m'+n’'+l’ we 
are led as above to the identity 


\S r n l 

(18) 

r n' m’ m—t 
In the special case n=n’=0, it follows that 1+m=Il'+m’ and r=0. The 
resulting identity may be written in the form of (17’) with / replacing m. 


4. Taylor’s series and the commutation formula. It may be shown for 
polynomials without difficulty that 


8 h= 
(19) 


s=0 a=0 a!l(s a)! 0 


where / and & are real or complex numbers. We thus have a Taylor’s series 
expansion as in the case of functions of a real variable. For analytic functions 
other than polynomials, equation (19) is formally correct. 

Some interesting formal results may be obtained from this expansion 
and the commutation formula (5). From (5) we have 


aa 

by equation (19). From this it follows that 
S(p, gen? = en af(p + nc,q), 
e"*f(p,q) = f(p — nc,g)er*. 


These results were first given by Dirac* and used in his theory of the hydrogen 
atom. 
In the special case f(p, g) =e”, n=1, the first of equations (20) reduces to 


= e"*[f(p + nc,q) — f(P,9)] 


(20) 


ere? = ee%e?, 


This result may also be obtained directly from relation (5) without the use 
of Taylor’s series by placing f =e, g=e?. 
In a similar manner it may be shown that 


* Dirac, Proceedings of the Royal Society, (A), vol. 110 (1926), p. 566. 
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op* 


= ert al f(p + c,q) + c) 
from which we get the interesting result 


ert + c,q) = + 

5. Extension of the general commutation formula to functions of 
pairs of variables. In the case of m pairs of conjugate quantum variables, 
the single commutation relation (1) is replaced by the set of relations (2). 
Equations (3) and (4) are replaced by the following: 


Og og 
(21) — Spr = — = 


Op, 
where now g is a function of all the variables. 
The extensions of the general commutation formulas (5) and (6) are made 
by the following theorem. 


TuHeEorEM V. If f and g are polynomials in n pairs of variables, then (a) 


22) fe of = — 


s=1 


where 

H(g,f) = 
and (b) 
(23) fe-ef= — H*(f,g)] 


s=1 


s! 
5! - - - - - 


where 


H*)(g, f) = st 


The following relations hold as in the case of one pair of variables: 


H(qf,g) = nH (f,g) + (7,2), 


1 


H®(g,qf) = nH(g,f) + cH 
H (pif ,g) pill (f,g) 
og og 
H(g, pif) = pi (g,f) — cH™ + (=.1). 


qi 
t Born, Heisenberg and Jordan, loc. cit., p. 574. 
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Consider the proof of the last of these expressions. We find 


> s! 


H(g, pif) = 


sla | 
s! orf 
a\g!---6! dg¢dgf --- --- dp,° 
s! orf 
(s — 1)! 
(@— 1)18!- - -d! - - - dg, - - - 


+ 


+s 


by equations (21). This is the desired result. The other relations may be 
verified in a similar manner. 

Relation (22) may now be established as follows. Assume it to be true 
for polynomials in ” pairs of variables. It remains valid if g isa polynomial 
in +1 pairs of variables and f is a polynomial in m pairs of variables. 
Suppose, for convenience, that f is a polynomial in the variables (qe, qs, 

+ Po, Ps, * » Pngi). It may be shown as in the proof of Theorem 
III(a) that equation (22) is still valid if f is replaced by pif or by qif. It 
follows that the relation (22) is true for polynomials in +1 pairs of variables. 
The case w=1 is disposed of directly by Theorem III and thus formula (22) 
is true for polynomials in any number of variables. 

The proof of Theorem V(b) follows from Theorem V(a) and Theorem I 
as in the proof of Theorem III(b). 

The expression for H“(g, f) assumes a rather simple form in the case of 
two pairs of variables. It may be written in the form 


s! arf 


This is seen to be a symbolic expansion of 
Aq: Op: 


The corresponding definitions of H“(g, f) in the case of more variables are 
the corresponding multinomial expansions. 


803 
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6. Extension of the theory to rational functions of the quantum variables. 
We shall now discuss a few commutation problems involving rational 
functions of p and g. The existence of these functions is assumed. 

From equations (3) and (4) it follows that 


1 of 1 
ap 
if f is any polynomial. If f=, we see that 0(1/p)/0p = —1/p? as usual. 
Let us consider the possibility of extending the general commutation 


formula (5) to rational functions. In the special case f=1/p, g=1/q we 
find the formal result 


which is obviously divergent. 

Suppose, however, that f is a polynomial while g is an arbitrary rational 
function of p and g. The proof of formula (5) is seen to include such cases. 
Since f is a polynomial we are assured of the termination of the right hand 
member. As f and g play similar réles it is clear that we may also take f 
as the more general function if g is a polynomial. This argument applies also 
to the commutation formulas for functions of m pairs of variables. 

An interesting special case arises when f is a polynomial and g=1/q. Then 


While the general commutation formulas do not give useful results when 
both f and g involve negative powers of p and gq, a given expression can often 
be transformed into one to which the formulas can be applied. As an example 
let us calculate (1/p™)(1/q") —(1/q")(1/p™). If this expression is represented 
by X it follows that 


1 1 n+s-—1 m\ 1 
q q s q 


AY 


From this we may write the identity 


or 


1 1 6 
— — = Ye's!— —, ‘ 
= 
1 
:-- 
p* 
SC 
s p™ 
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A different expansion may be obtained by considering g"Xqg". We obtain 


in this way 
m+s—1 nm\1 1 1 
II. COMMUTATION RULES IN VECTOR ANALYSIS 


7. Introduction of vector notation. In this part we shall consider 
vectors whose components are functions of one or more pairs of the quantum 
variables discussed previously. 

We shall let f, g denote scalar functions and F, G vector functions of the 
quantum variables. We define 

af af 
of ) 
aps) 
Corresponding definitions will be assumed for div F, curl F, V?F. 

It is found that a large number of relations go over unchanged from the 
classical theory.* We shall consider some commutation formulas which of 
course do not ordinarily appear. 

8. Fundamental commutation relations. Consider the two vectors 


P=(hfi, peo, ps) and Q=(q1, g2, gs) where the components satisfy relations (2). 
It follows that 
P-Q-Q:-P=3, 
and 
PXQ+QXP=0. 


Corresponding to previous relations of the type 


bf — for =e : 
0qr 


we find the following formulas which may be easily verified: 
(a) Pf — fP = grade f, 
(b) JQ — Of = cgrade f, 
(c) P-F —F-P = cdiveF, 
(d) F-Q — Q-F = cdivpF, 
(e) FXP+PXF=ccurleFf, 
(f) FXQ+QXF = —ccurlpF. 


* Pauli, loc. cit.; Handbuch der Physik, Band XX, Licht als Wellenbewegung, Berlin, Springer, 
1928. 


(24) 
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9. General commutation formulas. The general commutation formulas 
developed above may be extended without difficulty to vector functions. If 
we define 


0q1 


Theorem V is still applicable if one of the functions is a scalar and the other a 
vector. 

In the case of scalar and vector products we have the following theorem, 
the proof of which follows without difficulty from Theorem V. 


THEOREM VI. Jf F and G are vector functions of the quantum variables 
(pi, pe, Ps, 91, 92, Ys), then (a) 


(25) PG-G-F = —[HG-F) — HOR 
s=1 
where 


s! 
HOGF= > 


and (b) 


c* 
(26) FXG+GxF=- >> —|[HG X F) + x G)] 


s=1 


where 


s! 
HOGXF)= > x 
An alternate form for these expressions may be obtained as in the second 
part of Theorem V. 

An interesting special case of formula (26) arises when G=F. Then 
FXF=- > — HOP x F). 


S$: 
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THE BASIC POWER SERIES OF INTERPOLATION* 


BY 
GEORGE RUTLEDGE 


1. Introduction. The coefficients of the polynomial determined by the 
2n+1 points 


(1) (— nh,y-n); (— h, y-1) ,(0, yo) ,(h, 91), (nh, yx) 


have been studied extensively by the author in a papert to be referred to 
hereafter as (I). 

There is no essential loss of generality in placing h=1 and yo=0 in (1). 
Then the polynomial, P®” (x), has the form (I, (31), (22)): 


n n—-it+l n p+ k—1 Ay;™ i- 


(n) 


(n) 
n n-i jti-k-1 Aj; [2i] 


2% 
2D 


t=1 k=l jei+k 


For fixed 7, 7 the numbers 


n—Jj (3) 


1 
n 


where the summation indicated is that of products i—1 at a time of squared 
reciprocals of the first m integers excepting 7, are convergent functions of n, 
as m is increased indefinitely. However, for fixed i, k, i>1, the terms of the 
sums with respect to 7 in (2) are not bounded as m and j simultaneously 
increase. For this reason it is difficult to determine directly whether or not 
these sums converge. 


* Presented to the Society, August 29, 1929; received by the editors in April, 1929. 
1 These Transactions, vol. 26 (1924), pp.113-123. 
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If the values (1), h=1, yo=0, are given for the infinite set of all positive 
and negative integers, the polynomials (2) constitute a sequence which may 
or may not be convergent. The polynomial (2) is identical with the partial 
sum of a Stirling series, and with the partial sum of a Gauss series, on condi- 
tion that the terms of these series are grouped in pairs involving differences 
of order 2i—1 and 27. The conditions of convergence of the series of Stirling 
and Gauss have been the subject of much recent literature.* It is known, for 
example, that whenever the polynomials (2) constitute a convergent sequence 
for some one non-integral value of x, this sequence is convergent for every 
value of x to an integral function. 

In this paper the sums with respect to 7 in (2) will be transformed into 
sums the terms of which are independent of m, and are also of constant 
sign. The fact of convergence of the positive term sums which then express 
the coefficients of (A_,!"!+A,!™)a™, and of Ao!lx*‘ in this new form of (2) 
constitutes the main result of the paper. 

The transformed form (39) of (2) is a triple series the partial sums of 
which when taken as indicated are identical with partial sums of the series 
of Gauss and Stirling (with the understanding that in these series terms are 
grouped in pairs as stated above). When this triple series is absolutely 
convergent its sum taken in the order j, k, 7 is a power series representation 
of the integral function which is then defined by the series of Gauss and 
Stirling. It seems appropriate to refer to this power series as the basic power 
series of interpolation. 

2. Generating functions P;,,@"-", P;,@”. If the Lagrange polynomial (2) 
is an odd function it may be written (I, (3)) 


(n) 


Ai; ,. 
and if by reference to (2) we place 


5 
(5) y-j ( 
=0,j<itk—-1, 
we obtain a polynomial for which the differences of order 2i—1 are all zero 
with the exception 


[2i—1] [2i—1] 


(6) A; = = 1. 


* Cf. Nérlund, Differenzenrechnung, Berlin, 1924, pp. 208-222, for references to this literature. 
T Nérlund, loc. cit., pp. 208-209. 
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We shall call this polynomial a generating function, and shall denote it by 
the symbol P;,@"-». With the exception noted its differences of order 27—1 
are all zero for all values of n. 

Similarly, if the Lagrange polynomial (2) is an even function it may be 
written (I, (3)) 

(n) 


n n Ai; 
2% 


and if by reference to (2) we place 


jti-k-il 
(8) y= i= ( 
2i-—1 


=0,j<it+k, 


we obtain a polynomial for which the differences of order 2% are all zero 
with the exception 


(9) = 1, 


or 


(9a) Ao =2, k=0. 


We shall also call this polynomial a generating function, and shall denote 
it by the symbol P;,°@". With the exception noted its differences of order 
2i are all zero for all values of n. 

It may be observed that the generating functions P;,°"-, P;,@” have 
properties with respect to differences of order 21—1, 27, respectively, wholly 
analogous to the properties with respect to values which characterize the 
polynomials which enter as coefficients into the formula of Lagrange in its 
classical form. 

3. Central differences of the generating functions. Since we shall make 
essential use of the expansions of P;,@*-» and P;,°” in the form of Stirling’s 
series, which depend on central differences, we shall now compute these 
central differences from the given functional values, (5) and (8). 

We shall first of all illustrate the general method by an example. Consider 
the generating function P2:?-. Writing the values of this function, for 
x=—mn,---,m, and the successive differences of these values in horizontal 
rows, we have the following: 


GEORGE RUTLEDGE [October 


Using the notation (I, (38)) for mean central differences of odd order which 
is commonly used in writing Stirling’s series, we have 


(10) i’ = 1, = — 1, = 2, 


We may, of course, determine these mean central differences directly 
from the values of the function. Thus for wA,"™ we have 


Then by use of the identities* 
m n+s m—-n—1 
s=0 n m— q 
4 m n+s m—-n—1 
q-s n q 


n—k 2n+1\n — k/’ 
we obtain 


The identities (12) suffice for the determination of the mean central 
differences and central differences for all the generating functions P;,°@"-», 
Px, the manner of application being precisely that of the foregoing 
example. It will suffice, therefore, if we tabulate results, as follows: 


* Netto, Combinatorik, p. 255. 
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CENTRAL DIFFERENCES OF P;;,2"-) 


(2n—1) 


Ps 


(2n—1) 


P32 


CENTRAL DIFFERENCES OF P;;,") 


IV VI 
Ao Ao 


i) 
MN” 


ANA WA 
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1\0 3\1 7 
- 
3\0 
5\0 7\1 
we Vv Vil 
t=2: uA, uA; 
n— 1/1 175 
A) 
1\0 3\1 
3/3 3/5 
3 \0 5% 1 
=( 
5 \0 
j=3: nls 
- 1-40 
1\0 
3\0 
2n) 0 4 
2 4 
0 1 
(2n) 4 
P 2 
( ) 
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Iv 
Ao A 


(0) 


4. The Stirling series for P;,°"-, P;,°".. Corresponding to the mean 
differences (14) we have the following Stirling series expansions: 


5\ 1 
— 1)(x? — 2%) 


5 
1 


4 1)(x? 2 


3 
— 1)(x* — 2) 


(2n—1) 


P 
22 


812 [October 
i=2: 
2 4 
(2n) 
P —2 2 tae 
2n 2 4 
(2n) 
P 2 
22 
P 2 —2 toe 
(2n) 2 
P 2/ 
31 0 
1 
1 
3/3\1 3 
P = — 
5 
1/i\1 1 
(2n 
|| 
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These expansions are then reducible to the following form: 
(17) ~(;) 2 2 4 — 1) 


1\0 3\1 C) 122? 
1 2 


a(x? — 1)(x? — 22) 


3/5\ 6 x(x? — 1)(x? — 22) 
122232 
3 
6 12283? 
3 


x(x? — 1) (x? — 22) 
i) 


* 
3 


w(x? — 1)(x? — 2%) 


( 192° 
3 


In like manner we have Stirling series expansions corresponding to the 
central differences (15), as follows: 


0\ 1 2\ 1 


+ 2( 22)— -.-. 


813 
3/3 4 x(x? — 1) 
Py. =— 
3\0 1222 
2 
(2n—1) 1/1 4 x(x? — 1) 
=— 
1\0 (;) 1222 
2 


GEORGE RUTLEDGE [October 
0/4! 1/6! 


x? — 1)(x? — 2%) 


— 1) (x? — 2?) + 


— 1)(x? — 2%) — - 


The expansions (18) are reducible as follows: 


2 x? ( 2 — 1) 


1 


2 


— 1)(a? — 2?) 
12273? 


x(x? — 1) — 1)(x? — 2?) 


) 1222 122232 


x*(x? — 1)(x? — 2?) 
1? 22 3? ans 


x?(x* — 1)(x? — 2?) 
122732 


— 1)(x? — 2?) 
122232 


2n 4 1 
ro 
— 1) — 
20 
(2n) 2 1 
= 2( )— 
2( 
(2n) 
19 P = 
(19) PG 
| 
3 
™ 2 2 
Pa” =( 
0 
4 2 
3 
(2n) 
(;) 4 1222 1 (°) 
sa 2 2 
3 
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From the definition of P;,"- and by reference to (2), it follows that, 
for fixed i, k, the coefficient of x**—! in the expansion (17) of P;,@"- is equal to 


(n) 

20 2 . 
(20) 2i—2 2D 


j=t+k—-1 


Similarly, from the definition of P;,°" and by reference to (2), it follows 
that, for fixed i, k, the coefficient of x** in the expansion (19) of Pi,.@" is 
equal to 


n 


(21) 
j=i+k 

For fixed i, k, i>1, the terms of (20) and (21) are not bounded as j and n 
simultaneously increase, but the equivalent expressions derived from (17) 
and (19) consist of terms of constant sign and independent of n. This we shall 
consider in the next section. 

5. The coefficients of x**-!, x in P;,@-), P;,@™. In this section we 
shall write down irom (17) and (19) the coefficients which are equal to (20) 
and (21) respectively. We shall consider first the odd powers x?‘—', then the 
even powers x7. For any odd power we have k=1, 2, - - - , and for any even 


power we have k=0,1,---. Thetabulation, arranged according to values 
of i and k, is derived directly in an evident manner from the expansions 
17) and (19). 


P&” (Coefficient of x): 
1 


816 
PS” (Coefficient of x*): 


1 


23) k= 1 


PY" (Coefficient of x): 


Pi"? (Coefficient of x’): 


to) 74 


(25) k=1 { 


* Sums reducing to a single term are included to preserve symmetry. 
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rere 


4 1 1 1* 
2 
1 3 6 1 = 
3 
3 3 6 1 2 1 
3 
1* 
24)k=1 
3 
1 /3 8 1 3 1 
4 
3 f3 8 1 3 1 
{5 42 Laat 
4 
1 3 1* 
4 
| 3 10 1 4 1 
(iy 
5 
3 3 10 1 4 1 
5 
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P& (Coefficient of x*): 


PS (Coefficient of x*): 


PS” (Coefficient of x*): 


817 
(Qa 
(;) 
on 
1 
2 2 1 2 1 
3 
3 
(28) k=0 
3 
4 
4 
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(Coefficient of x*): 


6. Identities. If we observe that 


1 14 


j 


we may express the equality between (20), (21) and the corresponding 
sums appearing in (22) to (29) inclusive, as follows: 


(n) 


27 2 2D™ 


(n) 


(32) ) 
jeit+k 2i-—1 2D™ 


2j — 2% 
= (— 1)* 
2D 


In (31) & has the values 1, 2, - - - , and in (32) the values 0, 1) 
The significance of these identities lies first of all in the fact that the terms on 
the right are not functions of m and moreover are all of one sign. Of greater 
significance, however, is the fact that the positive term’series on the right 
of these identities are convergent as m is increased indefinitely. This we shall 
now prove. 
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It may be seen at once that 


2D) 


(3) 


is a particular arrangement of the products 7 at a time of the squared recip- 
rocals of all positive integers. This sum is well known through its connec- 
tion with 


(34) (1+). 
TX 1 n 


Therefore (33) is convergent, as follows: 


i) 
2j | wt 

35 = 

as EG 

If we now place 7=i+k+s, s=0, 1, 2,---, we obtain for the ratio 

by which we may compare (31) with (33), 

(2k + 2s+1)---(2k+s+1) 
(2k + 2s + ---(2k+5+ 2%) 

(s+ k+i)---(s+2) stkt+i, 

(s+2k+2i—1)---(stk+it1) 22+2k+1- 


which is the value in fractional form of the ratio 


(36) 


2k — 1), 


2k—1 
2j—2i+1 


(37) 


If in (36) we place s=i+r,r=0, 1, 2,---, wesee that forj=27+é the ratio 
(37) is less than 2k—1. Thus (31) is convergent by comparison with (33). 
If we compare (32) with (33), we see directly that for 7 >i+k 


Thus the convergence of (32) is established. 


(38) 
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7. The power series of interpolation. The identities (31), (32) serve to 
effect the transformation of (2) into the following form: 


int be 27 — 28+ 1 


21+ 1 [21-1] (2-1), 


(i) 
—2 Aij 


t=1 jai j 2D 


j 2D) 


i=1 k=l j=i+k = —k 


It has been proved in the preceding section that the sums with respect to j 
in (39) are convergent positive-term series. This theorem, together with the 
explicit form of (39), constitutes the main objective of this paper. 

If the triple series (39) is absolutely convergent for a particular set of 
values (1), #=1, yo=0, then the interpolation series of Stirling and Gauss are 
convergent (for this means only that the limit of the finite sum (39) exists as 
n— co), and if (39) is summed in the order j, k, 7 it becomes the power series 
representation of the limit. It is possibly true conversely that (39) is abso- 
lutely convergent whenever the Gauss and Stirling series, with paired terms, 
are convergent. The series (39) has therefore a fundamental place in the 
theory of Gauss and Stirling series. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
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THE LIMIT POINTS OF A GROUP* 


BY 
LESTER R. FORD 


1. Introduction. The present paper is concerned with properly discon- 
tinuous groups of linear transformations. Such a group can be so transformed 
that the point at infinity is carried into some fixed finite region by every 
transformation of the group other than the identical transformation. In 
what follows it will be understood, without express statement, that the 
groups referred to have this property. 

The isometric circlef of a linear transformation 


az +6 
» ad—be=1, c#¥ 0, 
co+d 


is the circle 


|cz+d| = 1. 


The isometric circles exist for all transformations of a group other than 
the identical transformation. For a given group these circles all lie in a 
finite region and have distinct centers; and they have the property that 
there is only a finite number with radius exceeding a given positive quan- 
tity. 

By the limit points of a group is meant the cluster points of the centers 
of its isometric circles. It follows from the preceding remarks that there 
exist isometric circles belonging to the transformations of the group which 
lie wholly within any circle, however small, drawn with center at a limit point. 

A group is called elementary if it has no limit points, or one limit point, or 
two limit points. If a group has more than two limit points, its limit points ° 
form a perfect set and so are non-denumerably infinite in number. It is with 
these latter, or non-elementary, groups that we shall be concerned. 

2. The fundamental theorem. In the study of the limit points we shall 
make use of the properties of the isometric circles. The various results are 
based on the following theorem. 


* Presented to the Society, December 28, 1927; received by the editors in February, 1929. 

+ For a summary of the properties of the isometric circle see Proceedings of the National Acad- 
emy of Sciences, vol. 13 (1927), pp. 286-289. For a complete treatment see the author’s A utomor phic 
Functions (McGraw-Hill Book Company, 1929), §§11, 17 et seq. 
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THEOREM 1. Let C and K be circles whose centers are the limit points P and 
Q respectively of a non-elementary group. Then there exists a transformation of 
the group whose isometric circle lies inC and the isometric circle of whose inverse 


lies in K. 


Let 
be a sequence of isometric circles belonging to the group and lying in C with 


centers 
$1,82,83, P; 
and let 
Ji,J2,J3, 


be a sequence lying in K with centers 
hy, he, hs, —@Q. 


Let 7, and S, be the transformations of the group whose isometric circles 


are J, and J, respectively. 
Paired with each isometric circle is the circle of equal radius belonging 


to the inverse transformation. Thus 7, carries J, into J,’ , the isometric circle 
of T=". Let 


represent the isometric circles of the inverses and let the centers of these be 
denoted by 


Let G’ be the set of cluster points of the set g,’, and H’ the set of cluster 
points of the set /,’. Each set has at least one cluster point, since it consists 
of an infinite set of points lying in a finite region. 

We shall consider first the case P#Q. We may suppose (decreasing the 
circles, if necessary) that C and K are external to one another. 

(1) Suppose that G’ contains a point g’ and H’ a point h’ where g’<h’. 
We can select subsequences of g,, and h,’ approaching g’ and h’ respectively: 


, , , , , 


We shall make repeated use of the following lemma, which has been 


proved elsewhere.* 


* Proceedings of the National Academy of Sciences, vol. 13 (1927), p. 290; also Automor phic 
Functions, §24. 
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LemMA. Let 13, and I, be the isometric circles of T, S, 
and U=TS respectively. If I, and I} are exterior to one another then I, is 
contained in I,. 


Consider the transformation 


For & sufficiently large the isometric circles of Sn;' and 7T,;1, namely 
Jm}{ and I,{, are arbitrarily near h’ and g’ respectively and so are external. 
It follows from the lemma that the isometric circle of T lies in J,,,, and hence 
in C. Similarly, applying the lemma to T-", the isometric circle of T— lies in 
Jm,andin K. This proves the theorem for this case. 

(2) Points g’ and h’ for the preceding treatment exist unless G’ and H’ 
each consists of a single point: G’ =H’ =a. 

If a=P or a=Q the theorem obviously holds for the transformation S, 
or T, for sufficiently large. So we shall assumea¥P, 

By taking and m large enough we can make J, as near to P, J,, as near 
to Q, and J,’ and J», as near to a as we wish. Hence we can choose m and m 
so that J, and J,! are exterior to one another and J, and Jm are exterior to 
one another. Now when the isometric circles of a transformation and its 
inverse are external circles the transformation is loxodromic or hyperbolic 
and each circle contains one of the fixed points of the transformation. Then 
I, contains a fixed point a, of T, and J, contains a fixed point B» of Sm. 

Suppose a,~Bm. Now a, is a fixed point of T,% and 6m is a fixed point of 
Sn’. If g>1 the isometric circle of T,2 lies in J, and that of S,,2 lies in Jm. 
Also the isometric circle of 77% contains a, and that of S,7* contains Bp. 
By taking g large enough we can make the radii of these circles less than 

lan —Bm |/4. Then the isometric circles of T=* and S,;* are external circles. 

We now apply the lemma to the transformation T =S,,4T,%. Its isometric 
circle lies in that of T,%, and hence in J, and in C. Similarly, the isometric 
circle of the inverse, 7-'=7* S,,%, lies in that of S,.%,and so in J,, and in K. 

We now show that a, =f, is impossible for m and m large enough. The 
remaining fixed points of T, and S,, are distinct since one lies near P and the 
other near Q. That a,~+8, then follows directly from the following proposi- 
tion. 

If two hyperbolic or loxodromic transformations belonging to a group have one 
fixed point in common but the other fixed points distinct, then the group contains 
infinitesimal transformations. 

Let the group be so transformed that the common fixed point is at 
infinity. Then the transformations have the forms 
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T: 2’ —a= M(z-— a), | M| #1, 
S: |N| #1, ba; 

and the powers of these transformations are 
= M"z + a(1 — M"), 
S™(z) = + — N™). 

We now form the following product: 
U = T-*S-T*S™, 
We find, on working this out, the translation 


U=z+ a4, 
where 
w = (a — b)(1 — M-")(1 — N-*). 
By suitable choices of m and m we can make M-* and N- arbitrarily small 
and so make the period w arbitrarily near a—b. 
Given e>0, we form two such translations 


U,=z2+a-b+a, U2 =2+a-b+ 4, 
where <}e, and ee. Then 


is a translation of period €:— 2, where 0< |e,—€2|<e. Since ¢ may be chosen 


arbitrarily small, the group contains infinitesimal transformations. It is 
therefore not a discontinuous group. 

There remains the case P=Q. We wish to prove that there exists a trans- 
formation T whose isometric circle and the isometric circle of whose inverse 
both lie in the circle C surrounding P. 

Let C be made small enough that it does not contain all the limit points, 
and let P; and P: be distinct limit points outside C. About P; and P; con- 
struct circles C,; and C; exterior to one another and to C. 

Let T, be a transformation such that its isometric circle J, lies in C and 
that of its inverse, J/ , lies in Ci, and let J; be a transformation such that its 
isometric circle J, lies in C and that of its inverse, J? , lies in C,. We now apply 
the lemma to the transformation 


T = = T7'Ts. 
Since J/ and J; are exterior to one another the isometric circle of T lies in 


I, and hence in C. Similarly, the isometric circle of T- lies in J, and hence 
in C. This completes the proof of the theorem. 
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Corotitary. Let P and Q be limit points of a non-elementary group. Then 
there exists a transformation. of the group, one of whose fixed points is in an ar- 
bitrarily small neighborhood of P and the other is in an arbitrarily small neigh- 
borhood of Q. 


This follows from the fact that the fixed points of a transformation lie 
within or on the isometric circles of the transformation and its inverse. In 
this corollary P and Q are not necessarily distinct. 

We are now able to prove the following precise theorem embodying an 
important property of the limit points. 


THEOREM 2. Let C be a circle with center at a limit point P of a non- 
elementary group, and let Q be any point whatever in the plane. Then C contains 
an infinite number of distinct points congruent to Q. 


It suffices to prove that C contains one point congruent to Q and distinct 
from P; for we can then replace C by a circle C’ with center P and small 
enough to exclude the first congruent point and thus get a second congruent 
point, and so step by step get an infinite number of distinct congruent points. 

Let P; be a limit point lying in C and distinct from P and Q (here Q and 
P may be identical). Such a point exists, since P is a cluster point of limit 
points. Let P. be any other limit point distinct from P and Q. Let C, and 
Cz be circles with centers P; and P,2 respectively and sufficiently small that 
P and Q are exterior to both circles and that C; lies in C. Let T be a trans- 
formation whose isometric circle J lies in C, and the isometric circle I’ of 
whose inverse lies in C, (Theorem 1). TJ carries the exterior of J into the 
interior of J’. Hence Q is carried into a point Q’ lyingin J’. Then Q’ lies in C 
and is distinct from P; and the theorem is established. 

This theorem is no longer true if we drop the requirement that the 
group be non-elementary. Its failure occurs in the case of an elementary 
group if Q is a limit point. 

3. Non-loxodromic groups. A properly discontinuous group is called 
Fuchsian if the transformations have a common fixed circle and each carries 
the interior of the circle into itself. It is well known that a Fuchsian group 
contains no loxodromic transformation. That a group without loxodromic 
transformations is not necessarily Fuchsian is shown by the doubly periodic 
group. This is, however, an elementary group. We shall prove the following 


THEOREM 3. A non-elementary properly discontinuous group which 
contains no loxodromic transformations is a Fuchsian group. 


We shall show first that all the limit points lie on a circle. Let A, B,C be 
distinct limit points and let K be the circle determined by them. We shall 
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show that any other limit point P lies on XK. The necessary and sufficient 
condition for this is that the cross ratio 
_(4- P) 
(A — C)(B — P) 


be real. 
The transformations 


T(z) = (az + b)/(cez + d), ad — be 
S(z) = (az + B)/(yz + 6), ad — By 
are non-loxodromic if and only if a+d and a+6 are real. Let J:,7/,J., I2 


be the isometric circles of T, T-', S, S-' respectively. The centers of these 
circles are —d/c, a/c, —6/y, a/y respectively. The first pair have radius 


1/|c|, the second pair 1/ ||. 

According to Theorem 1 we can find transformations T and S belonging 
to the group so that a/c, —d/c, a/y, —6/y are arbitrarily near A, C, B, P 
respectively and so that 1/|c| and 1/|y| are arbitrarily small. Given e>0, 


we can choose J and S so that 


where |e’ | <}e, and also so that |e’’|<}e, where 
1 


Now by hypothesis S-! T is non-loxodromic. We find readily that the condi- 
tion for this is that 
— 6a + Bc + yb — ad 


be real. Hence 
— 6a+ yb — ad 


(a + d)(a + 4) 
is real. On dividing by yc and using the relations ad—bec=1, ai—By=1, 


we find 


a a a 6 
6 
Y 
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We have then 


Since v is real, the imaginary part of \ cannot exceed e¢ in absolute value, 
where ¢ is arbitrarily small. It follows that d is real, and P lies on K. 

Each transformation of the group carries the set of limit points into 
itself. Hence each transformation carries K into itself. 

It remains to show that each transformation carries the interior of K 
into itself. Now every non-loxodromic transformation carries the interior 
of any of its fixed circles into itself with the exception of the elliptic transfor- 
mation of period two (a+d=0) with its two fixed points on the fixed circle. 
We shall show that no transformations of this type occur. 

Let T be such a transformation and let J be its isometric circle. Since T 
carries the interior of J into its exterior there are limit points both within 
and without J. Let P; and P; be limit points outside J; and let S be a trans- 
formation such that its isometric circle J, lies near P; and that of its inverse 7/ 
is near P2, and such that J, 7,, and J; are exterior to one another. 

We consider the transformation 


U=ST, TS“. 


Applying the lemma we have that the isometric circles J, and J,! lie respec- 
tively in J and J; and so are exterior to one another. Both S and U are by 
hypothesis non-loxodromic and are hence hyperbolic, since the isometric 
circles of the transformation and its inverse are exterior to one another. 
Both then carry the interior of K into itself. But this is impossible. Since T 
carries the interior of K into its exterior and S carries the exterior of K into 
the exterior, ST carries the interior into the exterior. This contradiction 
rules out the existence of the elliptic transformation T; and the theorem is 
established. 

4. Schottky sub-groups. A Schottky group is a group generated by linear 
transformations 7, --- , Tn, where T, carries a circle Q; into a circle QO; 
in such a way that the exterior of Q; goes into the interior of Q/ and where 
the 2m circles Q:,Q7, - - - ,Qn,Qn are exterior to one another. The limit points 
of the group lie in the 2m circles and form a discrete set of points. 
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THEOREM 4. Given a non-elementary properly discontinuous group T, 
and a positive constant «. Then there exists a Schottky sub-group TY’ of T such 
that every limit point of T is within a distance « of a limit point of T’. 


It is understood here, as stated in the first paragraph of this paper, that 
the point at infinity is an ordinary point. Let the plane be divided into 
squares of side ¢/3 by rulings parallel to the real and imaginary axes. Then 
only a finite number N of these squares have limit points of I within them or 
on their boundaries. Let P;, P/,---,Pn, Px be distinct limit points of T 
so chosen that each of the N squares has one at least of the points within it 
or on its boundary. With P;, P’,---,P,, P, as centers let circles C,, 
Cy,---+, Ca, Ce respectively be drawn with radii sufficiently small that 
each circle is exterior to all the others, each radius in any case not exceeding 

Let 7, be a transformation of I whose isometric circle 7; lies in C; 
and the isometric circle J; of whose inverse lies in C/ (Theorem 1). Then the 
circles ,---,In,J, are exterior to one another; and the transformations 
T;,---,T, generate a Schottky group. 

Any limit point P of T is within a distance 2'/? €/3 of one of the points 
P,,--+-,P,! and each of these latter points is within a distance ¢/3 of limit 
points of I’. Hence P is within a distance ¢ of limit points of I’. 

We note that the limit points of I’ are also limit points of I. 


Rice INsTITUTE, 
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ON LINEAR UPPER SEMI-CONTINUOUS COLLEC- 
TIONS OF BOUNDED CONTINUAT 


BY 
WALLACE ALVIN WILSON 


1. Introduction and notation. If T= {#} denotes a closed set of points 
and with each point ¢ there is associated a unique bounded continuum 
X(or X;,) in such a way that (a) X,-X/ =0 if ¢¥?#’, and (b) at each point 
t=r of T the upper closed limit of X; as tr isa part of X,, we say that 
X =f(t) is an upper semi-continuous function in JT. The collection of con- 
tinua {X} is also known as an upper semi-continuous collection of continua. 
We say that X=f(t) is a minimal upper semi-continuous function in T if 
there exists no upper semi-continuous function Y =g(¢) such that at every 
point ¢, Yc X and at some point Y¥ X. Examples of this concept are given 
elsewhere. 

The following notation will be convenient. If X =f(é) in Tand M=)_[X], 
we write M=F(T). If T is a bounded continuum and f(¢) is upper semi-con- 
tinuous, it is obvious that M is a bounded continuum; in this case we say 
that X is an element of M. If T is a simple arc ab, M =F (ab) will be called 
a generalized arc, or simply an arc if no confusion is caused. This may be 
denoted by X,X, and the elements X, and X, will be called the ends. 
Likewise, M—(X,.+X>) is called a (generalized) open arc and denoted by 
X*X *. Themeaningof X,X *and X,*X, is apparent. Theterms“upperlimit” 
and “limit” of a system of continua are used in the sense of the closed limits 
of Hausdorff (Grundziige der Mengenlehre, p. 236) as extended by L. S. Hill 
(Properties of certain aggregate functions, American Journal of Mathematics, 
vol. 49, pp. 420-421). If K is the upper limit of X, as t—7, we write K = 
lim sup;.4, X.; if the domain of definition T is a linear set and we restrict 
t to points at the right or left of r, wewrite R lim sup,., X, or L lim sup:-X:, 
respectively. 

In the article referred to above various properties of upper semi-continuous 
functions were derived and in particular the following theorem was proved: 


¢ Presented to the Society, February 23, 1929; received by the editor of the Bulletin in January, 
1929, accepted for publication in the Bulletin, and subsequently transferred to the Transactions. 

t W. A. Wilson, Some properties of upper semi-continuous collections of bounded continua, Bulletin 
of the American Mathematical Society, vol. 34, pp. 599-606. 
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Let the aggregate {t} be a simple arc ab, let X =f(t) be a minimal upper 
semi-continuous function defined over ab, let M=)_[X] lie ina plane, and let 
no element of M separate X, from X». Then the continuum M is irreducible be- 
tween Xq and 


The last two hypotheses are needed in the particular proof of the theorem 
that is given, but there is no evidence that they are essential for the validity 
of the conclusion. It is the purpose of this article to discuss this particular 
question and to give some properties of generalized arcs which lie in a plane 
and have one or more elements separatingt the ends. 


2. THEOREM. Let M=F(ab) be a generalized bounded arc in a plane Z. 
Let ti, r, and tz be points of ab, let t1<1r<t,, and let X, separate X,=f(t) 
from X2=f(te). Then, if t'<r<t’’, X, separates X'=f(t') from X" =f(t’). 


Let R and S be the components of Z—X, containing X; and X2, re- 
spectively. Since X,X;* is connected and contains X; it lies in R. Fora 
like reason X*X, lies in S. But X’c X, X* and X"¢ X,*X,. Hence the 
theorem is proved. 

Remarks. It should be noted that, if some sub-continuum K of M 
separates X, from X,, at least one element X has this property. (See refer- 
ence under §1, p. 601.) As will be seen later, however, X need not be a part 
of K, nor K a part of X. 


3. THEOREM. Let M=F (ab) be a generalized bounded arc in a plane Z. 
Let X:=f(t:) and X.=f(te) separate from and ty < te. Then X, separates 
X. from X2, and X2 separates X; from X 4. 


Let the components R, and S,; of Z—X: contain X, and Xz, respectively. 
Then Ri > X,X* and S;> X*X,. Let and Sz be likewise defined for Xo. 
Then R,>X,X* and Since R, and 
X*X,¢S;. This proves the theorem. 

As a consequence of this theorem, it follows that, if the elements of M@ 
which separate X, and X, are arranged in the order of the corresponding 
values of ¢, each such element may be said to lie within all those which follow 
it and to lie without all those which precede it, or vice versa. 


4. THeorEM. Let M=F (ab) be a generalized bounded arc in a plane. 
Let t' be any point of ab for which X'=f(t') separates X, from X». Then the 
set of points {t'} together with a and b form a closed set. 


Let this set be 7’ and let 7 be a limiting point of T’ different from a 


¢ Throughout this article the term “separate” has reference to the plane in which the aggregates 
referred to lie. 
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and b. Then there is a sequence {t,’} of pointsof T’—(a+b) converging 
tor. Let X,/ =f(t,’). Since f(é) is upper semi-continuous, X,> lim 
X,/. By hypothesis each X,/ separates X, from X». Since (X,+X»)-X,=0, 
lim sup separates X, from lies in As a+bcT’, 
this shows 7” is closed. 


5. THEorEM. Let X,=f(t) be a minimal upper semi-continuous function 
defined over the interval ab. Let M =F (ab) be bounded and lie in a plane. Let 
the set of points T” = {t'} for which X' =f(t’) separates X. from X, be void or 
totally disconnected. Then M is irreducible between X, and X >. 


The case that T” is void is merely the theorem cited in §1. In the altern- 
ative case set T’=7’’+a+b. Then 7” is a nowhere dense closed set and 
ab—T’ is a finite or enumerable set of open intervals whose end points 
are points of 7”. 

Let K be a sub-continuum of M irreducible between X, and X,. Let 
c*d* be any one of the open intervals whose sum is ab—T’. Set g(t) =f(#) 
for c<t<d; g(c)=R lim sup:.. f(é); and g(d) =L lim sup:a f(t). Then g(t) 
is a minimal upper semi-continuous function in cd and it is clear that G(cd) = 
X*X#. But for no ¢ in c*d* does g(¢) separate g(c) from g(d) by the hypo- 
thesis regarding cd and §2. Then the theorem quoted in $1 shows that 
X*X# is irreducible between g(c) and g(d) and therefore between X.X- 
and X~X,. But K contains a sub-continuum irreducible between these 
arcs and Ke M. Hence 

Now set Y,=K-X,=k(t). We have just seen that for any point ¢ in 
ab—T’, Y,=X,. Let ¢’ be any point of 7’ except a or b. Since T’ is nowhere 
dense, there are two univariant sequences of points {s,} and {t,} lying in 
ab—T’ and converging to ¢’ such that s,<?’<#,; let M, denote the arc of 
M whose ends are f(s,) and f(¢,). Since f(sn)=k(sn) and f(tn) =R(tn), it is 
evident that K-M, is a continuum. Obviously X,, [“ nj]. Then 
Y,=K-X,=J], [K-M,], and is therefore a continuum. Similar reasoning 
shows that Y, and Y, are continua. 

We now show that Y,=(é) is upper semi-continuous. This needs a proof 
only for points ¢’ of 7’, since k(#)=f(#) in ab—T’. As Y,cK and Y,cX,, 
lim VY, ¢ K-lim suping K-X,. But by definition. 
Hence lim Y.¢ everywhere. 

Since f(¢) is a minimal upper semi-continuous function and k(é)¢ f(t) 
everywhere, it follows that for every t, Y:=k(t)=f()=X,.. Hence K=M 
and the theorem is proved. 


t For, if A and B are bounded continua; { X,} is a sequence of bounded continua, each of which 
separates A from B; X=lim supn..Xn; and X -(A+B)=0; then X separates A from B. 
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Examples to which the theorem is applicable are to be found in the 
literature. Here is another. Let a=0 and b=1, and T’ = {#’} be any nowhere 
dense closed set in ab. For each ?’ in T” let f(t’) be a circumference whose 
center is X» and whose radius is ?’; let f(0) = Xo and f(1) be a circumference 
with center Xo and radius 1. Let #,’ and #’ be any two points of T’ which are 
the end points of one of the open intervals whose sum is ab—T’. In the ring 
bounded by f(t’) and f(#’) place a spiral approaching the bounding circum- 
ferences asymptotically and for any ¢ between #,’ and #,’ meeting the circum- 
ference of radius ¢ and center Xo in a single point, which we take as f(é). 
Do this for each open interval of a)—T’. Then f(#) is a minimal upper semi- 
continuous function and M=F(01) is irreducible between Xo and X,. 

Let us now turn to the hypothesis that 7” is totally disconnected. It 
is clear that, if f(t) is merely upper semi-continuous in ab, there may be a 
sub-interval cd such that for every ¢ in cd, X;, separates X, from X,. A set 
of concentric circumferences is an example, but in this case f(¢#) would not be 
a minimal function. If it is impossible for f(¢) to have this quality and for 
T’ at the same time to contain an interval, the hypothesis is redundant; 
on the other hand, the conclusion of the theorem may be true even if the 
hypothesis is not satisfied. Two examples bearing on these points will be 
given. 

6. Example I.j Let K; and L; denote two simple closed plane curves 
having one common point x; and let K;—x; lie within Z;. The union of 
K;,+JL; and the complementary domain whose frontier is this continuum 
we call a crescent and we denote it by C;. The point x; will be called a cut 
point. 

Let R be a circular ring bounded by two concentric circumferences K 
and L, K being the smaller. It is easy to show that, if m is any integer, we can 
construct m crescents C,,C,, - - - ,C, in R which satisfy the following require- 
ments. No two of the sets C; have common points. R—}°[C;] consists 
of n+1 rings (not necessarily circular) Ro, R,, - - - , R,» whose frontiers are 
K+K,, £,+Ke,---, respectively, and each of these 
rings has in common with every radius from the common center E of K 
and Z a segment of uniform length w, which may be called the width of the 
ring. If EZ is taken for the pole of a system of polar coérdinates, the vectorial 
angle @ of each cut point x; is 27i/n. Finally this construction can be 
repeated in each of the rings {R;}. 

Set up a system of polar coérdinates (r,6), where @ is measured in terms 


t+ This is a modification of a continuum previously described by the author: A curious irreducible 
continuum, Bulletin of the American Mathematical Society, vol. 32, pp. 679-681. 
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of 27 as a unit. Let O<S#S1. Let Xo=f(0) and X,=f(1) be the circum- 
ferences r =1 and r =2, respectively, and let Ry be the ring bounded by these. 
As described in the previous paragraph, construct in Ry two crescents C, 
and C2, whose frontiers are Xo,;=K,+JL, anc Xo2=K2+J: and which divide 
Ry into three rings Roo, Roa, and Ro,2, each of which has the width ¢,. Set 
Xoa=f(i/3) and Xo2=f(2/3) and let the cut points of C, and C2 have @ 
equal to 1/2 and 1, respectively. 

In construct four crescents Co,1, Co,2, Co,s, and Cos, which divide 
Ro,o into five rings Ro,o,0, Ro,o,1, Ro,o,2, Ro,o,s, Ro,o,4, each of width e,, and whose 
cut points have @ equal to 1/4, 1/2, 3/4, and 1, respectively. Let their 
frontiers be Xo,0.1=f(1/15), Xo,02=f(2/15), Xo,03=f(3/15), and Xoo4= 
f(4/15). In the same way treat Ro, and Ro », getting f(6/15), f(7/15), 
(8/15), (9/15), f(11/15), f(12/15), f(13/15), and f(14/15). 

In each of the 15 rings thus formed construct 8 crescents whose frontiers 
are f(1/135), f(2/135), --- , f(8/135); f(10/135), ---, f(17/135); - -, 
(134/135). In each of these 15 rings let the cut points have @ equal to 
1/8, 1/4, 3/8, 1/2, 5/8, 3/4, 7/8, and 1. 

Let this process be continued indefinitely; it is clear that the sequence 
€,, €, converges to zero. This defines X =f(¢) for any rational 
of the form ~/g, where ? is relatively prime to g and q is one of the integers 
3, 3-5, 3-5-9, 3-5-9-17, etc. Any other ¢ is the divisor of a decreasing se- 
quence of intervals di, d2,---, of lengths 1/3, 1/15, 1/135, etc., and to 
each of these corresponds a definite ring of widthe; lying between the crescents 
corresponding to the end points of the interval. Let the divisor of such a 
sequence of rings be f(é); it is obviously a simple closed curve. 

The construction insures that f(é) is upper semi-continuous. It is obvious 
that any continuum P joining X» to X; contains all the cut points. 
As these are everywhere dense with respect to 6 in each ring, they are every- 
where dense in M=)°>[X]. Hence P=M and M is irreducible between Xo 
and X;. Hence also f(¢) is a minimal function. 

Thus we have an example where f(é) is a minimal upper semi-continuous 
function defined over an interval ab and for every ¢ between a and 6 the 
corresponding element separates f(a) from f(b). That is, the hypothesis in 
the theorem of §5 that the set of points 7’ be totally disconnected is not 
redundant and the conclusion of this theorem may be valid with this hypo- 
thesis omitted. We now proceed to construct an example which shows that 
this last situation does not always happen. 

7. Example II. Asa preliminary we state several facts regarding bounded 
continua which are either well known or easily demonstrated from known 
theorems. 
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(a) For the sake of brevity later a bounded plane continuum F which 
has precisely two complementary domains R and S and is the frontier of 
both of them will be called a continuum of type a. For such a continuum 
and for any e>0, there exist simple polygons P andP’ in R and S, respectively, 
which have these properties: R+F lies in the interior of P’; P+P’ cV.(F), 
Fc V.(P), Fc VP’); the rings between P and F and between F and P’ 
contain no circle of diameter e; and the ring between P and P’ contains no 
circle of diameter 2e. (The notation V.(F) means the set of all points whose 
distances from F are less than e.) 

(b) It is possible to construct an indecomposable continuum K of type 
a such that there is no continuum C joining a point of R to one of S such 
that C-K is a proper sub-continuum of K. In other words C-K is always 
disconnected or identical with K. Such continua will be referred to later as 
of type B.T 

(c) Let {F;} and {G;} be two sequences of continua of type a having 
the following properties. If i<z’, let F; lie in the interior of Fy, i.e., in the 
bounded complementary domain. Let every F; be in the interior of every 
G;. If i<i’, let G; lie in the interior of G;. For every e>0 let there be an io 
such that for every i>io, Fi:c¢ V.(G;), G:¢ V.(F;), and the ring H; whose 
frontier is F;+G; contains no circle of diameter e. Then, if H=]]7 [Hi], 
H is a continuum of type @ separating every F; from every G; and H= 
lim; F; =lim;.. 

(d) Let P and P’ be simple polygons, let P be in the interior of P’, and 
let R be the ring between them. Then, for every e>0, there is an integer 
n, such that there are m polygons {P;} dividing R into m+1 rings, such 
that no ring contains a circle of diameter ¢, each ring is contained in an 
€-vicinity of each of the polygons which bound it, and, if we set Po =P and 
every V(Pix:) and every Pi4:¢V.(P;), 1, 2,---, 

We are now ready to proceed with our construction. Let K be a continuum 
of type 8, let P’ and P” be simple polygons, let P’ be in the interior of K 
and K in the interior of P’”’, and let T be the ring between P’ and P”’. 

Let C be a circumference of center E and radius 1. Let 0<e,<1/4. 
Let Co=E and Ci,C2, ---, Cna,=C be a set of concentric circumferences, 


{7 It is natural to infer that any indecomposable continuum of type @ is necessarily of type 8. 
That this is not true may be seen from the following modification of the continua of Wada, the idea 
for which is due to a suggestion by H. M. Gehman. Let C’ and C”’ be two circumferences, C’ being 
within C’’, and let L be a segment joining C’ and C’’. Let the simply connected region whose frontier 
is C'+C’’+L be the “island” of K. Yoneyama (Téhoku Mathematical Journal, vol. 12, pp. 60-62), 
the interior of C’ be the “lake of fresh water,” and the exterior of C’’ be the “sea.” If “canals” are 
constructed as described by Yoneysma, the resulting indecomposable continuum is of type a, but 
not of type 8. For the constituent containing L is accessible from both of the complementary domains. 
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each within the following and having a distance from the two adjacent ones 
less than ¢. Put © in a homeomorphism with each of the m,:—1 circular 
rings thus determined and let K;, 1=1, 2, - - - , m1—1, be the image of K. 
Set Ko=E and Ky,=C. For each i<m, and V,(K,), 
where 7:=2¢. Moreover, the point Ko=£ and the continua Ki, Ko, -- -, 
K,,-1 divide the interior of C into m rings Ro, Ri, Re, - - - , Rn,-1 no one of 
which contains a circle of diameter 7. At the same time divide the interval 
0 into m equal intervals Do,D,, De, - - - , Dn,-1 by the points ¢1,¢2, - , 
Cn,-1 and set co=O0 and ¢,,=1. For each point ¢=c;, set f(c;)=K;. We note 
that this also establishes a correspondence between the intervals {D;} and 
the rings {R;}. 

For some positive €<4e, and some integer m2 there can be constructed, 
in each ring R;, m2 simple polygons dividing it into m,.+1 rings in such a 
manner that, if all the me polygons and the continua {K;} are taken in 
order starting from Ko=£, each polygon or continuum is contained in an 
€:-vicinity of the one preceding and the one following and no ring contains 
a circle of diameter &. This is a consequence of (a) and (d), above. Each 
ring R; contains m2—1 rings bounded by polygons. Put I ina homeomorphism 
with each of these and let the images of K be {K;,;}, 7=1, 2,---, m—1. 
Set Ki0=K; and Kin. = If Ne = each is in an Ne- 
vicinity of K;,;41 and of K;,;1. Moreover, the mz continua {K;,;}, i=0, 
1, 2,---, m—1, 7=0, 1, 2,- +--+, divide the interior cf C into mm, 
rings Ro,o, Rox, +, Rnj-1,n.-1 nO one of which contains a circle of diameter 
ne, and the frontier of each R;,; is K;,;+Ki,j4:. At the same time divide 
each of the intervals D; into me equal intervals {D;,;},.j=0, 1, 2,---, 
n2—1, by the points ¢;,1, Ci2, For each point c;,; set f(c;,;) = 
K;,;,i=0, 1, 2,---,m—1, 7=0,1,2,---+,m.—1. This also establishes a 
correspondence between the intervals { D;,;} and the rings { R;,;}. 

Now take ¢;<}¢ and continue this process indefinitely. If ¢ is one of 
the division points ¢;,;,x, Ci,;,%,., etc. set f(#) equal to the corresponding 
Ki.,;,x, Ki,j,x,1, etc. Any other point ¢ is the divisor of a decreasing sequence 
of intervals D;, D;,;, Di,;,x, etc., to which corresponds a decreasing sequence 
of rings R;, R;,;, Ri,;,x, etc., whose divisor is a continuum. This continuum 
we set equal to f(#). It is clear from the construction that, if M=)>[f(é)]= 
F(01) and C’ denotes the sum of C and its interior, M =C’. 

Let us now consider the nature of f(#). Since €,—0, it follows from the 
construction and (c) above that f(¢) is not only upper semi-continuous, but 
continuous for each ¢ not a division point ¢;, ¢;,;, ¢:,;,x, etc. This is also true 
at the division points, for any such point, as c;,;,,, can be regarded as the 
divisor of the sequence of intervals 
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- Ci,j,e,1, etc., and the sequence of rings bounded by the pairs of continua 
corresponding to the end points of these intervals with their frontiers satisfy 
the hypotheses of (c). It also follows from (c) that, if ¢ is different from 
0 and 1, f(#) separates f(0) from f(1). 

Let g(t) f(t) and be upper semi-continuous in (01) and let V =>> [g(¢)]. 
The sets of continua K;, K;,;, K;,;,x, etc. were constructed so as to be every- 
where dense in M. Hence, if M# N, there is some K containing points not 
in NV. Let this K be f(r); then g(r)# f(r). This gives us a continuum JN joining 
the interior of f(r) to the exterior and having in common with f(r) a proper 
sub-continuum g(r) of f(r). This is impossible by (b) above since each K 
is of type 8. Therefore M=N;; i.e., g(t) =f(t) at every point and f(t) is a 
minimal upper semi-continuous function. As M fills a part of the plane, it is 
not an irreducible continuum. 

8. Remarks. As already stated, the construction of Example II shows 
that, if f(t) is a minimal upper semi-continuous function defined over an in- 
terval ab, M = F(ab) need not be irreducible between X, and X,, even though 
M isa plane continuum. The example can be easily modified to give a similar 
construction in space. Whether such an example can be constructed 
in space without the use of cyclic continua is an open question. An example 
of a continuous decomposition of an irreducible continuum into elements 
none of which are points, communicated to the author by Dr. Bronislaw 


Knaster, makes it seem probable that a decomposition similar to that in 
Example II can be arrived at without the use of indecomposable continua. 
Finally, this example justifies the last sentence in §2. 
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THE ASYMPTOTIC LOCATION OF THE ROOTS OF A 
CERTAIN TRANSCENDENTAL EQUATION* 


BY 
RUDOLPH E. LANGER 


The determination of the characteristic values in many boundary prob- 
lems associated with differential or integral equations depends upon the loca- 
tion of the roots of an equation of the form 
(1) | + = 0. 

The symbol |a;;| is used here to designate the determinant of order m with 
general element a;;. In expanded form the equation (1) may be written 


(2) = 0, 


where each B; is a combination of the values A;, and w, is expressible in 
terms of the coefficients ¢;;, ;;. 

The following are the hypotheses to be made concerning equation (1): 

(i) the exponents A; are complex constants; 

(ii) the functions ¢,,;(A), ¥:;(A) are such that the coefficients w,(A) of the 
equation in the expanded form (2) are analytic for |A| sufficiently large, 


and are of the form 
(3) = A” [ar], 


where is real and a; is a constant not zero. If vis not an integer, is taken 
to mean exp (v log A), the principal value of the logarithm to be chosen. 

The symbol [a,] in (3) designates a quantity a,+e(A), where (A) is 
used as a generic designation for a function which is analytic for |\| suffi- 
ciently large and which approaches zero uniformly as |A{—>0. 

The equation of the type (1) either in form (1) or form (2) has been ex- 
tensively studied under hypotheses of varying degrees of restrictiveness, 
by Tamarkin,} Wilder,{ and Pélya and Schwengeler.§ Ofthese, the two last 


* Presented to the Society, March 30, 1929. Received by the editor of the Bulletin in March 
1929, accepted for publication in the Bulletin, and subsequently transferred to these Transactions. 

t (1) Some General Problems of the Theory of Ordinary Linear Differential Equations etc., Petro- 
grad, 1917 (in Russian), also (2), Mathematische Zeitschrift, vol. 27 (1927), p. 24. 

t These Transactions, vol. 18 (1917), p. 415. 

§ Pélya, Sitzungsberichte der Bayerischen Akademie, Miinchen, 1920, p. 285. 

Schwengeler, E., Geometrisches iiber die Verteilung der Nullstellen etc., Ziirich, 1925. 
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named focus the attention in large measure upon ¥e geometric determination 
of the configuration of regions in which the root @pf the equation are located. 
They consider the case in which the coefficients &te polynomials; a restriction 
which would appear from the following discussion to be unessential. The 
present note is intended as a brief analytic rather than geometric discussion. 
The final result is more precise than that obtained by Schwengeler.* The 
deductions are based directly on the work of the other authors cited above. 
This work thus appears, indeed, to include in large measure the analytic 
deductions on the location of the roots made subsequently by Schwengeler. 

The constants A; are by hypothesis complex. We designate by s1, me, 

- + + ,m, the distinct values of the set (arg A ;) arranged in the order 


OS 


The restriction of the values y; to the interval (0, 7) is unessential, inasmuch 
as the multiplication of the jth column of equation (1) by exp (—A4A)) 
leaves the type of the equation unchanged and substitutes (— A,) in the réle 
of A;. We redesignate now by Axx, k=1, 2,---, those of the quantities 
A; with argument ys, arranging them in the order 


The rays 


proceed with / in clockwise succession in the \ plane, and are followed in this 
succession by the rays 


(4’) argA = — Mn 


We shall confine the attention to a sector S, enclosing a single one of the rays 
(4), (4’), ie. 


(5) = bes 


and defined by the relations 

Sei: —petne 2 arg» ~ — + 
where 7, 7-41 are positive constants chosen sufficiently small but otherwise 
arbitrary. The character of equation (1) in sector S, is typical of its character 


* Cf. Schwengeler, loc. cit., p. 48, and the final theorem of this note. 
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in any analogous sector associated with another of the rays (4) or (4’). The 
deductions for sector S., therefore, reveal the facts for the entire \ plane. 

If the determinant in equation (1) is expanded the equation may be 
written in the form 


L P 
(6) = 0, 


l=0 p=1 


in which the constants K, are linear combinations with coefficients 0 and 1 
of the quantities A,., 4c, and the constants K; are similar combinations 
of the quantities A... We may choose the subscripts, moreover, so that 


0 = Ky <| Kil <---<|Kz|. 


Inasmuch as the quantities R(AA,,),* with 4c,maintain their signsthrough- 
out the sector S,., the order by numerical magnitude of the quantities 
R(AK; ) is fixed for \ in the sector. If we suppose then that the subscript 1 
is assigned so that 


2 
and divide equation (6) by exp (AK/) we have 


L P 
(7) Det + = 0, 


p=2 
where and H,=K, —Kj. In S, we have then 
(8) R(AH,) < 0. 
Let /’ and /’’ be defined now by the relations 
=0 for/ <I’, and/>1", 
wy ww 
and let the sector S. be divided into sub-sectors S., and S.2 as follows: 
Seo: + — we — argn > + — Meri + 


We observe then readily that if 7. is chosen sufficiently small we have in 
Sa because of (8) 


(9) exp (AK1) = wz,[0] exp (AKi,) (p = 2,---, P), 


* The symbol R(x) designates “the real part of x.” 
{ In the simplest case we should have /’=0, /’’=L. 
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for any values of / and /,. Equation (7) may be written, therefore, in the form 
ve 


(10) [1] = 0, in sector Ser. 
In the sector S.2 on the other hand relations (9) are valid only for /Sh. 
We have, however, further in this case 


w; exp = w:,[0] exp (AKi,), for 1 < 


and hence we may write the equation after division by exp (AKv-) in the form 


L P 
(11) wre(A) [1] + Dow, (A) [1] exp (Af Ki — Kv + = 0. 
l=l’? pm? 

If l’’=L the left member of this consists of its first term alone, and because 
of (3) there will be no roots of the equation in Ss for |\| sufficiently large. On 
the other hand if /’ <L the equation (11) is of precisely the original type (6) 
and we may repeat the foregoing discussion. The sector S, and the ray (5) 
must be replaced in their réles by the sector S.2 and the ray 


(12) arg = + — 
where yz is the largest value of the set 
arg {Ki— + H,}, 


and the quantities \K, must be replaced by those of the quantities \{ Ki—Kv- 
+H,} whose real part vanishes on the ray (12). We find from a repetition of 
the argument then that in a sector enclosing the ray (12) the equation is 
again of the general form (10), and that the remaining part of S.2 is either 
devoid of roots for |\| sufficiently large, or else that a further repetition of 
the procedure leads to a third ray to be considered. In any event the number 
of rays thus found in S, and hence in the entire plane is finite. Every such 
ray is determined by a relation 


(13) R(AQ) = 0, 
where Q is formed by linear combination with coefficients 0, 1, and —1, from 


the values A; of equation (1), and in an arbitrarily small sector enclosing such 
a ray the equation is of type (10), i.e. in virtue of (3) of the form 


(14) [am = 0, 


m=0 


Excepting in these small sectors the equation has no roots for |) | sufficiently 
large. 
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The location of the roots of the equation (14) remains to be determined, 
and to this end we quote the following theorems which deal with the equation 
in certain specialized forms. 


TueoreM A.* Jf B and K are real, B>0, then for |p| sufficiently large the 
roots pm of the equation 


(15) [a1] + pX[az]e® = 0 
are asymptotically spaced along the curve 


(16) 


and 


Moreover if p remains uniformly away from the roots of (15) then the left 
hand member of the equation is uniformly bounded from zero. 


We note that for |p| sufficiently large one branch of the curve (16) lies 
entirely within an arbitrarily small sector about the positive axis of imagi- 
naries and approaches parallelism with this axis, while the other branch is 
similarly located with respect to the negative axis of imaginaries. 

THEOREM B.}{ [f the constants B; are real and 


then for |p| sufficiently large the roots of the equation 


J 
(17) > bo 0,40, 


j=0 
lie in the strip bounded by the lines 
(18) R(e) = +, 


where c is a suitably chosen real constant. The number N of rootst lying in any 
interval of this strip of length | satisfies the relation 


Byl/(2m) — (J +1) S N S Byl/(2e) + J + 1). 
Moreover if p remains uniformly away from the zeros of the equation (17) the left 
hand member of the equation is uniformly bounded from zero. 


* Wilder, loc. cit., pp. 424, 425. Tamarkin, loc. cit. (1), pp. 284-289. This theorem and Theorem 
B are proved by the authors cited under the hypotheses that K is aninteger and that [a]=a+E(p)/p, 
where E(p) is bounded for |p | sufficiently large. Their proofs, however, are still valid with the more 
general hypotheses of this paper. 

+ Wilder, loc. cit., p. 421-423. Tamarkin, loc. cit. (1), pp. 168-173, (2), pp. 27-29. 

§ Counted with their multiplicities. 


pB =1, 
Ki — je 
p 
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We consider now the transformation of this theorem by means of the 
substitution 


(19) logy, 


in which @ is a real constant and the principal value of the logarithm is to 
be understood. The region into which (18) is transformed is bounded by the 
curves 


(20) | | = et, 


It is readily shown to be a strip asymptotically of constant width 2c, and, like 
the curve (16), approaching parallelism with the axes of imaginaries. 

If we designate by p’ and p”’ the real and imaginary parts of p, with 
corresponding notation for yu, the relation (19) may be resolved into the 
equalities 


p we’ + oargu. 


From the first of these we obtain, upon dividing it by |u|, restricting 
p to the region (18), and allowing |u| to increase indefinitely, the result 
u’/|\w|0, ie. arg u>+7/2. It follows readily that the portion Tz,: of 
region (20) which lies between the arcs |u|=R, and |y|=R+1, is asymp- 
totically congruent, as Ro with / fixed, to the corresponding portion 
of strip (18), and this in turn approaches conformity with a piece of the strip 
of length /. Moreover if u; and pe lie in Tp,,and correspond to p; and pe, then 
clearly 


(p2 — pi) — (ue mi) 70, as 


Hence when R is sufficiently large any two points of Tz,, at a distance greater 
than 6 from each other correspond to points of strip (18) which are at a 
distance greater than 36 from each other. Inasmuch as a function ¢(p) 
clearly becomes a function ¢(u) we may state the following theorem in which 
we have again replaced the u of the preceding discussion by p. 


TueorEeM C. If 0=B)<Bi< --~- <B,, and is real, then for |p| 
sufficiently large the roots of the equation 


J 
(21) Dd = 0, bo ~0, ¥0, 


i=0 


lie within the strip bounded by a pair of curves (20). The number N of roots 
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Lying in a portion of this strip cut out by a pair of arcs |p|=R, and |p|=R+, 
where lis fixed, satisfies when R is sufficiently large the relation 


Byl Byl 
+1). 
2a 


Moreover if p remains uniformly away from the zeros of (21) then the left hand 
member of the equation is uniformly bounded from zero. 


Consider now the equation of type (14), i.e. 
M - 
(22) = 0, 
m=0 


in which the constants C,, are real and 0O=C)o<Ci<---<Cn. Since 
multiplication of the equation by any power of p is permissible we may 
suppose vp=0. Let o; and m, be determined by the relations 


for 1sm<m, 
=0o,, for m =m, 
<o,, for m>m,*, 
and choose 7, so that for every m2 1 
either Ym/Cm = 01 


or Vn/Cm < 61 — 
Further let S, designate the region bounded on the left by any ray through 
the origin with argument between 7/2 and 7z, and on the right by the curve 
(23) | = em. 
In the region S, we have 
{ Cm if o; = vm/Cm, 

[0], if > vm/Cm. 
Hence in S; the equation (22) is of the form (15) or (21) and its roots are 
located as described in Theorem A or Theorem C. 


On the other hand in any region S; bounded on the left by the curve (23) 
we have 


p’merem = { 


prmerCm = for m < mi. 


Hence equation (22) is of the form 


* In the simplest case we should have m=M., 
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M 

= 0, in So, 
where =V¥m—Vm,, and Cn If m,=M this latter equation has no 
roots for |p| large. On the other hand if m,<M the equation is precisely of 
the type (22) and the discussion applied above to S; may be repeated for So. 
The roots of equation (22) are thus found to be confined to a finite number of 
strips of the type (20). 

Lastly to apply to equation (14) the results obtained for equation (22) it 

is necessary only to set 


i= pe-~* argQm | 


In conclusion we state, therefore, the following theorem. 


Tueorem. For |\| sufficiently large the roots of equation (1) lie within 
arbitrarily small sectors each containing a ray (13). Within each of these sectors 
the roots are further confined to a finite number of strips which are asymptotically 
of constant width and approach parallelism with the ray (13) enclosed in the 
sector. The number of roots N, counted with their multiplicities, which lie in any 
portion of such a strip bounded by a pair of arcs |A|=R, and |A|=R+, 
satisfies, for R sufficiently large, a relation 


al—BSZNZal+8, 


in which a and B are suitably determined constants. Moreover if \ remains uni- 
formly away from a root of equation (1) the left hand member of the equation is 
uniformly bounded from zero. 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 
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NETS WITH EQUAL W INVARIANTS* 


BY 
V. G. GROVE 


1. INTRODUCTION 


Let S, be a non-developable surface in a projective space of three dimen- 
sions. On S, let there be given two one-parameter families of curves such that 
one curve of each family passes through each point y of S,, the two tangents 
being distinct. Such a set of curves will be called a met of curves. According to 
this agreement a conjugate net is a net. If, at any point of the discussion, 
the given net is conjugate, we shall explicitly call the net a conjugate net. 
Moreover we shall assume that the given net is not the asymptotic net. 

The object of this paper is to generalize the property of isothermal- 
conjugacy in the sense that a certain property is to be defined for any non- 
asymptotic net, which property is isothermal-conjugacy if the net is conju- 
gate. Without loss of generality we may assume that the given net has been 
made parametric. Let y“) =y)(u, v), k=1, 2, 3, 4, be the parametric equa- 
tions of S,. Let Z“ =c), k=1, 2, 3, 4, be the codrdinates of a fixed point not 
- lyingin the tangent plane toS, at y. Under these conditions the four functions 
y and the four constants ¢ satisfy a system of differential equations of the form 


Yuu = aD yy + + + 
Yur = al yy y, + 4+ 
= a2) y,, + + 


2, = 8, = 0. 


(1) 


The coefficients of system (1) satisfy the following integrability conditions:T 


a2) — 4 — 4 = Q, 
— 6,0) 4 (642 — — — = Q, 
— + 4 (602 — — = Q, 


— + 4 — — pange” 


(2a) 


* Presented to the Society, September 8, 1927; received by the editors September 12, 1928, and 
(revised) May 28, 1929. 

+ G. M. Green, Memoir on the general theory of surfaces and rectili congruences, these Transac- 
tions, vol. 20 (1919), p. 150. 
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— 4 4 (p22) — — 4 = Q, 
(2b) — 6,02) 4 — — = Q, 


— 4 4 (422) — — = Q, 


d + at2))q (2) 6012) q (22) = 0. 
For convenience we adopt the following notation: 


B= a0) y = 60) — 
= cl) — acid, 
(3) 


a! = = — = 902) — 


1 , 
= — ; 


a = = — ¢ = G2) — gh@®), = cA — 


(4) 


= | c= ad’ = 


We assemble at this point certain formulas which will be useful in our 
discussions: 
K =6 + yay + B) + ay — Ye, 


= é + 8B’(a’B + y’) + a’B! — By 


(6) H=K-Bi K’=H'+Bi 


oD = — K+ (1+ — y.) = K — K’ + — ye) ; 


(8) W™ = + (¢/a)u, W = — dy. 


From system (1) we note that the parametric net is conjugate if d“*) =0. 
Hence for conjugate nets we have a=a’ =0. 

The functions (3) to (8) have been chosen to satisfy the following con- 
ditions: 

(a) Parametric net non-conjugate: The functions a, B, y, 5, a’, 4’, 
+’, 5’ are identical with the like named functions of Green’s paper.* The func- 
tions K and H’ are the same, except for a factor, as the functions / and k’ 
respectively. The functions W™ and W“ are the negatives of like named 
functions of Green’s paper just cited.{ 


* G. M. Green, Nets of space curves, these Transactions, vol. 21 (1920), p. 121. Hereafter referred 
to as Green, Nets. 

¢ Green, Nets, pp. 216-217. 

t Ibid., p. 223. 
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(b) Parametric nets conjugate: The functions a, b, c, d, b’, c’, d’ are the 
same as the like named coefficients of system (16) of Green’s first memoir on 
conjugate nets.* The invariant H=H’, K=K’, D, W™ and Ware the 
same as the functions of like notation in the theory of conjugate nets. 

In the usual way, we may show that the developables of the ray con- 
gruence correspond to the net defined by equating the quadratic differential 
form 


(9) aHdu? — Ddudv — K'dv? 
to zero. The developables of the axis congruence correspond to the net de- 
fined by equating to zero the quadratic differential form 
(10) +W™)dv? — —- 
— 2B! + |dudv — (H’ + W)do*. 

The asymptotic net is defined by equating the form 
(11) adu? + 2a'dudv + dv? 
to zero. 

We shall say that a net has equal point invariants of the first kind if 
(12) H-K=0. 

If we compute the harmonic invariant of the quadratic forms (9) and (11), 
we find that the ray curves form a conjugate net if and only if the given net has 
equal point invariants of the first kind. Conjugate nets, therefore, with equal 


point invariants of the first kind have equal point invariants in the usual sense. 
The axis curves form a conjugate net if and only if the invariant 


(13) WM -W”+K—H 


vanishes. 
2. NETS WITH EQUAL W INVARIANTS 


We shall say that a net is an I net if 
(14) WO —-W™ =0. 


Evidently if a net is a conjugate I net it is an isothermally conjugate: net. 
From (12) and (13) we observe that if a net has two of the following properties 
it has the third also: its ray curves form a conjugate net; its axis curves form a 


*G. M. Green, Projective differential geometry of one-parameter families of space curves and 
conjugate nets, first memoir, American Journal of Mathematics, vol. 37 (1915), p. 221. | Hereafter 
referred to as Green, Conjugate nets, I. 
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conjugate net; it is an I net. If the net is conjugate, this theorem is the familiar 
theorem concerning isothermally conjugate nets.* 

From (14) we obtain what might be called a generalized theorem of 
Demoulin and Tzitzéica: If the tangents to the curves of a net form W con- 
gruences, the net is an I net. 

Let us call a net a non-harmonic net of the first kind ii 


(15) a(W” — W™ — + 2y,) = 0. 


It follows therefore that a non-conjugate non-harmonic net of the first kind is an 
I net if and only if it has equal point invariants of the first kind. A non-harmonic 
conjugate net is a non-harmonic net of the first kind. 

If we compare the quadratic forms (9) and (10), we observe that the only 
non-harmonic I nets of the first kind for which the axis curves coincide with the 
ray curves are those having equal point invariants of the first kind and the 
tangents to whose curves form W congruences. If the given net is conjugate this 
theorem becomes the familiar theorem of Greenf as corrected { by Wilczynski. 

We shall call a net a non-harmonic net of the second kind if 


(16) D0, a (W™ — W™ — + 27.) 0. 


If we impose the condition that the corresponding coefficients of the quad- 
ratic forms (9) and (10) be proportional, we find that 


WO = WO + 
— By + — 0) 
Wo — Wo — +27, 


H = H' 


K = K'= 


D = a’ (By 


In this case the ray and axis curves coincide with the curves defined by the 
differential equation§$ 


(18) +6! — 7,)du? — — 
— + 2y.)dudv — (W™ — Bs + y.)dv? = 0. 


*G. M. Green, Projective differential geometry of one-parameter families of space curves, and 
conjugate nets on a curved surface, second memoir, American Journal of Mathematics, vol. 38 (1916), 
p. 320. Hereafter referred to as Green, Conjugate nets, IT. 

t Green, Conjugate nets, II, p. 322. 

t E. J. Wilczynski, Geometrical significance of isothermal-conjugacy of a net of curves, American 
Journal of Mathematics, vol. 42 (1920), pp. 211-221. Hereafter referred to as Wilczynski, Nets. 

§ Green, Nets, p. 235. We call attentior to the error in Green’s theorem immediately above 
formulas (89). The words “and only if” should be deleted from the statement of the theorem. 
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A net shall be called an harmonic net if and only if the ray and axis 
tangents separate harmonically the tangents to the curves of the net. Hence 
the parametric net is harmonic if and only if 


(19) D=a(W™ — W™ — + 27.) = 0. 


An harmonic conjugate net is an harmonic net.* 
The axis and ray curves of an harmonic net will coincide if and only if 


(20) A(H’+W™) = K(K+W™). 


It follows therefore that if a net is an harmonic net with equal point invariants 
of the first kind, the axis and ray curves will coincide if and only if the given net 
is an Inet. Conversely if a net is an harmonic net whose ray and axis curves 
coincide, then the net is an I net if and only if it has equal point invariants of the 
first kind. 


3. EQUAL POINT INVARIANTS OF THE SECOND KIND 


A net shall be said to have equal point invariants of the second kind if the 
invariant H—H’ vanishes. Formulas (5) and (6) imply that if H—H’ 
vanishes then K — K’ vanishes. It follows also from (5) and (6) that conjugate 
nets have equal point invariants of the second kind. Equations (17) show that 
non-harmonic nets of the second kind with coincident ray and axis curves have 
equal point invariants of the second kind. A non-conjugate I net with equal 
point invariants of the first and second kind is harmonic. In the next section 
we shall characterize geometrically nets having equal point invariants of the 
second kind. 

Let the parametric net be non-conjugate and have equal point invariants 
of the second kind. If use be made of (7), we find that the differential 
equations of the ray and axis curves may be written 


21) aHdu? — a'(B! — y,)dudv — Kdv? = 0, 
a(K + W™)du? + — W +B, — y,)dudo — (H + = 0, 


respectively. It follows therefore that the tangents to the curves of the axis 
(ray) curves of a non-conjugate net with equal point invariants of the second 
kind will separate the tangents to the curves of the given net harmonically if and 
only if the axis (ray) curves form a conjugate system. Conversely, we may show 
by means of (7), (9), (10), and (13) that if the axis (ray) tangents of a non-con- 
jugate net separate the tangents to the curves of the given net and asymptotic 


* Wilczynski, Nets, p. 215. 
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tangents harmonically, the given net has equal point invariants of the second 
kind. We may summarize our results in the following theorem: 

If a non-conjugate net has any two of the following properties it has the third 
also: its ray (axis) curves form a conjugate net; its ray (axis) tangents separate 
the tangents to the curves of the net harmonically; it has equal point invariants of 
the second kind. 

Suppose that the given net is a net of plane curves. It follows that 


K+wM=0, H+W™=0. 


Therefore if a netof plane curves has equal point invariants of the first and second 
kind it is an I net. In case the net is conjugate this theorem becomes the 
theorem of Green:* a conjugate net consisting of plane curves is isothermally 
conjugate if and only if it has equal Laplace-Darboux invariants. More- 
over, if a net is a non-conjugate net of plane curves with equal point invariants 
of the first and second kinds it is harmonic. 


4, THE ASSOCIATE CONJUGATE, ANTI-RAY AND ANTI-AXIS TANGENTS 
The associate conjugate net of a given net has been defined by Green} 
to be that net the tangents to whose curves are the double rays of the in- 
volution determined by the asymptotic tangents and the tangents to the 
curves of the given net. The associate conjugate net of the parametric net is 
defined by the differential equation 


(22) adu? — dy? = 0. 
The associate conjugate net of the net (22) will be called the second associate 


conjugate net of the given parametric net. The differential equation of this net 
is 

(23) a'du? + 2dudv + adv? = 0. 

The second associate conjugate net of a given net coincides with the net if 
and only if the given net is conjugate. The harmonic invariant of the quad- 
ratic form (10) and the quadratic form appearing in the left member of 
(23) is 

(24) — H’) — 20'(K — H)+®. 


In case the parametric net is non-conjugate, (24) may be written 
(aa’ — 1)(H — B’). 


* Green, Conjugate nets, II, p. 322. 
t Green, Nets, p. 213, Conjugate nets, II, p. 313. 
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Hence a necessary and sufficient condition that the axis tangents of a non- 
conjugate net separate the second associate conjugate tangents harmonically is 
that the given net have equal point invariants of the second kind. 

With Green* we may define the anti-ray net of any given net as that net, 
the tangents to whose curves are the harmonic conjugates of the ray tangents 
with respect to the tangents to the curves of the given net. The anti-ray 
net of the parametric net is defined by the equation 


(25) aHdu? + Ddudv — K'dv? = 0. 


We may similarly define the anti-axis net of a given net. The differential 
equation of the anti-axis net of the parametric net is 


(26) a(K + W™)du? + [D+ 0(W™ — W 
— + |dudv — (H’ + W)dv? = 0. 


The double rays of the involution determined by the axis and associate 
conjugate tangents of the parametric net are determined by 


(27) a[D +a'(W™ — W™ — 28) + 2y,) |du? + 2a(H’ — K 
+ — W™)duds + [D+ a'(W — W™ — 28) + 27,)] do? = 0. 


The double rays of the involution determined by the anti-ray and associate 
conjugate tangents of the parametric net are determined by 


(28) aDdu? + 2a(H — K’)dudv + Ddv? = 0. 


Let the parametric net be a non-harmonic net of the first kind. In that 
case the jacobians (27) and (28) coincide if and only if 


(29) 2(K’ K)+W™ =0. 


From (29) we have the theorem of Green and Wilczynski: A non-harmonic 
conjugate net whose axis tangents, anti-ray tangents, and associate conjugate 
tangents form three pairs of an involution at every point is isothermally conjugate. 
Moreover since a non-conjugate J net with equal point invariants of the first 
kind is harmonic, we may state the following theorem: 

If a net is a non-harmonic net of the first kind with equal point invariants of 
the second kind then the pair of axis tangents, the pair of anti-ray tangents, and 
the pair of associate conjugate tangents form three pairs of the same involution 
if and only if the given net is isothermally conjugate. 

Suppose that the parametric net is a non-harmonic net of the second 


* Green, Conjugate nets, II, pp. 309, 310. 


E 


852 V. G. GROVE 


kind with equal point invariants of the second kind. Under these conditions 
the jacobians (27) and (28) may be written 


a’du? + 2dudv + adv? = 0, 


(30) 
a'du? — 2dudv + adv* = 0, 


respectively. It follows therefore that the axis tangents, the anti-ray tangents 
and the associate conjugate tangents of a non-harmonic net of the second kind with 
equal point invariants of the second kind cannot belong to the same involution. 
The two nets (30) are the second associate conjugate net and the net obtained 
by harmonic reflection of the second associate tangents in the parametric 
tangents. 

In the last two theorems, as is the case in the theory of conjugate nets, 
the axis tangents may be replaced by the anti-axis tangents, and the anti-ray 
tangents by the ray tangents. 


MICHIGAN STATE COLLEGE, 
East LansInc, Micu. 


CONTRIBUTIONS TO THE GENERAL THEORY 
OF TRANSFORMATIONS OF NETS* 


BY 
V. G. GROVE 


1. INTRODUCTION 


Let there be given a surface S, in projective space of three dimensions. 
Suppose that on S, we have two one-parameter families of curves such that 
through each point of S, there passes one curve of each family, the two 
tangents being distinct. Such a set of curves will be called a net V,. Suppose 
that through each point y of S, there passes a line g of a congruence G, such 
that the developables of the congruence G intersect S, in the curves of the 
given net N,. Let S, be another surface in the same projective three-space, 
in one-to-one point correspondence to S,, corresponding points lying on the 
lines g of G. The developables of G intersect S, in a net N,. If neither NV, 
nor JN, is a focal surface of G, the nets NV, and N, have been called nets in 
relation C or C transforms.} If the nets N, and N, are conjugate nets in 
relation C, they are in the relation of a transformation F. 

In case NV, and N, are F transforms, the cross ratio C formed by the pair 
of corresponding points and the pair of focal points on the line joining them 
is a projective invariant.{ In case NV, and N, are C transforms, there exists, 
of course, a similar invariant,§ which we have denoted by R. It is the purpose 
of this paper to show that some of the theorems concerning the invariant C 
related to the transformation F are capable of generalization to the transfor- 
mation C and the associated invariant R. We also present a generalization of 
the transformation Q and its associated invariant H to our extended class of 
nets. 

Without loss of generality we may assume that NV, and N, are parametric. 
Let the parametric equations of S, and S, be 


= = (4,0) (k = 1,2,3,4) 


* Presented to the Society, September 6, 1928; received by the editors September 12, 1928, 
and (revised) May 28, 1929. 

t V. G. Grove, Transformations of nets, these Transactions, vol. 30 (1928), p. 483. Hereafter 
referred to as Grove, Transformations. 

t W. C. Graustein, An invariant of a general transformation of surfaces, Bulletin of the American 
Mathematical Society, vol. 30 (1928), pp. 122ff. 

§ Grove, Transformations, p. 493. 
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respectively. The four pairs of functions (y, z) satisfy a system of differential 
equations of the form* 


Yuu = au + By, + py + Lz, 
Yuv = Vu + by, + cy + Mz, 
You = + + Gy + Nz, 

Zu = MYu + fy + Az, 

2, = ny, + gy + Bz. 
- We shall denote the coefficients of the differential equations which y and z 
satisfy, when their réles in the formulation of system (1) are interchanged, 
by the corresponding primed letters. We shall refer the reader to the paper 
just cited for their valuest in terms of the coefficients of system (1). 


The coefficients a, 8, y, etc. satisfy certain integrability conditions of 
which we use the following: 


m, + a(m — n) — g = Am, 
(2) ny + b(n — m) — f = Bn, 
Av+ (n—m)M =0. 
From the integrability conditions, Green has shown that the following re- 
lation holds: 
(3) (a+6+ = (6+a+A)>. 


A similar formula exists for the primed letters arising when the rdles of y and 
z are interchanged. If we make the transformation 


y=, 2= 22, 
wherein 


4—logX =b+a+A, 4—logrt=a+56+B, 
Ou dv 


(mn)*!*, 


* Grove, Transformations, p. 484. 

t On account of the difficulty of printing the symbols used in the previous papers, we have 
changed our notation. In order to enable the reader to make the change readily, we give the following 
transformation scheme: 

B, L; a, b, M; y WN; m,f,A; m,g,B ) 
In case the letters of the first row are Greek, the corresponding letters below are primed. 
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the resulting system of differential equations satisfied by 9 and 2 will be such 
that 


(4) B +0'+4+A' =0. 
We shall hereafter assume that the two systems are such that equations (4) 
are satisfied. 

2. THE GEOMETRIC ADJOINED SYSTEM OF DIFFERENTIAL EQUATIONS 


The coérdinates of the tangent planes to S, and S, at corresponding 
points y and z may be taken to be 


Y =|y,9u,yo], Z=|2,2u,20| 


respectively. The system of differential equations of the form (1) satisfied by 
the four pairs of functions (Y, Z) has the coefficients a’’, B’’, y’’, etc. defined 
by the formulas 
dal’ = B’'LM + M(aM — aL + M,) — — BM — A'LN, 
dp” = A'LM + M(bL — BM +L.) — L(aM — aL + M,) — B'L’, 
da” = B'M* + L(aN — yM) — NL, + M(bN + M,) — A'MN, 
db” = A’M? + N(bL — BM) — LN, + M(aL — aM + M,) — BLM, 
dy" = B'MN + M(aN — yM + N,) — N(6M — bN + M,) — A'N?, 
di" = A'MN + M(6M — bN+ M,) — L(aQN — y¥M+N,) — BLN, 
L” = —L/(mn), M” = — M/(mn), N” = — N/(mn), 
dm” = nNL' — mMM', = nNM' — mMN', 
ds’ = mLN’ — nML’, dn” = mLN' — MM’, 
df” = — Am" — Bs", dg” = — Bn" — At", 
A" =—A', =—B', ¢=M*—LN. 
The system with coefficients (5) will be called the geometric adjoint of system 


(1). 

We have called nets V, and N, in relation L, or LZ transforms, if they are 
in relation C, and if the developables of the congruence of lines of inter- 
section of corresponding tangent planes to the sustaining surfaces correspond 
to these nets. The conditions that NV, and JN, in relation C be Z transforms 


mM N’' — nM'N = nL'M — mLM’ = 0. 
Let us interpret Y and Z as points instead of planes and denote by Ny 


* Grove, Transformations, p. 487. 
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and Nz the nets generated by them as y varies over S,. We see from (5) 
that if the nets N, and N, are in relation L, the nets Ny and Nz are in relation C. 
Similarly we may verify that if Ny and Nz are in relation L, the nets NV, 
and WN, are in relation C. The transformations C and L present a complete 


duality among the elements involved. 
Suppose the net Vy has equal point invariants of the first kind.* We shall 


say in this case that N, has equal tangential invariants of the first kind. The 
net NV, has equal tangential invariants of the first kind if and only if 


(7) (a”’ (b” B’"M"/L"), as 0. 
If use be made of formulas (5),equation (7) may be written in the following 


form: 


L 
(8) (0 yM/N)_ (6 BM/L). log (=) wt. 


Hence if N, has equal point and equal tangential invariants of the first kind it 
follows that 


(9) (=) 0 
auto 


Similarly if NV, has equal point and equal tangential invariants of the first kind 


log (=) = 0. 
Oudv 


Suppose now that NV, and N, are non-conjugate nets in relation L. It 
follows from (6) that 


L'/N’ = m*L/(n?N). 
Hence if one of the non-conjugate nets N, and N, in relation L has equal point 
and equal tangential invariants of the first kind, the other will have the same 
property only if L is the transformation} Kr. 
3. THE TRANSFORMATION Q. THE INVARIANT H 
Suppose that NV, and N, are in relation L. From (5) it follows that the 


focal planes of the line / of intersection of the tangent planes to S, and S, 
at y and z form with these tangent planes the cross ratio 


(10) H = m"/n" = nL'N/(mLN’), 


* V. G. Grove, Nets with equal W invariants, in the present number of these Transactions, 


pp. 845-852. 
¢ Grove, Transformations, p. 495. 
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whatever the character of the nets V, and N., provided of course neither is 
asymptotic. We shall say that V, and N, are in the relation of a transformation 
Qzy if they are in relation L and if 


(11) (log H)u» = 0. 


If N, and N, are conjugate nets in relation Q_, they are Q transforms in the 
sense of Eisenhart.* 

Consider now the product of the invariants} R=m/n and H. This 
product will be unity if and only if 


(12) L/N =L'/N’. 


We have therefore the theorems of Slotnick{: If two conjugate nets are in re- 
lation F, and the product of the invariants R and H is unity, the asymptotic nets 
en the sustaining surfaces correspond and conversely. And if one of two con- 
jugate nets in relation F is isothermally conjugate, the other is also if the product 
of R and H is unity. 

Suppose NV, and N, are non-conjugate and in relation L. From (6) we have 


M'/N' = mM/(nN). 
If RH =1, it follows from (12) that 


M'/L' = mM/(nL) = nM/(mL). 
Hence 
m? — n? = 0. 


Therefore if the product of the invariants R and H of non-conjugate nets in 
relation L is unity, the nets are either radial transforms or K_, and Q_, trans- 
forms. In this case the asymptotic net on S,(S,) corresponds to the harmonic 
reflection of that net in the parametric tangents on S,(S.). Conversely if the 
sustaining surfaces of non-conjugate nets in relation L are such that their 
asymptotics correspond to their harmonic reflections§ in the tangents to the 
curves of the given nets, the product of R and H is unity. The transformation L 
is therefore Q_1. 


* Eisenhart, Transformations of Surfaces, Princeton University Press, p. 134. 

t Grove, Transformations, p. 493. 

tM. M. Slotnick, A contribution to the theory of fund tal transformations of surfaces, these 
Transactions, vol. 30 (1928), p. 201. Hereafter referred to as Slotnick, Transformations. 

§ If it is understood that the harmonic reflection of the asymptotic tangents in the tangents to 
the curves of a conjugate net are these asymptotic tangents, the word “non-conjugate” may be 
deleted from these statements. 
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4. TRIADS OF NETS 


Let NV, and N, be nets in relation C. Define the net NV, by the formula 
= Oy, + + 2. 


One may readily verify that NV, will be in relation C to N, if and only if the 
functions ¢ and @ satisfy the following system of differential equations: 


oy + 0a + 0, — + 0M + B) = 0. 

Suppose that we have three nets V,, V., N, so related that N, and N,; 
N, and N,; N, and N, are C transforms in the pairs indicated,by means of 
different congruences G but the same congruences ZH. Such a triad of nets will 
be said to form an H triad. If the nets of an H triad are conjugate, the H triad 
is an harmonic triad of conjugate nets in the sense of Slotnick.* 

Let the transformations C transforming N, into N,; N, into N,; and 
N, into N, be denoted by Ci, C3 and C, respectively. We shall speak of the 
transformation C, as the product of the transformations C; and C; and write 

C2 = CiC3. 


The coérdinates y, z, » of corresponding points of an H triad satisfy the 
equations of the form 
= miyu + fiy + Zo = Myo + gry + Biz; 
(13) = mau + faz + Asn, Ny = + + Ban ; 
+ foy + Acn, Ny = Neyo + + Ban. 
From equations (13) we may derive the following relations: 
= fo/m2; = g2/m2; Ar = — fo/ms; Bi = — gs/ns. 
Hence if neither of the transformations C giving rise to an H triad is radial, 
and if one of the nets of the H triad is conjugate, the other two nets of the triad 


have the same property. 

Let Ri, R2, Rs be the three invariants R of the corresponding transfor- 
mations Ci, C2, Cs giving rise to an H triad. From the relations existing be- 
tween the coefficients of equations (13), one may readily prove that R,R;= R2. 
If the transformations C; are each also transformations L, we may prove that 
H,H;=Hz., wherein H,, H. and H; are the invariants H of the transfor- 
mations C,, C2 and C; respectively. 

We may define also a C triad as a set of three nets N,, N, and N, such that 


* Slotnick, Transformations, p. 195. 
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they are in relation C by means of the same congruence G but by different 
congruences H. We may prove that the invariants R; and H; of nets of aC 
triad satisfy the equation R,R;=R:, and, if the transformations C; are also 
transformations L, that H,H;=H:. We may state our results as follows: 
If the product of two transformations L is a transformation L the three nets in 
question form either a C or an H triad. In either case the invariants R and H 
of the product transformation are equal respectively to the products of the invar- 
iants R and the products of the invariants H of the two transformations. 

Other theorems similar in character to those arising in the theory of F 
transformations readily suggest themselves. We shall not enter into these 
details at present. 


5. RANGES OF NETS IN RELATION C 


Consider a net JN, in relation C to the net N, by means of a congruence 
G. Let N; be any other net in relation C to N, by means of the same con- 
gruence G. The net JN; is defined by the expression 


(14) 


where J is a given arbitrary function of u and v. The one-parameter family 
of nets N;,,) in relation C to NV, defined by 


(15) = 2 — hry, 


where / is a parameter independent of u and 2, will be called a range of nets 
in relation C to N,. 

As may easily be verified, the line of intersection of the tangent planes to 
the surfaces S, and S; at corresponding points y and ¢ intersect in the line 


joining the points 


AP 
(16) s+ 
m 


where 
r= yu + fy/m, S= ye + gy/n, 
P=f/m+A-—d/d, 
Hence the tangent planes to S, and S;,,) intersect in the line joining 


17 
an 


Referred to the tetrahedron y, r, s, z the envelope of the lines joining the 
points (17) is the conic 


(18) [(m — — — mP'x3|? + 4m(m — = 0, = 0. 


= s+ 
| 
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This conic is tangent to the parametric tangents at the points 
f nP Pp! 
(19) R= = )y. 
m—nN n—m™ 
Suppose that NV, is not conjugate. The points R and S will coincide with 
the points of intersection* of the line g’ in Green’s relation R to g if and only if 
An + f + a(m — n) — = 0,7 
Bm + g + b(n — m) — md,/d = 0. 


By means of the integrability conditions (2), these equations reduce to 


(20) 


(21) 


It follows therefore that 
(log = 0, 


and 

(22) \ = c'm = cn, 

where c and c’ are constants. Therefore R is a constant. The nets VN, and N, 
are consequently in relation Kr where R is a constant. From (22) it follows 


that 
m—-r m(i— 


Hence if the conic (18) is tangent to the parametric tangents at their intersection 
with the line g’ in Green’s relation R to g, the range of nets Ny,» is a range of nets 


in relation Kr to N, where R is a constant. 
In case N, and Ne,,) are radial transforms, the lines of intersection of 


corresponding tangent planes are lines of a pencil with vertex 
P'yu — Py, + (fP’/m — gP/n)y. 
This point will be indeterminate if P =P’ =0. Under theseconditions we have 
(23) = f/m +A d/h = g/n+B=m,/m. 
Since the integrability condition of (23) is satisfied it follows that 


\= cm 


where c is a constant. 


* Grove, Transformations, p. 491. 
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NOTE ON INTEGRO-q-DIFFERENCE EQUATIONS* 


BY 
C. RAYMOND ADAMS 


Introduction. We concern ourselves here with a functional equation in 
which the unknown function f(x) is subjected simultaneously to the q-differ- 
ence operator and to an integral operator of Volterra type; it may be written 


(A) = We) + f K(x, (nz 1), 
i=0 0 


and n will be spoken of as the order of the equation. Certain facts about the 
solutions of the equation of first order when |g| is <1 are already known, 
thanks to the work of Picone, Popovici, Nalli, and Tamarkin.{ It is not un- 
natural that these writers should have confined their studies to the real 
domain. 

Our purpose in this paper is to investigate the existence of solutions both 
in the complex and real domains for the equation of order m, including the 
case of |q¢| <1 and the essentially different case of |g|>1. There being major 
differences in the situation when 6(x) is not identically zero and when it is, 
we reserve the symbol (A) for the case of b(x) #0 and employ the designation 
(B) for the equation when b(x) is =0. The associated homogeneous q-differ- 
ence equation, to which (B) reduces when K(x, £) vanishes identically, we 
denote by (C). 

CoMPLEX DOMAIN 

1. In this part of our work we assume that the functions a;(x) and b(x) 
are analytict at x=0 and that K(x, £) is analytic at the place (0, 0); thus we 
have 

a(x) = a0 + aux + +--- (¢=0,1,---,), 
(1) b(x) = bo + dix + box? +---, 
K(x,£) = ko + kiox + 


* Presented to the Society, March 29, 1929; received by the editor of the Bulletin in April, 1929, 
and transferred to the Transactions. 

¢ Tamarkin, On Volterra’s integro-functional equation, these Transactions, vol. 28 (1926), pp. 426- 
431; references to the other authors cited may be found here. This paper will be referred to hereafter 
as [T]. To Tamarkin’s references may be added the recent note by Colombo, Su una classe de 
equazioni integro-funzionali a limiti variabili, Bollettino della Unione Matematica Italiana, vol. 7 
(1920), pp. 80-85. 

t Clearly it is no more general to allow the functions a;(x) and b(x) to have poles at the origin. 
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for |x|<R, |&|<R’. The constant g is understood to be ~0 and of modulus 


~1. 
The characteristic equation* of (C) is then 


(2) = 


Corresponding to any root p; which is finite, not zero, and not equal to a 
positive integral power of g times another root, there exists a solution of (C), 


(3) (x) = 
where 


lo i 
(4) 


log g 


and g(x) is analytic at the origin. It is natural therefore to seek solutions of 
(B) of the same nature. 

Since r; is not in general an integer, the function (3) is in general multiple- 
valued and so a single-valued function of position only on a Riemann surface 
with branch point at the origin and a suitable number, finite or infinite, of 
sheets. The integral of such a function from 0 to x, if 7; is not an integer, is 
thus independent of the path only if we specify the character of the path to 
the extent of giving the number of times it makes a circuit of the branch 
point. Such a specification having been made, and we assume this to have been 
done, the right-hand member of (B) is a single-valued function of position 
on this surface when f(x) is the kind of function in question. 

Under these conditions and if the real part of r is > —1, we readily find 
by substitution that to the root p; of (2) there corresponds a formal solution 
of (B), 


(5) S(x) = x7i(so + 51x + Sox? 


Now rf; is uniquely defined only when determinations for arg p,; and arg q 
are chosen. For the equation (C) it is immaterial what determinations be 
selected; for the equation (B), however, it is essential that determinations be 
selected which will make the real part of r>—1. That this is always possible is 
easily verified; we shall assume such a choice to have been made. 

If none of the numbers g‘(i=0, 1, 2, - - - ) isa root of (2), the equation (A) 
is satisfied formally by a power series 


(6) $(x) = Sot + Sox? 


*Cf., e.g.. Adams, On the linear ordinary q-difference equation, Annals of Mathematics, (2), vol. 
30 (1929), pp. 195-205. This will be referred to as [A]. 
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2. The case of |g|>1. When |q| is >1 the convergence of the formal 
solution (5) can be established immediately by the methods employed by 
the author in [A].* Only slight and natural modification of the details of 
that work is necessary. In constructing the convergence proof it is desirable 
at first to restrict the radii of convergence of a;(x)(i=0, 1,---, a) and the 
associated radii of convergence of K(x, £) all to exceed 1; that this hypothesis 
is not essential may be shown as in [A]. We thus obtain the following 


THEorEM 1. When |q| is >1 and the equation (B) is satisfied formally 
by a series of the type (5), that series converges in the neighborhood of x =0 and 
represents there an analytic solution of (B). The region of analyticity of the 
solution may be extended by repeated use of the equation (B) itself out to the 
nearest zero of ao(x) or nearest singularity of the functions a;(x)(i=0,1,--- , m) 
and K(x, &). 


As in [A] we may also establish 


TuEorEM 2. When |q| is >1 and the equation (A) is satisfied by a series 
of the type (6), that series converges at and in the neighborhood of x =0 and repre- 
sents there an analytic solution of (A). The region of analyticity of the solution 
may be extended by repeated use of the equation (A) itself out to the nearest zero 
of a(x) or nearest singularity of the functions a;(x)(i=0, 1,--- , m), d(x), and 
&). 

We shall not attempt to say what is the most general solution of either 
(B) or (A). It may be noted, however, (i) that any linear combination, with 
constant coefficients, of particular solutions of (B) is a solution of (B); and (ii) 
that the sum of a particular solution of (A) and any such linear combination of 
solutions of (B) is a solution of (A). 


3. The case of |g|<1. Although Picone and Tamarkin confined them- 
selves to the real domain, some of their results carry over immediately to the 
complex domain if the given functions in the equations studied are assumed 
analytic in the neighborhood of the origin. The following theorem may be 
inferred from the work of [T] and a simple generalization thereof;{ it also 
follows in part from Picone’s results. 


* Cf. the third and seventh paragraphs of §2. 
t [T] treats the equation 


= fla) + + lat, 
where u(x) stands for the function to be determined. The results of §1 of [T] follow in the same 


manner if the lower limit of integration is 0. If we make this change and set 0,(x) =gx and 02(x) =x, 
the equation clearly reduces to an equation of first order of our type (A). 


= 
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Tueorem 3. If for |q| <1 the sum 7326 |aio/ano| is <1, the equation (B) 
has no solution bounded in the neighborhood of x =0 that does not vanish there 
identically and the equation (A) has a unique solution analytic in that neighbor- 
hood. 

Results for the equation (A) which are in certain respects more inclusive 
may be obtained by the method of successive approximations. We employ 
the following set of equations: 


= (2), 


(7) 
= +f (om = 2,3, 
It is now assumed that the equation (C) has a complete set of solutions, 
(8) F(x) = x"(sio + + Six? +---) for | «| <R (i=1,2,---,n) 
with 
F\(qgx) -- - Fa(qx) 
Fi(q’x) F2(q?x) - - - Fa(g?x) 


Fi(q"x) Fe(q"x) - - - Fn(q"x) 
= d\x eee ) (do 0). 


Such a set of solutions will exist if the roots of (2) are all finite and different 
from zero and if no one of them is equal to g™ times another, where m is a 
positive integer or zero; they may exist even if these conditions are not all 
fulfilled.* We assume further that a (0) is #0, in which case there is no loss of 
generality in taking ao(x) =1. 

The first equation of the set (7) will then be satisfied by 


fiz) = 


The work of §1 of [T] may be extended at once, without modification of the method of proof, 
to cover the equation 


u(x) = f(x) + +f “K(x, 


Tamarkin’s ¢ is then replaced by the sum of the bounds of the absolute values of the functions 
si(x) (i=1, 2,+++ , m) on the interval -X xX. From this generalization we may draw the con- 
clusions indicated in Theorem 3 when the order of (A) is >1. 

* cf. [A]. 
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if the functions /;(x)(i=1, 2, - - - , m) are determined by the relations 
1;(x) = (D,/D) ’ 


where D,; represents the determinant obtained from D by replacing 
F (qix)(j =1, 2,---,m—1) by zero and F,(g"x) by b(x), and the operator 
> is defined by the equation* 
Zg(qu) — Xg(x) = g(x). 
But we have 
(D;/D) = + + eee 


and if |g%| is >1, we may clearly employ for = the evaluation 


Dg(x) = — g(x) — g(qx) — g(q?x) —--- 
and obtain 
= (D;/D) = 


where ¢,(x) is analytic for |x|<R. Thus if each root of (2) is in absolute 
value >1, we obtain a solution f:(x) which is analytic for |x| <R. 
Defining fo(~) as zero, we have from (7) 


i=0 0 (m = 2,3,---). 


For m=2 we have 
Sm—(E) — fm—o(~) = fil), 


which is analytic for || <R. Now let R; denote any positive number less 
than the smaller of the two numbers R, R’; we then have 


<M for| < Ri, 


where M isa suitably chosen positive constant. Let us assume in general that 
$n—1(E) —f m—2() is analytic and 
| Sm—2(E) | <M, for| 


and let us examine |fn(x)—fm—i(x) |. As above we have 


* Cf. Adams, Note on the existence of analytic solutions of non-homogeneous linear q-difference 
equations, ordinary and partial, Annals of Mathematics, (2), vol. 27 (1925), pp. 73-83. 
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where 
(x) =2(D{/D>) 


Dj denoting the determinant obtained from D by replacing F,(q‘x) 
(j=1, 2,---,m—1) by zero and F,(q"x) by &) [fm—1(€) —fm—2(E) 
For |x|<R., |£|<R:, and K a suitably chosen positive constant, we have 


| K(x,£)| < K, 


and thus 
| D//D| < KM,R,; | + -)| 


a bound in which only M, is dependent upon m. Employing for ~ the same 
evaluation as before, we clearly obtain for /’;(x) a function analytic for 
|x| <R, and satisfying the inequality 

| (x) | < KM,R,| (x) | for| «| < 
It follows that we have 


| fm( x) fm—1(x) | < KM,R,M' for | x | 


where M’ denotes a bound for (x) |. 
Therefore the series 
(9) + [fe(x) — fa(x)] + — fo(x)] + -- 
is dominated by the series 
M + MKR\M’' + M(KR\M’')? + for| x| S Ri. 
Thus if R, be chosen so small that KRM’ is <1, the series (9) converges 
uniformly for |x|<R, and 


lim fm(x) exists uniformly for | «| < Ri. 
Since fn(x) is analytic, the limit function, which we denote by f(x), is also 
analytic for |x|<R,; that f(x) satisfies the equation (A) is readily verified. 
We have therefore proved 
Tueorem 4. If for |\q|<1 and ao%0 the equation (C) has a full set of 
solutions (8) and each root of (2) is in absolute value >1, the “ie (A) has a 
solution analytic at and in the neighborhood of x =0. 


It is readily shown that it the hypothesis of Theorem 3, 
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ax 
<1, 
i=1 | 
be satisfied, each root of (2) is >1; obviously, however, the latter hypothesis 
may be fulfilled without the former. 


REAL DOMAIN 


4. Naturally in the above discussion the independent variable x may be 
restricted to the real domain without essential change in the results. It 
should be pointed out, however, that under less stringent hypotheses for the 
known functions certain conclusions are immediate. 

The case of |g|<1. Let the function K(x, £)/a,(x) be bounded in the 
region OS<x%SX, OSX and if it has discontinuities let them be regularly 
distributed (cf. [T]); let the functions b(x)/a,(x) and a,(x)/an(x)(t=0, 
1,---,m#—1) be continuous on the interval 0<x<X, with 

b(x) a( x) 


a,( x) n(x) 


So, 
b and o being positive constants. Under these conditions we have, by §1 of [T] 
and the generalization indicated above, 


THEOREM 5. If o is <1 the equation (B) has no solution bounded on the 
interval OSx<X that does not vanish there identically, and the equation (A) 
has a unique solution continuous on that interval. 


Under the hypotheses (i) that K(x, &) is continuous in the vicinity of 
x =0, £=0; (ii) that b(x) is continuous in the vicinity of « =0 and, if discon- 
tinuous at the point, satisfies the condition 


| b(x) | < B| x|™, 


B being a suitably chosen constant; and (iii) that the other known functions 
in the equation (A) are analytic at x =0, the method of §3 yields 


THEOREM 6. If for ao0%0 the equation (C) has a full set of solutions (8) 
and each root of (2) is in absolute value > \q|™, the equation (A) has a solution 
continuous in the neighborhood of x =0; if b(x) is continuous at x =0, the solution 
is also. 


5. It may be remarked that all of the theorems of this paper are valid 
also for the equations obtained from (A) and (B) by replacing f(£) by f(q’€), 
where j has any one of the values 1, 2,--- , m—1. 


Brown UNIVERSITY, 
PROVIDENCE, R. I. 
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THE EXPANSION PROBLEM IN THE THEORY OF 
ORDINARY LINEAR DIFFERENTIAL SYSTEMS 
OF THE SECOND ORDER* 


BY 
RUDOLPH E. LANGER 


1. Introduction. The system composed of a linear differential equation 
of order m with boundary conditions applying at the end points of an interval 
is known to be expressible also as a system of m differential equations of the 
first order with boundary conditions of corresponding type. In particular, 
if the original system is of the form 

u(x) + +--+ + Pa(x,p)u(x) = 0, 
(1) n—1 
(a) + B ju (b) } =0 


l=0 


with the coefficient P;(x, p) a polynomial of degree 7 in p, then it may also 
be written in the specific form 


uj (x) = + u(x), 


(2) 

DL + = 0 

Moreover, if in the original system (1) the coefficients of the boundary con- 
ditions are polynomials in the parameter, the same is also true when the sys- 
tem is written in the form (2). 

The systems (1) and (2) are both adapted to a consideration of the associ- 
ated boundary problems and both of these problems have been discussed 
under hypotheses of considerable generality.{ An essential restriction, how- 
ever, which has been imposed in all but a few investigations dealing with sys- 


* Presented to the Society, September 7, 1928, and August 29, 1929; received by the editors in 
June, 1928, and May, 1929. 

t Wilder, C. E., these Transactions, vol. 29 (1927), p. 497. 

t Cf. in the case of system (1), Tamarkin 1. Some General Problems of the Theory of Ordinary 
Linear Differential Equations, etc., Petrograd, 1917 (in Russian), 2. Mathematische Zeitschrift, vol. 27 
(1927), p. 1; and in the case of system (2), Birkhoff and Langer, Proceedings of the American Academy 
of Arts and Sciences, vol. 58 (1923). p. 51. 
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tems of specialized types, is that certain so-called conditions of “regularity” 
be fulfilled.* 

The present paper is a discussion of the systems (1) and (2) of the second 
order, and a first purpose of the paper is the consideration of the boundary 
problems when certain of the major hypotheses of regularity are omitted. 
This weakening of the restrictions imposed in general involves a sacrifice of 
the convergence of the series expansions for arbitrary functions in terms of 
the solutions of the differential system. It is shown, however, that in a 
wide class of cases in which these expansions are non-convergent, they are 
nevertheless summable by suitable means. 

Beyond this extension of the theories to irregular cases a second purpose 
of the paper is to equalize the extent of development of the theories of the 
two systems. While, on the one hand, the system (2) includes the system 
‘1) and is somewhat more general, the investigations concerned with it have 
hitherto been confined to the case in which the coefficients of the boundary 
conditions are free from the parameter.t In the present discussion the 
coefficients are taken to be polynomials and in this respect the development 
of the theory of system (2) is brought to a par with that of the system (1).f 
In the matter of the expansibility of arbitrary functions in series of char- 
acteristic solutions, on the other hand, the theory of system (2) includes 
theorems asserting that such functions may be simultaneously expanded 
with a single determination of coefficients, whereas in this respect the theory 
of system (1) has not hitherto been extended beyond the theorems on the 
expansibility of a single function. The simultaneous expansions associated 
with system (1) are included in the following considerations. 

Representation of the differential system in matrix form is largely but 
not exclusively used as the most convenient scheme of notation. To obviate 
confusion between matrix and scalar quantities, however, the former are 
exclusively designated by script capitals. In the case of a matrix in which 
both columns are the same the designating letter is modified by a succeeding 
dot, while in the case of a matrix in which both rows are the same a preceding 
dot is used. Such matrices will be referred to as vectors. As a general rule 


* The irregular system of type (1) and second order in which the differential equation is of a spec- 
ialized form and the boundary conditions are free from the parameter has been considered by Stone, 
these Transactions, vol. 29 (1927), p.23. Certain special irregular systems of the third order have been 
considered by Hopkins, these Transactions, vol. 20 (1919), p. 245, and by Ward, Annals of Mathe- 
matics, (2), vol. 26 (1924), p. 21, and these Transactions, vol. 29 (1927), p. 716. 

+ Cf. Birkhoff and Langer, loc. cit. 


t Tamarkin 2, loc. cit. 
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the notation in so far as matrices are concerned is that used by Birkhoff and 
the author in the paper cited.* 

2. The differential system of type (1). The explicit form of the system 
of type (1) to be considered is 


u’’(é) + { pulé)p + Pro(€) } u’(E) +> { + palé)p + } = 0, 
aji(p)u'(a) + ajo(p)u(a) + Bjr(o)u’(b) + Bjo(o)u(d) = 0, = 1,2, 


in which the aj, Bj: are any polynomials in p. The coefficients of the system 
may be real or complex. To obviate discussions not essential to the primary 
purpose of the paper, we shall suppose them to have derivatives of sufficiently 
high orders on the interval (a, b). As explicit hypotheses on the system (3), 
however, we shall assume as is usualf that on (a, b) the roots 6:(), 62(€), 
of the equation 


(3) 


6? + piilE)O + pool(é) = 0, 
are distinct, non-vanishing, and of constant argument, i.e., 


(4) 
=| 0,(¢) | #0, = 1,2. 
If we suppose, as we may, that the arguments c; are determined so that 
—c2| <x, 
the change of variables and parameter 
u=yihy, x«=(b—a)(E—a), p= dre 


with a suitable determination of the function y(£), reduces the interval 
(a, b) to (0, 1) and the system (3) to the form 

(a) y"(x) — {d(ri(x) + ro(x)) + + 
(5) + A(ri(x)qi(x) — ri (x)) + go(x)} (x) = 0, 

(b) y’(0) + wj2(A) + wja(A)y’(1) + wja(A)y(1) = 0, j = 1,2. 


In this form, which we designate as the normal form, the coefficients w;:(A) 
are again polynomials, and if we write 


r(x) = v;| r(x) | 


we have 


* The reader is referred to that paper for a brief introductory exposition of the differential 
system in matrix form. 

t Cf. Tamarkin 2, loc. cit., pp. 3 and 21; Birkhoff and Langer, loc. cit., pp. 72 and 109. Bliss, 
however, has considered the differential system with a set of conditions under which this hypothesis 
may not be fulfilled; these Transactions, vol. 28 (1926), p. 561. 
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(a) | r(x)| >0, = 1,2; 
(6) (b) = vg! = (aconstant) ; 
(c) ri(x) # ro(x). 
The system (5) may now be expressed in the form of the differential sys- 


tem (2) by setting y=, and Witing 


yi = Anri(x) yi + ele 
(7) 


ye = Are(x) yo — 


3. The matrix form of system (2). In the notation of matrices the sys- 
tem (2) takes the form 
U'(é) = { + VE), 
U(a) + Wy V(b) = 
the elements of any column of a matrix solution U(£) constituting a solution 
of system (2). This system we shall consider for the case in which the ele- 
ments of the matrices @, and W, are any polynomials in p, and we shall 
suppose as in §2 that the coefficients involved have derivatives of such orders 
as may be required. With the hypothesis, which we shall now make, that 
the roots 6,(£), 02(€), of the determinant equation 

pult) — 
put) pul) 

satisfy the conditions (4), we may without loss of generality suppose that 
in system (8), pj(€) =6;0;(£),* where 5;;=1, 6;.=0, 741. 

The functions y:(£), ¥e(€) may now be determined so that the change of 
variables and parameter 


U(E) = «= p= 
reduces the system (8) to the normal form 
(a) Y'(x) — {R(x)A + B(x)} = 
(b) + Wa) = 


In this form the elements of the matrices Wi. and W,; are again polynomials, 
while 


(8) 


(9) 


* Cf. Birkhoff and Langer, loc. cit., p. 72. Throughout this paper the symbol 6;; will be used 
exclusively to designate the “Kronecker delta” as in the text. 
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0 0 bi(x) 


anal 


and the functions 7;(x), r2(x) satisfy the conditions (6). 
We observe now that the pair of equations (7) are precisely in the form 
of the component equations of the vector system corresponding to (9), i-e., 
with 
(a) Y'(x)- — {R(a)A + B(x)} = 9, 


(10) 
(b) Y(0)- + V(1)- = 


with 
(11) bi(x) = B(x) = — a(z)dz 


Hence the equation (5a) is equivalent to one of form (10a) in which the 
element 6,(x) vanishes nowhere in the interval. Inasmuch as this property 
is invariant under a change of variables the greater generality of system 
(10) without restriction of b,(«) is evident. Any conclusions to be derived 
for the system (10) will be expressible in terms of the system (5) by means 
of the relations 


= y(x) = 
yo(x) = {y"(x) — dra(x)y(a) y"(x) = + eS omeeye(x), 


(12 


4. The asymptotic solutions. The asymptotic forms of certain solutions 
of the matrix equation (9a) and its adjoint equation 
(13) Z'(x) + + 
are known* when ) is confined to any region of the \ plane in which 
Re (Ar;(x) — Are(x))T 


either remains greater than or less than some constant for all x of the interval 
(0, 1). To insure the availability of these asymptotic forms over the entire 
\ plane we make the usual hypothesisf that 


(14) arg ro(x)} =A (a constant). 


This imposes no restriction on the functions r;(x) beyond those already in- 

volved in (6), when the argument a of (6b) is either 0 or 7/2, for irrespective 

of the functions 7;(x) the quantity (14) has in the former of these cases the 
* Cf. Birkhoff and Langer, loc. cit., p. 87. 


+ The symbol Re(u) will be used to designate “the real part of ».” 
t Birkhoff and Langer, loc. cit., p. 83; Tamarkin 2, loc. cit., p. 21. 
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constant value 0 or z, as is evident from (6b) and (6c), while in the latter 
case it has the constant value 7/2. When 0<a< 7/2, however, the restriction 
imposed by the hypothesis (14) is clearly that the ratio r:(x)/re(x) be a 
constant. 

We adopt now the familiar notation [a(x)] to designate an expression of 
the form 


a;(x) a(x) E(x,n) 


(15) [a(x)] = a(x) + 


where / is any desired integer, and E(x, \) denotes a function which is 
analytic in \ and bounded for || sufficiently large. If we abbreviate then, 
by setting 


= = Ri(x,0), Ry = 


the asymptotic solutions for the equations (9a) and (13), when A remains in 
any half-plane bounded by a line parallel to the ray 


arg\ = 2/2 — A, 

are respectively as follows: 
(16a) Y(x) = P(x,r) E(x, d), 
where 

(b) = 
(16) 

(c) pilx,d) = [pii(x)], = 
and 
an (a) Z(x) = E-"(x,r)Q(x,d), 

(b) = [gi(x)], = 1. 


Each column of the matrix (16a) is a solution of the vector equation (10a) 
and each row of the matrix (17a) is a solution of the vector equation 


(18) + + B(x)} =O. 


5. The boundary conditions. The adjoint system. The boundary condi- 
tions which together with the equation (18) yield the vector system adjoint 
to (11) are of the form 


(19) 
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the matrices U and U being required to satisfy the conditions (i), that the 
rectangular array of their elements 


(20) | Vij; ;|| be of rank 2, 

and (ii), that 

To obtain these boundary conditions in terms of the elements of the matrices 
in (10b) we proceed as follows. 

Let @;,(A) be defined as the matrix whose elements are those of the jth 
and /th columns of the array 
| Wil(A) Wis(A) wralA) | 

Wei(A) Wee(A) wWas(A) wea(A) 

From consistency of this definition with the notation of equation (10b), it 
follows that the elements of (22) are those of the matrices W12 and Wu, and 
are, therefore, polynomials in A. Moreover, our hypotheses must include 
the assumption that for all values of \ the array (22) is of rank two. We now 
designate by 3,:, the matrix whose elements are zero excepting that in the 
hth row and /th column which is unity, i.e., 

(23) Tar = (5in52;). 

Then it is readily verified that we may write 

Dre = Wr 24510 + Wm 24n5im, 

We = Wr 2413201 + Wn h,l=1,2; h+m=I1+12= 3, 
with any choice of the subscripts subject to the restrictions indicated. 
Yai: and -Z,; are then defined by the relations 
= Y(0)-, Ys = Y(1)-, 

= + for h= 1,2; 1= 3,4; 


(22) 


(24) 


and 

(25) ‘Zig = — -2(0), = -2(1), 
= — + for h=1,2;1=3,4; 
it follows that 


(26) WY(0)- +WY(1)- + 


and furthermore that 


* Bliss, loc. cit., p. 562. 
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(27) Z(x) Y(x) = * + y 
0 


In these relations the subscripts may be chosen as any permutation of the 
numbers 1, 2, 3, 4, subject to h</ and m<n. 

Now for any value of \ the subscripts , / may be so chosen that @;\(d) 
exists. Then condition (10b) is found with the use of (26) to reduce the 
matrix (27) to the zero matrix if the vector - Z(x) satisfies the condition 


-Zan W mn = 0. 


This relation expressed in the form (19), as it may be by the use of (25), 
is easily shown to satisfy the conditions (20) and (21). Hence we may write 
the system (10) and its adjoint system in the corresponding forms 

(a) Y(x)- — {R(x)A + B(x)} = OC, 


on (b) + =O, m<n; 


and 


(a) + -2(x){R(A + B(x)} =O, 


(b) — Zn Whild)@ mn(d) = h < l > m <n. 


6. The characteristic values. The characteristic equation whose roots 
are the values of \ for which the system (10) admits of a solution other 
than the trivial solution Y(x)-=Q, is obtained by equating to zero the 
determinant of the matrix on the left of equation (9b).* With the form (16a) 
substituted for Y(x), this equation may be written 


(30) D(dr) = 0, 
where 
(31) D(d) = | + Waald) P(1,d) E(1, a) | 
If the values given by (16b) and (16c) are substituted in this expression for 
D(d), the latter becomes explicitly 
(32) Dr) = dyx(X) + dis(A)e™*1 dio(A) + dia(A)e*2 
d2i(X) + doa(A)e™*1 + 

where we have abbreviated by setting 

dij(d) = + 


(33) 
di, = + i,7 = 1,2. 


* Birkhoff and Langer, loc. cit., p. 87. 
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For convenience in the discussion of equation (30), as well as for later 
reference, we define the determinants D,(A) by the formulas 


Dold) = | dis ,diz| | dis, dia | ’ = | dir, dia| 


D;(d) = | dis,dis| , = | diz, dis| , = | dis,di| 


In expanded form the expression (32) is, then, 
(35) D(A) = Do(d) + + + , 


and in this the determinant D,(d), in virtue of (33) and (16c), either vanishes 
identically or else is of the form 


D,(r) = dar], 


with a,~ 0 and x, an integer. 

The conditions of “regularity” of the boundary problem to which refer- 
ence has already been made, and which are usually imposed,* may be 
summarized here briefly as follows: If in (6b) a=9, then D.D;40, and 
Ko= K3= Ki, Ke, Ka, if a=1/2 then D,D.49, and Ko = Ko, K3, Ka, K55 and if 
0<a<7/2then D, 49,7 =0,1, 2,3, and ko= k2= Ka, Ks. In the present 
discussion we shall omit entirely these restrictions on the values of the 
integers K;. 

The transcendental equation D(A) =0, under variously restrictive hypoth- 
eses, has been discussed by Wilder, Tamarkin, Pélya and Schwengler. 
A discussion of the equation under hypotheses sufficiently general to include 
those of the present case has been given by the author,{ and we shall there- 
fore be content here merely to summarize the salient facts. If each coefficient 
D,(d) in (35) is identically zero the characteristic equation (30) imposes no 
restriction, and the system (10) accordingly admits of a solution for every 
value of \. On the other hand, if one and only one coefficient D,(d) in (35) 
fails to vanish identically the characteristic equation can have no roots 
outside of a sufficiently large circle in the \ plane. In these cases there is 
no expansion problem. We shall not consider them further, but shall suppose 
in proceeding that at least two terms of D(A) actually occur. 

* Tamarkin 2, loc. cit., pp. 23, 25; Birkhoff and Langer, loc. cit., p. 89. 

+ In the present issue of the Transactions, pp. 837-844. 

t Examples of these cases are easily given. Thus, if in equation (9a) ri(x) and r(x) are any dis- 
tinct constants, and b, isa constant and b. =0, we have as an actual solution of the equation the matrix 


eanx B 
Y(x) = 
0 


Then with the boundary cond.tion 


W,.(r) = ), = ( 


), where 6 = b;/(re - 


4 
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In the case in which the constant @ in (6b) is zero, the characteristic values 
lie in strips of asymptotically constant width which for |) | sufficiently large 
lie within arbitrarily small sectors including the positive and negative axes 
of imaginaries. The bounding curves of the strips, moreover, approach 
parallelism with these axes, and if / is any constant, then the number WV, 
of characteristic values lying between the circles |A|=A, and |A|=A-+4, 
satisfies, when A is sufficiently large, a relation of the form 


(36) 


a and b being specific constants. The case in which a=7/2 is similar to that 
in which a =0, with the exception that the strips containing the characteristic 
values then lie in small sectors about the axes of reals and approach paral- 
lelism with these axes. 

Finally in the case 0<a<-7/2 the characteristic values lie asymptotically 
at regular intervals along specific curves which approach parallelism with 
certain rays in the \ plane determined by the value a. If in the expression 
(35) no term vanishes identically, these rays are given by the formula 


(37) argh = +7/2+ a, 


and there is just one curve marking the asymptotic location of characteristic 
values in any small sector enclosing one of these rays. If, on the other hand, 
the terms in (35) are not all different from zero, some of the rays (37) will 
have no corresponding curves of characteristic values and certain other rays 
in the plane may have that property. Inasmuch as we shall not consider the 
expansion problem in these latter cases, we shall go no further into details. 

It is convenient for the considerations which follow to assign subscripts 
to the characteristic values in the order of their numerical magnitude, i.e., 
so that 

| S| 


As is customary, we shall designate the solutions of the systems (10) and (29) 
corresponding to the characteristic value \,, by Y*(x)- and -Z*(x) respec- 
tively. 


system (10) is found to admit of the solution © 
Y(x)- = 


pore 
) 
for every value of \. On the other hand with the value (@12(d) above and 


the characteristic equation is 
Aer = Q, 
and hence is satisfied only for \=0. 


4 
4 
4 
4 
4 
3 
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7. The contours C,. It is clear from the discussion of the preceding 
section that regardless of the value of a the number of characteristic values 
which lie in any given annular region with center at \=0, width /, and inner 
radius of sufficient magnitude, is subject to a relation of the type (36). 
Hence it is seen directly that it is always possible to construct in the \ plane 
an infinite sequence of closed contours C,, =m, m2, --~, having the fol- 
lowing properties: 

(i) Every point of any contour C, lies at a distance greater than a 
definite positive constant 6 from any characteristic value; 

(ii) The contour C, cuts the rays (37) and the axes of reals and imaginaries 
at the distance A, from the origin, where A,—>*© as n—© over the values 

(iii) The contour C, contains in its interior just m characteristic values; 

(iv) The number of characteristic values between two consecutive con- 
tours is bounded, i.e., #,41—",< N, for all r. 

These contours C, are conveniently thought of as circles with centers at 
\=0 and respective radii A,, and to avoid unessential complications we shall 
in the subsequent discussions consider them in that way. 

A further fact which we note here for future reference is that the quotient 
of D(\) by any one of its terms as given in (35) is bounded uniformly from 
zero provided, firstly, that \ remains uniformly away from the characteristic 
values and, secondly, that || is sufficiently large.* Since by property (i) 
above this condition is satisfied when ) is confined to the contours described, 
it follows that any quotient obtained by dividing a term of (35) by D(A) 
remains uniformly bounded on the contours C,. 

8. The formal expansion of an arbitrary vector. Let §(x)- be a vector 
chosen arbitrarily with integrable elements fi(«) and f2(x). We consider 
formally the possibility of developing such a vector in a series of characteris- 
tic vectors Y*(x)-, and seek to determine the coefficients c, in the relation 


(38) F(x): 


The symbol ~ is used here to emphasize the fact that the equality is implied 
in a formal sense only. The following deductions are to be purely heuristic 
and hence theJassumptions to be made in the course of the reasoning are 
not{to be considered as essential. In a later section the rigorous consideration 


of the results’to be obtained will be made. 


* Langer, loc. cit. 
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If we abbreviate by designating the left-hand members of equations 
(28a) and (29a) by A)- and -AC(Z, d), respectively, 


L(Y,r)- = Y'(x)- — + B(x)} Y(zx)-, 
= -2'(x) + + B(x)}, 

the relation 


is an identity in the values ry and s. Upon integration we obtain from it the 
equation 


1 


(39) — f + -2(2)(x)-| =O. 
0 0 


If Wx.(A) designates, now, the determinant of the corresponding matrix 
@,.(X), this determinant is a polynomial in \, and if there are characteristic 
values for which the determinant vanishes they can be only finite in number. 
With the possible exception of a limited number of values of r and s, then, 
the final matrix in the left-hand member of (39) can be written, in virtue of 
(27), (28b) and (29b), in the form 


1 hare 


0 
Moreover, if the subscripts 4, / are chosen so that the degree of the deter- 
minant W,,(A) is at least as high as that of any other determinant formed 
from the columns of the array (22), we may write 


K 


k 
1 Ae 
where the elements of the matrix Q*(A) are rational in \, and K +1 is at most 
as great as the degree of W,:(a). If \,#\X, it follows from this that relation 
(39) may be expressed in the form 


Tr 


If we suppose in proceeding that the characteristic values are all simple 
and distinct from the zeros of W,,(A), the relation (41) is valid except pos- 
sibly for s=r. Hence on multiplying the equation (41) by c,, the general 
coefficient in (38), and summing with respect to r we obtain formally with 
the use of (38) the relation 
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1 
+ ZK (rs): 
1 K 
= af f + >, 

0 


k=0 W nil As ) 


42 8 
\. 


In this we have abbreviated by setting 


(43) (Ar) = (k =0,1,2,---, K), 
r=1 

and 
> Ka.) 


The relation (42) involves only matrices in which all elements are the same. 
Hence if we suppose the matrix on the right to be different from O, the 
equality of the general element on the left with the general element on the 
right determines the constant c¢,. 

It is true that the matrix K(A,)- apparently involves the constants c, 
through the relations (44) and (45), and that therefore the determination of c, 
by (42) is elusive. We may formally obviate the difficulty in this point by 
supposing that the constants c, can be chosen to yield not merely relation 
(38) but also and simultaneously the relations (43), in which the d*- are 
constant vectors chosen at pleasure. We shall proceed from this standpoint. 

It was observed in §3 that the conclusions drawn for the vector system 
(10) are expressible also for the system (5) by means of the relations (12). 
Hence if the vector relation (38) is resolved into its components, and y;(x) 
and y;(x) are expressed in terms of y*(x) and y*’(x), we obtain from it the 
simultaneous formal expansions 


filx) = Diesy*(x), 


(45) 
fo(x) — dni(x)y"(x) } ode a(z)dz 

associated with the system (5). In these relations f;(x) and f2(x) are arbitrary, 
while the coefficients c, are the same in both series and are determined by (42). 
9. The formal derivation of the contour integral. The characteristic val- 
ues of the adjoint systems (28) and (29) are the same, and if \ is not such a 
value there exists for the systems a Green’s matrix G(x, ¢, \) in terms of 
which the solution of the non-homogeneous system corresponding to (29), i.e., 


(a) = A(x), 


46 
(b) — = O, 
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is given by the formula 


G(x,t,r)dx.* 
0 


At the characteristic values the elements of G(x, ¢, 4) become infinite, and if, 
in particular, G(x,t,A) has a simple pole at a given characteristic value the 
form of its residue there is known and is given by the formula 


(47) G*(x,t) = lim G(x,t,A) {A — Ay} = as Y*(x) - - Z*(2), 
AA, 


where a, is a specific constant.t| With these facts at hand we shall seek 
formally to construct a function with residues which are the terms of the 
the series (38), and hence to express the sum of ny number of terms of this 
series as a contour integral in the d plane. 

Let -(@(x, \) be a vector to be subsequently determined, and let - U(x, d) 
be accordingly defined by the equation 


(48) -U(x,r) = + {A — re}. 
The substitution of -2Z*(x) from this relation into the system (29) with 
d=, yields for - U(x, d) the differential system 


where 


K 
k=0 = ) 
The relation (49b) is readily verified with the use of (40), and evidently re- 
duces to the form (46b) if 


This identity (51), looked upon as a condition on the hitherto undetermined 
vector -((x, \) contains but two component relations, and hence imposes 
but two conditions on the four elements of -@(1, A) and -@(0, A). It is clear, 
therefore, that -@(x, \) may always be chosen to satisfy (51). If we assume 
such a choice the system (49) may be formally considered as of the type (46), 
and hence we may write 


* Birkhoff and Langer, loc. cit., pp. 67, 68. 
{ Birkhoff and Langer, loc. cit., p. 106. 
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As \—>\, this relation becomes in virtue of (47) and (48) 


(52) = — a f { }dx- 


The elimination of the vector -(@ from the equality (52) may now be made 
as follows. From equations (28) and (27) we find that 


while in this final form the quantity within the brace is by (51) equal to 
the last term on the right of (50) with \ replaced by A,. Hence we may write 
(52) in the form 


1 
2) = f + -2 
a) 0 W nilAs) 


The coefficient of -Z*(¢) on the right of this relation is a matrix all of whose 
elements are the same, and because of this, as is easily verified, we may 
multiply the relation by c,Y*(x)- on the left and subsequently omit the 
the vector -Z*(#) on the right. Then replacing the quantity within the brace 
by its equivalent as given by (42), we find that 


The vector -Z;, by the definitions (25) is a linear combination of the 
vectors -Z*(1) and -2Z*(0) with coefficients which are constant matrices. 
In virtue of formula (47), therefore, we may write (53) in the form 


Q*(.) Z(t). 


(54) *(x)- f A) - dt { G(x, + G*(x,0)Cof Kr.) -, 


where (°y and (; are constant. Now the elements of X(A)- were observed in 
§8 to be rational functions of \ of degree at most (—1). We shall consider 
these rational functions expanded in powers of 1/d, and for |A| large we 
shall replace the elements of K(A)- by the leading terms of the resulting 
series. Then if C, is a contour enclosing the first ” characteristic values and 
no others we are led by (54) to the correspondence 


n -1 1 
J. G(x,t,)R(t) F(t) - drdt 
(55) 
a { + G(x,0,r)Ao- 


Je, 


| 
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where the vectors¢/i-: and 4: are constants, and where in using the symbol 
~ in place of the sign of equality we waive the questions of the terms in 
K(A)- which have been dropped and also of the residue introduced by the 
integrand in this form at \=0. 

Let the vector -4(x)- be defined now by the formula 


Aix): = + (x — 


Then recalling the discontinuity of the Green’s matrix at the point ¢=z,* 
we find that 


+ G(x,0,r)cAo- 


— A(x). f G(x,t,r) + BAW: — AW: Jat. 


It follows that the relation (55) may be written in the form 


(56) -~A(x)- 


G(«,t,) — + }drdt, 
o “c, 


where we have abbreviated by setting 
(57) F(t): —cA(t)- = -. 


The vector K(A)- is given by (44) in terms of the vectors #*- which we 
assumed in §8 could be chosen at pleasure. Since the coefficients of -4(x) - 
in turn depend upon X.., it is clear that we may at this point consider these 
coefficients at our disposal. We shall choose them so that the vector (57) satis- 
fies the conditions 


namely, 
(59) A(x): = xF(1)- + (1 — x)F(0)-. 


Lastly we shall retain in the brace of the integrand in (56) only the term of 
highest degree in A. This is consistent with our previous disposal of all but 
the term of highest degree in the vector K-. The integral to which we are 
thus led is, then, 


* Birkhoff and Langer, loc. cit., p. 70. 
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1 1 


We shall consider in subsequent sections the convergence of this expres- 
sion (60) as n>, the contours C, being those described in §7. In that dis- 
cussion we shall ignore the formal deductions above by which the expression 
3,(x, 3-) was deduced. This evidently means replacing the formal series 
(38) by the series of residues of the integrand in (60), and we shall henceforth 
refer to this series of residues as the expansion associated with the arbitrary 
vector $(x)-. It will ultimately be shown that under suitable conditions this 
expansion is convergent. 

10. The contour integrals for the summability of the expansion. The 
vector integral (60) may or may not converge as n>. Even in the case of 
non-convergence, however, its component integrals, or the corresponding 
expansions, may be summable by suitable means, and indeed we shall show 
later that such summability and its order depend directly upon the boundary 
conditions of the original differential system. The method of summation of 
series to which we shall resort is described as follows. 

The components of the formal vector expansion (38) are given by the 
formulas 


(61) fdx) = (4 = 1,2). 


r=] 


In connection with them we shall consider the sequence of sums 


n % 

(62) Defi - (~) (i= 1,2;" =m, m,---), 
r=1 

in which A, is the radius of the contour C, of §7 and y is a positive constant 

whose precise specification we defer to a later section. The index a; is a con- 

stant, positive or zero, and for non-integral values of it we define the quantity 

with exponent a; by the formula 


= evi log 


where the principal value of the logarithm is to be understood. 
The expressions (62) are a form of the Riesz typical means* for the series 
(61), and if for either value of i the sequence (62) converges the corresponding 


* The application of the Riesz typical means in this manner to Birkhoff’s and Fourier’s series 
has been made by Stone, these Transactions, vol. 28 (1926), pp. 695-761; and vol. 29 (1927), pp. 25-53; 
also Bulletin of the American Mathematical Society, vol. 33 (1927), pp.721-732. More detailed dis- 
cussions and references are to be found in these papers. 
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expansion (61) is said to be summable of order ¢;. The extension of this 
definition to the vector torm is obvious. Thus we shall define the matrix 
§.(A) by the formulas 


Snl(d) = (6ijSin(A)), 


and shall refer to the expansion (38) as summable of order (:, o2), if the 
sequence of expressions 


(63) 


(64) DoS n(Ar) 
r=] 
converges aS 

The deduction of a formulation for summability of the vector integral 
3,(x, ¥-) of (60) is now easily made. Thus the general term of the expression 
(64) is obtainable by multiplying the relation (54) on the left by the matrix 
§,(A,). Then since §,(A) is analytic over the entire plane the steps to the 
relations corresponding to (55) and (56) involve no difficulties, and yield 
the contour integral related to the sum (64). Precisely the considerations 
made at the close of §9 lead then to a study of the integral 


1 = 


If this integral converges with particular values of the constants o; we shall 
say that the ith component of the integral (60) is summable of order aj, or, 
more briefly, that the expansion 3,(x, §-) is summable of order (o;, 02). 
Since §,(A) reduces to the unit matrix for ¢:=02=0, the integral (60) is 
clearly included in the integral (65), and summability of order (0,0) signifies 
convergence. 

11. The simultaneous expansions associated with system (5). The com- 
ponents of the formal vector expansion (38) were seen in §8 to yield the 
simultaneous formal expansions (45) associated with the differential system 
(5). The corresponding resolution of the vector relation (60) will in similar 
manner lead to a pair of contour integrals involving the arbitrary com- 
ponents fi(x), fo(x), of the vector §(x)-. The expression of these integrals in 
terms solely of quantities associated with the system (5) requires, to begin 
with, the determination of the relationship between the Green’s function 
G(x, t, \) for system (5), and the elements of the Green’s matrix G’ (x,t, d) 
for the system (9). 
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If in system (7) the second equation is modified by the addition of a 
function ¢(x) to its right-hand member, the resulting equations are the 
components of the vector equation 


0 
(66) — Bla)} = 


with b,(x) and q,(x) related by formulas (11). On the other hand, if y2(x) is 
eliminated from this modified system (7), it is found that y,(x) satisfies the 
equation 


(67) = o(x)bi(x), 


where /(y, A) is used to denote the left-hand member of equation (5a). 
Upon adjoining to equation (66) the boundary condition (10b), and to 
equation (67) the corresponding boundary conditions (5b), we obtain two 
non-homogeneous differential systems which are solved respectively by the 
formulas 


1 0 
(a) = f Get 


(68) 
(b) f 


Inasmuch as the value of y,(x) given by the first component formula of 
(68a) must be identical with the value given by the formula (68b), regardless 
of the choice of the function ¢(¢), we conclude that 

(69) G(x ,t,r)di (2) 


To obtain from this last equality the formulas for the remaining elements 
of the Green’s matrix, we recall that in its points of continuity the matrix 
G(x, t,) satisfies the equation (9a) as a function of x, and satisfies the equa- 
tion adjoint to (9a) as a function of #; i.e., 

(a) Gi(x,t,d) = {R(x)d + B(x)} G(x,t,d), 
(b) Gu(x,t,¥) = — Glx,t,) {ROA + BY} .* 


From these equations we draw now respectively the component relations 


(70) 


Ogi2 
Ox 
Ogi2 
ot 
* Birkhoff and Langer, loc. cit., pp. 69, 70. 


Ari(x)gi2 + bi(x) gee, 


Aro(t)gi2 bi(é)gu1, 
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which yield the values of goo(x, t, 4) and gu(x, ¢, \) in terms of the element 
(69). Lastly, a further component relation of (70a), i.e., 
Ari(x) gir + 


yields the value of go:(x, #, \) in terms of the value g(x, ¢, 4) already at hand. 
For convenience in summarizing these results, we abbreviate by setting 


G(x,t,d) = {G.(x,t,r) — nee, 


Then replacing the function b,(x) by its value as given in (11), we obtain the 
final formulas 
gu(x,t,rA) = — Gi(x,t,) — {Aro(t) + quilt) }G(x,t,r), 
gis(x,t,d) = G(x,t,r)eFo net, 
ga(x,t,rA) = — Gi(x,t,d) — {rro(t) + qi(t) }G(x,t,d), 
£22(x,t,r) = nat 

With the relations thus deduced at hand the components of the integral 
(60) may now be expressed directly in terms of the differential system (5). 
Thus we find for them the formulas 


(a) Tin(fi, f2) = + »f2,G), 
(b) = a2(x) + In(fi,f2,G), 


where 


1 t 


(71) 


(72) 


The convergence or summability of these expansions Jin(fi, f2) and Ten(f1, fe) 
to the respective values fi(x) and f2(x), will clearly follow from the argument 
which we shall develop in later sections to establish the convergence or sum- 
mability of the vector integral (60) to the value F(x) - .* 


* The expansion theorem for a single arbitrary function in terms of the solutions of a system of 
type (5) is contained in the work of Tamarkin 2, loc. cit., §6, where the expansion formula is derived 
by methods distinct from those of the present paper. Despite a considerable difference in the final 
formulations, it is found that the expansion given by him for a function f,(x) is formally included in 
the first of the expansions (72) above, being deducible from theformula J,n(f;, f2) with the particular 
choice f2(x) =f{ (x) exp (—/¢ qidx). The identification of the two results is most easily made by 
comparing the formulas of Tamarkin 2, pp. 35-36, with the first component relation of (54), the values 
(71) being substituted and suitable choice of the elements of the matrices(°»,(°:, and K: being made. 
We note that the argument employed by Tamarkin can also be adapted for application to the differ- 
ential system in matrix form. When applied in that manner it yields a derivation which may be 
considered alternative to that above for the expansion of an arbitrary vector. 
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12. The Green’s matrix. The Green’s matrix for the vector system (10) 
is given by the formula 


(73) G(x,t,d) = — Was) Y(1) } } ZO, 


where the ambiguous sign is to be chosen + when ¢<x, and — when ¢>x.* 
In this formula the matrix 3 is the unit matrix, Y(x) and Z(x) are any pair 
of associated matrix solutions of the equation (9a) and its adjoint equation 
respectively, and D(A) is the left-hand member of equation (9b). The 
substitution in formula (73) of the values of Y(x) and Z(¢) given by the 
relations (16) and (17) leads to the explicit evaluation of G(x, ¢,). We find it 
convenient to write the result of this computation in the form 


(74) G(«,t,r) = 
l=0 

where, in terms of the matrices (23) and the determinants (31) and (34), we 
have the formulas 

(a)  G%x,t,rd) = P(x, , 
0 for ¢ S x, 
D(A) for > x; 
(b) G*(x,t,d) = P(x, A) Q(t, 
0 forisx 
D(A) fort > x; 
(c) Gr(x,t,2) = Q(t, 
(d) G*(x,t,A) = P(x, , 


where D(A) = Do(d) + — { 


(75) where D(A) = Do(d) + — 


For convenience in substituting these terms in the integral (65), we note 
further that 


(76) S (A) P(x, ARF = (Sin(A)APM 
where it is found from the formulas (16c) and (17b) that 


(77) = pinlx)ri(t) + + [as t) > 
the functions al})(a, t) being expressible in terms of the quantitites [p;;(x) ] 
and [q;;(¢)]. 

13. The specification of the value u. The introduction of the factors 
{1—a,/w}* into the partial sums 


* Birkhoff and Langer, loc. cit., p. 110. 
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Sy(x) = doen 


n=1 


of an infinite series, to form the Riesz typical means 


N Qn 


n=1 


is motivated by the purpose, usual in schemes of summation, of assigning 
varying weights to the sums Sy.* From this point of view the quantities 
a,/w are naturally specified by the réle assigned them to be real and positive. 
Without adhering strictly to this viewpoint we shall nevertheless utilize it 
as a guide in the choice of the hitherto unspecified constant u of formulas 
(62) and (63). 

Consider first the case in which the constant a of (6b) is 7/2. By §6 the 
characteristic values are confined then to strips of asymptotically constant 
width, bounded by curves which approach parallelism with the axes of reals. 
Hence for any sufficiently large value of 7 the quantity arg ),; lies arbitrarily 
near one of the values 0 and 7z, and since A, is real, it follows that as and 
N become infinite, »<N, the quantity {1—(A,/Aw)*} is asymptotically real 
and positive if u is a multiple of 2. We shall, therefore, choose 1=2 when 
a=7/2. 

If a=0 the characteristic values, by §6, lie in strips which approach 
parallelism with the axes of imaginaries. Hence in this case the value arg \; 
for any j sufficiently large lies near one of the values 7/2 and 37/2, and it fol- 
lows that {1—(A,/Aw)*} is now asymptotically real and positive if u is a 
multiple of 4. We are led, therefore, to the choice 1»=4 when a=0. 

In the case 0<a<7/2 the strips containing the characteristic values 
approach parallelism with certain other rays in the \ plane, these rays being 
four in number, and being given by the formulas (37) if no term of the 
characteristic equation (35) vanishes identically. We shall confine our con- 
siderations, when 0<a<7/2, to the case in which this hypothesis on the 
equation (35) is fulfilled. 

If, in formula (63), ¢;=0 for either value of i, the element s;,(A) reduces 
to unity and the question of the value of u is obviated so far as the correspond- 
ing component of (65) is concerned. This corresponds, of course, to the con- 
vergence of the respective component of the expansion (60). If o;>0, on 


* Cf. Hardy and Riesz, The General Theory of Dirichlet’s Series, Cambridge University Press, 
1915, p. 22. 
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the other hand, uw must be chosen, and the principle followed in the previous 
cases clearly demands now a choice such that 


(78) u(r/2 + a) = 0 (mod 27), 


for both determinations of the ambiguous sign involved. It is found directly 
that the relations (78) are possible only if a is commensurable with 7, and 
hence we shall restrict our further considerations when o;>0 to this case.* 
The values of » which satisfy (78) are then readily determined to be even 
integers, and we shall choose yu as the smallest positive value for which the 
relation (78) holds. 

14. Auxiliary theorems. The proof of the convergence of the integral 
(65) as n+ is to be based upon certain classical theorems of Lebesgue and 
upon certain partial results which we shall summarize in the form of lemmas. 
For convenience in reference we group these theorems and lemmas together 
at this point. 

Consider the integral 


b 
I(y,n) = f 


where ¢(z, ”) is integrable with respect to z for the values m of a sequence 
M1, M2,- ; Where as s—©. We quote the following two theorems.f 


LEBESGUE THEOREM A. A necessary and sufficient condition that 


lim I(y,n) = 0, 


for every integrable function (z), is that 
(i) \p(z, 2) | <M, a constant independent of z and n; 


(ii) lim o(z,n)\dz = 0, fora 


no 2) 


LEBESGUE THEOREM B. A necessary and sufficient condition that 


lim I(¥,m)=cy(a+), 


n— 


for every function (z) which is of bounded variation on (a, b), is that 


(i) | <M, fr 
21 


* This hypothesis is fulfilled in the cases to which the “means” have been applied by Stone, 
loc. cit. It is, of course, also satisfied when a=0 ora=7/2. 
+ Lebesgue, Annales de Toulouse, (3), vol. 1 (1909), p. 52 and p. 70. 
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(ii) lim o(z,n)dz = 0, fon a<uS2usd, 


no J 2, 


(iii) lim ‘o(2,n)dz fon a<usb. 
no 
In the following lemmas the variable z, which is considered real, is to 
range as specified either over the interval (0, z2) or over the interval (21, 22) 
where z,>0. The complex parameter p is considered to range over the circles 
of the sequence C, with centers at p=0 and radii A,, the argument x being 
defined by the relation 


p = 


Any arc of C, which lies entirely on the half-plane 0< x <7, i.e., on the 
half-plane in which Re (p) <0, is designated by cn. The symbol E(z, p) is 
used to represent a function which is integrable and bounded for |p| suffi- 
ciently large, and M is used to indicate a positive constant suitably chosen. 
Lastly, we use the symbols O(1) and o(1) to indicate functions which are 
bounded or approach zero respectively as n>. 


Lemma I.* Jf ¥(z) is any function which is integrable on the interval 
(0, 22.) and OS2' then 


dp 
f f pM = o(1). 


Lemma II. Jf on the arc Cn, x S x2, then 


f {1 — eux} "p"E(z,p)dp = 
This conclusion is immediately drawn upon using the fact that 
(79) | 1 — ex |" < Mx. 


Lemna III.{ If u is an even integer and z>0, the integral 


(80) I(z,n) = f {1 — 


satisfies the relation 
I(z,m) = 


On the arc c, we have clearly 


* Tamarkin 2, loc. cit., p. 43. 
¢ Stone, these Transactions, vol. 28 (1926), p. 714. 
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— (1/2) Anzx 
e~ (1/2) Ane for OS xS7/2, 


(81) | er | = Anz sinx < 
~ for 2/2 <x 


Consider first the integral J’(z, m) obtained by replacing c, in (80) by 
that portion of c, on which x <7/2. We obtain then from (79) and (81) the 
inequality 


| I’(z,n) uf (1/2) y , 
0 


and setting 
f= 
we find that 


2 al 
| I'(z,n) | < u( ) f gee Sdt = 
0 


san 


The integral 7’’(z, m) contributed to (80) by the integration over the portion 
of c, for which x >m/2 may be treated similarly. Thus if we set r—x=7, 
then since u is by hypothesis an even integer we have 


ex = #4, 
and the reasoning above may be repeated with —y replacing x. This es- 
tablishes the lemma. 


Lemna IV. If in the expression (80) o2r, then for any integrable function 
y(z) and any expression |a(z)] of the type (15) with integrable coefficients 


(82) I(z,n)¥(z) [a(z) = o(1), forza, S 


From the definition (15) we derive the form 


E(z,p) 
(83) ¥(z)p"[a(z)] = + 
p 
where P, is a polynomial in p of degree r. By Lemma I the last term of (83) 
contributes to the integral (82) a quantity of order o(1). To discuss the terms 
of (82) due to the expression P,(z, p) we observe that Lemma III may be 
applied to the members on the right of the equality 


(84) f I(z,n)dz = f {1 = f {1 do, 


to show that this integral is of order o (1), and hence that we may apply the 
Lebesgue theorem A to the integrals arising from the terms of the poly- 
nomial P,(z, p). The conclusion of the lemma follows. 


[October 
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Lemma V. [If in the integral (80) r=0, and c, is the semicircle OS x7, 
then 
2: 
lim I(z,n)y(z)dz = — riy(0 +), 
0 
for any function (z) which is integrable and is of bounded variation in some 
interval (0, €) where e>0. 


The integration from ¢ to 2: yields a result which is of the order o(1) by 
Lemma IV. Hence to prove the present lemma we need only show that the 
integral from 0 to ¢€ satisfies the hypotheses of the Lebesgue theorem B. 
The first of these hypotheses, (i), is clearly fulfilled, and, applying Lemma 
III to the integrals on the right of (84) with 7 =0, it is also clear that condition 
(ii) is fulfilled. Lastly, if we set @=e**, and recall that pw is an even integer, 
we obtain the formula* 


1 1 
I(z,n) = — f {1 2 f {1 "An cos 
0 


from which it follows that 


f I(z,n)dz = — 2 f {1 — g} do. 
0 0 ? 


But this last integral approaches the limit — i, as one sees by applying it 
to the Lebesgue theorem B itself, and using the Dirichlet integral formula 
‘sin Aned 
lim do = 
no 
Hence condition (iii) is also fulfilled and the lemma is proved. 
15. The integrals 7,°(x)- and ¥3(x)- for 0<x<1, a=0, and o;20. 
Let the integrals 7,'(x)-be defined by the formula 


—1 1 
(85) Fn!(x)- ana (I = 0,1,2,3). 


Then by (74) the sum of these integrals yields the integral in (65) and we 
may determine the limit of the latter by considering separately the evalua- 
tions of the expressions (85). The details of these evaluations differ some- 
what in the cases a=0, a=7/2, and 0<a<z7/2. They depend also upon 
whether ~ lies in the interior or at the ends of the interval (0, 1). We begin 
by considering in detail the case in which a=0 and 0<x<1. 


t Cf. Stone loc. cit., pp. 724-726. 
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If a=0, the constants v; and v2 in (6b) are both unity and the functions 
r;(x), ro(x), are accordingly real and positive. By § 13 we choose in this case 
u=4. Moreover, the deductions which follow require that we add to our 
hypotheses the condition that in the characteristic equation (35) 


(86) Do(d) # 0, D3(d) # 0 (if a= 0). 
From the formula for D(A) given in (75a) we find the alternative forms 
_ Do 
=1- » for x, 


D 


while for > these values are to be modified by subtracting 1. Now it was 
observed in § 7 that on the contours C, the quotient of D(A) by any one of 
its terms is uniformly bounded from zero. Hence we have, in particular, 
the two evaluations 


(87) D-'D 


D-\n) { = 


(88) = Do“ (A)O(1). 


Let h be defined now as the largest of the numbers k2—x3, ki—Ko, and 
+(k3—o), where for any / the number «x;—x; is to be considered zero if 
D,\)=0. Then substituting the values (88) in the respective formulas 
(87), supposing Re(A) <0 in the first formula and Re(A)>0 in the second, 


we find that 
O(1), for Re (A) > 0, 
(89) DD} (1) (X) 
1— O(1), for Re(A) S50, x, 


the values to be diminished by one when />x. 
With the value of G(x, t, \) obtained from (75a) with the use of (89) 
and (76) we may now write the integral (85) for /=0 in the explicit form 


—1 z 
F(x): = —(f f 0,2, Odndt 
0 


1 


1 
f f Sind (2) 


1 
0 
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where C,’ is the part of the contour C, on which Re(A) $0 and C,’’ is the part 
on which Re(A) >0. 

Consider first the final integral on the right of this equation (90). The 
quantity {R.(1, x)+Ri(é)} is positive for all values of ¢ on the interval 
(0, 1). Hence it may assume the réle of the variable z in Lemma IV, and if 
we substitute for w;,1 (x, ¢, X) its value as given by (77) it becomes obvious 
that the lemma in question applies, and hence that the integral is of the order 
o(1) provided o;=h—6,. A similar argument with the same condition on 
a; shows that the integral preceding that just considered is likewise of the 
order o(1). 

Consider now the leading integral on the right of (90). In the case of 
the component i=2 the integral is of the type discussed by Lemma I, the 
réle of the variable z being taken by the quantity R:(x, ¢), and it follows, 
therefore, by Lemma I that the integral is of order o(1). This argument, 
moreover, may be repeated for the component i=1 provided the first term 
of the expression w1,1 (x, ¢, 4) as given by (77) is tentatively omitted from the 
consideration. The discussion of the second integral in (90) is entirely ana- 
logous to that of the first, and hence recalling the omitted first term of 
w1,1 we find that formula (90) reduces to the form 


(91) 
z 


To reveal more clearly the structure of the integials in this formula 
we resort to the change of variable defined by the relations 


(92) Rift) =f —£, Ri(x) =f, Ri=to—é, filt) = — &). 


Substituting these values and subsequently replacing £ and X in the second 
integral by —£ and —x, respectively, we find for (91) the form 


(93) 
f f + + o(1)): ‘ 


Let us suppose now that x is a point in some neighborhood of which 
fi(t) is of bounded variation. Then it is clear from (92) that yi(fo+ &) is 
of bounded variation in some neighborhood of £=0, and by Lemma V the 
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integrals in (93) converge respectively to the values —ziy~i(éo+&). Since 
£) =fi(x +0), we have the result 


1 —) + filx +) 


The discussion thus given for the integral (85) with /=0 may be repeated 
almost without change for the integral with /=1. We find from such a 
discussion that if x is a point in some neighborhood of which f,(¢) is of bounded 
variation, and if ¢;2/4,—6,, where /; designates the largest of the numbers 
Ki — K3, K2—Ko, +(k3—Xo), then 

1 0 
2 fol x —) + fo(x +) 
Combining these results and recalling the relation between the vectors 
§(x)-and &(x)-, as given by (57), we obtain finally the result 
A(x): + + G(x +): +4 K(x —)-. 

16. The integrals 7,?(x) - and 7,°(x) - for O0<x <1, a=0, and o;2 0. 
The integrals (85) for /=2, 3 are now easily evaluated by the method of the 
preceding section. Thus we have 

= C(1), for Re(dA) >0, 
{ 
= for Re(A) 
and we find in the manner now familiar that 


1 
0 C,’ 


1 
0 


An application of Lemma IV yields the result that these integrals are both 
of the order o(1) provided o;2=xks—Kko—5j2, k,x—Ks—52. In entirely similar 
fashion it is found that 
QO, 

provided o; = ks—ko—64, ks — Ks; —5a1, and the results of this and the preceding 
section may, therefore, be summarized as follows: 

THEOREM 1. Jf a=0 and D(A) D3(d) £0, let K;, i=1, 2, designate the largest 
of the numbers 
+ (ks — Ko), Ke — — Ki — Ko — bin, — K3 — Din, — Ko — Sin, 


Ki— — 61, Ke— ko — — — Ks — Ko — 
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the number x;—k, being considered zero for any | if D«X)=0. Then with 
u=4 and ao; chosen in any way subject to the relation o;=;,i =1, 2, the 
expansion (60) associated with an arbitrary integrable vector F(x) -is summable 
of order (a1, a2) to the value 


(96) F(x +)- + 5(x—-)-}, 


at every point x within the interval (0, 1), in some neighborhood of which §(x) -is 
of bounded variation. 


Corotiary 1. If k;=0,i=1, 2, the expansion (60) is convergent. 


CoroLiary 2. For an arbitrary choice of the integrable functions f,(x), 
fo(x), the expansion I; (fi, fo) given by (72) for either i=1, or i=2, is summable 
of order o;=%; to the value 


+) + fix —)}, 


at any point within the interval (0, 1), in some neighborhood of which f(x) is 
of bounded variation. 


In the following section we shall establish the summability of the ex- 
pansion (in contradistinction to its actual convergence) without hypothesiz- 
ing the boundedness of the variation of &(x)-. In this respect, therefore, 
the statement of Theorem 1 may be broadened. 

17. The expansion (60) when 0<x<1,a=0 ando;>0. It follows from 
Lemma IV, since the function ¥(&+£) of §15 is integrable, that with an 
arbitrary choice of a positive e, and &>e, 


f f + §)dddé = o(1). 


Hence we may also write the formula (93) in the form 


—1 € 
(97) = —(6a f — + Wilto + &) + o(1)): 


where we have set 


= 
This integral 7(¢, 2) is of the form considered in Lemmas II and III with 
7 =0, and we draw from these lemmas the inequalities 
< MA,, 
(98) | | 
| I(é,n)| < for —>0, 


M being a suitable positive constant. 
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Let (£,£) and ®,(&, be defined now by the relations 
Wilfo,£) = — + + &) — 


1 
#,(f,£) = | | dg. 


Then by a theorem of Lebesgue* the function #,(&, £) approaches zero 
with & for almost all values of &. We except from consideration the values of 
£), if any, for which this is not true. Then with an arbitrary choice of an 
n>O the ¢ in formula (97) may be chosen so that 


(99) <n, for OSESe. 
Let the formula (97) be written now in the form 


(100) T(E, n)dé + bi T(E + o(1)): 
From Lemma V we find directly for the first integral in this formula the value 
f I(é,n)d— = — wi + (1). 

0 
The second integral, on the other hand, we evaluate by the ante method 
which is due to Hardy.f 


From the first of formulas (98), together with (99), we find that for n 
sufficiently large 


1/An 1/An 
f T(E < Mas f | | = < Mn. 
0 0 


Moreover, an application of the second of formulas (98) followed by an in- 
tegration by parts yields, when 1 is sufficiently large and 0; >0, the inequality 


‘ 
1/An t/a, 


|* * i(f0, 
1/An 1/An forth 


< My. 
(Ane)* } 4 


+ Pilko, + Dada : 


1/An 


* Lebesgue, Lecons sur les Séries Trigonométriques, Paris, 1905, p. 96. 
t Hardy, Proceedings of the London Mathematical Society, (2), vol. 12 (1913), p. 368. 
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It follows that when a; is positive the second integral in (100) is of the order 
o(1), and hence that at almost all points within the interval 


The discussion of ¥(x)- is precisely similar to that of F}(x)- just com- 
pleted. Since the argument of §16 was based only on the integrability of the 
functions f,(x), fe(x), the reasoning of that section requires no modification 
and we may summarize the results as follows. 


THEOREM 2. If the conditions of Theorem 1 are satisfied, and if, furthermore, 
o;>0, i=1, 2, then the expansion (60) is summable of order (a1, o2) to the 
value &(x)- at almost all points x in the interior of the interval (0, 1). 

Corotiary. If the conditions of Theorem 1, Corollary 2, are satisfied and 
if, furthermore, o;>0, then the expansion Iin(fi, f2), i=1, 2, is summable of 
order a; to the value f(x) at almost all points within the interval (0, 1). 


13. The expansion when a=7/2, and 0<*<1. When a=72/2, the rays 
(37) coincide with the axis of reals, and the constants »; of formula (6b) 
have the values vi =i, ve= —i. If it is observed that in this case 


| Ral 


is similar in structure to D(A) in the case a=0, with d replaced by i and 


R; replaced by |R;|, it becomes evident that the discussions of §§15, 16, 
and 17 are easily adapted to apply to the case in hand. The hypothesis to 
be made in correspondence to (86) is that 


Di) 40, DAA) (if a= 2/2), 
and by §13 we are to choose 1 =2. The resulting theorems are the following. 
THEOREM 3. If a=x/2 and D,(d)D2(d) #0, let Ki, 2, designate the 
largest of the numbers 
+ (k2— Ks — — Ko — — — Ke — — — 
Ko— 6, Ks — ki — Ke — — — Ki — 
Then with u=2 and o;2%; the expansion (60) is summable of order (a1, 02) to 


the value (96) at every point x within the interval (0, 1) in some neighborhood of 
which §(x)- is of bounded variation. 


THEOREM 4. If the conditions of Theorem 3 are satisfied and if, furthermore, 
o:>0, i=1, 2, then the expansion is summable of order (a1, 02) to the value 
§(x)- at almost all points within the interval (0, 1). 
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It is clear that corollaries similar to those of Theorems 1 and 2, may also 
be appended respectively to the Theorems 3 and 4. 

19. The expansion when 0<a<7/2, and0<x<1. The details of the 
discussion of the integrals (85) differ somewhat when 0 <a < 7/2 from those of 
the preceding sections. The hypothesis to be made for this case is that no 
term of the characteristic equation (35) is lacking, i.e., 


Dr) 40, =0,1,2,3 (if a < 2/2). 


Moreover, as observed in §13, we shall, in the case of summability as dis- 
tinguished from that of convergence of the expansion, restrict the considera- 
tion by the further hypothesis that a is commensurable with 7. 

The rays (37) together with the axes of reals and imaginaries divide the 
contour C, into eight arcs which we designate by C%?, where C%” and C% 
are the arcs on the jth quadrant taken in counter-clockwise succession. 
Since R,(x) =v;|Rj;(x)|, whereas, on the arc C{"”, we have Re (An) 20, 
Re(Av2) >0, we may write 

= Bil Ral 1) on arc Cc, 
On the arc C\"”) we have, on the other hand, Re (Av) $0, Re (Av2) >0, and 
we write accordingly 
D-\(X) = on arcC,“”?. 
With these values substituted respectively into the formulas (87), we obtain 
the relations 
= on arc C, 


= 1— on arc 


the values to be diminished by one for ¢>-. 
On the portion of the contour C, in the second quadrant, we use the 
second of equations (87) together with the evaluations 


D-\(x) = De(A)O(1), when D,(A) = 
and 
= when D,(A) < , 
and obtain in this way the formula 
(101) D-'D = 1 — on arcs C, and fort S x. 


Here i) designates the larger of the numbers x3—«; and xKi—Xko. In similar 
fashion we find also the further formulas 


for ¢< x, 
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= on arc 
(102) {= , on arc 

= Nie on arcs and for ¢S x, 
with h, defined as the larger of the numbers xo—«; and ke—xs. In both 
formulas (101) and (102) the values given are to be diminished by one when 
t>x. 


The integral (85) with /=0 may now be written explicitly, and is found 
to be given by the formula 


—1 z 
2ri 0 


1 
1 
+ f f Sind! Pity; (1) 
0 


1 
0 


h being the largest of the numbers +(x3—x2) and +(«:—Xo), while C,’ and 
C,’’ represent respectively the portions of C, on which Re (A»;) $0 and on 
which Re (Av) >0. We observe now that this formula (103) differs from (90) 
only in that d is replaced by A»: and R; by |R;|. Hence the discussion given 
subsequent to formula (90) may be repeated with slight modifications as 
applied to the formula (103) and as conclusion we obtain again the relation 
(94), provided in this case that +(ks—K2) + (ki — Ko) — Six. 

In precisely similar fashion the result (95) may now be derived under 
the condition that +(ks—«:)—5, and the conclusion 
that 72 (x)- and %3(x)- each approach as a limit follows if 5,2, 
ks—kj;—6, 7=0, 1, 2, 3. The results, then, may be summarized as follows. 


TuroreM 5. If 0<a<z/2 and D,(d) 0, j=0, 1, 2, 3, let %, i=1, 2, 
designate the largest of the numbers 
+ (x3 — Ko) — + (x1 — ko) — die, — Kj — die, 
+ (ke — Ko) — ba, + (ks — — ke — kj — On, 7 = 0,1,2,3. 
Then (i) if %;=0 the expansion converges to the value (96) at every point in 
the interior of the interval (0, 1) in some neighborhood of which $(x)- is of 
bounded variation; (ii) if K>0, and furthermore a/m is rational, then with 


o:=k; the expansion is summable of order (01, 02) to the value (96) at every inner 
point of (0, 1) im some neighborhood of which S(x)- is of bounded variation. 
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THEOREM 6. If the conditions of Theorem 5 are satisfied and o;>0, the 
expansion is summable of order (a1, 2) to the value $(x)- at almost all points 
within the interval (0, 1). 

The analogous facts for the expansions (72) may obviously be covered 
in corollaries to these theorems as was done in the case of Theorems 1 and 2. 

20. The expansion at x=1 when a=0. The argument from which the 
convergence of the integrals in the preceding sections was concluded depends 
explicitly upon the fact that x is an interior point of the interval (0, 1). Not 
only must the reasoning be elaborated when « is an end point of the interval, 
but we shall be able to conclude summability of the expansion only in the 
case of functions f,(«), and f2(x), satisfying suitable restrictions. For the 
sake of brevity we shall confine our considerations to the case x = 1 and a=0. 
The discussions required for the case x =0, and for other values of a may be 
given in an entirely analogous manner. To simplify the statement of the re- 
sults we shall consider $(x)- defined at x =Oand x =1 so that $(0)- = $(0+)-, 
and §(1)- =%(1—)- whenever these limits exist. 

We suppose, then, that the conditions of Theorem 1 are fulfilled. Then a 
review of the integrals in the expressions for ,(x)- in §§15 and 16 reveals 
the fact that the integrals over the arc C,’ are of the same character for 
x=1 as for 0<x<1, and hence that they converge to the value 35(1)-. 
But from formula (58) this value is zero, and hence we need consider these 
integrals no further. The integrals over the arc C,’, however, do require 
further consideration. Thus the final integral in formula (90) was evaluated 
by means of Lemma IV, while the applicability of that lemma depends upon 
the fact that {R,(1, x)+R.(t)} >0, a condition which is not fulfilled when 
x=1. The discussion of the integral by other means requires a more precise 
expression for the integrand. To obtain this we shall make use of the identity 


1 1 { Do 4. i} 
D 


(104) 


Consider the fraction within the brace of this expression. It is obviously 
bounded. We may, however, also obtain an evaluation of it by utilizing 
the first of formulas (88), and hence (104) may be written in the form 


(105) D-*(A) = + Dye 
in which N(A) is subject to the alternative evaluations 


= O(1), 


(106) N(A) { 
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We return now to the integrals over arc C,’ in formula (90). When x=1 
the first of these integrals clearly does not appear. On the other hand, we 
obtain in place of the second integral when the first of formulas (88) and the 
formula (105) are substituted in the respective terms of D-'D the three inte- 
grals 


1 
0 


1 
(108) f f Fine [avo | 
0 


1 a 
0 a3. 


The first of these, i.e., (107), is found directly to be of order o(1) by the 
arguments of §15. The second, however, i.e., (108), requires a more careful 
analysis. We shall discuss it in detail only in so far as the integration over the 
part of Cy’ which lies in the first quadrant is concerned. No essential 
modification of the argument is necessary to adapt it to the discussion of the 
integration over the remaining part of C,’. To begin with we set 


A = 
Then the arc of C,’ on the first quadrant is given by 0S x <7/2, and this 
we divide by a point X, into arc (1) and arc (2) as follows: 
arc (1): 


arc (2): Xa<x 7/2, 
where 
A log An 


An 


Xa 


In this we tentatively specify A merely as a positive constant. 

On the arc (1) now we use for N(d) the first of the evaluations (106). 
By Lemma II it follows then that the integration over this arc contributes 
to (108) a qudntity which is of the order 


A log A,) 


An 


i.e., of the order o(1) for any choice of the constant A provided o; > k2— ks — diz. 
Since the condition o;2%,; imposed in Theorem 1 admits also of the possibility 
o;=K2—Kk3—6i2, we must also consider this case. However, the argument 
requires modification only in the case of the integral arising from the first 
term of w;,1:(1, ¢, 4), and we may conclude this integral also to be of the order 
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o(1) by the use of the Lebesgue theorem B if we suppose the function /,(é) 
to be of bounded variation in some neighborhood of ¢=0. 

We turn next to the contribution to (108) by the integration over the arc 
(2). To begin with we observe that on this arc 


| | | | | | 


while in this expression the first factor on the right is bounded since 
Re(A.—A) <0. The second factor, on the other hand, may be written in 
the form 

eAnRjlxa-sinxa) , 
from which it is seen to approach unity as A,—. It follows, therefore, in 
virtue of the second of formulas (106), that if A is chosen sufficiently large 


we have on arc (2) 
(t) [a2 | N (2) = 


By Lemma I then the integration over this arc contributes to (108) a quan- 
tity which is of the order o(1), and in consequence the entire integral (108) 
is of that order. 

The integral (109) remains to be evaluated to complete the discussion 
of ¥,(1)-. For this evaluation and that of the corresponding integrals in the 
expressions 7,'(1)-,7=1, 2, 3, we shall impose upon the functions f,(#) and 
fo(t) the restrictions that the limits 


(110) lm——, and lim——> exist for i = 1,2, 
to 0 


where 7;; designates the largest of the numbers 
Ke — — — Ki — — — 551, Kg — Kg — — KS — Ka — — 


A review of the hypothesis of Theorem 1 shows that the numbers 7;; do not 
exceed the value of k; and hence that any o; chosen in accordance with 
Theorem 1 satisfies the relation ¢;27;;. We shall show that if the hypothesis 
(110) is satisfied then the expansion is summable at x=1. 

Consider then the integral (109). Using formula (77) we may write 


a2 


a3 


m=0 m=0 


r 


— 
| 
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the coefficients B;? (¢) as well as the functions E(¢, \) being integrable on 
the interval (0,1). The integrals arising in (109) from the final terms on the 
right of (111) are of order o(1) by Lemma I. Of the integrals due to the 
remaining terms in (111) we consider next that arising from the general term 
involving f(t), i.e., 


(112) f f (4) F(t) 
0 


For any integer / not exceeding o; we readily verify that 


= {1 (- ~) 


where P is used to designate a polynomial. Since the right-hand member 
of this equation vanishes at the ends of the arc C,’ when o;>/, we obtain 
for (112) by an integration by parts 74, times repeated the form 


Inasmuch as 7;(¢) is positive everywhere on (0, 1) the integrand of (113) is 
integrable with respect to ¢ by virtue of hypothesis (110). Hence by Lemma I 
all the integrals (113) for which m <7, are of the order 0(1). If ke—xK3—62<7Ta, 
this accounts for all the integrals due to the first sum in (111). However, if 
ke — kg — 642 =7 41, the integral (113) for which m=7,, remains to be considered. 
A simple extension of the Lemmas III and V to account for the factor 
P(\#/A*) in the integrand suffices for this consideration, and we find that 
the integral converges to a value 
lim 
ga J’ 

if ¢;>rTa, or in the case o;=Ta, provided the function fi(t)/t*« is of bounded 
variation in some neighborhood of t=0. In this result Cy is a constant de- 
termined by the differential system and is independent of the functions 
fi). 

A similar discussion leads to the evaluation of the integrals arising from 
the terms of the second sum in (111) and we obtain in this way the result that 
under the hypotheses made 


lim (6) + Cw lim {f = lim 
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The discussions of the integrals in the expressions ¥/(1)- for 7=1, 2, 3 
follow on similar lines and we obtain thus as a total result, since by formula 
(59), eA(1)- = F(1)-, the result 


Fu(1F-) + lim 


We see, therefore, that the expansion is summable at x =1 if the components 
of the vector &(#)- vanish to a sufficiently high degree at #=0. In quite the 
same manner we should find that the expansion is summable at x=0 if the 
components of the given vector vanish to a prescribed degree at x =1. 

A special case of importance is that in which the numbers 7;,; are all zero, 
for in this case the final term of (114) is a constant matrix multiplied by 
§(0)- and this is Oby formula (58). Hence the expansion converges then at 
x=1 to the value S(1)-. If in accordance with Theorem 1 the expansion 
actually converges, then since o;=7;; it follows that the constants 7,; are 
zero and, moreover, that the same is true of the corresponding exponents 
associated with the discussion of the expansion at x=0. Hence the ex- 
pansion then converges also at both end points to the respective values of 
F(x)-. 

The discussion in the case a = 7/2 is similar to that given in detail above, 
and the results differ only in that the expansion is summable at «=1 if the 
components of the vector §(#)- vanish to a prescribed degree at t=1, while 
summability at x =0 is assured by the vanishing of &(#)- at =0. In the case 
0<a<z7/2 a combination of the phenomena described occurs and the proof 
of summability at either end point is found to be dependent upon the suitable 
vanishing of the vector &(t)- at both end points of the interval. We sum- 
marize these observations roughly as follows: 


THEOREM 7. If the expansion under the conditions of the respective theorem 
above is convergent (as distinguished from summable) at the interior points of 
the interval, then ii is also convergent to the value of the given vector at the end 
points. If the expansion is summable but not convergent at the inner points, 
then it is summable at the end points also provided the vector F(t)- vanishes at 
t=0 and t=1 to certain degrees prescribed by the differential system. 
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ON THE DEGREE OF CONVERGENCE OF EXPAN- 
SIONS IN AN INFINITE INTERVAL* 


BY 
W. E. MILNE 


In a recent investigation{ of the degree of convergence of the Gram- 
Charlier series in the infinite interval —% <x<o« the writer has shown 
that in general the convergence is very much less rapid than in the case of a 
Fourier series under similar circumstances. The question arises whether the 
slow rate of convergence of this particular series is a characteristic of all 
such expansions on an infinite interval, or whether there may exist series 
of orthogonal functions for which the rate of convergence is as rapid as that 
of the Fourier series in a finite interval. A study of this question not only 
is of some theoretical interest, but may conceivably serve a very practical 
end by leading to the discovery of series better adapted to the representation 
of frequency functions than is the slowly convergent Gram-Charlier series. 

This paper is devoted to those expansions on the infinite interval which 
are associated with the differential equation 


(1) d?u/dx? + — g(x) ]u = 0, 


in which q(x) is real and continuous for all values of x, and 


(2) lim g(x) = + ©. 

z=to 
The differential equation above is a special case of equations investigated 
on the infinite interval by Weyl,t Hilb,§ Gray,|| and Milne.§ It has been 
shown that there exists an infinite set of critical values of Xo, Ai, Az, 
with limit point at + only, corresponding to which equation (1) has solu- 
tions Uo(x), Ui(x), U2(x), - - - , satisfying the conditions 
(3) lim U,(x) = lim U,)(x) = 0. 


z=to 


* Presented to the Society, August 27, 1929; received by the editors May 17, 1929. 

+ These Transactions, vol. 31 (1929), pp. 422-443. 

t Weyl, Mathematische Annalen, vol. 68 (1910), p. 220, and Géttinger Nachrichten, 1910, p. 442. 
§ Hilb, Mathematische Annalen, vol. 76 (1915), p. 333. 

|| Gray, American Journal of Mathematics, vol. 50 (1928), p. 431. 

| Milne, these Transactions, vol. 30 (1929), p. 797. 
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The solution U,(x) vanishes exactly m times, and the integrals 


all exist. Aside from the solutions U,(x) (and constant multiples of them) 
the equation (1) possesses no solution whose square is integrable from — 
to +o. 

The functions U,(x) have the orthogonal properties 


f Un(x)U,(x)dx = 0, 


so that for an arbitrary function f(x), such that 


f 


exists, we have the formal expansion 
(4) f(x) = AgUo(x) + AiUi(x) + A2U2(x) +---, 


in which 


(5) / f “Ua (ads, 


The Gram-Charlier series is a particular case of such an expansion where 
the function g(x) is a polynomial of the second degree in x having the coef- 
ficient of x? positive. 

It will be shown that the degree of convergence of the series (4) depends 
upon the function g(x), and that by a suitable choice of g(x) a degree of con- 
vergence may be obtained which is only slightly less than that of the Fourier 
series. It is further shown that the same degree of convergence as in the case 
of the Fourier series is not to be expected. 

1. Before we can deal with the series (4) it is necessary to assemble a 
number of facts regarding the solutions of equation (1). For this purpose we 
impose some additional restrictions on g(x), and make the following assump- 
tions: 

(a) The function g(x) has continuous derivatives of the first three* orders 
for all values of x. 


(b) 20, om, 


* The existence of a continuous third derivative is not necessary, but is convenient for purposes 
of proof. 
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There is then no loss of generality in assuming that the origin is so chosen that 
q(0) = q’(0) = 0. 
We assume further that 
q(x) >0, q@"(x)20, if x>0, 
q(x) <0, if «<0; 
(d) lim ¢'"(2) = 0. 
z=+ 


Now let u:(x) and u(x) denote two particular solutions of (1) satisfying 
the conditions 


u,(0) u2(0) 0, 


©) uj (0) = 0, uz (0) = 
and form the one-parameter family of solutions 

(7) u(x,0) = u,(x) cos +u2(x) sin 6. 
The equation of the envelope of the family (7) is 

(8) Yen = + + 

The equation of the locus of the extrema of u(x, 0) is 

(9) yex = + (uy? + 


Likewise the equations of the envelope and locus of extrema of u’(x, 6) are 


respectively 
a) 


(10) Yen = + (ui? + uz?)/?, 
and 
(11) yer = + + 


Let us for sake of brevity write 
u = u(x,6), q(x), 


in the interval in which 
A> g(x), 


and form the two quadratic expressions* 
Qi = gu? + g-*g’uu’ + — E]u’?, 
Qs = + + g[1 + E]u?, 


* The use of such forms was suggested by Watson in connection with Bessel functions. Watson, 
Proceedings of the London Mathematical Society, (2), vol. 16 (1917), pp. 170-171. 
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in which 
E= — + 
By differentiation and substitution from (1) we have 
Qi = — u(d/dx)(g"'E), = u*(d/dx)(gE). 


When the values of these derivatives are calculated in terms of g(x) and 
reference is made to assumptions (b) and (c), it turns out that Q/ is negative 
and Q/ is positive in the interval for which x>0, A>q(x). Therefore if &; 
denotes a positive root of u’ in this interval (and consequently an extremum 
of «) we have the inequality 


< Q1(0). 
Using (6) and (7), together with the equations g(0) =q’(0) =0, we find that 
Q:(0) = 1 — sin? @/(4d?), 


We shall adopt the notation 1, to designate any expression of the form 
1—O(A-*). Using this notation and referring to (9) and the definition of g(x), 
we arrive at the useful result 


(12) ui? + ug? > 1.[A — q(x) }*/?. 


Continuing this line of reasoning, we set «=0 in Q, and then u’=0 in Q2 
and again «=O in Q, and finally by the aid of (9) and (11) establish three 
more inequalities 


(13) ui? + ug? < — g(x) + £], 
(14) ue + < — g(x)]-¥?, 
(15) uz + > 12[A — g(x)]-/2[1 — E]. 
From (13) and (14) we see that 
| w(x,0)| — 
| 50) | < 12[\ — g(x)]/4[1 + E]2, 


not merely at extrema but for all intermediate values. When A=), there 
is a value of 0, 0=90,, for which 


u(x,0,) = U,(x), 


so that we have at once 
(16) | U,(x) | — q(x) 
(17) | Us (x) | < — g(x) ]/4[1 + 
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The formulas (12)—(17) have been derived for positive values of x. They 
evidently hold for negative values also as long as \>g(zx). 

2. Our next object is the determination of a formula connecting \, with m. 
This can be accomplished by means of the fact that the function U,(x) 
corresponding to X,, has exactly m roots pi, p2, - - « , Pn, all in the interval for 
which \,,>9(x). We already know that U,(x) has exactly m roots, and we 
now show that y=U,(x)U,! (x) does not vanish if \,<g(x). For by differen- 
tiation and use of (1) we get 


y’ = Un*(x) + (g(x) — (x), 


so that y’ is positive if g(x) >X,. Therefore, because of (3), y cannot vanish 
for any finite x such that g(x) >A,. 
The function U,(x) may be expressed in the form 
U,(x) = (ui? + cos [o(x) — 


where 
o(x) = arctan (22/21) 


o'(x) = (u? + u?)-. 


As x increases from p; to p, the function ¢ increases by the amount (n—1)z, 
so that 


and 


Pn 
(n—1)r = f + u?)—dx. 
Pr 


This is the desired formula. By means of (14) and (15) we derive a pair of 
useful inequalities 


(18) (n — 1)" > — q(x) 


Pi 


Pn 
(19) (n — 1)" < f 1:[An — g(x) ]/2[1 — 

Pi 
It is assumed here, and will be proved later, that E<1 in the interval of 
integration provided X, is large. 

3. In order to make profitable use of the inequalities just derived it is 
necessary to learn something about the location of the roots pi and pr, 
the location of the largest and smallest roots, £, and £, of U,! (x), and to 
determine the order of magnitude of EZ. Let 4 be the negative and /, the 
positive root of the equation 

q(x) = An. 
Then we know that 
Pn < En < he, 
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and we wish to determine the magnitude of /.—pp. 
If we use the notation 


qz = qi’ = (1/2)q""(he), 
we see that the inequalities 
An — Q(x) S gz (he — x), 
An — Q(x) 2 qe (he — x) — giz’ — x)? 


are valid for x<hz because of the assumptions made regarding g(x). The 


change of variable 
he — x = [gd 


transforms (1) into 
(20) @U,/dt? + y(ttU, = 0, 
where, because of the inequalities above, 

1—J# $1. 


By assumption (d) it is possible to make J; as small as we please by taking 


sufficiently large. 
Let to) be the value of ¢ corresponding to x=p,. Let t, be the first positive 


root of the solution of 
(21) d*y/dt? + ty = 0 


for which y’ =0, y#0 at ¢=0. We find by comparing (21) and (20), 
lo > th. 


Also if ft, is the first positive root of that solution of (21) for which y’ +0, 
y=0 at ¢=0, and if X, is so large that 1 —J2ty>0, then 


to[1 — Jato]*/* < te. 


If we also take i, so large that J2<1/(3)t:, then the last inequality assures 


us that 
ty < 2te. 


These results give us the inequalities 
(22) < he — pn < 
By numerical calculation it is found that 4=1.9---,#£=2.8---. 
We are now in a position to estimate the magnitude of the largest maxi- 


mum of |U,(x)| for positive values of x. This occurs at the point «=£, 
and it is therefore apparent from the fact that £ is between p, and hy that 
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Max | | < — pn) | Un (pn) | 
Using (17) and (22) we get 


Max| U,(x)| < 
where 
Mz = 12(2t2)®/4[1 + E(pn)]/?. 


It remains to investigate E. We find 
E = (3/8)(d — q(x))~*q' + (1/4)(A — 
First of all it is apparent that for x in any fixed finite interval 
E = 


Next we note that, because of the hypotheses regarding g(x) and the in- 
equalities (22), 
E(pn) < (3/8)t +, 


where ¢€ approaches zero as \ becomes infinite. Therefore, a fortiori, 
E(x) < (3/8)t? +€, O< < pa. 


All the results of this paragraph have been obtained for x positive. 
Entirely similar results may be obtained when x is negative. For example 
when x is negative 


Max| U,(x)| < qi 
Therefore if 5 denotes the smaller of the two quantities —q/ and g/, we have 
(23) Max| U,(x)| < 


4. Because of the inequalities just obtained for £ it is clear that the 
integrals in (18) and (19) are of the same order of magnitude, and therefore 
either one will serve for the determination of the order of magnitude of 
in terms of m. Moreover by using the inequalities 
and (22) we find that 


he 
f (he — g(a) < 


with a similar result for the integral from /; to p:, so that for the determina- 
tion of the order of magnitude of \, we may use the approximate equation 


hy 
(24) (n = f (An — (approx.). 
hi 
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It is interesting to test this equation for a problem in which the value of 
dh» is known beforehand, namely where g(x) = —1/2+2?/4. Here we know 
that \,==”. For this case the value of the integral in (24) proves to be 
(A, +1/2), giving us \,=n—3/2, a rather surprisingly good approximation. 

The integral in (24) may be transformed as follows: Let x=/,(z) be 
the inverse of z=q(x) when x is positive and let « = —/,(z) be the inverse 
when x is negative. In the integral from /, to 0 we make the substitution 
x= -—h,(X,s) and in the integral from 0 to the substitution «=/,(A,5), 
then integrate each term by parts, and obtain 


approximately. Since /,(A,s) and /2(A,s) become infinite with \,, we have 
from (25) 


THEOREM I. The order of magnitude of i, is less than n?*. 


On the other hand if g(x) =x**, we find directly from (25) that X, is of 
the order of magnitude of n?-?/(«*+), By taking x large enough we may make 
the exponent as nearly 2 as we please. In fact if g(x) behaves like e!*! for 
x large, say g(x)=coshx—1, we find that the order of magnitude of X, is 
at least as great as m?/log*m. Further refinements may be made indefinitely. 
Hence we have proved 


THEOREM II. By a suitable choice of q(x) the order of magnitude of Xn 
may be made as near n* as we please. 


5. It is necessary to obtain a lower bound for the integral in the denomi- 
nator of (5). Now as we go farther from the origin in either direction the 
areas under the arches of the curve y=U,?(x) increase, and there are in 
all (n+1) arches. Hence the value of the integral will be greater than 
(n+1)ao, where dp is the area of the smallest arch. Since the smallest maxi- 
mum of U,?(x) is greater than or equal to 1,-A,-"/?, and the smallest distance 
between a maximum and a root is greater than 7/(2),!/*), we find that a)> 
m/(3n). Therefore 


(26) f U2 (x)dx > + 1)/(3d,)- 


6. We are now ready to take up the question of convergence of (4) and 
enunicate the first result as follows: 
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THeoREM III. Jf f(x) has a continuous derivative of bounded variation 
in the infinite intervals; if the integral 


exists and is bounded; and if the Stieltjes integral 


r= f 


exists, where 
then 


R, (x) A,U (x) 4), @ ’ 


t=n+1 
=O(A'?), a<x<B. 
Multiply the equation 


(27) = Aw'g(x)Un(x) — (x), 


which is in effect equation (1), by f(x)dx, integrate from — 2 to +, and 
integrate each term on the right by parts. The result is 


since the integrated terms vanish at the limits because of (3). Now U,(x) 
is continuous and F(x) is of bounded variation, so that we may integrate 
by parts between finite limits a and 8, and obtain 


8 
f F(x)Ud (x)dx = F(B)Ua(8) — F(a)Us(a) — f (2) . 


Because of the hypothesis regarding the existence of the Stieltjes integral 
on the infinite interval we, may let a and 8 become infinite, and obtain . 
finally 


f f(x)U,(x)dx = — f U,(x)dF(x). 
We easily see that the right hand integral is less in absolute value than 


Aw? Max | U,(x) | [1 + g(x)]-/47, 


ht 
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and because of (16) and (23) the whole expression is O(\,-*/*). 


now to (5) and (26) we have 


A, = 
Therefore 


a<x<B, 


R,(x) = 
=OAr"?), a<x<B. 
For the case in which g(x) =x** we have 


5 = 
and 
An = O(n?-2/ 


so that the above equations become 
R,(x) as O(n | —-o<4< 


= O(n-*/ a<x<f8. 


[October 


Referring 


For x=1 we have the same results that were secured for the Gram-Charlier 
series in the paper-referred to. For large values of x the exponents are 
approximately —5/6 and —1 respectively. In view of Theorem I it seems 
that we need hardly expect actually to attain these values for the class of 


expansions under discussion. 


THeorEM IV. If f(x) has a continuous second derivative of bounded varia- 


tion on the infinite interval; if the Stieltjes integral 


n= 


exists, where 


= o(x)f(x) — ; 
lim F,(x) = 0; 


and if 


then 
R,(x) = 


=O(Ar'), a<x<B. 


Multiply the equation (27) by f(x)dx, and integrate from —% to +, 


integrating the second term on the right by parts twice. Then 


= f F,(x)U,(x)dx. 


4 
and 


1929] EXPANSIONS IN AN INFINITE INTERVAL 


As in the proof of Theorem III we again integrate by parts to obtain 


f(x) U,(x)dx = — | dF 


By exactly the same process as was used in the paper on Gram-Charlier 
series* it may be shown that 


f = 
0 


in any fixed finite interval and is bounded in all intervals. With this fact 
at hand we may complete the proof in substantially the same manner as in 
Theorem III. 

For the case of a function f(x) with a continuous kth derivative)of bounded 
variation in the infinite interval, the generalization of Theorems III and I 
is easily accomplished. For we have V 


F(x) = g(x)f(x) — 
F2(x) = g(x)Fi(x) — Pi’ (x), 


and where m=k/2 if k is even, and m=(k—1)/2 if k is odd.¥ For the case 
where k is odd the proof is completed as in Theorem III, while if & is even 
it is completed as in Theorem IV. The formulation and proof of this general- 
ized theorem may be left to the reader. 

The foregoing arguments establish the uniform convergence of. the" Series 
(4) in the infinite interval but do not of themselves prove that f(x) is equal 
to the sum of the series. This fact has been established by Weylt on the 
assumption that 


f 


exists. 

In cases where Weyl’s result is not directly applicable, as for example 
in the case of Theorem III, it is still easy to draw the desired conclusion. 
For either by following Weyl’s reasoning or by applying Hilbert’s theory of 


* Loc. cit., paragraph 4, pp. 427-429. 
¢ Géttinger Nachrichten, 1910, pp. 449-450. 
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integral equations* directly to our particular problem we may show that 
the set of functions Uo(x), Ui(x), U2(~), - - - is closed. The convergence to 
f(x) is therefore a consequence of uniform convergence. 

In conclusion it should be pointed out that the results of this paper 
may be extended to cases where g(x) does not fulfil the conditions (b) and (c) 
in the entire infinite interval, provided these conditions hold for |x| suffi- 
ciently large, say |x|>X. For when X, is sufficiently large we have an 
asymptotic representation of U,(x) of the form 


Un(x) = dc sin — a9) + O(A-3/4), 


valid in the interval —X <x<X, from which upper and lower bounds for 
the number of zeros in this interval may be obtained, together with upper 
bounds for | U,(x)|, | U.’(«)| and f,U,(x)dx. Outside of this interval a 
suitable modification of the treatment given here may be applied. 

Having thus determined the orders of magnitude of \,, |U»(x)|, |U. (x) | 
and {, U,(x)dx, we repeat the proofs of Theorems III and IV without 
change. 


* Hilbert, Géttinger Nachrichten, 1904, pp. 73-74 and pp. 221-222. 
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A KINEMATICAL TREATMENT OF SOME THEOREMS 
ON NORMAL RECTILINEAR CONGRUENCES* 


BY 
CHARLES H. ROWE 


1. Introduction. When we are discussing the motion of a rigid body in 
space, we often have occasion to consider the ruled surfaces which are des- 
cribed in space and in the body by the same moving straight line, or, what 
amounts to the same thing, the surface which a moving straight line actually 
describes during its motion, and the surface which it appears to describe to 
an observer who is moving at the same time in an assigned manner. Usually 
the motions with which we are concerned are ordinary or one-parameter 
motions, but an analogous idea presents itself at once when we consider 
instead two-parameter motions. Thus, with each of the ©? positions of a 
straight line / which has a two-parameter motion in space, we may associate 
a position of a rectangular trihedral T, and we may imagine an observer 
(whom also we shall call JT) who shares the two-parameter motion of this 
trihedral and uses it as his system of reference, estimating each position of 
the straight line / by referring it to the corresponding trihedral T. We can 
then consider two rectilinear congruences: that which the line / actually 


describes in space during its two-parameter motion, and that which it appears 
to describe to the observer T.+ The second congruence is of course equivalent 
to that which is described by a line /’ whose position relative to a trihedral 
fixed in space is the same as the position of / relative to the corresponding tri- 
hedral T. 


Instead of a straight line which describes a congruence, we may, more 
generally, consider a geometrical element e of any nature, and if, as before, 
we associate a trihedral T with each of the 2 elements e and personify it 
by an observer 7, we can speak of the two-dimensional manifold of elements 
which e really describes and that which it appears to describe to the observer 
T. It is clearly not necessary, however, that each manifold should contain ©? 
distinct elements; it may happen, for instance, that, while the element e 
assumes ©? distinct positions in space, the observer T may regard it as 
assuming only ©! distinct positions or even as being fixed. 


* Presented to the Society, August 30, 1929; received by the editors in July, 1928. 
} A pair of congruences which are related in this manner are considered by Darboux. (Lecons 
sur la Théorie Générale des Surfaces, vol. 4, p. 125.) 
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I propose to prove in this paper that, under certain conditions, a straight 
line which appears to the observer T to describe a normal congruence does so 
in reality. I shall then show that certain known theorems on normal con- 
gruences can be derived from this result in a simple manner without analysis 
and that in some cases extensions which I believe to be new suggest them- 
selves. 

2. Kinematical preliminaries. When infinitesimal displacements are 
given to a trihedral T and to a point P, there are three displacements as- 
sociated with the point P: 

(i) the actual displacement of the point P; 
(ii) the displacement which the observer T attributes to the point P, 
or, more briefly, the apparent displacement of P; 

(iii) the displacement of a point which is fixed with reference to T and 
which coincides with P when T and P are in their initial positions, or, as we 
shall call it, the displacement of the moving system at P. 

We shall recall the familiar fact that the actual displacement of P is the 
resultant of the apparent displacement of P and the displacement of the 
moving system at P. 

Let us now suppose that a two-parameter motion of a trihedral T has 
been defined by associating a position of T with each pair of values of two 
parameters u and v. Corresponding to each position (u, v) of the trihedral 
there are certain straight lines which we shall call special lines, and which 
we may define by saying that a line/ is a special line if, in every infinitesima! 
displacement of T from the position (u, v) to an adjacent position (u+du, 
v+dv), the displacement of the moving system at each point on / is normal to/. 

In order to determine these lines we shall make use of the fact that, 
corresponding to any position (wu, v) of T, there exists in general a pair of 
straight lines, which we shall call the axes, such that T may be brought from 
its initial position (w, v) to any adjacent position (u+du, »+dv) by a combi- 
nation of rotations of suitable magnitudes about these two axes.* It is then 
easy to see that the special lines are the ©? common transversals of the 
two axes. The axes may of course be imaginary or coincident, but there are 
always ©? real special lines forming a linear congruence. 

There is one special case which we shall have to consider: that in which 
the axes are indeterminate. When this happens every infinitesimal displace- 
ment of the trihedral reduces to a rotation about some straight line passing 
through a certain fixed point and lying in a certain fixed plane through this 


* See Mannheim, Principes et Développements de Géométrie Cinématique, 1894, p.127, or Darboux, 
Legons, vol. 1, p. 91. 
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point. The special lines then consist of all lines passing through the point 
together with all lines lying in the plane. The point and the plane may be 
both at infinity, and in this case every infinitesimal displacement is a trans- 
lation parallel to a certain plane, and the special lines that are not wholly 
at infinity are the lines which are perpendicular to this plane. 

Another exceptional case is that in which the trihedral takes only «1 
distinct positions in spite of the fact that we have used two parameters to 
specify each of its positions. If this happens, there are © * special lines cor- 
responding to each position of the trihedral, and they form a linear complex. 
We shall assume in what follows that this case does not arise. 

3. Normal congruences. Considering again the two-parameter motion 
of a straight line / and the associated trihedral T, we can state our funda- 
mental result as follows: 

If in each of its positions the line 1 is a special line with reference to the cor- 
responding position of the trihedral T, then | will describe a normal congruence 
in space during its two-parameter motion if, and only if, the observer T regards it 
as describing a normal congruence. Further, when | does describe a normal con- 
gruence, a point on | which appears to describe a surface cutting all the rays | 
at right angles does so in reality. 

We shall suppose that the straight line / assumes ©? distinct positions 
both in reality and as viewed by 7, and that the congruence which it appears 
to describe is a normal congruence. We can then find on each ray / a point P 
such that every apparent infinitesimal displacement of P is normal to 1. 
If we take any position of the ray / and consider the corresponding positions 
of the trihedral T and the point P, it is clear that, in any infinitesimal dis- 
placement from this position, the apparent displacement of P and the 
displacement of the moving system at P are both normal to /. Hence the 
actual displacement of P, which is their resultant, is also normal to J, or, in 
other words, the locus of the point P in space is a surface which cuts all the 
rays at right angles. 

We may remark that, if we have constructed a normal surface S of the 
congruence which / actually describes, and if 7 observes this surface from 
each of his positions, he will believe that it moves with a two-parameter 
motion and envelops a surface S’, and S’ will be for T a normal surface of 
the congruence which he believes the ray / to describe. If T were to construct 
this surface S’ and to fix it in position in his trihedral, then, from the point 
of view of a fixed observer, S’ would move and would envelop S. 

We have omitted from our proof the case in which one or other of the 
two congruences under consideration reduces to a system of only ©! distinct 
lines or to a single line. If this happens, the other congruence will be a normal 


q 


922 Cc. H. ROWE [October 


congruence without further conditions beyond the requirement that each 
ray should be a special line. We have only to observe that, in the case of a 
ruled surface or of a single straight line, we can always find a point P on 
each line such that every displacement of P is normal to the line, remember- 
ing that we are entitled to regard a displacement of zero magnitude as being 
normal to any direction that we please. We shall therefore agree to say that 
a line describes a normal congruence when it assumes at most ©! distinct 
positions. 

Our theorem admits the following converse, the proof of which will be 
evident: 

If a ray | describes a normal congruence both in reality and in appearance, 
and if we can find a point P on the ray in each of its positions so that P both in 
reality and in appearance describes a surface which cuts all the rays at right 
angles, then each ray is a special line with reference to the corresponding tri- 
hedral. 

Our theorem and its converse may be thrown into an alternative form. 
Let us associate with each position of the moving trihedral a plane element 
formed by a point of a certain fixed surface and the tangent plane thereat. 
This element will appear to T to describe a manifold of ©? plane elements 
which in general is not formed by the elements of any surface. In order that 
this manifold should consist of the elements of some surface, it is necessary and 
sufficient that the line drawn through the point of each plane element perpendi- 
cular to its plane should be a special line with reference to the corresponding 
position of T. 

4. The theorems of Beltrami and Ribaucour. We shall now point out 
that, when we take into account a certain elementary property of the 
motion of a surface which rolls upon an applicable surface, the classical 
theorems of Beltrami and of Ribaucour on the deformation of congruences 
may be regarded as almost immediate consequences of our result.* 

Consider a pair of applicable surfaces S and S’ which are not both ruled 
surfaces, and let S’ be fixed in space while S rolls upon it so that each point 
M of S is brought in turn into coincidence with the corresponding point 
M’ of S’, the tangent planes, and corresponding directions in the tangent 
planes, also coinciding. Let T be any trihedral invariably connected with the 
rolling surface S, and, with each position of 7, let us associate (a) a ray / 
passing through the corresponding point of contact of the two surfaces, 
(b) a ray m lying in the common tangent plane at the point of contact. Now, 


* Proofs of these theorems depending on kinematical considerations are given by Darboux 
(Legons, vol. 3, pp. 348, 352), but they are of a different nature from ours. 
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if we consider the congruence which the ray / really describes and subject it 
to a deformation in Beltrami’s sense corresponding to the deformation of 
S’ into S, we shall clearly obtain a congruence which is identical with that 
which the ray / appears to describe to the observer T. This remark, together 
with an analogous remark about the ray m, shows that, in order to prove the 
theorems of Beltrami and Ribaucour, we need only assure ourselves that 
the rays / and m are both special lines with reference to the corresponding 
position of JT. This, however, is evident when we remember that every 
infinitesimal displacement of the rolling surface is a rotation about some 
line touching both surfaces at their point of contact, so that, in virtue of a 
remark which we have already made, the special lines consist of all lines 
passing through the point of contact, together with all lines lying in the 
common tangent plane at the point of contact. 

It will be clear that the proposition given at the close of the preceding 
section leads in a similar manner to a theorem due to Bianchi* which may be 
stated as follows: Let us associate a plane element e with each point M of a 
surface S. Let S be deformed and, as it varies, let each of the plane elements 
move so that it retains an invariable position with reference to the point M 
and to elements of the surface issuing from M. If we suppose that these plane 
elements were those of some surface = in their original positions, then, in 
order that they should still be the plane elements of some surface after de- 
formation, it is necessary and sufficient that each normal to 2 should either 
pass through the corresponding point M of S, or else lie in the tangent plane 
at M to S. 

We may also remark that Ribaucour’s theorem on the deformation of a 
normal congruence of plane curves lying in the tangent planes of a surface 
can be derived in like manner from our result. 

5. Another theorem of Ribaucour. Our next application will yield a 
result which, as we shall see, may be regarded as a generalisation of another 
theorem of Ribaucour. 

Consider any two surfaces S, S’ between whose points M, M’ a corre- 
spondence of any nature has been established, and construct the surface 2 
which is the locus of the extremity P of a vector OP drawn through a fixed 
origin O equal and parallel to MM’. With the points M and M’ of the two 
surfaces associate rays m and m’ respectively, both parallel to the normal 
to = at the corresponding point P, and so situated that by subjecting them to 
a common translation we could cause m to pass through M and m’ to pass 
through M’. We shall show that, as M and M’ describe the surfaces on which 


* Rendiconti dei Lincei, (5), vol 24 (1915), p. 4. 
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they lie, neither of the two rays can describe a normal congruence unless the 
other does so also. 

We shall hold S’ fixed in space, and we shall attach a trihedral to S and 
allow S to move with a two-parameter motion, carrying its associated 
system of rays invariably fixed to it, so that corresponding points of the two 
surfaces are in turn brought into coincidence, and so that every position of 
S may be derived from its original position by a translation. It is easy to see 
that all infinitesimal displacements from the position in which M and M’ 
coincide are translations parallel to the tangent plane to = at the cor- 
responding point P, so that any line parallel to the normal to = at P is a 
special line. Now, when M and M’ coincide, the corresponding rays m and 
m’ coincide in a single line which is a special line for the corresponding 
position of the trihedral. If we identify this line with the line / of our funda- 
mental result, the truth of our assertion will be evident. 

We shall now particularise the nature of the correspondence between the 
two surfaces and we shall suppose that it is a correspondence by parallel 
tangent planes, so that we can find corresponding nets of curves on the two 
surfaces such that corresponding curves have the same direction at cor- 
responding points (and in general this can be done in one and only one way). 
If, further, we note that the tangent planes at the points M, M’, P to the 
respective surfaces are now all parallel, it will be clear that our result may 
be stated as follows: 

If we have traced corresponding nets on two surfaces S and S’ so that cor- 
responding tangents to curves of the nets are parallel, and if with corresponding 
points M, M’ of the two surfaces we associate rays m, m’ parallel to the common 
direction of the normals at M and M’ in such a way that the position of m in 
relation to the tangents to the net at M is the same as the position of m' in relation 
to the tangents to the net at M’, then, if one of these rays describes a normal con- 
gruence, the other does so also. 

The theorem of Ribaucour* to which we have referred need not be enun- 
ciated separately, for it is the particular case of what we have just stated 
which arises when the surfaces have the same spherical representation of 
their lines of curvature, the nets which we have introduced being identified 
with the lines of curvature. 

6. The moving trihedral of Darboux. The remainder of our work arises 
out of two theorems which were given by Caronnet, and, in order to establish 
and to extend these theorems, it will be necessary to make some remarks on 
the circumstances which arise when we identify the trihedral T of our initial 


* Journal de Mathématiques, (4), vol. 7 (1891), p. 40 
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result with the moving trihedral of Darboux. We shall thus associate with 
each point M of a given surface a trihedral formed by three mutually per- 
pendicular straight lines intersecting in M, one of which coincides with the 
normal to the surface at M. The position of the other two edges of the tri- 
hedral in the tangent plane may conveniently be specified by tracing on the 
surface a singly infinite family of curves I and stipulating that the tangent 
at a point M to the curve I that passes through it has an assigned fixed 
position in relation to the moving trihedral. Since for our purposes two tri- 
hedrals are equivalent if one is fixed in relation to the other, we shall not need 
to know how this assigned fixed position is situated in relation to the trihedral, 
the fact that it is fixed being all that is relevant. We see, then, that in order 
to complete the determination of the motion of the trihedral, it is a matter 
of indifference whether we use a family of curves T or a family of curves 
which cut the curves [ at an arbitrary constant angle. 

The axes a; and a2 of a Darboux trihedral are always real: a; is a line 
in the normal plane of the line of curvature C, at M passing through the 
corresponding center of principal curvature Pi, and az is a line in the normal 
plane of the line of curvature C, at M passing through the corresponding 
center of principal curvature P:.* We can easily complete the statement 
of the position of these axes when the indeterminateness in the motion of the 
trihedral has been removed by tracing a family of curves I’; and to make this 
clear we shall first show that the center of geodesic curvature of the curve [ 
which passes through M lies on the straight line which joins the points A; 
and Az where the axes a; and a cut the tangent plane. 

Draw through M the straight line in the tangent plane which is normal 
to the curve [ and let it cut the straight line Aid2 in G. Consider that 
infinitesimal displacement of the moving trihedral T in which M moves along 
I. The displacement of the moving system at G is parallel to the normal 
to the surface at M, for it is perpendicular to A1A2, which is a special line, 
and it is also perpendicular to MG because at M, and hence at every point 
on MG, the displacement of the moving system is perpendicular to MG. 
Combining this with the displacement along MG which the observer T 
attributes to the point G, we see that the actual displacement of G lies in 
the normal plane of the curve [' at M. 

This fact suffices to show that G is the center of geodesic curvature of the 
curve I’,{ for it implies that G lies on the characteristic of the normal plane 
of I corresponding to a displacement of M along I, and this characteristic 


* Darboux, Legons, vol. 2, p. 365. 
7 Cf. Darboux, Legons, vol. 3, p. 117. 
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is the polar line of the curve, so that the point G where it meets the tangent 
plane is the center of geodesic curvature of the curve. 

If we trace any system of isogonal trajectories I’ of the curves I, it 
follows similarly that the center of geodesic curvature of the curve I’ which 
passes through M also lies in the line A1A2. We may thus construct the line 
A,Az by joining the centers of geodesic curvature of the curves I and I’ 
which pass through M. The axes of the trihedral are then found by joining 
the points where this line cuts the normal planes of the lines of curvature 
to the corresponding centers of principal curvature. In other words, the axes 
are the polar lines of those isogonal trajectories of the curves [ which touch 
the lines of curvature at M. 

Incidentally, we have proved a theorem which is due to Lipka.* We 
have shown that, if we construct the ©? isogonal trajectories of a singly 
infinite family of curves on a surface, the locus of the centers of geodesic 
curvature of the trajectories passing through a point is a straight line. 

7. The theorems of Caronnet.{ The first of these states that the neces- 
sary and sufficient condition that the line joining the centers of geodesic 
curvature of the curves of an orthogonal net on a surface should describe a 
normal congruence is that the corresponding radii of geodesic curvature 
should be connected by some functional relation. 

This theorem was extended by Beal,t who proved that we may replace 
the orthogonal net by any net the curves of which cut at a constant angle, 
and showed that the result remains true in the limiting case in which one of 
the two centers of geodesic curvature is constantly at infinity. 

Caronnet’s second theorem states that if, corresponding to each point 
on a surface, we construct the line joining the center of principal curvature 
of the line of curvature of the first system at the point to the center of 
geodesic curvature of the line of curvature of the second system at the point, 
this line will describe a normal congruence if, and only if, the corresponding 
radii of principal and geodesic curvature satisfy some functional relation.§ 

To prove Beal’s extension of Caronnet’s first theorem, we shall suppose 
that we are given a net of curves formed by a family of curves ' together with 
their trajectories '’ at some constant angle. The line / joining the centers of 
geodesic curvature at a point M on the surface of the curves [ and I’ is 
then a special line for the trihedral whose motion has been determined by 


* These Transactions, vol. 13 (1912), p. 94. 

+t Comptes Rendus, vol. 115 (1892), p. 589. 

t American Journal of Mathematics, vol. 35 (1913), p. 24. 

§ A proof of this theorem is giver by Pell, American Journal of Mathematics, vol. 20 (1898), 
p. 112. 
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means of the curves I or the curves I’ in the manner which we have 
explained. In order that / should describe a normal congruence, it is therefore 
necessary and sufficient that the observer T should regard it as doing so. 
Now, for the observer T, / lies in a fixed plane, and he can therefore regard 
1 as describing a normal congruence only if it assumes at most ©! distinct 
positions in relation to his trihedral. The condition that this should be so is 
clearly the existence of a functional relation between the radii of geodesic 
curvature of the curves I and I’, for these radii are the intercepts which the 
line / makes on two lines which are fixed in one of the faces of the trihedral. 

We may notice that, if we are given the functional relation, we can at 
once derive the normal surfaces of the congruence which / describes from the 
involutes of the curve which / appears to envelop. For instance, we can see 
immediately the truth of a theorem given by Beal which asserts that the 
foot of the perpendicular from M on / describes a normal surface of the 
congruence if, and only if, the functional relation between the radii of geo- 
desic curvature is that which expresses the constancy of their ratio. 

In order to discuss Caronnet’s second theorem, we shall identify the 
curves I’ which we use to define the motion of the trihedral with one of the 
families of lines of curvature. The axes a; and a2 of the trihedral are now the 
polar lines of the lines of curvature,* so that a; is the line P;G; in the normal 
plane of the line of curvature C; which joins the center of geodesic curvature 
G, of C; to the center of principal curvature P; corresponding to Ci, and a2 
is the line P2G, which is similarly related to the line of curvature C2. 

The theorem in question follows at once, for PG is a special lire and, as 
in the preceding theorem, it appears to lie in a fixed plane. The condition 
that it should describe a normal congruence is therefore the existence of 
a functional relation between the radii of principal and geodesic curvature 
MP, and 

8. Extensions of Caronnet’s second theorem. Caronnet’s second theorem 
leads to the construction of a normal congruence associated with the lines 
of curvature of a surface only when the surface is of a special type. Our 
methods, however, suggest the following propositions which are of a similar 
nature, but which lead to the construction of a normal congruence whatever 
be the nature of the surface: 

The line GQ joining the center of geodesic curvature of C, at M to a point 
Q on the polar line of Cz describes a normal congruence if Q is so chosen that there 
exists a functional relation between the length MQ and the radius of geodesic 
curvature MG,. 


* Darboux, Legons, vol. 3, p. 345. 
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The line P,R joining the center of principal curvature P, to a point R on the 
tangent to the corresponding line of curvature C, describes a normal congruence 
if Ris so chosen that there exists a functional relation between the length MR and 
the radius of principal curvature MP,. 

The truth of these propositions will be sufficiently evident if we remark 
that in each case the straight line under consideration is a special line which 
appears to the observer T to intersect constantly a fixed straight line, and 
that the only normal congruences in which every ray intersects a fixed 
straight line are those whose rays are generators of a system of ! right 
circular cones which have this straight line as their common axis. 

The second of these two results, however, is equivalent to a theorem of 
Beltrami,* for, if we look at the matter from the standpoint of the sheet S; 
of the surface of centers on which P; lies, and remember that the curves 
which the normals to the original surface touch on S; form a family of geo- 
desics, along whose orthogonal trajectories MP, is constant, we see that our 
result is equivalent to the statement that, if on any surface S; we trace a 
family of geodesic parallels and draw through each point of the surface a ray 
normal to the parallel and cutting the surface at an angle which is constant 
along each of the parallels, these rays will form a normal congruence. 

The following is another result of a similar character: 

If a ray | meets the polar lines of the lines of curvature at R, and Rz and 
makes a constant angle with the normal to the surface, the condition that it should 
describe a normal congruence is the existence of a functional relation between 
the perpendicular distances of R, and Rz from the normal to the surface. 

The proof of this proposition will be sufficiently clear if we remark that 
the only normal congruences in which each ray makes the same angle with 
a fixed straight line are those whose rays all touch a cylinder having its 
generators parallel to the fixed straight line. 

We may note that this result may be enunciated in a form which involves 
a reference only to the congruence formed by the normals P,P: and not to 
a particular normal surface of this congruence. We could, in fact, have 
equally well described the polar lines of the lines of curvature as the tangent 
lines to the sheets of the focal surface of the congruence of normals which 
are conjugate to the ray P,P, of this congruence.t We might also have 
described them as the rectifying lines of the curves which the rays P,P: 
touch on the sheets of the focal surface, and, with this alteration in the 
enunciation, the particular case of our result in which the constant angle 


* See Darboux, Legons, vol. 3, p. 349. 
t Darboux, Legons, vol. 3, p. 335. 
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between / and P,P? is a right angle can be extended to congruences which are 
not normal, but are subject to the condition that the angle between the focal 
planes is constant. We have in fact the following theorem: 

If with each ray m of a congruence in which the angle between the focal planes 
is constant we associate another ray | which is perpendicular to m and meets the 
rectifying lines of the curves which the rays m touch on the sheets of the focal 
surface, the necessary and sufficient condition that the ray | should describe a 
normal congruence is the existence of a functional relation between the perpen- 
dicular distances from m of the points where | cuts the rectifying lines. 

Let P;, P2 be the foci of the ray m, lying respectively on the sheets Sy, 
S, of the focal surface, and let the rays touch the curves I, on S; and the 
curves I, on S:. With each ray m associate a trihedral T whose motion we 
shall not specify completely but shall subject only to the condition that the 
focal planes of the ray m are fixed planes with reference to T. The focal planes 
are the osculating planes of the curves T';, I's, so that the rectifying planes 
are the planes through the ray m perpendicular to the focal planes, and are 
therefore fixed planes with reference to T. 

We shall show that the special lines which lie in planes perpendicular to 
m intersect the two rectifying lines. Take any point M on m and through 
it draw a plane at right angles to m. Consider the special line which lies in 
this plane, and let it cut the rectifying planes of the curves T; and I; in G; 
and G, respectively. If we give to T that infinitesimal displacement in which 
the focus P; moves along T; and notice that both the actual and apparent 
displacements of M lie in that focal plane which osculates [', at Pi, we see 
that the displacement of the moving system at M also lies in this plane and 
is therefore normal to MG;. Arguing as we did in our discussion of the Dar- 
boux trihedral, we see that the displacement of the moving system at G, is 
parallel to the ray m, for it is perpendicular to G:G2 which is a special line, 
and it is perpendicular to MG, because at M, and hence at every point on 
MG,, the displacement of the moving system is perpendicular to MGi. 
Combining this displacement of the moving system with the displacement in 
the rectifying plane which the observer T attributes to the point Gi, we see 
that the actual displacement of G; also lies in this rectifying plane, so that 
G, is a point on the rectifying line of the curve T;. Similarly, G2 is a point on 
the rectifying line of the curve T,. Hence those special lines which are 
perpendicular to the ray m are transversals of the two rectifying lines. It 
follows then that the line / of our theorem is a special line, and therefore / will 
describe a normal congruence if, and only if, the observer T regards it as 
doing so. The truth of our theorem will then be evident if we remember that 
the condition that a straight line which always remains parallel to a fixed 
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plane should describe a normal congruence is that its projection on this plane 
should have only one degree of freedom. 

We may remark in conclusion that, in the course of the foregoing argu- 
ment, we have incidentally shown that the axes of any trihedral in relation to 
which the ray m and its focal planes are fixed lie on the paraboloid formed by 
those transversals of the two rectifying lines which are perpendicular to the ray m. 

When the congruence formed by the rays m is a normal congruence, this 
paraboloid becomes identical with the paraboloide des huit droites of Mann- 
heim.* 


* Comptes Rendus, vol. 84 (1877), p. 645. 
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ARTHUR RaAnuM, The singular points of analytic space-curves. 


Page 162, in the table, line 5, third column, for “136” read “135.” 

Page 162, in the table, between lines 11 and 12, delete the horizontal bar. 
Page 163, heading of the 9th column, for “p..” read “jizz.” 

Page 163, line 26, 10th column, for “1 or ©” read “c; or ©.” 

” 


Page 163, heading of 11th column, for “p,.” read “jzy. 


Page 163, heading of 13th column, for “p,.” read “jy:.” 
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